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Abstract Our starting point in this paper is to investigate the weakly cou-
pled system of semilinear wave equations with two types of damping terms
and combined nonlinearities |v¢|P* + |v|?, |ut[P? + |u|? on exterior domain
in n(n > 1) dimensions. Local existence and uniqueness of mild solutions to
the problem are established. Moreover, non-existence of global solutions to
the problem with power nonlinearities |[v|?, |u|? in the case of coupled system
and the problem with power nonlinearity |u|P in the case of single equation
are verified. The proofs are based on the test function technique. It is worth
noticing that the frictional damping u: is more dominant than the viscoelastic
damping Awu; when the time trend to infinity. To the best of our knowledge,
the blow-up results in Theorems 1.2-1.3 are new.
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1. Introduction

Our main aim is to study the weakly coupled system of semilinear wave equations
with two types of damping terms

e — Au+ up — Aug = f1(v, vr), z e t>0,

v — Av 4+ v — Avy = fo(u, uy), e t>0, (11)
(u, ug, v, v¢)(x,0) = (ug, u1, vo, v1)(x),  x€Q°,

uloge =0, v]ane =0, t>0

and single equation

ugr — Au+ up — Auy = |ulP, e t>0,
(u, ug)(z,0) = (up, ur)(x), x € Q°, (1.2)
U|BQC = Oa t> 07

where u; and v, Au; and Av; are frictional and viscoelastic damping terms. The
nonlinear terms f1(v, v¢), fa(u, u;) are presented in the forms of power type nonlin-
earities fi(v, v¢) =|v|?, fao(u, us) =|u|?, combined nonlinearities fi(v, v¢)=|ve|P* +
[v]9, fa(u, up) =|us|P2+|u|%, where the indexes satisfy 1 < p, p1, p2, ¢, ¢1, g2 < 0.
Let Q = B1(0) = {z € R"||z| < 1} and Q¢ = R™\B1(0). We assume Bg(0) =
{z € R"||z| < R}, where R > 2. The initial values ug, u1, vo, v1 are non-negative
functions which satisfy supp (uo, u1, vo, v1) C QN Br(0).

Let us recall some contributions related to the Cauchy problem for semilinear
wave equation

ur — Au = f(u, ur), (z,t) € R" x (0,00), (13)
u(z,0) = ef(x), ue(x,0) =eg(z), xe€R™

Problem (1.3) with f(u, uz) = |ulP asserts the Strauss critical exponent pg(n),
which is the positive root of quadratic equation

r(n,p)=—m—1p>+(n+1p+2=0.

The critical exponent pg(n) is the threshold between blow-up of solution even for
small initial values and global existence of weak solution. We refer the interested
readers to [11,26,29,42,45,46] and references therein. Problem (1.3) with f(u, us) =
|u[P admits the Glassey critical exponent pg(n) = 2E5. The solution blows up in
finite time when p < pg(n) and exists globally (in time) when p > pg(n) for small
initial values (see [14,44]). Problem (1.3) with combined nonlinearities f(u, u;) =
|ug|P + |ul? is discussed in [13,15]. Upper bound lifespan estimate of solution is
documented by exploiting the Kato lemma and test function approach. Ikeda et al.
[17] establish blow-up results and lifespan estimates of solutions to semilinear wave
equation and related weakly coupled system, where a framework of test function
method is applied.

The Cauchy problem of semilinear wave equation with structural damping

(1.4)

Utt — Au+ C(xvt)(iA)eut = f(ua ut)a T e Rna t> 07
(U’a Ut)(l',O) = (Uo, ’(1,1)(1'), z € R"
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has been widely studied by many mathematicians (see detailed illustrations in previ-
ous works [2,6,8-10,18,23,27,28,31-34,36-38,43]), where c(x, t)(—A)%u; (0 € [0,1])
is the structural damping term. Fino [10] investigates blow-up of solution to problem
(1.4) with ¢(x,t) =1, 0 = 1 and f(u, u;) = |u|P in the sub-critical and critical cases
on exterior domain by utilizing the test function method. Lifespan estimate of solu-
tion to the Cauchy problem of semilinear wave equation with scale invariant damp-
ing (c(z,t) = %th’ 6 = 0) in two dimensions is established in [23]. Non-existence
of global solution to problem (1.4) with ¢(x,t) = 1 and f(u, u;) = |u|?, |us|P are
deduced in [8,9], where the test function method is performed. Problem (1.4) with
clz,t) =1,0 =1 and f(u, us) = |uel?, |ue|? + |u|? on exterior domain is discussed
(see [2]). Local existence of mild solution is investigated by exploiting the Banach
fixed point theorem. Blow-up result of solution is obtained by applying the test func-
tion method. Taking advantage of the rescaled test function approach and iteration
method, Ming et al. [34] illustrate lifespan estimate of solution to variable coefficient
semilinear wave equation with scattering damping term (c(x,t) = ﬁ, 6 =0) and
divergence form nonlinearities in the sub-critical and critical cases.

Let us turn to the Cauchy problem of semilinear wave equation with double

damping terms

(1.5)

ugy — Au+ug + (—A)uy = f(u), reR" t>0,
(’LL, Ut)(ﬂf,o) = (UOa ul)(x)a r e R™

Tkehata et al. [22] prove non-existence of global solution to problem (1.5) with
6 =1 and f(u) = |ul? in the sub-critical and critical cases, where the initial values
satisfy fRn u;dx > 0 for ¢ = 0, 1. Blow-up of solution to problem (1.5) with § =1
and f(u) = |u|P on exterior domain in n(n > 2) dimensions is documented by
employing the test function technique (see [5]). Ikehata et al. [21] consider problem
(1.5) with 8 = 1, f(u) = 0. The asymptotic behavior of solution satisfies u(z,t) ~
(Po + P1)G(x,t) as t — oo in the L?(R™) sense, where P; = [p, uj(z)dz (j =0, 1)

2
and G(z,t) = ﬁe*% is the Gauss kernel. Optimal decay rates of the total
energy for problem (1.5) with § > 1 and f(u) = 0 is discussed in [20]. D’Abbicco et
al. [4] investigate linear estimates of global solutions to problem (1.5) with # = 1 and
three types of nonlinearities |u|?, |u:|P and |Vu|P, where small initial values in the
energy space possess L!(R™) regularity. Large time behavior of solution to problem
(1.5) with # = 1 and nonlinear term V' (x)|u|? + W (z,t) (V(z) > 0, W(x,t) > 0) is
analyzed (see [24]). We refer readers to the works in [19,25,30,39] for more details
and references therein.
Recently, the weakly coupled system of semilinear wave equation

g — Au A+ b1 (8)(—=A) " uy = fi(v, ve), z€eR™ t>0,
Ve — Av + bo () (—A) %20, = fo(u, uy), x€R™ t>0, (1.6)
(u, ut, v, v)(z,0) = e(uo, u1, vo, v1)(x), reR"

attracts extensive attention (see [1,3,7,12,16,35,40,41]). Chen et al. [1] establish
upper bound lifespan estimates of solutions to problem (1.6) with by (¢) = by(t) =
1, 61 =603 =0and fi1(v, v;) = [v|P, fa(u, uz) = |u|? in the critical case by employing
the test function method connected with nonlinear differential inequalities. Non-
existence of global solutions to problem (1.6) with by (t) = ba(t) =1, 61, 62 € [0, 1]
and f1(v, v) = |v|P, fa(u, ut) = |u|? for general initial values are considered in [7],



Semilinear wave equations 1193

where the test function approach is performed. Blow-up dynamics and lifespan
estimates of solutions to problem (1.6) with scattering damping terms (bi(t) =
by(t) = ﬁ(ﬁ > 1), 64 = 03 = 0) and fi(v, vs) = |veP* + 0|, fa(u, up) =
|ut[P2+|u|?2 are obtained (see [35]). The proof is based on the test function technique
and iteration method. Making use of an iteration method for unbounded multipliers
with a slicing procedure, Chen et al. [3] verify blow-up of solutions to the weakly
coupled system of the Nakao’s problem with small initial values.

Enlightened by the works in [1,2,5,7,10,22], our interest is to establish local
existence and uniqueness of solutions to problem (1.1) with fi (v, vs) = |v¢|P* +|v|2,
falu, up) = |ug|P? + |u|®, blow-up dynamics of solutions to problem (1.1) with
fi(v, ve) = |v|P, fa(u, us) = |u|? and problem (1.2) with power nonlinearity |u|? on
exterior domain in n (n > 1) dimensions. It is worth to mention that existence of
local solutions to semilinear wave equations with strong damping terms Awu; and
different types of nonlinear terms |u|?, |us|?, |u:|P +|u|? are investigated by applying
the Banach fixed theorem (see [2,10]). Blow-up results of solutions are derived by
making use of the test function technique. We study local existence and uniqueness
of solutions to problem (1.1) with combined nonlinearities fi(v, v;) = |v|P* + |v|?,
fa(u, up) = |ugP* + |u|? by employing the Banach fixed theorem (see Theorem
1.1). Existence and non-existence of global solutions to the weakly coupled system
of semilinear wave equations with structural dampings are obtained by utilizing
the modified test function technique (see [7]). We present blow-up of solutions
to problem (1.1) with fi(v, v¢) = |v|?, fa(u, us) = |u|? on exterior domain by
employing the test function method, which is different from the test functions in
[2,7,10]. Moreover, Tkehata et al. [22] prove non-existence of global solution to
problem (1.2) in the whole space R™ (n > 1) by making use of the test function
method. Blow-up of solution to problem (1.2) on exterior domain (n > 2) is derived
by exploiting the test function technique (see [5]). Nevertheless, there is no related
result on exterior domain for n = 1. From this observation, taking advantage of
the test function method (¢ = ¢q(x)@l-(x)nk(t)) which is different from the test
functions in [5,22], we conclude non-existence of global solution to problem (1.2)
on exterior domain in n (n > 1) dimensions. To the best knowledge of authors, the
results in Theorems 1.2-1.3 are new.

Definitions of mild solutions, weak solutions and the main results in this paper
are presented as follows.

Definition 1.1. Let ((ug,u1), (vo,v1)) € (HE(2°) x H'(2°))* and
(u, v) € (C([0,T), Hy(2) N CY([0,T), H'(2°)))*
satisfy the integral equations
u(x,t) = R(t)(uo, ur)(z) + /Ot S(t — 5) f1(v, v0) (x, s)ds, (1.7)
vz, t) = R(t)(vo, v1)(x) + /Ot S(t — 5) fa(u, ug) (z, s)ds, (1.8)

where S(t)g(z) = R(t)(0,g)(z) for all g € L?(Q°). Then, (u, v) are called mild
solutions to problem (1.1) with fi(v, vy) = |ve|P* + 0|7, fa(u, ug) = |ug]P? + |u|?2.

Definition 1.2. Let (u,v) € (C([0,T], HY(92¢)) n C*([0,T], L2(29)))*. Tt holds
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that
/ f1(v, o) (x, s)dxds —|—/ (uo(z) + uy(z) — Aug(z))(z,0)dz
o Jae .
—/Cuo(x)wt(x,o)dx
T
_ /0 / (@, 8) (W@, 8) + Az, 5) — Ad(x, 5) — Pn(a, 8))deds  (1.9)
and

|| fatwwyit sydnds + [ (wola) + va(a) - Avo(o))i(z, 0o
0o Jae .
- /C vo(x)y(x,0)dz
T
- /0 /C v(x, 8) (et (, 8) + Arpi(w, 8) — Ap(x, 8) — Pe(x, 8))dads, (1.10)

where ¢ € C§°([0,T) x Q). Then, (u, v) are called global (in time) weak solutions
to problem (1.1) with fi(v, v;) = |v|P, fa(u, us) = |uld.

Definition 1.3. Let u € C([0,T], H*(Q°)) N C*([0,T], L?(2¢)) and it satisfies
/ |u(z, s) [P (z, s)dxds + / (up(z) + ui(x) — Aug(x))(z,0)dz
0o Jae o
—/Cuo(x)d)t(m,O)dx
T
= /0 /C u(z, 8)(Yu(x, s) + Ay (x, s) — A(x, s) — (x, s))dxds, (1.11)

where ¢ € C§°([0,T) x Q). Then, u is called a weak solution to problem (1.2).

Theorem 1.1. Let

1<p1aQ1»p2aQ2<Oo7 n:17 2)
n (1.12)

1<p1,q, p2, 2 < ; >
n—2

The initial values satisfy ug, vo € HE(Q°), uy, vi € HY(Q°). Then, problem (1.1)
with f1(v, v) = v P +|v]?, folu, w) = |ugP2+|ul® admits uniquely mild solutions

(1, v) € (C([0, Tmaz), H3 (2°)) 0 CH(0, Tnaz), H(29))),
where Tar ts a positive constant (0 < Tar < 00). It holds that

Tinaz = 00 or ||u(t)|| g1 + [|[ue(®) || g1 — 00 as t = Thaw < 00 (1.13)
or lv(®)||gr + [[ve(t)||gr — 00 as t = Thax < 00. (1.14)
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Theorem 1.2. Let p, q satisfy

ﬁ<max{p,q}+1’ n> 3,
2 = pqg—1 -
1
pemedp bl o s (1.15)
pg—1
2 1
2 maxipabtl oy
« pqg—1 2

where o is the positive root of o> —2 = 0. Assume that ((uo, u1), (vo, v1)) €
(W2 AW2) x (L' N L)), It holds that

/S (o) + 1 (&) — e () o) > €, (1.16)

[ (00(@) + 01(2) ~ Buo(a)) () > C. (1.17)

where C' > 1 is a constant. Then, the solutions (u, v) to problem (1.1) with
fi(v, ve) = |v|P, fa(u, ur) = |ul? blow up in finite time.

Theorem 1.3. Let p satisfies

2
l<p<1+4—, n >3,

n
1<p<?2 n=2, (1.18)
1<p§1—|—%, n=1,

where « is the positive root of a® —2 = 0. Assume that (ug, uy) € (WNW2>2) x
(L' N L>). It holds that

/C(uo(x) + u1(z))po(z)dx > 0. (1.19)

Then, a solution u to problem (1.2) blows up in finite time.

Remark 1.1. It is worth pointing out that we obtain blow-up of solutions to
problem (1.1) with fi(v, v;) = |v|P, fa(u, ur) = |u|? on exterior domain in n (n > 1)
dimensions by utilizing the test function method, which is different from the test
functions in [2,7,10].

Remark 1.2. We recognize that non-existence of global solution to problem (1.2)
on exterior domain is obtained in [5]. But there is no related result for the case n =
1. We supplement blow-up of solution to problem (1.2) on exterior domain in n (n >
1) dimensions by making use of the test function method (v = ¢o(z)@(2)nk(t)),
which is different from the test function in [5].

Remark 1.3. Concerning the Cauchy problem for weakly coupled system of semi-
linear wave equations (1.1) with fi(v, v¢) = |v?, fa(u, uz) = |u|? in whole space
R™, we suppose that p, g satisfy

n o max {p, ¢} +1
2~ pg—1 '
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The initial values w;, v; € C§°(R™) (i = 0, 1) satisty
/ (uo(2) + 11 (x) — Aug(a))dz > C, (1.20)
/ (vo(z) + v1 () — Avp(z))dz > C, (1.21)

where C' > 1 is a constant. We deduce non-existence of global solutions by applying
test function function method.

2. Proof of Theorem 1.1

We state several lemmas related to the local existence and uniqueness of mild solu-
tions to problem (1.1) with fi(v, vy) = |v¢|P* + ]9, fa(u, us) = |uelP? + |u|2.

Lemma 2.1 ( [2]). Let ((uo,u1), (vo,v1)) € (H2(Q°) x HL(Q29))” and
fl(v7 vt)a f2(u7 ut) € C([O,oo)’HQ(QC) N Hé(QC)) N Cl([ovoo)’Lz(Qc))'

Then, there exist unique mild solutions (u,v) to problem (1.1) with fi(v, v;) =
[vg|Pr 4+ 0|7, folu, ug) = |ug|P2 4 |ul?2. Moreover, the solutions (u, v) satisfy

t
| (e, V) (t) || 2 L2 §C||(U1»VU0)||L2xL2+C/ | f1(s)]|2ds, (2.1)
0
t S
lu(®)l22 < [fuollzz + C / (1, Vo) 22 + / 1)l 2dr)ds,  (22)
0 0
t
IV a2 < Cll(Vaig, wn) s s+ C / 1a(3)[2ods + C|[Tu(t)|2,

e / 1 F2(3)l] s () | s (2.3)

and

t
1(ve, Vo) ()| 222 < Cl(v1, Vo)l 2252 + C/ [f2(s)ll L2 ds, (2.4)
0
t s
lo()llL2 < flvollz2 +C/ (w1, Vvo) || 2 x 2 +/ I f2(P)ll2dr)ds,  (2.5)
0 0
t
Vo ()22 < Cll(Voo, 1) 2y + C/O I £2(9)122ds + C[Vo()]Z:

e / 1 £2() 122 [03(5) | 2. (2.6)

Proof. Making use of the Gagliardo-Nirenberg inequality and (1.12), we derive

11,022 < el o, + 0] 8,
< C VoGP oGP+ OVl o) B2
< CHU“gll([O,T],Hl(Qc)) + CH’UHqC'I([O,T],H&(Qc)y (2.7)

f2 (s, ue)ll e < uelf2n, + 0l T
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< CHV’U, Hospznut” (1—o3)p2 +CHquU4q2”u”(l—a4)q2

< O”u”cl([o,T],Hl(m JrCH“”C(OT JHE(Qe)) (2.8)
where 0; = "= ¢ (0,1], gy = M2V ¢ (0,1], g5 = 222D ¢ (0,1], 04 =

2p1 2q1 2p2

nlg2—1) € (0,1]. Therefore, we obtain fi(v, vy), f2(u, ut) € C([0,T], L3(92)).
(T

292
Let X(T) = C([0,T], H(Q¢)) n CH([0,T], H*(Q¢)), T > 0 and R; > 0. We

define the functional space
Yr(T) = {Ua € X(T)| |Uallx(ry < 2R1},
where

1Uallx () = lluallx ) + lvallx ()

= sup ([[Opua(t)|m + [lua(®)lmr)
t€[0,T]

+ sup ([|0wa(@)|ar + [|va (@) ar)-
te[0,T)

Employing (2.7)-(2.8) and the Gagliardo-Nirenberg inequality yields

Va € YR(T) = fi(va, Brva) = |0val™ + [val™ € C([0,T], L*(Q°)),
U € YR(T) = fa(ta, Oitta) = |Orua|P? + [ua|® € C([0,T], L*(2°)).
Thus, we define a mapping ®: Yg(T) x Yr(T) — X(T). Let U = (u, v) =

O(U,) = @(ta, va)(z,t) be solutions to problem (1.1) with combined nonlinearities

fl(vav atvoé)a f2(uoc; atua)-
Firstly, we verify ®: Yr(T) x Yr(T) — Yr(T) x Yr(T). From (2.7)-(2.8), we
achieve

[f1(va, Orva)(s)llL2 + 1 f2(uas rua)(s)ll L2
< C””aH X(T) + O””a”X(T + OHuaH X(T) + OHuaHx(T)
< C(2R1)p1 + C(2R1)Q1 + C(2R1)p2 + C(2R1)qg. (29)
Replacing f1(v, v,), fo(u, ur) in (2.)-(2.6) by fi(va, dyva), faltia, drua) and ap-
plying (2.9) give rise to
([ (ue, V) ()| L2 xz2 + [[(ve, VU) ()] L2x L2
< C(I() + J()) + C(2R1)p1T + C(2R1)q1T
+C(2R)P*T + C(2R,)®T, (2.10)
u(®)llLz + o)z
< C(I() + Jo) + C(2R1)p1T + C(2R1)q1T
+C(2R1)P?T + C(2R,)*®T, (2.11)
IVur ()72 + Vo (t)[1 7.2
< C(IZ 4 J3) + C(2R)*'T 4+ C(2R,)*“T + C(2R,)*P*T + C(2R,)*©T
+C(Io + (2R1)P*T + (2R)TT)((2R1)P* 4+ (2Ry)™)T
+C(Jo 4+ (2R1)P2T + (2R1)2T)((2R1)? + (2R1))T, (2.12)

where Iy = ||(uo, w1)||grxats Jo = ||(vo, v1)||gixgr and T < 1. Thus, we choose
sufficiently small positive constant 7" such that ||Ul|x ) < 2R; for some positive
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constant R;. This indicates that ® is a mapping from Yr(T) x Yr(T) to Yr(T) X
Yr(T).

Secondly, let us prove that ® is a contraction mapping.

Let Uy, Ug € YR(T), U = ®(U,), Uy = ®(Ug) and W = U — U;. Therefore, we
obtain

f1(Vas Orva) — f1(vg, Orvp)llLz + || f2(ta, Orua) — fa(ug, Orug)ll L2
< 100 — Bulom 0P+ Do |

p1—1

+Hva _ UB”LQ‘II H'U(XIQ1_1 4 |,Uﬁ|q1—1H 2q7
Lai-1

+[|Octia — Dyug]| p2es ||| Orual P>~ + |3tUB|p2_lHLPLP2T
s

Hllua = ugll g2 |[[ual 27 + Jug|® 7| 20
[ az—1

—1 -1 —1 -1
< COllva — U[ﬁHX(T)(””aHg(l(T) + HUBHI))(I(T) + ||va||g§(T) + HUﬁ”%(T))

-1 -1 -1 -1
+Clua - UBHX(T)(HuaHI))(z(T) + ||“BH§<2(T) + ||Ua||§?(T) + ||uﬁ||g?(:r))
< CEPRY T 4+ 29 RY ) |lva — vsll x(m)
+C(2P2RY> 1 + 22 RE ) Jug — ugl|x (1),
where we have applied the Holder inequality, the Sobolev embedding property
HY(Q°) — L?>"(Q°)(r > 1) and the inequality
2" = lyl"| < C)lz = yl(ja" " +[y["™")  fora,yeR, r>1.

Similar to the derivation in (2.10)-(2.12), choosing sufficiently small constant T,
we acquire

1
Wlxr) < §(||va —vsllx ) + lua — usllx (1)), (2.13)

which implies that ® is a contraction mapping. Taking into account the Banach

fixed point theorem, we conclude that there exists a unique mild solutions U € X (T)

to problem (1.1) with fi(v, v;) = |ve|P* + |v|?, fa(u, up) = |ug|P? + |u]?2.
Moreover, we deduce that there exists a interval [0, T},,4. ), where

Tmaz =sup{T > 0|U € X(T)} < .

It follows that liTm (loll g + lloell e + [lullgg + luell 1) = oo when the lifespan
t—

max

Tinag is finite. There exists a time sequence {¢,, }m>0 tending to Thnaqr as m — 0o
such that

sup ([[o(tm )l mg + lve(tm) L + [Jwltm) g + lue(Em)m) < M+ 1

meN
when | lim (o(t)lzy + loe(t) s + a(®) iy + ()l s) = M < oo, This con-

max

tradicts to the definition of T},,,. We finishes the proof of Theorem 1.1. O

3. Proof of Theorem 1.2

In this section, we collect a related lemma which will be applied in the proof of blow-
up results for solutions to problem (1.1) with f1(v, v¢) = [v|P, fa(u, ut) = |ul9.
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Lemma 3.1 ( [2]). Let ¢o(x) € C%(Q°) N C(Q°) satisfy

Ado(z) = z €,
¢0( ) = , xr € 8QC,

po(x) = 1 as x| = 00 and 0 < ¢o(x) < 1 for all x € Q° when n > 3. ¢o(r) = 0
as x| = 0o and 0 < ¢o(x) < Cln(|z|) for all x € Q° when n = 2. ¢o(z) — o0 as
|z] = 00 and Cra < ¢o(x) < Cox for all x > 0 when n = 1, where C; and Cy are
positive constants. Moreover, it holds that |Veo(x)| < Clz|t=".

3.1. Proof of Theorem 1.2 for n > 3
Proof. We denote the functions ng(t) = n(#z) and ¢r(z) = fb(%) with

1
]-7 0 S t S 53
. 1, 0<r<1,
n(t) = decreasing, 5 t<1 o(r) = 0, r>2
0, t>1,
It follows that 0 < n(t) < 1, |[n(t)] < C. For t € [3,1], we obtain
n- @O + " @) <C, (3.1)
where ¢’ = 4. Direct computation shows 0 < ®(r) < 1, |®'(r)[ < € and |9 (r)| <

T%, where C' is a positive constant.
We introduce the test function ¢ = ¢o(z)(x)nk(2).
We define

T 2
= V4 _ P
Ir /0 /Si v(z, 5)[Pp(x, s)dxds /0 /Si lv(x, 5)|Pd(x, s)dxds,

T R2
Jp = /o /Q% lu(z, $)|9¢(z, s)dzds = /o /g lu(z, 5)|7¢(z, s)deds
and

IRt—/ / (x,8)|P(z, s)dzds, JRt—/ / u(z, s)|é(x, s)dzds,

where Qf = {z € Q°| |z| < 2R}.
Replacing ¢ in (1.9) by ¢o(z)pk (z)nk(t), we deduce

RQ
[ e oot spdadsct [ (une) +u1(0) = Aot
RZ
:/0 /Cu(:v,s)¢o(:c)<le(x)af(ng(s))dxds

R2
+/0 /iu(x’S)A(%(x)¢l1%($))at(77§(8))dacds
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R2
_/0 / _u(w, 5)A(¢o(2) @R (x) )0z (5)dads

Qe
R2
_/O /C u(x,8)¢0(I)golpb(x)@t(nf%(s))dxds
=Ji1+Jo—Js— Jyg. (32)

Applying the Holder inequality, Lemma 3.1, (3.1) and (3.2) gives rise to

n+42
T

PARS/ W e VAR (3.3)

Here, A < B means that there exists a positive constant C such that A < CB.
In a similar way, we acquire

n+2

1 n 1
Js| S TR g S Jp R (3.4)

Combining (1.16) and (3.2)-(3.4), we derive

0< /Q (o) + s () — Aug(a)) ()Pl ()

< i (R LRI L iR
~ YRt R R

n

iy (3.5)

< JiR~
~ “R

Similarly, we have

0< /Q (wol) + 1 (@) — Avo(2)) o (@) P (@)de S TRRS — T (36)
i
It is deduced from (3.5) and (3.6) that
In S JAR™PS, IR S IR (3.7)
As a consequence, we conclude
I < RN g (3.8)
It < RIEFEATCEAE _ g (3.9)

It is worth noticing that 5§ < is equivalent to 72 < 0 when p < q. Thus,
we shall divide our analysis into two cases.
In the sub-critical case 72 < 0, letting R — oo in (3.9) yields

max {p, g}+1
pg—1

R2
Jr = /O /g |u(z, $)|%¢(x, s)dxzds = 0, (3.10)

which results in u = 0. We arrive at a contradiction to (1.16).
In the critical case 72 = 0, taking into account (3.5) and (3.6), we achieve

1
JR+C(U0,1)1) < J}}{,q, (3.11)
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where C'(vg, v1) = fo (vo(z) 4+ v1(z) — Avg(2))do(x) s (x)dz > 0.
That is

JR S Jféq, O(Uo,vl) S Jlgq. (312)

Plugging (3.12) into (3.11) and employing iteration argument for all j € N* give
rise to

Jr > (C(vg,v1)) V. (3.13)

1
Sending j — oo in (3.13) yields that Jr — oo, which contradicts to Jg < JE* in
(3.12). O

3.2. Proof of Theorem 1.2 for n =2

Proof. Similar to the derivation in (3.3)-(3.4), utilizing Lemma 3.1 and (3.2), we
obtain

1 44 1 L1 44 2 44 1
BARSPINE:: T (InR)T), | ngyt(gR o +§R T (ImR)7), (3.14)
L1 5,4 2 1 1 o, 4 1
| T3] gJ&(gR oy + 3R TR, |Ju S JE(RTTT(InR)T).  (3.15)

Taking advantage of (1.16), (3.2) and (3.14)-(3.15) leads to

0< /Q (uo(x) + ui(z) — Aug(z))do(z) @ (x)dr < JER_H_% —1Ig, (3.16)

:
where we have exploited the fact In R < CR? 2 and ¢ < 2.
In a similar way, we derive

0< /Q (vo(x) + v1(x) — Avo(x))gbo(x)cle(x)dx < IéRfH% —Jr.  (3.17)

i
From (3.16) and (3.17), we acquire

pg—1 pg—1

L7 SRS g g S RIS — g (3.18)

Similar to the derivation in the Subsection 3.1, we have blow-up results of solu-

tions when 1 < % and p, ¢ < 2. O

3.3. Proof of Theorem 1.2 for n =1
Proof. Similar to the derivation in (3.3)-(3.4), we achieve

otz 2 g pnizess
ria + SR 205575 (3.19)

~

1 ggzog2 P
[l S T (R, RIS TR (GRTTYT

and

at2 2042
7

11 -« 2 —2« 1 _o4 2a+t2
ol S TR GRS+ SRR S g, (R (3.20)

~ ~
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If g <1+ 5 < 53y, we have —2¢' +2a+2 < —aq’ + a+2. Utilizing (1.16), (3.2)
and (3.19)-(3.20) gives rise to

0< /Q (uo(x) + u1(z) — Aug(x))do () (z)dr < JéRfoﬁ%Z —Ir. (3.21)

c
1

In an analogous way, we obtain

0< /Q (vo() + v1(x) — Avg(z))do(z) @k (x)dx < Ig RoHSE

c
1

Jr. (3.22)

Similar to the derivation in the Subsection 3.1, we conclude that the solutions

blow up in finite time when 2 < % and p, ¢ < 1+ §. This ends the proof
of Theorem 1.2. O

4. Proof of Theorem 1.3

4.1. Proof of Theorem 1.3 for n > 3

Proof. Choosing the test function ¢ = ¢ = ¢o(x)@} ()0 (t) with nr(t) = n(Zz),
or(z) = <I>(|LT‘) in (1.11) leads to

T2
/ / (e, )| (x, 5)drds + / (o ) + us (&) — Aug(e))do(x) el (2)dz
o Jog

Qs

T2
_ /0 / ulir, )0l ()07 (0 () dds
T2
w7, v A ) o)
T2

_/o / u(z, 5)do (x)pT ()0 (0 (5))dwds
=L +1— 13— 14, (4.1)

where Qf = {z € Q°| |z < 2T'}.
It follows from Lemma 3.1 and (4.1) that

1"
L < */ / |ulP pdxds
T2

+C do(2) o ()07 (8)* 2P |0, (s) |2 dads
0 Qg

T2
+C / do(x) @y () () B2 10200 (s) |7 dads
0 Qs

1" :
< g/ / |u|P pdads + CT 4 7 +2, (4.2)
0 i



Semilinear wave equations 1203

Making use of the fact |V¢o(z)| <

17
< g/ / |ulPpdxzds
0 g

T2
e / / A (@) ()Y do(@) P [Veor (@) B (o) dads

< OT~ ! and (4.1) gives rise to

‘z‘n T

T2
+C/ / l 2p kip (8)¢0($)|V@T(x)|2pl|5mT(s)|p/dde
’T2 1 / k / , ,
+C/ / QOT_p (x)UT_p (S)(ﬁo(‘]}”Ang(l‘)V’ |8t77T(8)|p dzds

0 ox

17 :
< g/ / |ulP pdxds + CT 4P 72 (4.3)
0 or

where Q§* = {z € Q°| T < |z| < 2T}
In a similar way, we obtain

1" ,
I3 < g/o /C* |u|P pdaxds + CT 2P Tn+2 (4.4)
1
and
1 [T ,
<3 /0 / ) |u|P pdaxds + CT 2P Tn+2, (4.5)
According to (4.1)-(4.5), we acquire

| w0(e) + @) = Auo(a)) (o) (@)

< C(T74p/+n+2 + T72P/+n+2)
< oW A2, (4.6)

It is worth to mention that p € (1,1 + 2] is equivalent to —2p’ + n + 2 < 0. Thus,
we divide our consideration into the following two cases.

In the sub-critical case —2p’ +n + 2 < 0, letting T'— oo in (4.6), we arrive at a
contradiction to (1.19).

In the critical case —2p’ +n+2 =0, from (4.1)-(4.5) and p = 1+ 2, we deduce

2
that there exists a positive constant C' such that fOT Joe [ulPpdzds < C, which
1

results in

T° T° T°
/ / |u|Ppdxds, / / |ulPpdzds, / / |ulPodrds — 0 (4.7)
7 Jog o Jagr 2 Jag

2

as T' — oo.
Utilizing the Holder inequality in I} — I leads to

L < o / / |u|Ppdads) % <C / / |u|Ppdads) % (4.8)
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Similarly, we get

T T
I < C(/2 / lu[Ppdads)r, Ij< C(/ / |u[Ppdads)> (4.9)
7 Jag o Jog
and
T2
I, < C( / / |ul? pdads) 7. (4.10)
T2 c
= /O
Taking into account (4.1) and (4.8)-(4.10), we derive

| (e + (@) = Sua(o)n(a)h o)

T2 T2
gC(/2 / |u|p¢dxds)%+0(/2/ |u[? pdads)

T2
+C(/0 /C* \u|pq5dxds)%. (4.11)

S

Therefore, letting T — oo in (4.11) and utilizing (4.7) yield a contradiction to
(1.19). O

4.2. Proof of Theorem 1.3 for n =2

Proof. An application of Lemma 3.1 and (4.1) shows

1T ,
I < §/0 / |u|P pdxds + CT 4 T4 In T, (4.12)
1T 1
I < 3 / / |u|Ppdads + CT '+ 0T 4+ o7~ +4, (4.13)
0 o
1T 1
Iy <g / / luPpdads + CT—2P' 4 In T + CT 2 +4 (4.14)
0 &
and
1T
Li=g /O / [ulPgdads + CT=#*+4 T, (4.15)
1

Exploiting (4.1) and (4.12)-(4.15) gives rise to
/ (uo (@) + ur (x) = Aug(x))do () (x)dw < CT '+, (4.16)
Qs

where we have employed the fact InT < CT? 2 and p < 2. Letting T" — oo in
(4.16) and applying p < 2, we conclude the desired contradiction to (1.19). O
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4.3. Proof of Theorem 1.3 for n =1
Proof. Making use of Lemma 3.1 and (4.1), we deduce

2

I < % /0 ' / uPgduds + CT W' +20+2, (4.17)
1 [T 1 o

L<g /0 / JulPgduds + CT oV R, (4.18)
1T 1 ,

Iy< 2 /O / . luPpdads + CT P To+2 (4.19)

and

1T /

Ii<g /O / : lulPpdads + CT 2P T29+2 (4.20)

where we have used the change of variables y = T~ %z and t = T~ 2s. It is worth

noticing that p <1+ § < 575 is equivalent to =20 +2a+2 < —ap’ +a+2.
From (4.1) and (4.17)-(4.20), we deduce

/ (uo(2) + w1 () — Aug(x)) o ()l (w)da < TP FoF2, (4.21)
Q5
which yields a contradiction to (1.19) by sending T" — oc.

For the critical case p = 1+ 5, we conclude the contradiction by utilizing similar

computation as in the Subsection 4.1, where we have employed the supports of Vo,
Ap7 and Oynr. This finishes the proof of Theorem 1.3. O
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