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Abstract In this paper, the Sturm-Liouville boundary value problem is stud-
ied for fractional differential equation with generalized (p, q)-Laplacian oper-
ator. By imposing mild assumptions on nonlinearity f , several new existence
results of at least one or two nontrivial weak solutions are established through
variational methods and critical point theorems. Furthermore, the criteria is
also investigated for the nonexistence result.
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1. Introduction
Fractional calculus operators are nonlocal and have time memory, which are due
to the fact that convolution integrals are included in the definitions of fractional
integral and differential operators ( For details, please refer to Res. [9, 17]). Based
on such characteristics, fractional differential equations ( FDEs for short ) are ideal
tools to describe various complex materials and physical phenomena. Hence, there
are widely applications in interdisciplinary subjects such as viscoelastic mechanics,
control theory and fluid mechanics, etc [1,5,8]. However, it is very difficult to obtain
the explicit expressions of analytical solutions of FDEs due to the lack of mature
methods. In view of this, studying the existence of solutions for FDEs becomes
more important and necessary. Variational methods and critical point theory are
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powerful tools on investigating the existence of solutions for FDEs, rich results have
been achieved in recent years [2, 22,23].

In 2017, Tian and Nieto considerd the following Sturm-Liouville boundary value
problem of discontinuous fractional differential equation for the first time [19]



− d

dt
[ 12 0D

−β
t (u′(t)) +

1

2
tD

−β
T (u′(t))] = λf(t, u(t)), a.e. t ∈ [0, T ],

au(0)− b(
1

2
0D

−β
t (u′(0)) +

1

2
tD

−β
T (u′(0))) = 0,

cu(T ) + d(
1

2
0D

−β
t (u′(T )) +

1

2
tD

−β
T (u′(T ))) = 0,

(1.1)

where 0 ≤ β < 1, a, c > 0, b, d ≥ 0, λ > 0, f ∈ C([0, T ] × R,R). By using critical
point theorems, the variational structure and existence results were established.
Moreover, the authors pointed out that the topological degree is not adapted since
the equivalent integral equation of (1.1) not able to be solved.

With the p-Laplacian operator [10] widely applies in many theoretical mod-
els, such as nonlinear elastic mechanics and non-Newtonian fluid theory, the study
for p-Laplacian problems attracts considerable attention(see [11, 15, 16]). In 2019,
Nyamoradi and Tersian [16] studied a class of fractional Sturm-Liouville boundary
value problem with p-Laplacian operator


tD

α
T

(
1

(h(t))p−2
Φp(h(t)

C
0 D

α
t u(t))

)
+ a(t)Φp(u(t)) = λf(t, u(t)),

α1Φp(u(0))− α2tD
α−1
T (Φp(

C
0 D

α
t u(0))) = 0,

β1Φp(u(T )) + β2tD
α−1
T (Φp(

C
0 D

α
t u(T ))) = 0,

(1.2)

for t ∈ [0, T ], where Φp(s) = |s|p−2s (p > 0), h(t) ∈ L∞([0, T ],R) and f ∈ C([0, T ]×
R,R). Through the Mountain pass theorem, some interesting existence results were
obtained under the super p-order Ambrosetti-Rabinowitz (AR for short) condition.
In 2021, Min et al. [15] obtained the multiplicity of solutions for a class of p-
Laplacian type fractional Sturm-Liouville boundary value problem via variational
methods.

With the emergence of the coexistence problem of p and q-Laplacian operators,
the (p, q)-Laplacian problems gain more importance ( [3, 4, 12]). In [12] by means
of the Mountain pass theorem, the authors discussed the existence of at least one
nontrivial solution for an impulsive fractional coupled system with generalized (p,
q)-Laplacian operator. In [4] by using variational methods, the existence of at least
one nonnegative weak solution was obtained in space D1,p(RN )

∩
D1,q(RN ). In

practical applications, (p, q)-Laplacian operator has related physical explanation.
It originates from the general reaction-diffusion equation ut = div(|∇u|p−2∇u +
|∇u|q−2∇u) + ϕ(x, u). This kind of system is widely used in physics, chemistry,
biology, etc. [6, 13].

Inspired by above work, we consider a class of fractional Sturm-Liouville bound-
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ary value problem with (p, q)-Laplacian operator in this paper

(Pλ)



tD
α
TΦp(

C
0 D

α
t u(t)) + Φp(u(t)) = λDuf(t, u(t), v(t)), a.e. t ∈ [0, T ],

tD
β
TΦq(

C
0 D

β
t v(t)) + Φq(v(t)) = λDvf(t, u(t), v(t)), a.e. t ∈ [0, T ],

a1Φp(u(0))− b1tD
α−1
T (Φp(

C
0 D

α
t u(0))) = 0,

a2Φq(v(0))− b2tD
β−1
T (Φq(

C
0 D

β
t v(0))) = 0,

a′1Φp(u(T )) + b′1tD
α−1
T (Φp(

C
0 D

α
t u(T ))) = 0,

a′2Φq(v(T )) + b′2tD
β−1
T (Φq(

C
0 D

β
t v(T ))) = 0,

where λ > 0, ai, a′i, bi, b′i are positive constants, i = 1, 2, 1 < p ≤ q < ∞, C
0 D

α
t , C

0 D
β
t

and tD
α
T , tD

β
T are the left Caputo and right Riemann-Liouville fractional derivatives

with order α ∈ ( 1p , 1] and β ∈ ( 1q , 1], respectively; Φp and Φq are p and q-Laplacian
operators with Φk(s) = |s|k−2s (s ̸= 0), Φk(0) = 0, f : [0, T ] × R × R → R is
continuous with respect to t, for all (x, y) ∈ R2, continuously differentiable with
respect to x and y for almost every t ∈ [0, T ], Dxf(t, x) denotes the derivative of
f(t, x) with respect to x.

To the best of our knowledge, there is almost no relevant work for fractional
Sturm-Liouville boundary value problems with generalized p and q-Laplacian oper-
ators simultaneously. Differ from [15,16,19], we focus on (p, q)-Laplacian operator
with 1 < p ≤ q < ∞ in the paper, which brings some difficulties in theoreti-
cal analysis owing to the lack of homogeneity of (p, q)-Laplacian operator, such
as establishing variational structure and applying usual methods of critical point
theory. Additionally, the existence of at least one weak solution was obtained un-
der the super p-order AR condition in [16]. While, the existence, multiplicity and
nonexistence results are established in our work based on some looser conditions
than the AR condition. The main goal of this paper is to extend and supplement
some existing results in [12,15,16,19].

Throughout the paper, the nonlinearity f is imposed on following hypotheses:
(A0) There exists a constant M0 > 0 such that

lim
|(x,y)|→∞

f(t, x, y)

| x |p + | y |q
< M0, ∀ x, y ∈ R, a.e. t ∈ [0, T ];

(A′
0) There exist constants M1 > 0, 0 ≤ γ1 < p and 0 ≤ γ2 < q, such that

lim
|(x,y)|→∞

f(t, x, y)

| x |γ1 + | y |γ2
< M1, ∀ x, y ∈ R, a.e. t ∈ [0, T ];

(A1) lim
|(x,y)|→∞

f(t,x,y)
|x|q+|y|q = +∞ uniformly in (x, y) ∈ R× R, t ∈ [0, T ];

(A2) There exists a constant L, such that lim
x→0,y→0

f(t,x,y)
|x|p+|y|q < L uniformly in

(x, y) ∈ R× R, t ∈ [0, T ];
(A3) For any x, y ∈ R and 0 < r ≤ 1, there exists a constant d ≥ 0 such that

G(t, rx, ry) ≤ G(t, x, y) + d,

where G(t, x, y) = Dxf(t, x, y)x+Dyf(t, x, y)y − qf(t, x, y);
(A4) There exists a constant µ, such that 0 < Dxf(t, x, y)x + Dyf(t, x, y)y ≤
µf(t, x, y), for any (x, y) ∈ R× R.
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Next, we state our main theorems as following:

Theorem 1.1. If (A0) holds and λ ∈ (0,min{ 1
pM0T (C(α,p))p

, 1
qM0T (C(β,q))q

}), where
C(α,p) and C(β,q) are introduced in Lemma 2.2. Then, the problem (Pλ) exists at
least one weak solution.

Corollary 1.1. If (A′
0) holds and λ ∈ (0,+∞). Then, the problem (Pλ) exists at

least one weak solution.

Theorem 1.2. If (A1), (A2), (A3) hold. Then, the problem (Pλ) exists at least
two weak solutions.

Theorem 1.3. If (A2) and (A4) hold. Then, the problem (Pλ) does not exist any
nontrivial weak solution.

Example 1.1. Let p = 3, q = 4. Choose γ1 = 2, γ2 = 3, M1 > T and the function
f(t, x, y) = te−|x|x2 + te−|y|y3. It is easily to observe that

lim
|(x,y)|→∞

te−|x|x2 + te−|y|y3

| x |2 + | y |3
≤ T < M1, ∀ x, y ∈ R, a.e. t ∈ [0, T ].

Hence, (A′
0) holds with λ ∈ (0,+∞). Then, the problem (Pλ) exists at least one

weak solution based on Corollary 1.1.

Example 1.2. Define the function

f(t, x, y) = |x|m ln |x| − 1

m
|x|m + |y|n ln |y| − 1

n
|y|n, t ∈ [0, T ], (x, y) ∈ R× R,

where m,n ≥ q are two constants. By a direct computation, we have Dxf(t, x, y) =
m|x|m−2x ln |x| and Dyf(t, x, y) = n|y|n−2y ln |y|. Then

Dxf(t, rx, ry)rx+Dyf(t, rx, ry)ry − qf(t, rx, ry)

=(m− q)|rx|m ln |rx|+ q

m
|rx|m + (n− q)|ry|n ln |ry|+ q

n
|ry|n

≤m|x|m ln |x| − q|x|m ln |x|+ q

m
|x|m + n|y|n ln |y| − q|y|n ln |y|+ q

n
|y|n

=Dxf(t, x, y)x−Dyf(t, x, y)y + qf(t, x, y).

Hence, (A3) is satisfied. Obviously, (A1) and (A2) hold, and we can easily verify
that the function f satisfies (A3) but does not satisfy the AR condition.

2. Preliminaries and Lemmas
In this section, some important lemmas and theorems are introduced for establishing
our main results.

Definition 2.1 ( [9, 17]). Let n − 1 ≤ γ < n, n ∈ N, function u(t) is defined on
[0, T ].
(i) Define the left and right Riemann-Liouville fractional derivatives 0D

γ
t u(t) and

tD
γ
Tu(t) of order γ for function u(t) by

0D
γ
t u(t) =

dn

dtn
0D

γ−n
t u(t) =

1

Γ(n− γ)

dn

dtn

∫ t

0

(t− ζ)n−γ−1u(ζ)dζ,
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tD
γ
Tu(t) = (−1)n

dn

dtn
tD

γ−n
T u(t) =

(−1)n

Γ(n− γ)

dn

dtn

∫ T

t

(ζ − t)n−γ−1u(ζ)dζ.

(ii) For any u(t) ∈ AC([0, T ],R), define the left and right Caputo fractional deriva-
tives C

0 D
γ
t and C

t D
γ
T of order γ for function u(t) by

C
0 D

γ
t u(t) = 0D

γ−n
t u(n)(t) =

1

Γ(n− γ)

∫ t

0

(t− ζ)n−γ−1u(n)(ζ)dζ,

C
t D

γ
Tu(t) = (−1)ntD

γ−n
T u(n)(t) =

(−1)n

Γ(n− γ)

∫ T

t

(ζ − t)n−γ−1u(n)(ζ)dζ.

Lemma 2.1 ( [9]). For f ∈ Lp([0, T ],R), g ∈ Lq([0, T ],R) and p ≥ 1, q ≥ 1, 1
p+

1
q ≤

1 + γ or p ̸= 1, q ̸= 1, 1
p + 1

q = 1 + γ. Then∫ T

0

(0D
−γ
t f(t))g(t)dt =

∫ T

0

(tD
−γ
T g(t))f(t)dt, γ > 0.

Let 1 < m < ∞, 1
m < γ ≤ 1. We define the fractional derivative space

Xγ,m
0 = {u(t) ∈ AC([0, T ],R) : C0 D

γ
t u(t) ∈ Lm([0, T ],R)}

as the closure of C∞([0, T ],R) endowed with the weighted norm

∥u∥(γ,m) :=

(∫ T

0

| u(t) |m dt+

∫ T

0

| C0 D
γ
t u(t) |m dt

) 1
m

. (2.1)

Xγ,m
0 is proved to be a reflexive and separable Banach space in [19].

Lemma 2.2 ( [16]). For any u(t) ∈ Xγ,m
0 , we have ∥u∥∞ ≤ C(γ,m)∥u∥(γ,m),

where C(γ,m) = max

{
Tγ− 1

m

Γ(γ)((γ−1)m′+1)
1
m′

, 1

}
+

[
2m−1

T max

{
1,

(
Tγ

Γ(γ+1)

)m}] 1
m

, 1 <

m,m′ < ∞ with 1
m + 1

m′ = 1.

Lemma 2.3 ( [7]). Let 1 < m < ∞, 1
m < γ ≤ 1. Xγ,m

0 is compactly embedded in
C([0, T ],R).

Here, we define the fractional derivative space X(p,q) as Xα,p
0 × Xβ,q

0 with the
weighted norm

∥(u, v)∥X(p,q)
= ∥u∥(α,p) + ∥v∥(β,q),∀ u(t) ∈ Xα,p

0 , v(t) ∈ Xβ,q
0 , (2.2)

where 1
p < α ≤ 1, 1

q < β ≤ 1, 1 < p ≤ q < ∞, the definitions of ∥·∥(α,p) and ∥·∥(β,q)
are same with ∥ · ∥(γ,m). Obviously, X(p,q) also is a reflexive and separable Banach
space. The following consequences are immediately from Lemma 2.2

∥u∥∞ ≤ C(α,p)∥u∥(α,p), ∥v∥∞ ≤ C(β,q)∥v∥(β,q), (2.3)
∥(u, v)∥∞ = max

t∈[0,T ]
|u(t)|+ max

t∈[0,T ]
|v(t)| ≤ max{C(α,p), C(β,q)}∥(u, v)∥X(p,q)

. (2.4)

Lemma 2.4. We say (u, v) ∈ X(p,q) is the weak solution of the problem (Pλ), if the
following equation holds:∫ T

0

Φp(
C
0 D

α
t u(t))

C
0 D

α
t x(t) + Φp(u(t))x(t) + Φq(

C
0 D

β
t v(t))

C
0 D

β
t y(t) + Φq(v(t))y(t)dt



1230 D. Li, Y. Li, F. Chen & Y. An

+
a1

b1
Φp(u(0))x(0) +

a′
1

b′1
Φp(u(T ))x(T ) +

a2

b2
Φq(v(0))y(0) +

a′
2

b′2
Φq(v(T ))y(T )

=λ

∫ T

0

Duf(t, u(t), v(t))x(t) +Dvf(t, u(t), v(t))y(t)dt, ∀ (x, y) ∈ X(p,q). (2.5)

Proof. Since tD
α
Tu(t) = − d

dt tD
α−1
T u(t), based on Lemma 2.1 and the boundary

conditions in the problem (Pλ), we have∫ T

0
tD

α
TΦp(

C
0 D

α
t u(t)) · x(t)dt = −

∫ T

0

x(t)d[tD
α−1
T Φp(

C
0 D

α
t u(t))] (2.6)

=tD
α−1
T Φp(

C
0 D

α
t u(0))x(0)− tD

α−1
T Φp(

C
0 D

α
t u(T ))x(T )

+

∫ T

0
tD

α−1
T Φp(

C
0 D

α
t u(t))x

′(t)dt

=
a1
b1

Φp(u(0))x(0) +
a′1
b′1

Φp(u(T ))x(T ) +

∫ T

0

Φp(
C
0 D

α
t u(t))

C
t D

α
Tx(t)dt.

The same results can be easily get that∫ T

0
tD

β
TΦq(

C
0 D

β
t v(t)) · y(t)dt (2.7)

=
a2
b2

Φq(v(0))y(0) +
a′2
b′2

Φq(v(T ))y(T ) +

∫ T

0

Φq(
C
0 D

β
t v(t))

C
t D

β
T y(t)dt.

Substituting x(t) and y(t) into the equations of the problem (Pλ) and integrating
on both sides from 0 to T , then, from (2.6) and (2.7), we can obtain (2.5).

Consider the functional Jλ : X(p,q) → R with

Jλ(u, v) :=

∫ T

0

1

p
(| C0 Dα

t u(t) |p + | u(t) |p) + 1

q
(| C0 D

β
t v(t) |q + | v(t) |q)dt (2.8)

+
a1
pb1

|u(0)|p + a′1
pb′1

|u(T )|p + a2
qb2

|v(0)|q

+
a′2
qb′2

|v(T )|q − λ

∫ T

0

f(t, u(t), v(t))dt.

Owing to the continuity of f , we can obtain that Jλ ∈ C1(X(p,q),R) and

J ′
λ(u, v)(x, y) =

∫ T

0

Φp(
C
0 D

α
t u(t))

C
0 D

α
t x(t) + Φq(

C
0 D

β
t v(t))

C
0 D

β
t y(t) (2.9)

+Φp(u(t))x(t) + Φq(v(t))y(t)dt+
a1
b1

Φp(u(0))x(0)

+
a′1
b′1

Φp(u(T ))x(T ) +
a2
b2

Φq(v(0))y(0) +
a′2
b′2

Φq(v(T ))y(T )

− λ

∫ T

0

Duf(t, u(t), v(t))x(t) +Dvf(t, u(t), v(t))y(t)dt.

Notice that, the critical point of Jλ is the weak solution of the problem (Pλ).

Definition 2.2 ( [20]). Let X be a Banach space and J ∈ C1(X,R). Functional J
satisfies the Palais-Smale condition if each sequence {uk}∞k=1 ⊂ X such that {J(uk)}
is bounded and lim

k→∞
J ′(uk) = 0 possesses strongly convergent subsequence in X.
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Theorem 2.1 ( [14]). Let X be a real reflexive Banach space. If the functional
J : X → R is weakly lower semi-continuous and coercive, i.e., lim

∥ν∥→∞
J(ν) = +∞,

then there exists ν∗ ∈ X such that J(ν∗) = inf
ν∈X

J(ν). If J is Fréchet differentiable
in X, then J ′(ν∗) = 0.

Theorem 2.2 ( [18]). Let X be a Banach space. Functional J ∈ C1(X,R) satisfies
the Palais-Smale condition and J(0) = 0. Assume that
(i) There exist ρ > 0 and σ > 0 such that J |∂Ωρ(0) ≥ σ;
(ii) There exists ν0 ∈ X/Ωρ(0) such that J(ν0) ≤ 0.
Then, J has one critical value c ≥ σ with c = inf

g∈Υ
max
ν∈[0,1]

J(g(ν)), where Ωρ(0) is an

open ball in X of radius ρ centered at 0, Υ = {g ∈ C([0, 1], X) | g(0) = 0, g(1) = ν0}.

Remark 2.1. The Mountain pass theorem still holds if the Palais-Smale condition
replace with the Cerami condition [20].

Theorem 2.3 (Theorem 38.A, [21]). For the functional J : Ω ⊆ X → R with
Ω ̸= ∅, min

x∈Ω
J(x) = c exists a solution in case the following assumptions hold:

(i) X is a real reflexive Banach space;
(ii) Ω is a bounded and weakly sequentially closed set;
(iii) J is sequentially weakly lower semi-continuous on Ω.

3. Proof of theorems
In this section, the existence, multiplicity and nonexistence results are discussed for
the problem (Pλ) relying on Theorem 2.1, Theorem 2.2 and Theorem 2.3.

3.1. Proof of Theorem 1.1.
Proof. Let {(xk, yk)}∞k=1 is a weakly convergent sequence to (x, y) in X(p,q), then
from the continuity of f and Lemma 2.3, we have

lim inf
k→∞

{1
p
∥xk∥p(α,p) +

1

q
∥yk∥q(β,q) +

a1
pb1

|xk(0)|p +
a′1
pb′1

|xk(T )|p

+
a2
qb2

|yk(0)|q +
a′2
qb′2

|yk(T )|q − λ

∫ T

0

f(t, xk(t), yk(t))dt}

≥1

p
∥x∥p(α,p) +

1

q
∥y∥q(β,q) +

a1
pb1

|x(0)|p + a′1
pb′1

|x(T )|p

+
a2
qb2

|y(0)|q + a′2
qb′2

|y(T )|q − λ

∫ T

0

f(t, x(t), y(t))dt,

hence, Jλ is sequentially weakly lower semi-continuous.
From (A0), there exists a constant C0 > 0 such that

f(t, x, y) ≤ M0(| x |p + | y |q) + C0, ∀ (x, y) ∈ R× R, a.e. t ∈ [0, T ]. (3.1)

Then, due to (2.8) and (3.1) yields

Jλ(x, y) ≥
1

p
∥x∥p(α,p) +

1

q
∥y∥q(β,q) − λ

∫ T

0

M0(| x |p + | y |q) + C0dt
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≥ 1

p
∥x∥p(α,p) +

1

q
∥y∥q(β,q) − λM0T (∥x∥p∞ + ∥y∥q∞)− λC0T

≥
(
1

p
−λM0T (C(α,p))

p

)
∥x∥p(α,p)+

(
1

q
−λM0T (C(β,q))

q

)
∥y∥q(β,p)−λC0T,

since λ ∈ (0,min{ 1
pM0T (C(α,p))p

, 1
qM0T (C(β,q))q

}), so that Jλ is coercive. Hence, the
problem (Pλ) exists at least one weak solution in X(p,q) under Theorem 2.1.

3.1.1. Proof of Corollary 1.1.

Proof. (A′
0) implies that there exists a constant C ′

0 > 0 such that f(t, x, y) ≤
M1(| x |γ1 + | y |γ2) + C ′

0, then

Jλ(x, y) ≥
1

p
∥x∥p(α,p) − λM1T (C(α,p))

γ1∥x∥γ1

(α,p) +
1

q
∥y∥q(β,q)

− λM1T (C(β,q))
γ2∥y∥γ2

(β,q) − λC ′
0T,

notice that 0 ≤ γ1 < p and 0 ≤ γ2 < q, so that Jλ(x, y) → ∞ as ∥(x, y)∥X(p,q)
→ ∞,

i.e., Jλ is coercive. Similar discussion with the Proof of Theorem 1.1, we can get
the similar existence result.

3.2. Proof of Theorem 1.2.
Proof. We divide the proof into three steps.
Step 1: Jλ satisfies the Cerami condition. Indeed, suppose that {(xn, yn)} ⊂
X(p,q) is the Cerami sequence associated with Jλ, i.e., {Jλ(xn, yn)} is bounded
and ∥J ′

λ(xn, yn)∥(1 + ∥(xn, yn)∥X(p,q)
) → 0(n → ∞), which means that

Jλ(xn, yn) + o(1) = K, J ′
λ(xn, yn)(xn, yn) = o(1), (3.2)

where K > 0 is a constant, and o(1) → 0 as n → ∞.
Assume that ∥(xn, yn)∥X(p,q)

→ ∞(n → ∞). Denote Hn(t) = (H1
n(t),H

2
n(t)) =

(xn(t),yn(t))
∥(xn,yn)∥X(p,q)

. Obviously, Hn(t) ∈ X(p,q) and ∥Hn∥X(p,q)
= 1, which implies that

(H1
n(t),H

2
n(t)) ⇀ (H1

0 (t),H
2
0 (t)) on X(p,q) (up to subsequences). It follows from

Lemma 2.3 that (H1
n(t),H

2
n(t)) → (H1

0 (t),H
2
0 (t)) on t ∈ [0, T ]. Define D0 = {t ∈

[0, T ] | (H1
n(t),H

2
n(t)) ̸= (0, 0)}, then lim

n→∞
(xn(t),yn(t))

∥(xk,yk)∥X(p,q)

̸= (0, 0), for t ∈ D0. In

view of (A1) that lim
n→∞

f(t,xn(t),yn(t))
|(xn(t),yn(t))|q = +∞, a.e. in D0, namely

lim
n→∞

f(t, xn(t), yn(t))

∥(xn, yn)∥qX(p,q)

= lim
n→∞

f(t, xn(t), yn(t))

| (xn(t), yn(t)) |q
| Hn(t) |q= +∞, a.e. in D0. (3.3)

Based on (2.8), (3.2), (3.3) and ∥ (xn, yn) ∥X(p,q)
→ ∞(n → ∞), we obtain

lim
n→∞

λ
∫ T

0
f(t, xn, yn)dt

∥(xn, yn)∥qX(p,q)

≤ lim
n→∞

{ 1
p∥xn∥p(α,p) +

1
q∥yn∥

q
(β,q) +

a1

pb1
|xn(0)|p

∥(xn, yn)∥qX(p,q)
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+

a′
1

pb′1
|xn(T )|p + a2

qb2
|yn(0)|q + a′

2

qb′2
|yn(T )|q −K + o(1)

∥(xn, yn)∥qX(p,q)

}
≤1

p
+

1

q
+

a1(C(α,p))
p

pb1
+

a′1(C(α,p))
p

pb′1
+

a2(C(β,q))
q

qb2
+

a′2(C(β,q))
q

qb′2
,

which contradicts with (3.3). So that (H1
0 (t),H

2
0 (t)) = (0, 0) a.e. t ∈ [0, T ].

For each n ∈ N, consider a continuous function θ ∈ [0, 1] → Jλ(θxn, θyn), there
exists a sequence θn ∈ [0, 1] such that

Jλ(θnxn, θnyn) = max
0≤θ≤1

J(θxn, θyn). (3.4)

Since ∥(xn, yn)∥X(p,q)
→ ∞(n → ∞), there exist ξ > 0 and n0 large enough such

that ξ
∥(xn,yn)∥X(p,q)

∈ (0, 1) for all n ≥ n0. Judging by (2.8) and (3.4), we have

Jλ(θnxn, θnyn) ≥Jλ

(
ξ

∥(xn, yn)∥X(p,q)

xn,
ξ

∥(xn, yn)∥X(p,q)

yn

)
=
ξp

p
∥H1

n∥
p
(α,p) +

ξq

q
∥H2

n∥
q
(β,q) +

a1ξ
p

pb1
|H1

n(0)|p +
a′1ξ

p

pb′1
|H1

n(T )|p

+
a2ξ

q

qb2
|H2

n(0)|q +
a′2ξ

q

qb′2
|H2

n(T )|q − λ

∫ T

0

f(t, ξH1
n(t), ξH

2
n(t))dt

≥min{ξ
p

p
,
ξq

q
}(∥H1

n∥
q
(α,p)+∥H2

n∥
q
(β,q))−λ

∫ T

0

f(t, ξH1
n(t), ξH

2
n(t))dt

≥2−q min{ξ
p

p
,
ξq

q
} − λ

∫ T

0

f(t, ξH1
n(t), ξH

2
n(t))dt,

for all n ≥ n0. Because (H1
0 (t),H

2
0 (t)) = (0, 0) a.e. t ∈ [0, T ], according to Lebesgue

theorem, we can choose a large number n1 with n1 > n0 such that∫ T

0

f(t, ξH1
n(t), ξH

2
n(t))dt <

1

2λ
·
min{ ξp

p , ξq

q }
2q

,∀n ≥ n1.

Hence, we can obtain that Jλ(θnxn, θnyn) ≥
min{ ξp

p , ξ
q

q }
2q+1 , for each n > n1. It follows

from the arbitrariness of ξ that

Jλ(θnxn, θnyn) → +∞ as n → ∞. (3.5)

Taking into account of (3.4) that d
dθJλ(θxn, θyn) |θ=θn= 0, namely

J ′
λ(θnxn, θnyn)(θnxn, θnyn) = 0. (3.6)

Then, consider (2.8), (2.9), (3.6), (A3) and (3.2), we derive

qJλ(θnxn, θnyn) =qJλ(θnxn, θnyn)− J ′
λ(θnxn, θnyn)(θnxn, θnyn)

=(
q

p
− 1)θpn ∥ xn ∥p(α,p) +(

qa1
pb1

− a1
b1

)θpn|xn(0)|p

+ (
qa′1
pb′1

− a′1
b′1

)θpn|xn(T )|p + λ

∫ T

0

Dxf(t, θnxn, θnyn) · θnxn
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+Dyf(t, θnxn, θnyn) · θnyn − qf(t, θnxn, θnyn)dt

≤(
q

p
− 1) ∥ xn ∥p(α,p) +(

qa1
pb1

− a1
b1

)|xn(0)|p + (
qa′1
pb′1

− a′1
b′1

)|xn(T )|p

+ λ

∫ T

0

Dxf(t, xn, yn) · xn +Dyf(t, xn, yn) · yn

− qf(t, xn, yn)dt+ λTd

=qJλ(xn, yn)− J ′
λ(xn, yn)(xn, yn) + λTd

=qK + qo(1)− o(1) + λTd,

which contradicts with (3.5), i.e., {(xn, yn)} is bounded in X(p,q). Since X(p,q) is
reflexive, then (xn, yn) ⇀ (x∗, y∗) in X(p,q) (up to subsequences). From Lemma 2.3,
we have (xn(t), yn(t)) → (x∗(t), y∗(t)) uniformly on t ∈ [0, T ]. Then

(J ′
λ(xn, yn)− J ′

λ(x
∗, y∗))((xn, yn)− (x∗, y∗)) → 0, n → ∞,∫ T

0

[Dxf(t, xn(t), yn(t))−Dxf(t, x
∗(t), y∗(t))](xn(t)− x∗(t))dt → 0, n → ∞,∫ T

0

[Dyf(t, xn(t), yn(t))−Dyf(t, x
∗(t), y∗(t))](yn(t)− y∗(t))dt → 0, n → ∞,

xn(0)− x∗(0) → 0, xn(T )− x∗(T ) → 0, n → ∞,

yn(0)− y∗(0) → 0, yn(T )− y∗(T ) → 0, n → ∞.

Denote

J(α, p) =

∫ T

0

(
Φp(

C
0 D

α
t xn)− Φp(

C
0 D

α
t x

∗)

)
(C0 D

α
t xn − C

0 D
α
t x

∗)dt,

J(β, q) =

∫ T

0

(
Φq(

C
0 D

β
t yn)− Φq(

C
0 D

β
t x

∗)

)
(C0 D

β
t yn − C

0 D
β
t y

∗)dt,

J(p) =

∫ T

0

(
Φp(xn)− Φp(x

∗)

)
(xn − x∗)dt,

J(q) =

∫ T

0

(
Φq(yn)− Φq(y

∗)

)
(yn − y∗)dt,

J1 =
a1
b1

(
Φp(xn(0))− Φp(x

∗(0))

)
(xn(0)− x∗(0))

+
a′1
b′1

(
Φp(xn(T ))− Φp(x

∗(T ))

)
(xn(T )− x∗(T ))

+
a2
b2

(
Φq(yn(0))− Φq(y

∗(0))

)
(yn(0)− y∗(0))

+
a′2
b′2

(
Φq(yn(T ))− Φq(y

∗(T ))

)
(yn(T )− y∗(T )),

J2 = λ

∫ T

0

(Dxf(t, xn, yn)−Dxf(t, x
∗, y∗))(xn − x∗)

+ (Dyf(t, xn, yn)−Dyf(t, x
∗, y∗))(yn − y∗)dt,

by means of (2.9), we have (J ′
λ(xn, yn)−J ′

λ(x
∗, y∗))((xn, yn)− (x∗, y∗)) = J(α, p)+

J(β, q)+J(p)+J(q)+J1−J2. Thus, J(α, p)+J(β, q)+J(p)+J(q) → 0 as n → ∞.
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Similar with the discussion of Θ(α, p),Θ(β, q),Θ(p),Θ(q) in [12], we can get that

J(α, p) ≥

k1∥xn − x∗∥p(α,p), p ≥ 2,

k2∥xn − x∗∥2(α,p)(∥xn∥pLp + ∥x∗∥pLp)
p−2
p , 1 < p < 2,

J(β, q) ≥

k3∥yn − y∗∥q(β,q), q ≥ 2,

k4∥yn − y∗∥2(β,q)(∥yn∥
q
Lq + ∥y∗∥qLq )

q−2
q , 1 < q < 2,

J(p) ≥

k′1∥xn − x∗∥pLp , p ≥ 2,

k′2∥xn − x∗∥2Lp(∥xn∥pLp + ∥y∗∥pLp)
p−2
p , 1 < p < 2,

J(q) ≥

k′3∥yn − y∗∥qLq , q ≥ 2,

k′4∥yn − y∗∥2Lq (∥yn∥qLq + ∥y∗∥qLq )
q−2
q , 1 < q < 2.

where ki, k
′
i, i = 1, 2, 3, 4, are constants. At this point, we assert that ∥xn −

x∗∥(α,p) → 0, ∥yn − y∗∥(β,q) → 0, as n → ∞. Hence, the Cerami condition holds.
Step 2: Jλ satisfies the geometry conditions of the Mountain pass theorem.

Indeed, consider (A2), there exists ε > 0 such that

f(t, x, y) ≤ εL(| x |p + | y |q). (3.7)

Based on (2.8), (3.7) and (2.3), we have

Jλ(x, y) ≥
1

p
∥x∥p(α,p) +

1

q
∥y∥q(β,q) − λ

∫ T

0

εL(| x |p + | y |q)dt (3.8)

≥1

p
∥x∥p(α,p) +

1

q
∥y∥q(β,q) − λεLT (∥x∥p∞ + ∥y∥q∞)

≥(
1

p
− λεLT (C(α,p))

p)∥x∥p(α,p) + (
1

q
− λεLT (C(β,q))

q)∥y∥q(β,q).

Let ∥x∥(α,p) = ρ1, ∥y∥(β,q) = ρ2, ∥(x, y)∥X(p,q)
= ρ1 + ρ2 = ρ. Then, choosing ε > 0

small enough, there exists σ > 0 such that

Jλ(x, y) ≥ (
1

p
− λεLT (C(α,p))

p)ρp1 + (
1

q
− λεLT (C(β,q))

q)ρq2

:= σ > 0, ∀ (x, y) ∈ X(p,q), ∥(x, y)∥X(p,q)
= ρ.

Additionally, from (A1), we get that for any constant K0 > 0, there exists a
corresponding constant CK0

> 0 such that

f(t, x, y) ≥ K0(| x |q + | y |q)− CK0 . (3.9)

For any (ω1(t), ω2(t)) ∈ X(p,q) with ∥(ω1, ω2)∥X(p,q)
= 1, r > 0, according to (2.8),

(3.9) and (2.3) yields

Jλ(rω1, rω2) ≤
rp

p
+

rq

q
+

(
a1r

p

pb1
+

a′1r
p

pb′1

)
(C(α,p))

p +

(
a2r

q

qb2
+

a′2r
q

qb′2

)
(C(β,q))

q

− λK0r
q(∥ω1∥qLq + ∥ω2∥qLq ) + λCK0T,
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choose K0 large enough, we have Jλ(rω1, rω2) → −∞ as r → +∞, i.e., there exists
r0 > 0 such that inf

(x,y)∈∂Ωρ

Jλ(x, y) > Jλ(r0ω1, r0ω2) with ∥(r0ω1, r0ω2)∥X(p,q)
> ρ.

Using Theorem 2.2, the problem (Pλ) exists at least one nontrivial weak solution
(x0, y0) ∈ X(p,q) such that

J ′
λ(x0, y0) = 0 with Jλ(x0, y0) > max{Jλ(0, 0), Jλ(r0ω1, r0ω2)} ≥ Jλ(0, 0). (3.10)

Step 3: We prove that the problem (Pλ) has at least two nontrivial weak solutions
in X(p,q). Since Ωρ is a closed-convex set, from the Mazur Theorem [14], it is easy
to get that Ωρ is bounded and weakly sequentially closed. Furthermore, Jλ is
sequentially weakly lower semi-continuous and X(p,q) is a reflexive Banach space.
Then, from Theorem 2.3, there exists a local minimum (x1, y1) ∈ Ωρ such that
Jλ(x1, y1) = min{Jλ(x, y) : (x, y) ∈ Ωρ}.

In what follows, (x0, y0) and (x1, y1) are two different bounded solutions of the
problem (Pλ) is shown. Obviously, Jλ(x0, y0) > Jλ(0, 0) ≥ Jλ(x1, y1), which implies
that (x0, y0) and (x1, y1) are different. Define

G(s) =
rp0
p
sp +

rq0
q
sq +

(
a1r

p
0

pb1
+

a′1r
p
0

pb′1

)
(C(α,p))

psp +

(
a2r

q
0

qb2
+

a′2r
q
0

qb′2

)
(C(β,q))

qsq

− λK0r
q
0(∥ω1∥qLq + ∥ω2∥qLq )s

q + λCK0
T,

where r0 and K0 are introduced in (3.10) and (3.9). Obviously, G(s) is continuous
on [0, 1]. Combining the inf-max characterization of (x0, y0) in Theorem 2.2 with
(3.10), we derive

Jλ(x0, y0) = inf
g∈Υ

max
s∈[0,1]

J(gx(s), gy(s)) ≤ max
s∈([0,1])

Jλ(r0ω1s, r0ω2s) ≤ G(s),

where g(s) = (gx(s), gy(s)). Thus, Jλ(x0, y0) is bounded as well as Jλ(x1, y1).
In a nutshell, the problem (Pλ) has two different nontrivial weak solutions

(x0, y0) and (x1, y1) in X(p,q).

3.3. Proof of Theorem 1.3.
Proof. Let (u, v) be a nontrivial solution of the problem (Pλ), from (2.9) and
(A4), we can get

0 = J ′
λ(u, v)(u, v) ≥∥u∥p(α,p) + ∥v∥q(β,q) − λ

∫ T

0

Duf(t, u(t), v(t))u(t) (3.11)

+Dvf(t, u(t), v(t))v(t)dt

≥∥u∥p(α,p) + ∥v∥q(β,q) − λ

∫ T

0

µf(t, u(t), v(t))dt.

Since (A2) implies (3.7), then (3.11) can be further processed by

J ′
λ(u, v)(u, v) ≥ (1− λεLµ(C(α,p))

p)∥u∥p(α,p) + (1− λεLµ(C(β,q))
q)∥v∥q(β,q).

Choose ε small enough such that J ′
λ(u, v)(u, v) > 0, we get a contradiction. Hence,

the problem (Pλ) does not exist any nontrivial weak solution.
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