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Abstract In this paper, the Sturm-Liouville boundary value problem is stud-
ied for fractional differential equation with generalized (p, ¢)-Laplacian oper-
ator. By imposing mild assumptions on nonlinearity f, several new existence
results of at least one or two nontrivial weak solutions are established through
variational methods and critical point theorems. Furthermore, the criteria is
also investigated for the nonexistence result.
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1. Introduction

Fractional calculus operators are nonlocal and have time memory, which are due
to the fact that convolution integrals are included in the definitions of fractional
integral and differential operators ( For details, please refer to Res. [9,17]). Based
on such characteristics, fractional differential equations ( FDEs for short ) are ideal
tools to describe various complex materials and physical phenomena. Hence, there
are widely applications in interdisciplinary subjects such as viscoelastic mechanics,
control theory and fluid mechanics, etc [1,5,8]. However, it is very difficult to obtain
the explicit expressions of analytical solutions of FDEs due to the lack of mature
methods. In view of this, studying the existence of solutions for FDEs becomes
more important and necessary. Variational methods and critical point theory are
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powerful tools on investigating the existence of solutions for FDEs, rich results have
been achieved in recent years [2,22,23].

In 2017, Tian and Nieto considerd the following Sturm-Liouville boundary value
problem of discontinuous fractional differential equation for the first time [19]

0 30D P (W (1)) + 5D (1)) = M(tu(t), et € 0.7,
au(0) ~ b(3o D ((0) + 5D (W (0))) = (1)

where 0 < 8 <1, a,¢>0,b,d>0,A>0, feC(0,T] xR,R). By using critical
point theorems, the variational structure and existence results were established.
Moreover, the authors pointed out that the topological degree is not adapted since
the equivalent integral equation of (1.1) not able to be solved.

With the p-Laplacian operator [10] widely applies in many theoretical mod-
els, such as nonlinear elastic mechanics and non-Newtonian fluid theory, the study
for p-Laplacian problems attracts considerable attention(see [11,15,16]). In 2019,
Nyamoradi and Tersian [16] studied a class of fractional Sturm-Liouville boundary
value problem with p-Laplacian operator

[ # C oy, a v _ "
tDT((h<t))p_2(I>p(h(t)0 Dy (t))>—|— ()@, (u(t)) = Mf(t, u(t)),

a1®,(u(0)) — az DT (®,(§ D u(0))) = 0,
B1®,(u(T)) + /thD%*l(ép(ng‘u(T))) =0,

for t € [0,T], where ®,(s) = |s|P~2s (p > 0), h(t) € L>°([0,T],R) and f € C([0,T] x
R,R). Through the Mountain pass theorem, some interesting existence results were
obtained under the super p-order Ambrosetti-Rabinowitz (AR for short) condition.
In 2021, Min et al. [15] obtained the multiplicity of solutions for a class of p-
Laplacian type fractional Sturm-Liouville boundary value problem via variational
methods.

With the emergence of the coexistence problem of p and ¢-Laplacian operators,
the (p, ¢)-Laplacian problems gain more importance ( [3,4,12]). In [12] by means
of the Mountain pass theorem, the authors discussed the existence of at least one
nontrivial solution for an impulsive fractional coupled system with generalized (p,
q)-Laplacian operator. In [4] by using variational methods, the existence of at least
one nonnegative weak solution was obtained in space DV'P(RY)N DY¢(RY). In
practical applications, (p, ¢)-Laplacian operator has related physical explanation.
It originates from the general reaction-diffusion equation u; = div(|Vul|P~2Vu +
|Vu|9=2Vu) + ¢(x,u). This kind of system is widely used in physics, chemistry,
biology, etc. [6,13].

Inspired by above work, we consider a class of fractional Sturm-Liouville bound-
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ary value problem with (p, ¢)-Laplacian operator in this paper

D3P, (§ Diult)) + ®p(ult)) = ADuf(t,u(t), v(t)), ae. t € [0,T],
1D724(§ DY v(t) + @4 (v(t) = ADy f(t,u(t), v(t)), ae. t € [0, 7],
ai U — b1+ D7, ! p . =Y,

() P, (u(0)) — b Dﬁ, (@, (5 Ditu(0))) =0
a2®q vO)) bot DI (@4(§ D} 0(0))) = 0,

(§ Difu(T))) =0,
(§D/v(T))) =0,

) + 5 D31,
(@

o(T)) + by D51 (@,
where A > 0, a;,a}, b;, b are positive constants, i = 1,2, 1 < p < ¢ < o0, § DE, OCDf
and (D, tDéi are the left Caputo and right Riemann-Liouville fractional derivatives
with order a € (]%, 1] and 8 € (%, 1], respectively; ®,, and ®, are p and ¢-Laplacian
operators with ®(s) = [s|¥72s (s # 0), ®,(0) =0, f : [0,7] x R x R — R is
continuous with respect to t, for all (z,y) € R?, continuously differentiable with
respect to z and y for almost every t € [0,T], D, f(t,z) denotes the derivative of
f(t,x) with respect to x.

To the best of our knowledge, there is almost no relevant work for fractional
Sturm-Liouville boundary value problems with generalized p and ¢-Laplacian oper-
ators simultaneously. Differ from [15,16,19], we focus on (p, ¢)-Laplacian operator
with 1 < p < ¢ < oo in the paper, which brings some difficulties in theoreti-
cal analysis owing to the lack of homogeneity of (p, ¢)-Laplacian operator, such
as establishing variational structure and applying usual methods of critical point
theory. Additionally, the existence of at least one weak solution was obtained un-
der the super p-order AR condition in [16]. While, the existence, multiplicity and
nonexistence results are established in our work based on some looser conditions
than the AR condition. The main goal of this paper is to extend and supplement
some existing results in [12,15,16,19].

Throughout the paper, the nonlinearity f is imposed on following hypotheses:
(Ap) There exists a constant My > 0 such that

f(tz,y)

—= 12 < My, Va,y €R, ae. t€[0,T];
(@) —=oo | @ [P+ [y |2

(Aj) There exist constants M; > 0,0 <~v; < p and 0 < 3 < ¢, such that
f(t,z,y)

e oy S MuVoyeR aet e, T];

Ay lim L8m9 — 4o uniformly in (z,y) € R x R, t € [0,T7;

|(@,y)|—oo 1ZI7HIYI?

< L uniformly in

2—0,y—0 [TPHyl?
z,y) ERxR, t€[0,T];

(
(Ay) There exists a constant L, such that lim L(Z9)
(
(A3) For any z,y € R and 0 < r < 1, there exists a constant d > 0 such that

G(t,rz,ry) < G(t,z,y) +d,

where G(t,z,y) = Do f(t, x,y)x + Dy f(t,2,9)y — ¢ f (¢, 2, y);
(A4) There exists a constant p, such that 0 < D, f(t,z,y)x + Dy f(t,z,y)y <
pf(t,z,y), for any (z,y) € R x R.
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Next, we state our main theorems as following;:

Theorem 1.1. If (Ap) holds and X € (0, min{ pMOT(é(a,p))p, qMoT(é(g,q))q 1,
Cla,p) and C(g.q) are introduced in Lemma 2.2. Then, the problem (Py) exists at
least one weak solution.

Corollary 1.1. If (Af) holds and X € (0,400). Then, the problem (Py) exists at
least one weak solution.

Theorem 1.2. If (A1), (A2), (A3) hold. Then, the problem (Py) exists at least
two weak solutions.

Theorem 1.3. If (As) and (A4) hold. Then, the problem (Py) does not exist any
nontrivial weak solution.

where

Example 1.1. Let p = 3,9 = 4. Choose v; = 2,72 = 3, M7 > T and the function
f(t,z,y) = te~1*lx? + te~ 1193, Tt is easily to observe that

te— 12142 4 pe—lyly3
im  C TV p My, Yoy eR, e t€[0,T),
(@y)l—soe |z 2+ ]y

Hence, (Aj) holds with A € (0,+00). Then, the problem (Py) exists at least one
weak solution based on Corollary 1.1.

Example 1.2. Define the function
f(t,$,y)=|l'| 1H|1’|—E|$| +|y| ln|y|_ﬁ|y| ) tE[(),TL (1‘,y)€RXR,

where m,n > g are two constants. By a direct computation, we have D, f(t, z,y) =
mle|™ 2z n |z| and Dy f(t, z,y) = nly|"~2yIn|y|. Then
Dy f(t,rz,ry)re + Dy f(t,rz, ry)ry — qf (L rz,ry)

q q
=(m —q)|rz|™ In|ra| + E\mlm + (n = q)ry|" In|ry| + ﬁlryln

q q
<mlz|™ In [z — qlz|™ In |z| + EI%Im +nly" Inly| — qly|" In|y| + Ely\"
=D, f(t,z,y)x — Dy f(t,z,y)y +qf(t, z,y).

Hence, (Aj3) is satisfied. Obviously, (A1) and (Az) hold, and we can easily verify
that the function f satisfies (As) but does not satisfy the AR condition.

2. Preliminaries and Lemmas

In this section, some important lemmas and theorems are introduced for establishing
our main results.

Definition 2.1 ( [9,17]). Let n — 1 < v < n, n € N, function u(¢) is defined on
[0,T7.

(i) Define the left and right Riemann-Liouville fractional derivatives oD; u(t) and
+DJu(t) of order v for function u(t) by

dr 1 dr
DYu(t) = — D) "u(t) = ———
oD{u(t) = ZmoDi"u(?) T(n — ) dt"

/ (t— Q)" u(Q)d,
0
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Dfu(t) = (1) DY "ult) =

S

T
mﬁ/t (€ =1)"7 u()dC.

(#4) For any u(t) € AC(]0,T],R), define the left and right Caputo fractional deriva-
tives §' D} and ¢ DJ. of order ~ for function u(t) by

t
€ DYu(t) = oD "ul™ (1) = ﬁ / (t— Q" u™ (e,
- 0

—1)" T
€ Dju(t) = (~1)", Dy "u (1) = Fﬁnl_)w | et

Lemma 2.1 ( [9)). For f € LP([0,T],R), g € L([0,T],R) andp > 1, > 1, +
14+ 0rp7é1,q7é1,%+%:1+’y. Then

L <
; <

T T
| 6o so)ewd = [ (D9 swd >0
0 0
Let 1 <m < o0, % < v < 1. We define the fractional derivative space
Xg™ = {u(t) € AC([0,T),R) : § D}u(t) € L™([0,T],R)}

as the closure of C*°([0,T],R) endowed with the weighted norm

1

el iy = ( / )t / " D) dt)'". (2.1)

XJ'™ is proved to be a reflexive and separable Banach space in [19].

_ = am—t ~ \ "
where Cy )y = max{rh)(hl)m/ﬂ);l ;1o + | =7 maxq1, INCES) , 1<

m,m’<oowith$+i*1.

m’

Lemma 2.2 ( [16]). For any u(t) € X"™, we have ||ulloc < Clym)lltll(y,m):
1

Lemma 2.3 ( [7]). Let 1 <m < oo, L <~ <1. XJ'™ is compactly embedded in
C([0,T],R).

Here, we define the fractional derivative space X(, ) as X" x X,¢ with the

weighted norm

P,q)

1w, 0)l x40 = Ntlla) + 10l 8,00: ¥ ult) € XG7,0(t) € X5, (2.2)

where % <a< 1,% <B<1,1<p<q< oo, the definitions of |- || p) and |- ||(s,q)
are same with || - ||(,m). Obviously, X(, 4 also is a reflexive and separable Banach
space. The following consequences are immediately from Lemma 2.2

lullse < Ctaltllia: Iolleo < Cpp vl 5.0 (2.3)
[(0.0) oo = ming [u(t)]+ mae [o(8)] < max{Cla ) o .0 (24)

Lemma 2.4. We say (u,v) € X, 4) is the weak solution of the problem (Py), if the
following equation holds:

/T ©, (6 Diu(t))§ D a(t) + Bp(u(t))z(t) + Bq(§ D v(t)5 DY y(t) + ®q(v(t))y(t)dt
0
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+ 5 (u(0)2(0) + @ (u(T)a(T) + 52 @q(v(0))y(0) + G284 (v(T))y(T)
A [ Duf a0 0()a(e) + D (1), o OO, ¥ (229) € X, (2.5)
Proof. Since ;D§u(t) = —%,D$ 'u(t), based on Lemma 2.1 and the boundary

conditions in the problem (P)), we have

/ D§®, (S Deru(t)) - x(t)dt = / w(O)d DS B, (S DRu(t)]  (26)

0
= D7 @, (§ Diu(0))a(0) — (D~ @, (§ D u(T))z(T)

T
+ / DI, (§ Deu(t))2! (t)dt
0

T
=%¢p(u(0))w(0)+ Z}@ (w(T))z(T) + / 3, (5§ Du(t))C D3 (t)dt.
1 0

The same results can be easily get that

/T (DI (§ D] o(t)) - y(t)dt (2.7)
0

ag

b

T
B (00)(0) + G20 (o(NT) + [ 8§ Do) Diute)i

Substituting x(t) and y(t) into the equations of the problem (Py) and integrating

on both sides from 0 to T', then, from (2.6) and (2.7), we can obtain (2.5). O
Consider the functional Jy : X(;, oy — R with

1 C nHa L. c B
Ia(u,v) 12/0 2;(| o Difu(t) [P + [ u(®) [P) + §(| o Dyv(t) 17 + [ o(t) [)dt (2.8)

+Zjl\u(0)lp+17bl,\U( )"+ | )

)\/ftu (t))dt

Owing to the continuity of f, we can obtain that Jy € C'(X(; 4),R) and
T
I3 (u,v) (2, y) 2/0 , (6 D u(t))§ Dyt (t) + g (§ D v(1))§ D7 y(t) (2.9)
a
+ @y (u(t))z(t) + Bq(v(t))y(t)dt + b—l@p(u(o))m(o)

+ SRR UT)a(T) + 528, (0(0)(0) + 520, (oT)T)

i\ / D f(t, ult), v(O)a(t) + Dy f(t, ult), v(6))y(t)d.

Notice that, the critical point of Jy is the weak solution of the problem (Py).

Definition 2.2 ( [20]). Let X be a Banach space and J € C*(X,R). Functional J

satisfies the Palais-Smale condition if each sequence {u }32; C X such that {J(ug)}

is bounded and klim J'(uy) = 0 possesses strongly convergent subsequence in X.
— 00
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Theorem 2.1 ( [14]). Let X be a real reflexive Banach space. If the functional
J : X = R is weakly lower semi-continuous and coercive, i.e., | lﬁm J(v) = 400,
V|| —o0

then there exists v* € X such that J(v*) = in§( J(v). If J is Fréchet differentiable
ve

in X, then J'(v*) = 0.

Theorem 2.2 ( [18]). Let X be a Banach space. Functional J € C1(X,R) satisfies

the Palais-Smale condition and J(0) = 0. Assume that

(i) There exist p> 0 and o > 0 such that J]aq,0) > o;

(ii) There exists vy € X/Q,(0) such that J(vg) < 0.

Then, J has one critical value ¢ > o with ¢ = 1I€1§r m[%)i] J(g(v)), where Q,(0) is an
g ve
open ball in X of radius p centered at0, T = {g € C([0,1],X) | g(0) = 0,9(1) = vo}.

Remark 2.1. The Mountain pass theorem still holds if the Palais-Smale condition
replace with the Cerami condition [20].

Theorem 2.3 (Theorem 38.A, [21]). For the functional J : & C X — R with
Q#£0, mig J(x) = ¢ exists a solution in case the following assumptions hold:
xTE

(i) X is a real reflexive Banach space;
(it) Q is a bounded and weakly sequentially closed set;
(ii7) J is sequentially weakly lower semi-continuous on Q.

3. Proof of theorems

In this section, the existence, multiplicity and nonexistence results are discussed for
the problem (P)) relying on Theorem 2.1, Theorem 2.2 and Theorem 2.3.

3.1. Proof of Theorem 1.1.

Proof. Let {(xr,yx)}72, is a weakly convergent sequence to (x,y) in X, 4), then
from the continuity of f and Lemma 2.3, we have

1 a a
hmmf{f||:rk||p »n T ”ka?ﬁ’q) + 71|37k(0)|p + pfl\xk(T)‘p

+%|yk(o)\q+ \yk /\/ ft,wn(t), ye(t))dt}

1 ai
> p p p
> el + ||y||ﬂq> S O i (T)

ag a2 T
O+ S - A / £t x(t), y(t))dt

hence, J) is sequentially weakly lower semi-continuous.
From (Ayp), there exists a constant Cy > 0 such that

ft,zy) < Mo(|z P+ |y |?)+Co, V (z,y) ERXR, ae. te[0,T]. (3.1)

Then, due to (2.8) and (3.1) yields

1 1 T
Tn@9) = el + 0l =X [ Mol P+ 17+ Codt
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1
> el + wam—KMﬁww&+MMw—A%T

1
(p—)\MOT Clap)” >||sc||’(’a)p)+<q—)\MOT(C( 1) >||y||(ﬁp —A\CoT,

. . 1 1 . .
since A € (O,mm{pMOT(C(a 7 TTCGa) 1), so that Jy is coercive. Hence, the

problem (Py) exists at least one weak solution in X, ;) under Theorem 2.1. O

3.1.1. Proof of Corollary 1.1.

Proof. (A]) implies that there exists a constant C, > 0 such that f(¢, z,y) <
My([ = [™ + ]y ) + Cp, then

1 1
Ta(@) 2 5y = AT (Gl 217y + L 1915

—Awwmcw@wwm%g,fx%ﬂ

notice that 0 <3 < pand 0 <2 < g, so that Jx(z,y) — o< as [|(z,9)[ x,,, — °°,
i.e., Jy is coercive. Similar discussion with the Proof of Theorem 1.1, we can get
the similar existence result. O

3.2. Proof of Theorem 1.2.

Proof. We divide the proof into three steps.

Step 1: J, satisfies the Cerami condition. Indeed, suppose that {(z,,yn)} C
X(p,q) is the Cerami sequence associated with Jy, i.e., {Jx(zn,yn)} is bounded
and ||J5 (Tn, yn)[|(1 + ||(xn,yn)||X(p,q)) — 0(n — 00), which means that

In(@n, yn) +0(1) = K, J;\(wna Yn)(Tn, yn) = o(1), (3.2)

where K > 0 is a constant, and o(1) — 0 as n — c0.
Assume that [|(#,, yn)llx,,.,, — 0o(n — 00). Denote H,(t) = (H,(t), H:(t)) =
A2n®Wwn®) - Ohyiously, H,(t) € X(p,q and ||H,||x,,,, = 1, which implies that

H(Inayn)HX(pyq)
(HL(t),H2(t)) — (HO( ), H3(t)) on X, 4 (up to subsequences). It follows from
Lemma 2.3 that (HL(t), H2(t)) — (H}(t),H3(t)) on t € [0,T]. Define Dy = {t €

[0, 7] | (HA(t), HA(t)) # (0,0)}, then lim M #(0,0), for t € Dy. In

oo Meksye)lix, ,

view of (A7) that nhrr;o % +00, a.e. in Dy, namely

lim

(t) |?= +o0, a.e.in Dy. (3.3)
3 T, e | (@alt), | (

HE2O )y D) |y
oIt

Based on (2.8), (3.2), (3.3) and || (zn,yn) lIx,.,,— 00(n — 00), we obtain

)‘fo ft, xp, yn)dt

% Ma“%mxmw
< { 5 HInH(a »nt ; ||yn||q5 ) + o by |2 (0)[P
< lim

n—roo ”(xnayn)HX(M)
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| BT+ SO+ (D)~ K+ o(1>}
(S
1 1 a1(Clap)” 4 a1 (Clap)? 4 a2(Cp,q))* 4 a5(Cp,q))*

<SS 4-+ ,
P oq pby pb} qba qbl

which contradicts with (3.3). So that (H}(t), HZ(t)) = (0,0) a.e. t € [0,T].
For each n € N, consider a continuous function 6 € [0,1] — Jx(6x,, 0yy,), there
exists a sequence 0,, € [0, 1] such that

I (enxn, enyn) = OrélGa%{l J(9$n7 Qyn) (34)

Since [|(Zn, yn)llx,., — o0(n — o00), there exist £ > 0 and ng large enough such

that W € (0,1) for all n > ng. Judging by (2.8) and (3.4), we have
nygn X(qu)
£ £
In(Onzn, Opyn) >J ( T, Yn
A( ) A ||(xnyyn)||X(p 7 H(xnvyn)HX(p,q)
& a € a 5
SNy + IR o+ S O + ST D)
az&? a
o S - [ s le( ) EH2(0)
>m1n{* *}(HH o) RIS ) =2 f(t,é“Hi(t)fHﬁ(t))dt
(e,p) (8,9) o

zgfqmm{?;}—x/o FEHN (L), EHA(t))dt

for all n > ng. Because (H{ (t), H3(t)) = (0,0) a.e. t € [0, 7], according to Lebesgue
theorem, we can choose a large number ny with n; > ng such that

1 min{$, 5}

o 94 ,Vn > ng.

/T St EHL (L), EHE())dt <
0

Hence, we can obtain that Jy(0,xn, 0,yn) > 7min;%{% , for each n > n;. It follows
from the arbitrariness of £ that
In(lnxn, 0nyn) — 00 as n — oc. (3.5)
Taking into account of (3.4) that -5 .J5 (02, 0yn) [9=s,= 0, namely
T3 (OnZn, 0nYn) (0n2n, Onyn) = 0. (3.6)
Then, consider (2.8), (2.9), (3.6), (A3) and (3.2), we derive
4INOnzn, 0nyn) =qIx(Ontn, 0nyn) — JA(On2n, Onyn) (Onn, 0nyn)
=C = 0% n Wy + (5t = THRIn O

+(qibb}—f)ep|xn< |P+A/ Dy f(t, Ontn, Onyn) - Ot
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+ Dyf(t, enmn; anyn) . enyn - qf(ta enxna enyn)dt
ay

q D qai ay C]Cl/l
<(=-1 n 0 T n P — T 1 (T P
<=1 D sy +e = GO + (7 = FDlea(T)

T
+>\/ Drf(taxnayn) 'xn+Dyf(t7xn7yn)'yn
0

=qI\(Tn,Yn) — I\ (s Yn) (T, yn) + AT'd
=qK + qo(1) — o(1) + X\Td,

which contradicts with (3.5), i.e., {(Zn,yn)} is bounded in X, ). Since X, 4 is
reflexive, then (z,,,yn) — (2*,y*) in X(, o) (up to subsequences). From Lemma 2.3,
we have (z,(¢), yn(t)) — (z* (), y*(¢)) uniformly on ¢ € [0, T]. Then

(A (@ yn) = T3 (@™ y") (20, yn) = (&7, 97)) = 0, n = oo,

/O D (20 (8), 4 (8)) — Do f (12" (6), 5" ()] (2 (1) — 2 (8))dt — 0, m — o,

T
/O [Dy f(t; 20 (), yn(t)) = Dy f(t, 2" (8), y" ()] (yn () — y"(£))dt = 0, n — oo,

2, (0) —2%(0) = 0, 2,(T) — 2*(T) = 0, n — oo,
Yn(0) —y*(0) = 0, y(T) —y*(T) — 0, n — occ.

Denote

b (%(xn(T» - %(x*(T») (2n(T) — 2*(T)
v (cbq(yn(o» - <I>q<y*<o>>) (1a(0) = y*(0))
n Z,'j(cbq@n(ﬂ) - <1>q<y*<T>>) (a(T) — (7)),

T
J2 = A (sz(t7l'n,yn) - Dmf(t,fﬂ*,y*))(fl'n - ZL'*)

+ (Dyf(tvxn»yn) - Dyf(tv'r*a y*))(yn - y*)dta

by means of (2.9), we have (J}(zn,yn) — J3 (2", ¥)) ((Zn, yn) — (2", y")) = J (o, p) +
J(B,9)+J(p)+J(q) +J1 = J2. Thus, J(a,p)+J(B,q)+J(p)+J(q) = 0 asn — oc.
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Similar with the discussion of O(«,p), ©(8, q), ©(p), O(q) in [12], we can get that

kil|zy, — x* P ’ p227
Jarp) = 4 e =l

D

k k|2 D *||P %2 l<p<?
2llzn — ([ ) Znllpe + [l2*]100) 7, p<2,

k3||yn - y*”?ﬁﬂ)? q 2 27
g—=
kallyn — y* (135, (lynllTa + ly*17.) =, 1<qg<2,

kllen — 25, p =2,

J(p) = / *|2 P wp 2
kollzn — 2| 7o (lznllze + ly*lIz.) 7 1<p <2,
k/ —y* |7 ) QZQ»
Ja) > :j”yn y ||2Lq q .
killyn =y ILalynllze +lv™lZa) =, 1<g<2.
where k;, ki, i = 1,2,3,4, are constants. At this point, we assert that |z, —

2 (ap) = 0, [|lyn — ¥*|l(8,q) = 0, as n — co. Hence, the Cerami condition holds.
Step 2: J, satisfies the geometry conditions of the Mountain pass theorem.
Indeed, consider (As), there exists € > 0 such that

[l xy) <el(fz [P+ [y 7). (3.7)

Based on (2.8), (3.7) and (2.3), we have

1 1 T
In(z,y) Zgllz\\f’a,p) + 5||y||?5,q) - A/O eL(|x [P+ |y [T)dt (3.8)
1 1

2 gy 2 10175 — ALT (el + %)

| 1
>( = ALT(Cla))") 3l ) + (= ALT(Cla.) Myl -

Let Hx”(a,p) = P1, ”yH(B,q) = P2, ||(I7y)||X(p,q) = p1+p2 =p. Thenv ChOOSng e>0
small enough, there exists o > 0 such that

1 1
In(z,y) > (]; = XeLT(Clap))? )Pl + (6 — AeLT(Cp.4))")p5
=0>0, V(2,9) € X (@Y)lx,., =P

Additionally, from (A4;), we get that for any constant Ky > 0, there exists a
corresponding constant C'x, > 0 such that

ftz,y) > Ko(| 2 |+ [y ) = Creo- (3.9)

For any (w1 (t),wa(t)) € X(p,q) With [|(w1,w2)lx,, =1, 7 > 0, according to (2.8),
(3.9) and (2.3) yields

P rd arr? ajr? agr?  abrd
J)\(Twl,TWQ) Sp-‘r"‘r( ! + L )(C(a’p))p-F ( 2 + 2 )(C(ﬁ’q))q

q pbi  pb} gbs  qbl
= AKor?([|wi]|Te + lw2|Tq) + ACK, T,
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choose K large enough, we have Jy(rwy, rws) — —o0 as r — +00, i.e., there exists

ro > 0 such that inf  Jy(z,y) > Ja(rows, rows) with H(Towl,rowg)Hx( ) > P
((I:,y)Ean P

Using Theorem 2.2, the problem (P,) exists at least one nontrivial weak solution
(%0,%0) € X(p,q) such that

Jé\(xo,yo) = 0 with J)\(.%'(),yo) > maX{J)\(O, 0), J)\(’r‘owh’l’owg)} > J)\(07 0) (310)

Step 3: We prove that the problem (Py) has at least two nontrivial weak solutions
in X, 4. Since Q, is a closed-convex set, from the Mazur Theorem [14], it is easy
to get that 2, is bounded and weakly sequentially closed. Furthermore, Jy is
sequentially weakly lower semi-continuous and X, ,) is a reflexive Banach space.
Then, from Theorem 2.3, there exists a local minimum (z1,y1) € Qp such that
Iy(@,y1) = min{Ja(z,1) : (2.) € D).

In what follows, (zg, o) and (z1,y1) are two different bounded solutions of the
problem (Py) is shown. Obviously, Jx(zo,y0) > Jx(0,0) > Jx(z1,y1), which implies
that (xo,y0) and (z1,y1) are different. Define

q

rP rd air?  arP asrd abr
Gl(s Osp_|_ +(O_|_ 10>Ca Sp_|_( 0_|_ 20)0
(s) = D q by b ( ( ,p)) s abl, ( (B,Q))

= AKorg(lwillfe + lw2llfe)s? + ACKk, T

where ¢ and Ky are introduced in (3.10) and (3.9). Obviously, G(s) is continuous
n [0,1]. Combining the inf-max characterization of (zo, o) in Theorem 2.2 with
(3.10), we derive

J — inf J(gs < J <G
(0, Y0) g”ély Jnax (92(8),94(s)) < [ A(rowr s, Tow2s) (s),

where g(s) = (9z(s), 94(s)). Thus, Jx(zo,yo0) is bounded as well as Jx(z1,y1).
In a nutshell, the problem (P)) has two different nontrivial weak solutions
(0,90) and (z1,91) in X, q). =

3.3. Proof of Theorem 1.3.

Proof. Let (u,v) be a nontrivial solution of the problem (P)), from (2.9) and
(Ay), we can get

0= (. 0)(u,0) 2l + ol = [ DSt o) (31
+ Dy f(t, u(t), v(t))v(t)dt
>l + ol = [ C f(u(t) o(e))dt.
Since (Az) implies (3.7), then (3.11) can be further processed by
I3 0) (1,0) = (1= AeLis(Clagy)ull ) + (1 = AeLin(Cia )07y o)

Choose ¢ small enough such that J3 (u, v)(u,v) > 0, we get a contradiction. Hence,
the problem (Py) does not exist any nontrivial weak solution. O
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