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THE NUMBER OF LIMIT CYCLES FROM
ELLIPTIC HAMILTONIAN VECTOR FIELDS
BY HIGHER ORDER MELNIKOV FUNCTIONS

Xia Liu

Abstract In this paper, the perturbed Hamiltonian system dH = eFy +
€2 Fs3 + Fy + €'y, with F; the vector valued homogeneous polynomials of
degree i. The Hamiltonian function is H = y?/2 + U(X), where U is a uni-
variate polynomial of degree four without symmetry. By computing higher
order Melnikov functions, the upper bounds for the number of limit cycles
that bifurcate from dH = 0 are deserved.
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1. Introduction

On the number of limit cycles bifurcated from the double homoclinic loop there
are many results, see [10, 11,18, 20, 21] for example. Some new results on upper
bound of the number of limit cycles bifurcated from the period annuluses and Hopf
bifurcation and Poincare bifurcation are given, one can see [12,16,23].

By using the method of computing the higher order Melnikov functions of some
perturbed systems developed in [4, 13], the number of limit cycles bifurcated from
the period orbits is considered , see [1-3,5-8,15,17,19,22]. In general, the system
takes the form

T = HU +6f(‘ray7€)7
§=—He+eg(e,y,e).

Gavrilov and Iliev [7] studied the perturbed Hamiltonian planar vector field X,
—
x, ;4= Hyrei(@), (1.1)
y=—H. +eg(z,y),
with

2 . 8
H=_y*+U(z), Ulx) = §x2 - gaﬁ + %9:4, <a #0, 9> (1.2)
is a univariate polynomial of degree four without symmetry and arbitrary cubic
polynomial perturbations f and g.
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Then, Asheghi and Babavi [1] considered the perturbed system

3 .
T = Hy + ;Elfi(.’lﬁ,y),

Yle : 3 ] (13)

y=-—H,+ ;ezgi($7y)7
and

. 3 y
T = Hy + Z 61f4—i(xay)>

Yo : =1 (1.4)
y=—H;+ 21 5194—i(x7y)7

1=

where H is the same as (1.2),

f1 =fior + fory, 91 = g10T + go1r¥,
f2 =f202% + fuizy + fooy®, g2 = goox® + g1y + go2y”,
fs =f302® + fa2®y + froxy® + fosy®, g3 = gs02® + g212°y + graxy” + gosy®.

Through computing higher order Melnikov functions until the presentation of
reversible perturbations. The upper bounds for the number of limit cycles bifurcated
from the periodic orbits of dH = 0 are found.

Motivated by the above references, we consider the following perturbed system

4 .
&= Hy + Z €Zf5—i(xay)7
Z, =1, 4 (1.5)
y = _H.L + Z 6195—i(x7y)a
i=1
where
f1 = frox* + f212°y + foor®y? + fizzy® + foay”,
914 = g10z” + g3127°%Y + g202°Y* + g137y° + goay®

and f;, g;(i = 1,2,3) are the same as that in system (1.3), H is the same as (1.2).
Parametrizing the displacement map d(h,e€) by the energy level H = h and the
small parameter €, one can obtain

d(h,€) = eMy(h) + Mo (h) + - - My(h) + - -, (1.6)

where My (h) is called the k-th order Melnikov function.
The system Z. can be written as the Pffafian form

dH = ew; +€2(.¢J2+ESW3+E4W4+~" ,
with

Wi :g’b(x7y)d$ - fl(xay>dy72 = 1a2a3747
wi=0,i =567,

We will use the algorithm of Tliev [14] to calculate higher order Melnikov funtions.
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Theorem 1.1 ( [14]). For k > 2 and if My(h) = Ma(h) = --- = Mp_1(h) = 0,
then there exist polynomials qi, q2, -+, qu—1 and Q1, Q2, -+, Qr_1 such that
M =dQ1 +qdH, -+, Q1 = dQ—1 + q—1dH and

M (h) = - Qe (1.7)

where 1 =wi, Y =w+ Y qw;, 2<1<k.
itj=l

Define

Ji(h) :f aPydz, Jy, ;(h) :j{ 2P yide,k > 0,5 > 2.
5(h) 5(h)

Corollary 1.1 ( [1]). Let a(h), B(h) and v(h) be real or complex polynomials in h.
The Abelian integral

J(h) = a(h)Jo(h) + B(h)JL(h) +~(h)J2(h),

is identically zero if and only if a(h), B(h) and y(h) are identically zero.

Figure 1. (a) § < a < 1, eight-loop case, (b) a < 0, saddle-loop case.

(@)

Theorem 1.2 ( [7]). Let the coefficients ai(h), Br(h), vx(h) in the expression of
My (h) be polynomials of degree n with real coefficients. Then My(h) has in the
respective interval >, at most 3n + 2 zeros in the interior eight-loop case, at most
4dn + 4 in the exterior eight-loop case and at most 4n + 3 zeros in the saddle-loop
case, see Fig. 1.

The main results in [1] showed that ag(h), Bkx(h), 7x(h) are polynomials in h of
degree at most one. However, For system (1.5), we deduce that ay(h), Bk (h), vi(h)
are polynomials in h of degree at most three, and there are more limit cycles for
this system.

The organization of the paper is as follows: In section 2, some useful results
are given as preliminaries; In section 3, the higher order Melnikov functions are
computed; In section 4, the main results are given; In section 5, a brief discussion
is shown.
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2. Preliminaries

Lemma 2.1 ( [1]). By using the Hamiltonnian function, it is easy to obtain

?{ P(x)y**dr =0,k =0,1,2,3,---,
8(h)

% P(‘T)kaH_ldy:07k:O>17273a"' ) (21)
6(h)
k+6 4k + 18 k+3 2k
adyt3 = Ty — Jey1 + 5 hJp_1,k=0,1,2,---.
6 9 3 3
Define

Okj = zFy7 dy, Wy = zFy da.

Lemma 2.2. For j is even, x*yidx can be written as dQ + qdH, x*y/dx as dQ +
qdr + qdH for j is odd, where QQ, q and q are some polynomials of x and y.
Concretely, we have the following formulas,

2H k+1 k+3 4 k+4 k+5 2 k+1 H
o2 —d x @ L A _ax 2277 d 7
k+1 k+3 3(k+4) 2(k+5) k+1
k. 4 a?xkto 4axkts® okt 16 gk t6 ok+s
"y dr =d — + + =) = +
4k+9) 3(k+8) k+7 9 3(k+6) k+5

2axkto 16kt 4pkt3 4okt 2
+<_ k15 +3(k+4)_k+3) A >
Qaxktc  16xFtY 4gRt3 8H R
- + - dH,
K15 30kid)  k+3  k+l

k6 24H%gk+l 12a¢Hzk*5  32HZM* 24Hak+3 3a22FHY
z"ydr = | — + - + —
k41 k+5 k44 k+3  2(k+9)
Qak+s  ghtT 39 L6 kD
— 6 — 16 -6 dH +d H
TS k+7(a+3>+ kit 6 k+5} T dQxs(e, H),
T ghtTES (1282 322K 16aM e, 5 6a2xk+?
kE+1 3k+12 k+3 k+5 kE+9
 32azM® 8(9a+16) 2T 64aM O 24aRH5  Sakti2g?
k+8 3(k+7) k+6  k+5 k+ 12
+J;k+13a3 N 2211 g (9a + 32) B 322+ 10270 + 16)  42%+9 (9a + 32)
k+ 13 3(k+ 11) 27k + 270 3(k+9)
32xk+8 85Ck+7
- dH +d H
s +k+7} +dQy,s(, H),
, G+ k ,
k Jdy =d Y T _ k—1 ]+1d .

For j odd and k > 3,

, L[ [ (k=3)y/t2ak—4 o —3 ah =Syt
Fylde=~ | — =2 ——— 42" 2y (20—1) ) do+a" 3y’ dH —d
"y dx a[( T2 +2" %y (2z—1) | de+a" "y ;)
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+2 | , k=342
e Wk74,j+2=% y (az®—22" 1 +2%72) do—a 3y dH +d (%ﬂ :

Moreover,

(adij +Ji—2j —2Ji—1,5) (J +2)

— (2.2)

Jicajt2 =

Proof. For j even, by substituting y? = 2H — 22 + % 3 %ax‘l into 2¥y’dz, and

using the integral by parts, we can compute the expressions of z*y/dzx.

_ j+1 kgi+1 L .
Ryl dy = 2*d L =d x’y — = kit g,
Jj+1 Jj+1 Jj+1

1 ,
:gxk*ByJ (dH — ydy + z(2z — 1)dx)

yj+2

L1 ks j k-3
=— dH — d| ——
{x Y x I

) + 2297 (22 — 1)dm]

L ks j ah 3yt yit2 k—4 k=2
=— |z dH —d - + = k—3)x" “de+z J(2z — 1)dx| .
ot —a (L ) - y(or 1)
Solving z*y/dx about z*~*yi*2dz, we can calculate the formula of wy_4 j12. By
integrating it on the interval 6(h), (2.2) is obtained. The proof is completed. I

Furthermore, by the third equation of (2.1) and (2.2), we have the following
recursion formulas.

Lemma 2.3.

J3 :2J2 - Jl J4 _ (24(1 - 88) JQ . 44J1 4hJ0
a 21a2 21a2 Ta ’
L _26hJy  (252ha® 4 3150 — 1L44) Jy  (627a— 1144) J,
> T 21a2 25243 12643 :

g (A 32 3146 11440 201, 39 5720
67\ 3¢ " 21a2  189a® ' 567a*) "% " \ 942 " 7a®  567a* ) !

520 16
— hJ
* (189a3 21a2> 0

J (56h 1313 28600 77792 > (( 136 3 ) 7 1196
7= 2

27a3 a2

902 T 1266  567a | 17015 T 13 T 63ad

38896 3536 218
il b I
1701a5> St (567a4 63a3) Jo,
45632 928 512 33410 35360 537472
Jg = 3 3 - 3 T i =+ 5 | /2
207943 231a 231a3 ' 693a* 243> ' 5103a
10336 _ 9668 ), 2803 364208 268730
891at 69343 231at " 623705  5103a8 )
80h 256 8296 268736
+ ( ) hJ07

77a? + 231a®  693a* + 18711a®
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o ((432680 - 19861) _ 57665 130390 2082704 537472) !
6237a* 69303 2772a% " 6935 5103a5 ' 2187d7
N (2112 ( 7102260 | 72352 ) 21 39355 3191240
a? a®  2079a* T 2673a’ 8a*  693d5 ' 18711aS
268736 1132h 5389 25840 268736
_2187a7> ! (231a3 69301~ 6935 8019a6> hJo,
o — (112h2 ( 9472 3708820 50377120) 10240 3330895
3942 1001a®  27027a* ' 24324345 3003af 270275
12493640 2459968 3803648 1112h2
187114 2187a7 T 6561a8> ? (117a3
450232 12616720 6656384 149311 18146140 1292000
(9009&4 ST 104247a6> 6006  81081a° ' 267347
1901824 472592 9728 5120 993548 3824320
 6561a8 ) ! <(27027a4 B 3003a3> T 300347 | 2702745 3474940
1901824
+24057a7) hJo,
e (2464h2 (823285 _ 44678720 436117184) 490195 47765240
11743 9009a*  81081a® ' 7297294° 1201245 81081aS

5963872__140734976%_190182400 11984 10 , 239916
2673a” 45927q8 137781a° ? 35la* a3 1001ab
15 37726400 47545600) 33 148580 9276560 32331008

T 845 T 100146 1158347 | 24057a°

95091200 4531424 210116 , 48887 1692520 10935488
! 3003a5 | 11583aS 3474947

Tt 8108145 | 31274147 B

13778140 81081a®  9009a*
95091200 n
50519743 ) "
3
J073 :3((ZJ4 + Joy — 2J3), Jl-,3 = 5(&]5 + J3 — 2J4), J273 =aJg+ Jy — 2J5,
3 3 1
J373 :1(aJ7+J5 — QJG), J4’3: 5((ZJ8+J6 — 2J7), J573: 5((1J9+J7 - 2J8),
3 3 1
J6,3 :?(QJ10+J8 —2Jy), J7,3=§(GJ11+J9 —2J10), J8,3:§(GJ12+J10 —2J11),

5
Jos =b(aJaz+ Jag —2J33), Jis= §(GJ5,3 + J33 —2Js3),
5
Jos Zg(acﬂs,s + Ju3 —2J5.3),
5
J3.5 ZE(GJ7,3 + J53 —2Js3), Jus=ads3z+ Js3—2J73.

3. Calculation of the coefficients M;(h)

3.1. Calculation of M;(h)
Lemma 3.1. (i) The function Mi(h) has the form
My (h) = a1Jo + BrJ1 + 1z, (3.1)
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where ay and (1 are all polynomials of degree one of h, 1 is constant coefficient.
(ii) If Mi(h) = 0, then there exists Q1 = qidH + dQ1, where Q1 and q1 are
polynomials.

Proof.
O =wi = gide — frdy = Y (gyz'y'de — fia'y dy).
i+j=4

By using the formulas (2.1) and Lemma 2.2, we have

3
My(h) = j{( Q =a (f22 + 2913) J5 — (2f22 + 3g13) Ja
5(h)

3
+ (f22 +4fa0 + S013 + 931> J3.

Together with Lemma 2.3, M7 (h) has the form (3.1), with
_ h(2f2 +3g13)

Q] = )

21a
1 (63a — 88) (2fa2 + 3g13)  4fa0 + g3
= —(2 —
B 5 (2f22 + 3g13) h + 042 PR
~ 2(4fs0+g31)  (87a —88) (2f22 + 3g13)
71 = - 5 .
a 252a

Then My (h) =0 <~

2
913 = —§f22,931 = —4f40, (3.2)

at the same time, Q1 = q1dH + d@Q: with

1
(f13 + 4g04) (—3az* + 102° — 102° + 60H) — §x3 (2922 + 3f31)

144 252 28

q1 = —%JJ
1 1
Gy = iy o) 2 0% ( (o +3) 5 () s~ 100-10) ) 1
J’}SG/ +4 al‘—6 +4 9a+16 1
n (f13+4g04) ( ) ((f13 g04) ( )—a(2922+3f31)) a’

1 1
~9 (f13 — 3f1 + 4904 — 2g22) 2° + 20 (4910 + f13 — 6f31 + 4gos — 4g22) =°
1 1 1 1
—ya' fao — §$3y2f31 - §$2y3f22 - 1$y4f13 - 5y5f04~
O
3.2. Calculation of M;(h)
Lemma 3.2. (i) If M1(h) =0, then the function Ma(h) has the form
Ms(h) = azJo + BaJi + 722, (3.3)

where Bo and 7o are all polynomials of degree two of h, as is polynomials of degree
threee of h.

(ii) If M1 (h) = Ma(h) = 0, then there exists Qo = qadH + dQo under the Case(a)
or Case(b), where Q2 and g2 are all polynomials forms.
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Proof. By Theorem 1.1 and following the formulas (2.1) and Lemma 2.2,

M, (h) :7( 0, =f (w2 + quwr)
5(h) 3(h)

4
W [(45aJs — 180hJy — 120.07) fao + (15aJg5 — 60hJss — 40.05.3) fa

1
+ (9aJy,5 — 36hJo s — 24J35) foa] + (921 + 3f30) 2 + §J0,3 (3903 + fi2)

1
+ I (f13 + 4904 — 2922 — 3f31) (156 fao + 3J2.5 foa + 5Ja3f22) .

By using the formulas in Lemma 2.3, M(h) has the form (3.3), with

64 Fgod) - 320 4244 16
g = — (];12 ) o {(3f31 +2922) <<3003a - 27027a2) Joa= 7;0;2)

38 5854 3578 20968 179912 48
+ (( > f22+< + ) foa— f40>

231a  27027a2 450450 ' 81081a2 121621543 T7a
X (f13 + 4g04)] h* + [(3fs1 + 2g22)

. ( (1440 = 520) fao 16 131 65552 20672 )
18943 1001a ~ 81943 ' 2432437 168399a% ) 7™
16 956 7072 4 12903
- - - 4
+ ( 2312 | 207943 18711a4> f22> +zhzt = + (Nt 4g00)

693a3  T7a2 6237a* 693a2  11583a3 ' 66339a* 6567561a

< 14579 304 23354 48008 5672384 )f )]
04

956 16 7072 16 2456 21562 880624
X faot ' 5 )22
— — + — h7
16216243 4504502  104247a* = 243243a® 9851341548

1064 6724 215f20\  14f0s (3f31 + 2922)] .5
P [(f13+ go1) ((1755a 57915a2>f°4 1287a) 117a
(T146a—1904) f1o [ 258121 106151 26344
4 — _
+[( Joa+f 13)( 207943 24324303 10810842 24324344 )'%?
L (_6urss | lsslds 7702852 30540 )
10810842  1216215a3 ' 10945935a%  6567561a° ) **

794 272 it [~ 668 64660 10336 P 20440
69302 89143/’ 100102 ' 81081a3 104247a% ) /% 942

+

283 12896 7072
2 h -
X (3f31 + 922)] + <(154a3 2079@4 + 1701a5> f40

< 148465 2060 2905366 9686840 >
22
1

389964  9009a3  2189187a’ + 1970268348

18569 2479033 n 10996207 25672928 n 62396128 s
24024003  4864860a? ' 109459355 3283780540 29554024547 ) ***

 Cgos b fu) 4 ((FT20 39 (288 12896 7072 )
Joa 7 Jus 567a% 743 ) 7 T \4624° T 6237a* © 510345 ) 1%
22277 3935 2312 20672 2(f12+3903)
— _ 9 _
(27027(14 24024a° 2079a5+45927a6> fo“) (2922+3/s1) 2la

+

+

_|_
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4538 18152 2 16fos (331 + 2922) ]
= oo o _“ ‘ 4 B h
” [((6435 19305a> Jos 3f22> (f13 + 4904) 20

24 3952 28541 256 418928
* K(m a 693a2> faot <12474a2 6930 243243a3> fa2
7688 10240 9630122 961792
<45045a T 62374 | 364864507 841995a4> ] °4> (4901 + fia)

(128 3952 ft 42649 724 309896 5 4
231a 2079a2 ) 2 "\ 2702742 3003a  243243a3 ) '™ 34

32 637 8320 14144
3 2 h - -
X (3f31 + 2g22)] h + |:<77a2 0943 + 567a% 1701a5> 40

( 71464 32 4066493 2741920 19373680 )
22

81081a®  693a?  1459458a* = 938223a¢®  19702683aS
< 608 98593 10706659 78939398 11025488

4504502  294840a3 + 7297290a*  32837805a° * 6567561a

124792256 3146 32 11440
_295540245a7) f04} (4904 + f13) + {(189@3 T 21 567a4> fao
32 637 8320 14144
<231a2 T 297 T T70lat 5103a5) *
23333 32 40930 37808 41344
(36036a3 T 70012 1871la? | 1530945 45927a6) f04} (2922 + 3fs1)

(3a —4) (3g03 + fi2)
21a '

Ms(h) =0 <= Case(a) or Case(b), with

+ g21 + 3f30 —

1 1
Case(a):  foa = foo = fa0=0,904 = —Efls,gos = —§f127921 = —3f30;

1627 2 4 4
225 _oH
o1 T 3" *

1 1
=q2 = —1f13 (3f31 + 2g22) (4%“8 -
1
+ 9 (3f31 + 2922) (3f31 + g22) 2° — (fo1 + g12) 27,

1 3 1
Case(b) :  fosa = foo = 0,904 = —Zf13,922 = —§f317903 = —§f127921 = —3f30
—=qo = —2° (f21 + g12) .

O

Note that by computation, we find that the conditions of higher order Melnikov

functions of Case (b) are similar as them of Case(a), we will not show them in
this paper.

3.3. Calculation of M;(h)
Lemma 3.3. (i) If Mi(h) = My(h) =0, then the function Ms(h) has the form

M;(h) = azJo + BsJ1 + 732, (3.4)

where agz, B3 and 3 are all polynomials of degree one of h.
(ii) If M1(h) = Ma(h) = M3(h) =0, then Q3 = q3dH + dQ3, where Q3 and q3 are
polynomials.
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Proof. Case (a): It follows from (2.1) and Lemma 2.2,

M3(h) = 7{ Q3 = f w3 + q1ws + qawr
s(h) 5(h)
1 . .
:]{ {3 (3f31+2922) ¥° f122%+ (— (3f31+2922) f302° +(2f20+911)2)y |dz
s(h)

1
~3 (3f31 + 2g22) (3J5 f30 + J3,3f12) + (2f20 + g11) J1-

By Lemma 2.3, M3(h) has the form (3.4), where

(3f31 + 2g22) h (99 froa — 702 f30a — 104 f12)
) 567a3 ’
(3f31 + 2g922) (27af12 — Bdafso — 8fi2)

fs = | 54a? ] h

286 5 1 52 1144
+K 4a2>f30+< + )fm} (2922 +3f31) +2f20+ 911,

63a3 8a2 63a®  1701a*

[/ 209 572 1144 151 2288 8f12h
_ _ - _ - 3f314292) -
s _(42a2 63a3) f30+(567a3 25242 1701a4> h==y, ] (8fa1+2922)

By M3(h) = 0, we can deduce that the following two cases:
Case (al):

3
g22 = —§f31>911 = —2fa

74 9 5
1
-2 (2f11 +902> x,

Case (a2):

1 2 8 2
——q3 = —§f13 (fo1 + g12) ( T — —— 4 —x5 — 3Hx3) + gf31 (fo1 + g12) z®

fi2 = fz0=0,911 = —2f20

Tf2 (3f31 + 2922) 2%y !
_ fis ( f3140 ga2) T°Y + {—?)()ffg(3f31+2922)$8 (4az —9)

~ J13 (331 + 2922) (22551 + T2f15 + 100g22) z7
420

+ (3 (fo1 + 912) fis + %f03 (3f31 + 2922)> xﬂ e

:>q3 =

2% fha (3f51 + 2g20)

2340
64da 6 197afs1  10lagoo 11
48ax—221)— - 2
X (48az—221) [(1155 55>f“”Jr 1232 1sas | f18(3fa1+2022)7
3fs1+2 75f31+27 f13+26g22) 710 [4g3 4 1
+f13( J314+2g22)( g?ilo f13+26922) _{ §i2+ §f31+?f13 &,

2

1 8fi3 3
9f13940 105 ) 922 + f31 +

17 f13f3
28

_ Ef C1f3 13fsifis
372 9 21
4f15

1 2
+ (6f13940 + 35 2fo1 — 912> f31] z¥ + o7¢ (2f13f21 + 2f13912
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+3fo3f31 + 2f03g22) 7 — ((§f31 + 4922) foz + % (f21 + g12) f13> x®

9
2 4fo3 2 2 4fo1  4g12 5
+<5(f03+912)f31+( 5 +5f221+3912> g122+( 15 + 15 fis |z

— (fi1 +2g02)

by using Lemma 2.2 and substituting H = 1y?+322—223+1az? into ¢, of Case(a).
O

3.4. Calculation of M,(h)
Lemma 3.4. (i) If My (h) = Ma(h) = M3(h) = 0, then the function My(h) has the

form

My(h) = aado + BaJr + 742, (3.5)

where ay, By and 4 are all polynomials of degree one of h.
(ii) If M1(h) = Ma(h) = M3(h) = My(h) =0, then Q4 = qudH + dQ4, where Q4
and qq are polynomials.

Proof. Case (al):

My(h) = fi N o

2
:% [—Sfm (fo1 + g12) 2%y° + (f10 + 901 — 230 (f21 + 912) I4) y| dx
5(h)

2
=— gfu (fo1 + 912) J2,3 + (fio + go1)Jo — 2f30 (fo1 + g12) Ja.

It follows from the formulas in Lemma 2.3, My (h) has the form (3.5) with

8 104 8 30
= _— — _ — h
oy ((63a 567a2) fi2 " ) (f21 +g12) h + fi0 + go1,

o 4hf12 1144 41 88f30
54_[ 270 | (1701a3 63a2>f12+ o1az | /21 T 912)

[ 8hfia (16 176 946 16 2288
74[ 9 +<7a 21a2>f30+(567a2 63a 1701a3)f12}(f21+912)’

My(h) = 0 implies
Case(all):

go1 = —f10,912 = —f21
4 423 1

1 1
=q = 2 | H- = — - =z = fa7?|;
g1 = (fi1 +2g02) x [( o0+ T >f13+ 4f3133 ]7

Case(al2):

gor = —f10, fa3o = fi2=0

515 (12 + fa) 2y
12

:>q4 =
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7$6f13 (912 + f21) (63 ax? f13 — 144 x f13 + 84 f13 + 56 f31)

+ 168

+ (fos (912 + f21) + %fng (f311 + 29302)) 552] y?

a'! fisa (912 + fa1) (TTax — 360)
- 1232
_ fiz(g12 + fa1) (49afi3 + 56a fs1 + 96 f13) o'
280
2f13 (g12 + for) (13 fi3 + 14f51) 2°
+ 63

1
~ 5 (3ff5 + 6f13f31 + 4f13940 + 6f31) (912 + f21) 2°

+ 3—103;5 (f13 (f11 + 2902) + 2f03 (912 + f21)) (Baz — 12)

+ (i (f11 + 2g02) (f13 + f31) + % (912 + f21) (2 fa1 + fo3 +912)) zt,

Case (a2):

My(h) :]{ Q4
s(h)
1
= ]{( : (3f02 (3f31 + 2922) 2°y° + (fi0 + go1 — foo (Bf31 + 2g22) ") y)dx
s(h

1
=— §f02 (3f31 + 2922) J2.3 + (fr0 + go1)Jo — f20 (3f31 + 2g22) Ju,

My (h) has the form (3.5) with

[/ 4 52 4
oy — ( >f02_ f20}(3f31+2922)h+f10+go17

63a  567a2 7a
[ 2f02h 572 41 44 fao
=|- - — 2
b T o7a <1701a3 126a2> Jor+ 57oa | Bfs+2022),
[ 4 8 88 8 473 1144
=|—=foh+|=———= —_—t 3 2 .
7= | gl +(7a 21a2> f2°+( 63a T 567a2 1701a3> f”] (8fs1+2922)
Following My(h) = 0, we have go1 = — f10, g2z = —%fgl, we can compute that g4 is
the same as Case(al2) or go1 = — f10, foo = f20 = 0, since the expression of ¢4 is
very long, we will not consider it in the following. O

3.5. Calculation of M;(h)

Lemma 3.5. (i) If My(h) = Msy(h) = M3(h) = My(h) = 0, then the function
M5 (h) has the form

Ms(h) = asJo + BsJ1 + 5.J2, (3.6)
where as, Bs are all polynomials of degree one of h, 5 is constant.

(ii) If My(h) = --- = M5(h) = 0, then Q5 = ¢sdH + dQs, where Qs and g5 are
polynomials.
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Proof. Case(all):
1
Ms(h) :]{ Q5 = j{ ~3 (f11 + 2902) (3yfsoa® + ¢° froz) da
5(h) 5(h)

1
=3 (f11 + 2902) (3f30J3 + fi12J1.3) s
which implies M5 (h) has the form (3.6), and

(f11 + 2902) hf12

a5 = — )
21a
1 11 1 f3o0
/85 — <_2f12h+ (63@2 — 8@) f12 + a ) (fll + 2902)a
29 22 f30
B ((8mz_<ﬁa2)fm'_2tz)(fn_%Qmmy
M;=0—=

1
Case(all-1): go2 = —§f11 = g5 =0,
Case(all-2):

fo12 = faz0 =0 =
1 o 4 25 2
¢5 = z (2go2+ f11) —1%Y Jis+ 37 —?ax **x frs— 0" * fi3f31+ fos

_ 2ax° f2; (30ax — 143) B 16a 16 12
1155 05 13+

af13f131> x

JF%flS (11f13 +9f31) 2" — <4f13 + <6f131 + g4o> fis + ;f§1> af

35 35 7
1 1 8f2
+gfﬂ3f03 (2ax —5) + 3 (2fo3 + fo1) 2 + 5;3] .
Case(al2):
Ms(h) = Qs = (far + 912)]{ (2 foo + 2%y? fo2) dy + 2y faox® dz
5(h) o(h)
1
=—2(fa1 + 912) (3J1,3f02 + f20J3> = asJo + B5J1 + 1502,
where
2h 22 1 2
Qs = f02 (f21 +912), Bs = [ hfoz + (63@2 " 4a ) Joz + fzo} (f21 + g12),

V5 = KQQ i > fo2 — 4f] (fo1 + 912),

42a  63a?
Clearly,
Ms(h) =0 = Case(al2 — 1) : fop2 = fo20 =0,
(since the expression of g5 is too long, we will not show it here) or g1o = — fo1, this

case is the same as Case(all — 2). O
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3.6. Calculation of My(h) and M;(h)
Case (all-2):

1
Mg(h) = Qg = —3 (fi1 4+ 2902) (3 fa0J2 + fo2Jdo,3) = asJo + BsJi + Y62,
5(h)

with

4 2(fu+2
ag =~ (fur + 29o2) hfo2,  Be = U 21(1902) f027

(fi1 +2g02) (3 foca — 21 fapa — 4 fo2)
21a '

Mg = 0 implies go2 = —3% f11 = gs = 0, system (1.5) is integrable or foo = fao =0,
since ¢g is too long, we will not consider it in the rest part.
Case (al2-1):

Mg(h) = %QG = =2 fi0 (fo1 + g12) Jo,

by Mg(h) = 0 we have or fig = 0 (the expression of g7 is too long, we do not
consider this case) or g1 = —fo1 = My (h) = —f10 (f11 + 2 g02) J1, if goo = —f11
we deduce that g7 = 0 which implies that system (1.5) is integrable.

4. Main results

Theorem 4.1. System (1.5) is integrable if g13 = gs1 = foa = faz = fao = 0,

gos = — 1 f13, go3s = —%f12. go1 = —3fs0, g22 = =35 f31, 911 = —2f20. go1 = — f10;
_ _ 1

912 = —fa1, go2 = —35 f11-

Proof. Tt follows from the expressions of M;(h), i =1,2,---,7 in Section 3.1-3.6,

we achieve this conclusion. On the other hand, under these condition, system (1.5)
becomes

i =y+ e (frox+ foay) + € (f202® + frizy + foy?)
+ € (faox® + far2®y + frazy® + fosy®) + € (far2®y + frszy?)
= Fl,

Ze: Q.
‘ Yy=-—x+ 222 — ax® + ¢ (xg10 — yfio) + e (9201‘2 — 2zy foo — %nyn)
+ €2 (g30w® — 322y f30 —2y? for — 3y° f12) +€ (ga0x* — 32%y? fa1 — 1y f1s)
= Gl,
since a(%l + % = 0, we can obtain the results. O

Theorem 4.2. (i) At most 11 limit cycles can bifurcate from each one of the annuli
inside the loop in the interior eight-loop case.

(ii) At most 16 limit cycles can bifurcate from the annulus outside the loop in the
exterior eight-loop case.

(iii) At most 15 limit cycles can bifurcate from the period annulus in the saddle-loop
case.
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Proof. By Theorem 1.2 and the expressions of M;(h), i = 1,2,---,7 in Section
(3.1)-(3.6), one can see that under the condition (3.2),

My (h) = agdy + B2 J1 + Y22,

where 2 and 7, are all polynomials of degree two of h, as is polynomials of degree
threee of h. But for other M;(h), the coefficients a;(h), 5;(h), vi(h) in the expression
of M;(h) be polynomials of degree at most one, hence, we can obtain this conclusion.

O

5. Disscussion

For system (1.5), we can see that My(h) can bifurcate the maximum number limit
cycles, by computating the higher order Melnikov functions, we can obtain the
conditions that the system becomes integral. However, if f; and g; are homogeneous
polynomials of degree i, i = 1,2, 3,4, there are less number limit cycles, we do not
show them in this paper. For cubic perturbation, the authors in [1,7] obtained the
same number limit cycles.
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