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DYNAMICS OF A STOCHASTIC
VECTOR-HOST EPIDEMIC MODEL WITH
AGE-DEPENDENT OF VACCINATION AND

DISEASE RELAPSE*

Zhen Cao! and Lin-Fei Niebt

Abstract Due to the ubiquitous stochastic interference in nature, the un-
certainty of the disease relapse and the duration of immunity, we present a
stochastic vector-host epidemic model with age-dependent of vaccination and
disease relapse, where two general incidences are also introduced to depict
the transmission of virus between vectors and hosts. By constructing a suit-
able Lyapunov function, the existence and uniqueness of the global positive
solution of our model are proved. Further, the stochastic extinction of dis-
ease, the existence of stationary distribution are also discussed. Moreover, the
stochastic extinction of disease and the existence of stationary distribution for
special incidence are obtained as an application, where the general incidence
degenerates into the billinear incidence. Finally, numerical simulations are
given to illuminate the main results, which also suggest that the behaviors of
vectors and the self-protection of hosts are the key factors to eliminate the
disease relative to the quantity of vector population during the transmission
of vector-host infectious diseases.

Keywords Vector-host disease, stochastic perturbation, age-dependent, gen-
eral incidence rate, extinction and stationary.
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1. Introduction

Vector-host infectious diseases, such as Malaria, Dengue fever, Japanese encephalitis
and West Nile fever, etc, are transmitted to humans through the bites of insects or
animals that carry certain pathogens or parasites. At present, vector-host infectious
diseases have been involved in more than 100 countries and regions around the world,
accounting for more than 17% of all infectious diseases [34]. Thus, it is very urgent
to study the control and prevention of vector-host infectious diseases.
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In order to explain the propagative law of vector-host diseases and the effec-
tiveness of control strategies, many scholars have proposed various mathematical
models to simulate the transmission of pathogen in vectors and hosts. For example,
Esteva et al. [9] proposed an ordinary differential equation model for the spread
of Dengue virus between mosquitoes and human population, and proved the exis-
tence and stability of equilibria. Bowman et al. [4] proposed a mathematical model
to describe the spread of West Nile virus among mosquitoes, birds and humans,
obtained the basic reproduction number and demonstrated the existence and sta-
bility of the disease-free equilibrium for the threshold value is less than 1. See
Refs. [5,15,18,22,39,40,42] for more studies, and the topic is still continuous.

Whether in the past or now, vaccinations have always been considered one of
the most effective strategies to curb the spread of diseases, such as Measles, Polio,
Pertussis, Tuberculosis (TB) and Hepatitis B virus (HBV), etc [35]. A notable suc-
cess story was the eradication of Small-pox in 1997 [36]. However, the effectiveness
of vaccines is a problem that cannot be ignored, which have become the cause of
recurrence and frequent of some diseases (such as, Rubella, Measles, Pertussis and
Chickenpox). To this end, some researchers introduced imperfect immunity and
reduced immunity into mathematical models of infectious diseases [6, 10, 12,24, 28)].
In particular, Nkamba et al. [23] proposed a SELI (susceptible, earyly latent, late
latent, TB-infected) compartment model with immunization to assess the effect
of vaccination rate on TB transmission. On the effectiveness and timeliness of
vaccines, a reasonable assumption is that immunity depends on the duration of
vaccination for susceptible individuals being vaccinated, but the time period is not
always fixed. Based on this, Yang et al. [38] established an SIVS model with the
age of vaccination and nonlinear incidence, and discussed th global dynamics of
this model. Duan et al. [7] introduced a SVIR model with the age of inoculation,
and discussed the global stability of equilibria. More related studies are available
in Refs. [1,8,14,20,27,31].

On the other hand, the spread of infectious diseases is constantly affected by un-
certainties or stochastic perturbation in the environment, especially in vector-host
diseases. These factors, such as temperature changes, seasonal changes, weather
conditions and media coverage inevitably affect the quantity and behaviors of vec-
tors or hosts, which in turn influence the infectious diseases that spread between
them. Therefore, it is more reasonable to introduce stochastic differential equa-
tions into the modeling of vector-borne infectious diseases [11,29,30]. In particular,
Jovanovi et al. [17] proposed a vector-host disease model with stochastic perturba-
tion and direct transmission, and obtained some sufficient conditions for stochastic
stability. Ran et al. [25] introduced uncertainty into a vector-host disease model
with class-age structured and discussed global existence of positive solutions, the
stochastic extinction of disease, and the existence of stationary distribution.

This paper proposes a stochastic vector-host disease model with the age of vac-
cination and relapse to study the impact of uncertainties. This work is organized as
follows: the model is formulated and the global existence and boundedness of posi-
tive solutions are proved in Section 2 and Section 3, respectively. The main result
on the stochastic extinction of disease is derived in Section 4. The existence and
uniqueness of ergodic stationary distribution are analyzed in Section 5, and investi-
gate the extinction and permanence in the mean and the existence and uniqueness
of stationary distribution for special incidence in Section 6. We illustrate the main
results, and a brief concluding remark in Section 7 and Section 8, respectively.
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2. Model formulation

The quantity of hosts at time ¢ (that is, Nj(t)) is split into susceptible class S}, (¢),
vaccinated class V,(t,a) with the age of vaccination @ (that is, the time-since-
vaccination), infected class I, (t) and recovered class Ry, (¢, b) with the age of recover
b (that is, the time-since-recover). The vector population N, (t) at time ¢ includes
susceptible class S,(¢) and infected class I,(t). Therefore, the total quantities of
vaccinated class and recovered class at time t are [ V,(t,a)da and [~ Ry (t,b)db,
respectively. Assume that the age-dependent of immune loss rate and disease relapse
rate are denoted by w(a) and r(b), respectively, and 0 < w(a), 7(b) < 1. Since
the nonlinear incidence rate is very important in the mathematical modeling of
infectious diseases [26, 33], the generalized incidence is used in this paper. More
specifically, the rate of susceptible host population Sy, () get infectious by infected
vectors I, (t) is governed by (1 f(Sh, I,,), where, 8; is the probability of exposure of
a susceptible person to an infected vector. Similarly, the rate of transmission from
infected class I (t) to susceptible class S, (¢) is B29(Sy, In).

Based on the transmission pattern of pathogens between hosts and vectors, a
model with age structured and general incidence reads

dSh(1)
dt

= Ay — (Mh + ¢h)sh(t) — 51f(Sh(t),Iv(t)) + /Ooo w(a)Vh(t, a)da,

(aat + aa ) Vh(t a) (/J,h +w(a))Vh(t,a), Vh(t,o) = lfthh(t);

dln(t)
at

(681& aab) Ry (t,0) = = (un + r(0))Ri(t,b),  Ri(t,0) = kIn(t),

dsS,(t)

dt
dI()

= B1f(Sn(t), Iu(t)) — (un + k + v)In(t +/Ooo b)Ry(t,b)db, o)

= Ay — B2g(Su(t), In(t)) — puSu(t),
= B2g(Su(t), In(t)) — polu(t)

with the initial conditions S}, (0) = Shy, V}L(O a) = Vio(a), In(0) = Ino, Rp(0,b) =
Rpo(b), S,(0) = Syo, 1,(0) = Io for a > 0, b > 0, where Sho, Iho, Spo and I, are
non-negative constants and Vjo(a) and Rho(b) are non-negative essentialy bounded
functions. In addition, let Sho+Iho+Svo+Tvo+ [ Vao(a)da+ [ Ruo(b)db = N,
where Ny is the total size of hosts which is a positive constant.

Restricting the second and fourth equations of model (2.1) to the partial differ-
ential equations and solving then along the characteristic curve ¢t — a = const and
t — b = const (see Refs. [16,32] for more details), one have

RSkt — a)To(a), t>a>0,

Vh(t7a) = Fo(a)
—t)— >
Vho(a t)Fo(a—t)’ a/t>07
kIn(t — bymo(b), t>b>0
Ry(t,b) =
n(t,0) Ruob— )-8y s,

mo(b—t)’
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Table 1. The biological significance and value range of parameters for model (2.1), where, take the
transmission of Malaria between mosquitoes and humans as an example.

Param. Interpretation Range Source
Ap/A,  Replenishment rate of hosts/vectors Assumed
v Disease-related death rate of infected hosts 0~1 -
1/ pn, Average lifespan of hosts (years) 68 ~ 79 [5,29]
1/ Average life span of vectors (days) 4~ 35 2]
U Vaccination coverage rate 0~1 —
k Proportional coefficient of recovered from infected 0~1 —
w(a) Rate of vaccine shedding at age a Assumed -
r(b) Relapse rate at relapse age b Assumed —
B Probability of transmission from

infectious vectors to susceptible hosts 1.35¢76 ~ 2.09¢7*  [29]
Ba Probability of transmission from

infectious hosts to susceptible vectors 2.82¢76 ~ 3.65e7*  [29]

where T'g(a) = exp{— [; (1n + w(7))d7} and 7o(b) = exp{— fob(,uh +r(7))dr}. For
t > 0, it follows that

/OO w(a)Vy(t,a)da :/ w(a)YrSk(t — a)l'o(a)da
0 0

o0 To(a)
+ /t w(a)VhO(a—t)mda. (2.2)

Due to

o0 F (o]
/ w(a)Vuo(a — t)l“o(oa(a)t)da < e_“ht/ Vio(a)da < e 1t Nyq,
t - 0

where @ = a — t. Since e #"*Np,g — 0 as t — 00, equation (2.2) can be rewritten

/Ooow(a)Vh(ta)da = /0Oo w(a)pSk(t — a)To(a)da = /000 Sh(t — a)T'(a)da,

where I'(a) = w(a)ypTo(a). Similarly, we can get
/ () Ra(t, )b — / Tt — b)), 7(b) = r(b)kmo(b).
0 0

Considering the effect of uncertainties (or, stochastic perturbation) on the be-
haviors of vectors and hosts, we assume that perturbation has an effect on the
incidence of infected vectors/hosts to susceptible hosts/vectors, and the intensities
of perturbations are denoted by o? and o2, respectively. In addition, the quantity
of vectors is also affected by uncertainties, such as temperature, rainfall, humidity,
and so on, and the impact of these factors are denoted as 03 and o3, respectively.
As pointed out in Ref. [21], this stochastic perturbation is known as white noise.
Based on the above assumptions and model (2.1), an age-dependent vector-host
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epidemic model with stochastic perturbation reads
dSn(t) = (A = (s + ) Sn(8) = Buf (S (8), L, (1))
+ / T D (a)Sh(t - a)da) At — o1 f(Sk(t), I, (1))dB (1),
0
ar; ) =(61ffh<t>, 1,(6) = (i + k + V) Ta () 23
+ / 7 (0) I (t — b)db) dt + o1 f(Sh(t), I (t))dBy (¢),
0
dS’u (t) :(AU - BQg(Sva Ih) - /’L'usv)dt - UQg(S'LH Ih)dB2(ﬁ) + U3S’UdB3(t)7
dl,(t) = (529(&), I) — ,uvlv)dt + 099(Su, In)dBa(t) + 04 L, dBu(t),

where, B; () is the standard Brownian motion and defined on (Q, F,P) (i = 1,--- ,4).
Here, (92, F,P) is a complete probability space with a filtration {F;};~o which
is increasing and right continuous with F( contains all P-null sets. Let R} =
{(x1, - ,2p) 1 2; >0, i =1,2,--- ,n}, (a1 A az) = min{ay, a2} and (a1 V ag) =
max{ay,as}, for all a1, as € R = (—o00, +00).

(Hy) Function f(S}y, I,)) has two-order continuous derivative for any Sj, > 0, I, > 0,
and Sy, +1, > 0. For each fixed I, > 0, f(Sy, I,) is increasing for S, > 0, and
f(Sn, I,)/ 1, is decreasing for I, > 0 and each fixed S}, > 0, and f(S},0) =
f(0,1,) =0 for any Sy, > 0 or I, > 0.

(Hz) Function g(Sy, I5) has two-order continuously derivative for any S, > 0, I}, >
0, and S, + I, > 0. For each fixed I}, > 0, ¢(S,, I1) is increasing for S, > 0,
and g(Sy, I)/ I}, is decreasing for I, > 0 and each fixed S, > 0, and ¢(.S,,0) =
9(0,1I,) = 0 for any S, > 0 or I, > 0.

Remark 2.1. If f(Sy,I,) = Spl,/N and g(S,, I,) = S, /N (standard incidence),
where N =Sy, + I, + S, + L, f(Sh,I,) = Spl, /(1 + 11, + a2Sy) and g(S,, In) =
Soln/(1+ azly + asS,) (Beddington-DeAngelis incidence) with constants «; (i =
1,---,4), and f(Sp,I,) = Spl,/(1 + a5I?) and g(Sy,In) = Suln/(1 + asl?) with
constants as, g > 0, then (H;) and (Hs) are satisfied.

3. Global existence and uniqueness of solution

To prove the global existence and uniqueness of positive solutions for model (2.3),
we show, firstly, the following result, whose proof is similar to the proof of Lemma
3 in Ref. [26].

Lemma 3.1. For any positive constants p > q and D = {(Sh, In, Sy, Ly) : Sp >
0,1 >0,8,>0,1, >0, < Sp+ In+ Sy, + I, < p}, then,

max {f(S}HIv) f(Sh7IU)}<OO, max {g(smlh) g(Sth)}<OO

(Sh.I,)ED S, I, (Sv,In)ED S, I

From Lemma 3.1, we introduce the following notations,

max {f(Sh’Iv)} = K, ( max {f(Sh’Iv)} = Ko,

(Sn.1,)EQ Sh Sn.Is)EQ I,
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M}:Ks7 max {M}=K4~

max
(8v,In)eQ { Sy (So,In)eEQ Iy,

Theorem 3.1. For (Sho, Ino, Svo, Ino) € Ri, model (2.3) exists a unique solution
(S (t), In(t), Su(t), I,(t)) on [0, 00), which remains in R with probability one. That
is, (Sn(t), In(t), Su(t), I,(t)) € RY fort € Ry a.s. (almost surely).

Proof. Since the local Lipschitz condition is valid for model (2.3), which has a
unique positive solution X (¢) = (Su(t), In(t), Su(t), I,(t)) on t € [0,7.) satisfies
X (0) = (Skr(0),I5(0), S,(0),I,(0)) = (Sko, Iro, Svo, Lvo) € Ri, where 7. is the ex-
plosion time. This only needs to be proved 7. = 0o a.s.

Choose mg to be a large integer so that Shg, Ing, Suwo and I,g belongs to
[mg ', m]. For any integer m > my, define stopping time by 7,,, = inf{t € [0,7,) :
Sp(t) ¢ (m=t,m), or I(t) & (m~t,m),or S,(t) ¢ (m~1,m), or I,(¢t) ¢ (m~1,m)},
where, inf() = oo. Due to the nondecreasing of the sequence {7,,}, limit 7o, =
limy_ o0 T exists, and 7o < Te a.8.

Next, we show 7o, = oo a.s. If it is invalid, then there isa T'> 0 and ¢ € (0,1)
such that P {7, < T} > e. Thus, there is an integer m; > mg such that

P{r, <T}>c¢ for all m > m;. (3.1)

Let Np(t) = Sp(t) + In(t), it is obvious that limsup,_, ., Np(t) < Ap/pp. Define a
function V' by

V(Sh,In,Su, I,) = (Sh + 1) = 1 —In(Sp + 1) + (Sy + I,) — 1 — In(S, + I,).

Note that V (S, I, Sy, I,) is non-negative for X(t) € R%. This yields from Itd’s
formula that

1

dV = LVdt 1l ——
*( So®) + Lo(h)

) [03S,(t)dBs(t) + 041, (t)dBy(t)] , (3.2)
where

LV =Ap — (pn, +¥n)Sn(t) — (un + k +v)In(t) + /000 I'(a)Sh(t — a)da
(n +¥r)Sh(®)  J5 T(a)Sh(t —a)da + [;° m(b)Ix(t — b)db

Sh(®) + In(t) S (t) + In(t)
Ap (pp + k +v) I (¢)
0RO O R AU
Av 1o (Sy(t) + I(t)) | o1 f2(Sn(t), I, (1))

S ( )+I (t) (Sn(t) + In(t))?

)
0 SRR oo

and

A
Lv <Ah+Av+uh+1/1h+k‘+l/+,uu+(r+7r)u—h
h
max{03,03}

+0lK? + o5 K2 + 5
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Here I' = [[“T'(a)da = [~ w(a)ynlo(a)da < [~ ¥nexp{—pna}tda = ¢p/p; and
7= [y w(b)db= [ r(b)kmo(b)db < [, kexp{—pupb}db = k/up. Then it turns to

+kA
LV <hn+ Ay + i+ pog + 0 + b v+ 2B
Kno Hh
2 2
+0§K%+0§K§+M = K. (3.3)

2

Substituting (3.3) into (3.2), and integrating both ends of (3.2) from 0 to 7, AT
yields

T AT
/0 AV (S (), Tn(t), Su(t). 1, (1))

T AT T AT 1
< /O Kdt + /O (1 - S(t)+I(t)> (055, (£)dBs (£) + oa Ly (£)dBa(t)].

By taking expectations we have
EV(Su(tm AT), -+, Iy(Tm, AT))] <V (Sr(0),11,(0), S, (0),I,(0)) + KT.

Let Q, = {rm < T} for m > my. From (3.1), it follows that P(Q,,) > € for
m > my. For any w € Q,,, at least one component of solution (Sy (7, w), In(Tm,w),
So(Tmsw), Ip(Tm,w)) equals m or 1/m. Therefore, one get

oo >V (Sr(0), I(0),S,(0), I,(0)) + KT
>P{7, < T}min{2m — 1 —1n2m,1/2m — 1 + In2m}
Zemin{2m —1—-In2m,1/2m -1+ 1n2m}.

This derives a contradiction co > V(S,(0), I(0), S, (0), I,(0)) + KT > co as m —
0. Therefore, one have 7. = 0o a.s., which completes the proof. O

Theorem 3.2. Assume (Sp(t), In(t), Sy(t), I,(t)) is the solution of model (2.3) sat-
isfies the initial value (Sho, Ino, Svo, lvo) € Ri, then limsup,_, . (S, (t) + I,(t)) <
00 a.s. Moreover, limsup,_, .o (Sy(t)+ 1, (t)): < Ay/phy a.s., where, (S, (t)+1,(t)): =
71 [7(Su(s) + Lu(s))ds.

Proof. From the third and fourth equations of model (2.3), we have
d[Sy(t) + I, (t)] = Ay — pp(Sy(t) + I,(t)) + 035, (t)dBs(t) + o4l (t)dBy(t).

From the above equation and the principle of comparison of stochastic differential
equations, it yields that

Ay AN B
Su(t) + L(6) < 2 + <s1,(0) + 1,(0) — Mv) et 4 M(t) i= No(t) a.s.,  (3.4)

where, M(t) = o3 fot e He(t=9)G (5)dB3(s) + o4 f(f e He(t=9) (5)dB4(s). From the
Definition 1.5.23 in Ref. [21], M (t) is a continuous local martingale with M (0) = 0.
Therefore, by Theorem 1.3.9 in Ref. [21], it follows that lim;_, ., M (¢) exists and is
finite almost surely. Thus, lim;_, o N, (t) < oco.
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Now, we turn to the second conclusmn Define p;(t fo s)dBs(s), pa(t) =
oy e o (t=9) 8, (s)dBsy(s = [ 1,(s)dBa(s) and pa(t) = [je~ ~v<t )1, (s)dBy(s),
it is easy to calculate the quadratlc Varlatlons that

(p1 / S2%(s)ds < tsup S%(t),
>0

(pa(t). pa(t)) = / e~ (1=9) 82 (5)ds < tsup S2(),
0

>0

(a(0) ) = [ TE(0)ds < tsup Z2()

t>0

t
(pa(t), pa(t)) = / =2 (=9 12(5)ds < tsup I2(1).
0

£>0

By using the strong law of large number for martingales (see Theorem 1.3.4 in
Ref. [21] for more detail), it can get that

lim —pi(t)

t—oo

=0, i=1,23,4. (3.5)

It can be obtained by changing the order of integration that

“3// et (=0 G (5)dBs(s) du—i——// et (=W ($)dBy(s)du

i ( Su(5)aBs(s) — [ =05, (5)aBy(s )

_Mvt 0

+ MT (/t I,(s)dBy(s) — /Ote_““(t_s)fv(s)dei(s)) :

This yields from (3.5) that lim;_, (M (t)) = 0. In addition,

t A — A
Sy(0) + I,(0) — 2x)e Hv3ds Sy(0) 4+ I,(0) — ==
i BEO RO ey SO RO B
t—o00 t t—o0 Uyt

Thus, from the above discussion and (3.4), we have

1 ["A, A,
limsup(S,(¢) + I,(t)): < limsup - | —ds = —.
t—o0 t—o00 0 Moy Mo
This completes the proof. O

4. The extinction of disease without relapse

The stochastic extinction of disease and the asymptotic behavior of solutions for
model (2.3) without relapse will be discussed in this section. From Theorem 3.2,
there is a constant N, such that limsup,_, . N,(t) < N,.

Theorem 4.1. Let (Si(t), In(t), Su(t), I,(t)) be the solution of model (2.3) with
r(b) = 0 satisfies the initial value (S,(0), I,(0), S,(0), I,(0)) € RY. If one of the
following conditions holds:
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(i) Ro <1 and o} < B1/(0f(An/pn,0)/01,), 03 < B2/ (99(N,,0)/015), where

_ 3 Af(An/pn,0) + 8 dg(Ny,0)
Ro = C:I 2 oI, SNPRY

2

o? 2 o N 2’
min{p, + ki + v} + 5 (200" 4 o (20000

(i) BY/20% + B3/203 <min{pn +k + v, po};
then limsup,_, . In(I(t) + I, (¢))/t < 0 a.s.

Proof. For any n > 0, there exists a large enough Ty > 0 such that Sj,(t) <
Ap/pn +n and Sy(t) < N, +n for t € [Tp,00). Further, by using the L'Hospital
principle, it is easy to prove

f(Sh, I,) Of (An/pn +n,0)]  g(Su, In) 9g(N, +n,0)
T S (O, oI, :| s T, S <0, th:| . (42)

When r(b) =0, let V(t) = In(In(t) + I,(t)), from the It6’s formula, we obtain

av {Ih(t) i 70 (ﬂlf(Sh(t), I,(t) = (pn + k4 v)In(t) + B2g(Su(t), In(t))
~ 10 = gy (TS 0 L0) + o3g(S.(0). 1)

#O30) Jat + s (S0, L) B )

+ 329(S(8), Tn(6))dBa () + 04T, (1)dBa (1) ).
Directly integrating the above expression form 0 to ¢ and dividing ¢, we can get

In(Iy (1) + 1, (t))
t
U0 +1,00) | Bite [*f(Suls). Lu() o pnt+k+v

= t t o In(s)+I,(s) t
¢ I (s)ds Bo+¢€ tg(Sv(s),Ih(s)) M t I,(s)ds
/0 Ih( )+ 1, ()Jr t /0 n(s) + L(s) ds =5 o In(s)+ L(s)
FRCAORAC)IN U%tg%%®JM@MS
2t o (In(s) + 1u(s))? 2t Jo (In(s) + 1n(s))?
o3 g I7(s) My(t) | Ma(t) = Ma(t)
TN (Ih(s)+lv(s))2ds+ P T Ty
O 10 Pt [ LD 4, iy ki)
Bate [T g(Su(s) In(s)) . af [T [*(Su(s), Lu(s)) .
T A T(s) + 1(5) 27 2 Sy (Ta(s) + Lu(s)2"
03 [" g*(Su(s), In(s)) . My(t)  May(t) = My(t)
2 Jy )+ L) T e T T

where, € > 0 and

[ IS LB [ g(S(s), Du(s)dBal)
W= | e M= [ S |
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_ b I,(s)dBy(s)
M=o [ g

are local martingales that satisfy

(My, M) = 02 /01t <f(sh(s(),)fv(s))d31(5))2 e
(Ma, M) = o2 /Ot <9(Sv(8271

_ 2 ! I, (s)dBa(s) ? 2
<M47M4>—0'4/0 (M) <0‘4t.

By the strong law of large numbers of martingale, one have limsup,_, ., M;(¢)/t = 0,
i=1,2,4.

Next, we define two functions G1(z) = —of2?/2+ (81 +€)x —min{uy +k—+v, i, },
Ga(z) = —0322/2 + (B2 + €)x, where G;(x) is monotonically increasing for = €
0, (5 + €)/?) (i = 1, 2). Since O (An/pn, 0)/0, < B /o? and dg(N,,,0)/01) <
B2/03, we can choose 7 > 0 and 1 < € such that df(Ap/un+n,0)/0L, < (B1+¢€)/o}
and dg(N, +1,0)/01I), < (B2 + €)/03. Obviously, from (4.2) we have, for t > Ty,

6 (LSDLODY g, (Al t2.0)),

1,(t) oI,
9(Sy (1), In(t)) dg(N, +1,0)
o (A0 c (520

Therefore, it yields from the above discussion that

ln(Ih(t) + Iv (t))
t

In(Z(0) + 1,(0)) | 1 [* ., (f(S(s),1u(s))

/
+
I

X

t

af (A +n,0\t—Tpy 1 [T
+G1<f( h/alirh n )) 0 L Gy

e <8Q(J\7U +77»0)) t—1Tp n Mi(t)  Ma(t) = My(t)

oIy
for t > Ty. Thus,

Jimm sup In(Ip(t) + I,(t))

t—o0 t
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o5 Au0)) , g, (at8e0))

_ Of (An/pn + n,0) dg(N, + n,0)
=900, o,

o} (Of(An/pn +1,0)\* o3 (dg(Ny +n,0)
2 oI, 2 ol

From the arbitrariness of ¢ and n, and (4.1), one can get limsup, . In (I} ()

+1,(t))/t < 0. This proves ().
Finally, we consider (i7). Since G1(x) and Ga(z) get their maximum values

<Gy <

+ (B2 +€)

2
) —min{up +k + v, iy}

max /8 + € 2 : max B + € 2
ars(e) = P infyn, + k4 v, G = B
1 2

at x = (B1 +¢€)/o? and x = (B2 + €) /03, respectively, G1(x) and Ga(z) satisfy
2
G <f(5h,fp)) < (B1+e)

- min{#h + k + v, /J’U}7

I,(t) 20%
Q(Sm Ih) (52 + 6)2
G2< 0] >< 203

Discussions similar to the case (i), it follows that

. In(In(t) + 1,(t) _ BT | B3 :

hiri)soljpf § T“% —+ @ 7m1n{uh+k+l/,‘uv} < 0

This is (4¢). The proof is completed. O
It is obvious that model (2.3) exists a disease-free equilibrium Fy(S?,0,S9,0)

for 03 = 04 = 0, where

0 An
Sh = %S} 5 v = .
pin +Un — [y T(a)da Ho
For I, (t) = 0 and I, (t) = 0, model (2.3) reduce as
A8y (t) = |An — (i + n) S (1) +/ T(a)Su(t — a)dal dt,
0

(4.3)

On the stability of equilibrium (SP,S9) of model (4.3), similar to the proof of
Theorem 3.1 in Ref. [37], the following result is obvious.

Theorem 4.2. The equilibrium (S§,S9) of (4.3) is globaly asymptotically stable .
From Theorems 4.1 and 4.2, for o3 = 04 = 0, we have the follow result.

Theorem 4.3. Assume thatr(b) = o3 = o4 = 0 and (Sy(¢t), In(t), Sy (t), I,(t)) is the
solution of model (2.3) satisfies the initial value (Sy(0), I,(0), S,(0), 1,(0)) € R%.
Assume that one of the following conditions is met,

(i) Ro <1, 0 < B1/(0f(S7,0)/01,), 03 < B2/ (99(S,0)/014), where

af(58%,0 dg(S°,0
~ Bliféf: )+ﬁ27géjh )
Ro = -

. 2 (0f(00N\2 . o? [09(52.0)\2
wminin + &+ v} + 5 (2582 4 (25E0)
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(i) B3/20% + B3/20% < min{pup + & + v, 1, };

then lim;_, o Sp(t) = 52 a.s., limy o0 S, (t) = SO a.s.

5. The existence of stationary distribution

Since there is no equilibrium point in model (2.3), it is very necessary to consider
the existence of stationary distribution for model (2.3), which means the stochastic
persistence of disease. Let X (t) € R? is a homogeneous Markov process and satisfies

k
AX(t) = b(X)dt + > g.(X)dB, (1), (5.1)

and the diffusion matrix of X (¢) is defined as follows

E(X) = (aij(X , av] Zgr

Lemma 5.1 is a criterion on the existence of stationary distribution of (5.1).

Lemma 5.1 ( [19,41]). The model (5.1) is positive recurrent if there is a bounded
open subset D of R? with a regular boundary (i.e., smooth), and (i) there is a
constant k > 0 such that a,,(z) > « for x € D; (ii) there is a function V : D¢ — Ry
with second-order continuous derivative such that LV (z) < —0 for x € D¢, § > 0.
Then, stochastic process X (t) admits a unique stationary distribution p(-) satisfies
limy 4 oo P(t, 2, B) = p(B) for any Borel set B € RY, and

{Th_{go : / F(x f(x)u(dx)} 1

for all z € R, where f(-) is an integrable function with respect to u(-).
Next, we turn to the existence of unique stationary distribution for model (2.3).

Theorem 5.1. Assume that r(b) =0. If R§ > 1 and

(n A o) > (01 K7V 03 K; V03 /2V 03 /2),

ApAopio (B + Y1)
o? 3 o2 o2
(An+ Ay + BiMy+ FET + 220) (o + 5 + 2K + FK3)

and pp, = Y, + pn, then solution (Sp(t), In(t), Sy(t), I, (t)) of model (2.3) with the
initial value (Sp(0), I(0), S,(0), I,(0)) € T = {(Sh, In, Sv, L) : (Sh,In, Sy, 1) €
Ri, Sp+In+ Sy + L, < Ap/un + Nv} is positive recurrent and exists a stationary
distribution in T which is unique and ergodic.
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Proof. Define a bounded open subset of I" as D, = {(Sh, I, Sy, I,) € e <
Sty In, Sy, Iy < 1/e}, where ¢ is a small enough positive constant. The d1ﬁ“u510n
matrix associated with model (2.3) is given by

_ A 0 o2 f2(Sn,I,) —o?f%(Sh, 1,,)
A = (aij)axa = , A= '
0 A, _Ulf2(5h7 v) J1f2(Sh»Iv)
and
U%QQ(Sth) + 0%‘95 _0392(51)7111)
*0592(51)’]}1) 0592(51“[’1) + JZIE

Ay =

Since D. C R%, then

Sh, e, I, 1

U%fQ(ShyL;) = U%%IU P 01%15 Z 540’%.]02 <57 E)’
SIMI 2 7I ].

059°(Sv, In) = Uz%fh > 05#1}% > e'osg’ (57 ) :
h h &

Therefore, one verify the condition (i) of Lemma 5.1.

Next, we turn to condition (i) of Lemma 5.1. Define a function V : Ri — Ras
V(Sh, In, Sy, I,) = MV +NVa+V3+Vy, where Vi = —In Sy —cIn Sy + S, + S, — Iy
Vo=—InSy, —clnS, + Sy, + 98, — I, Va =—1InS, —In S, and

1
I I 9+2
Vi = 0+2(Sh+ h+ Sy + 1)

uh+wh+ﬁ1K1+Ah+A + g +"1K1

CcC =

fo + B K + % + Ung
Here, M and N are sufficiently large positive constants which satisfy
— MA+ Fy < =2, —NX+ F53 < =2, (5.2)

and

A
/\:2(uh+¢h+ﬁlKl+Ah+wz b A, +U21K1> (\/Rg—l), (5.3)
h

1
= sup {M(Mh+k+u)lh+]\7uv[v{(uh/\uv)(ngl)
(Sh.Tn.Su.1,) ERL 2

1 1
X (ole VoiK2vV 203 V5ol ) ] (SF2 4 172 + SOF2 4 10+2)

0.2
+uh+¢h+ﬁlKl+71K%+ﬁzK3+uv+ 22K3+ > +B} (5.4)

1
Py = sup {NMUIU -3 [(Mh Apw) — (0+1)
(ShsIn,Sv,1y)ERY

1 1
X (a%Kl VoiKiV 203 v 204) } <52+2 +I0F2 4 §0+2 Iﬁ”) (5.5)
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97 o ol o 03
+’uh+¢h+61K1+?K1 ""_BQKS‘F,UU—F?K;;—F?-‘FB s
1
F; = sup {M(uh+k+y)l _|:(/J/h/\ﬂv)_<9+1)
(Sh.In.Su.1y) ERL 2

1 1
x <0§K12 VoIKIV Loty 203) ] (SO+2 + 1072 4 50¥2 1 042)

U% 2 U% 2 032,
+:uh+¢h+ﬁlK1+?K1+ﬂ2K3+Mv+7K3+7+B , (5.6)

1
Fy = sup {M(Mh+k+1/)fh+Nquu[(uh/\uv)(eJrl)
(ShsIn,Su,1y) ERY 4

1 1
x <a§K12 VoiK2v §a§ v 202) ] (P2 4 I7H2 + SOF2 4 10+2)

o? o2 o2
+Nh+¢h+51K1+21K12+ﬁ2K3+uu+;K§+23+B}7 (5.7)

Ah(wg—l— k))

B= sup {(Sh+lh+5v+lv)9+1 (Ah+AU +
)ERL M,

(ShsIn,Su, Ty
1

1 1
= 5| A = @+ 0 (2P aRRTV 02w ot ) | 59

X (Sh + Ih + S’U + I’U)6+2 }7

and 0 > 0 satisfying (up A po) > (0 + 1)(02K?2 V 03K3 V 032/2V 03/2). Due to

likminf ‘N/(Sh,lh,Sv,Iv) = 400,
—00
(Sn:In,Sv,Iy) ERY\Dy

then ?(Sh,fh,Sv,Iv) has a minimum point (Sp, I, S,,I,) € Ri. So, one can
(ionstruct a function V : Ri — Ry as V(Sh, In, Sp, Iy) = MV1 + NVo + V5 + Vy —
V(Sh, I, Sy, I,). Tt can be obtained by direct calculation that

= {Ah — S — Buf(Sns 1) + / I'(a)Sh(t — a)da
h 0

c co? g%(S,, I co?
R [Ay — B29(Sv, In) — poSu] + 72% + 73 + Ay, — prSh

- ﬁlf(sha Iv) + /0 F(a)sh(t - a)da +A, — 529(5117 Ih) — poSy

— Bif(Sno L) + (i + k + v) I — /Oo 7 (b)In(t — b)db + ‘ﬁfz(sih;v)
0 2 Sh

A ch,
<_?:+Ph+51K1— g + ¢B2K3 + ¢y, + Ay — prSh
A ot co? co?
+wz2h+Av—MvSv+(Mh+k+u)Ih+71K12+72K§+73
h

A
< — 4/ eApANypiopn + pn + 1K1+ Ap + ¢Zz "+ A,
h
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ot o 05 o O3
5 K e Bl A+ K+ | (o H kv
=—2(pn + B1 K1 + A + 1/’:: b Ayt 21K1)(VR8_1)
h
+ (pn + k+v)Ip

== A+ (un + k+v)Iy,

where A is given by equation (5.3). Similarly

1 oo
LV =— th [Ah - phSh - 51]0(5}17]11) + / F(Q)Sh(t - a)da
0

LR _ c03 9*(Su,In) | co3
Sv [AU ﬂQg(Svth) ,UJvSv}+ 9 Sg + 9

— puSh + / I'(a)Sh(t — a)da + Ay — Bag(Su, In)
0

S )
TG s,

YAy

Mh

+ Ap,

— poSy — B29(Su, In) + poly + —

A cA,
S*SfZ+Ph+51K1* g + ¢Ba k3 + cpy + An — prSh + ——5—

0'2 00'2 CO’
+ Ay = Syt ol + KT+ 2K+

2
A
— 4/ cApNypwpn + pr + B1 KL+ Ay + Ynhn

2
M,
g

2
+ Ay + iK% +C<52K3+Mv + —2K§ - 23) + poly

Ynbn  p, 4+ O K1> (\/725 - 1) + o,

Nh

:—2<ph+51K1+Ah+

== A+ pyly,
o0

1 2
LVy=— o [Ah — pnSh = Bf(Sn, L)+ | T(a)Su(t - “)d“} 5
A 0

fQ(Sh,IU) 1 U% gQ(Sinlh) U%
X T - S, [Ay = B29(Svs In) — poSu] + B) T + 5

Ah A 1 2 CT%
<— o — o ton+HEK+ K1+52K3+Hv K3
Sh Sy 2’

LVy =(Sp+In+ S, + 1) {Ah — pnSh + / I'(a)Sy(t — a)da
0

— (un + k+v)I + / w(b) I (t — b)db + Ay — 11, (S, + IU)] +(041)
0
0'2 0'2
X (Sp 4+ In + Sy + 1)’ [U%fQ(S;“ L)+ 026%(S,, Ip) + 7353 + 2412}
A k
<(Sp + In + S, + 1) <Ah + Ay + h%’;”)
h
1 1
+(O+1)(Sp + I+ S, + 1,)° (O’%Kl VoiKZV 203 v 204>
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X (Sp +In + Sy + L,)* = (Sh + In + Sy + L) (un A 1)

1 1 1
<B—§ (pon A pro) — (0 41) (U%K% osK2V 3\/204>}

X (SPF2 4 19T 4 SOF2 4 102
where B is given by (5.8). From the above calculation, one can get that

A A,
L’Vg—M/\—i—M(uh—s—k:—i—u)Ih—N)\—i—NuvIv—S—h—S—
h v

1 1
(b A o) = (6 +1) <U%K1 VoiKiV 203 v 204)]
X (SZ+2 JFI}?H +85+2 +1~0+2) +Mh +yp + 51K

2
o
+71K12+52K3+uv+ 22K3+ 5 +B

We claim LV (Sy, In, Sy, I,) < —1 on RY \ Dy, this is equivalent to prove it on the
following eight regions

={(Sh, In, S, I, )RS = S, < e}, ={(Sh. I, Su, L,)RY : I, < e},
= {(Sh, In, So, I, )R} : S, < e}, D4 _{(S ny So L)RY 1, < e},
= {(Sh: In, Sv. I )RY + Sy > 1/e}, Do ={(Sh,In,So, [,)RY : 1), > 1/e},
= {(Sh, In, Sp, I,)RY : S, >1/e},  Ds ={(Sh, In, Sv, [,)RY : I, > 1/e}.

Case 1. If (Sp, Ip, Sy, I,) € Dy, it can be easily shown that LV < —Ap/Sp+F1 <
—Ap/e + Fy, where Fy is given by (5.4). Therefore, we could pick a very small
constant € > 0 such that —Ay /e + F; < —1. Then, it yields

LV < -1, for any (Sp,In, Sy, I,) € Dy. (5.9)

Case 2. If (Sp, I, Sy, I,,) € Do, it follows that LV < — MMM (up+k+v) 1, +Fo,
where Fy is given by (5.5). Therefore, it is possible to select a ¢ > 0 so that
M (pp, + k + v)e < 1. Hence, from (5.2),

LV < -1, for any (Sh,In, Sy, I,) € Do. (5.10)

Case 3. For (Sy, I, Sy, I,) € D3, one have LV < —A, /S, + F1 < —A, /e + F}.
That is, there exists a £ > 0 so that —A, /e + F; < —1. Therefore

LV < -1, for any (Sp,In, Sy, I,) € Ds. (5.11)

Case 4. It (Sk, In, Sy, I,) € Dy, it yields that LV < —=NX + Nu,I, + F3, where

Fj is given by (5.6).Therefore, we can select a € > 0 such that Nu,e < 1. Hence,
from (5.2),

LV < -1, for any (Sp,In, Sy, I,) € Dy. (5.12)

Case 5. If (S, I, Sy, I,) € D5, we can get

1 1 1
LV < — 1 (tn A ) — (04 1) (U%Kl VoiK3V 203 Y 204)}

SIS )
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1 1 1 1
<3 [(uh M) = (0+1) (am VoiKEy Loty 2&)} N

where Fy is given by (5.7). So, one have
1 ) 1,1 1
1 [(Mh/\ﬂv)—(e'i‘l) <U1K1 Vo Ki vV 3\/204)] oz TSl
for some ¢ > 0. Then it follows that
LV < —1 for any (S, In, Sy, I,) € Ds. (5.13)

Case 6. If (S, I, Sy, I,,) € Dg, for € is small enough, one have

1 1 1
LV < - 1 [(Mh/\ﬂv) (0+1) (U%Kl VosKiV 2032,\/5 )} 2 4+ Fy
1 , 1, 1 1
ST (un A o) = (0 +1) (07 KT V02K4V203\/204 @—FFAL
<1 (5.14)

Case 7. If (Sh, In, Sy, I,) € D7, for small enough €, we can get

1 1 1
LV < — 1 [(Nh A piy) — (0 +1) <a%K1 VosKiV 203 v 204” S0+ 4 Ry
1 2 1 1 1
S - 4 (,uh/\ﬂv) (9+1) 0’1K1 \/0'2K4\/20'3\/20-4 W+F4
s-t (5.15)

Case 8. It (S, I, Sy, I,) € Dg, for small enough &, we have

1
LV < — 1 [(Mh Apy) — (04 1) (Uf[(l VosK2V 023 v U;)} 72 4 Fy
1 9 03 o2 1
g_i (hn A o) = (0 4+ 1) | 0TKT V 03 K3V 9 V= 5 @"‘FAL
<—1. (5.16)

Therefore, from (5.9)-(5.16), one finally drive LV (Sp, I, Sy, I,) < —1 for all
(Sh, I, Sy, I,) € Ri \ D.. This is, all conditions of Lemma 5.1 hold. Thus, model
(2.3) admits a unique stationary distribution which has ergodicity. This finishes the
proof. O

6. A special case

Note that the conditions of Theorems 4.1 and 5.1 are not easy to test due to the
general incidences f(Sp,I,) and g(Sy, Iy). Therefore, we discuss, in this section,
the stochastic dynamics of model (2.3) with a special case of general incidences
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f(Sn, I,) = Spl, and g(Sy, In) = SyIn. As a result, the model is stated as follows

dSp (1) :<Ah — (tn + P)Su(t) — Br1S(t) 1y (1)

+ /OOO T'(a)Sh(t — a)da) dt — o1 Sp(t) 1, (£)dB (1),

dIn(t) =<51Sh(t)fv(t) — (un +k+v)IL(t) + /0°° r(b)In(t — b)db)dt

+ 018K (t) L, (t)dBq (¢),

dS,(t) =(Ay — B2Su () In(t) — 1o Su(t))dt
— 095, (1) I, (t)dBa(t) + 035, (t)dBs (1),

AL, (t) =(B2Se(t)In(t) — poly(t))dt + 025, (£) 11 (£)dBa(t)
+ 041, (t)dBy(t).

According to Theorem 4.1, we have the following corollary.

Corollary 6.1. Let (Sp(t), In(t), Su(t), I,(t)) be the solution of model (6.1) satisfies
the initial value (Si(0), I5(0), Su(0), 1,(0)) € RY. Assume that r(b) = 0 and one
of the following conditions is met:

(6.1)

(i) R <1 and Ap/pn < B1/o2, Ny < B2/02, where,
A -
ﬁlﬁ+ﬁ2Nv

min{suy, + k4 v, p }—I—a—%(ﬁf—&—a—%]\vf?’
i 2 \ Hn 27

Ry =

(i1) B2/20% + 33 /203 < min{up + k + v, fiy }-
Then disease is extinct with probability one, that is, limsup,_, . In (In(t)+1,(¢))/t <
0 a.s.

Lemma 6.1. Assume that (Sp(t), In(t), Su(t), I,(t)) is the solution of model (6.1)
satisfies the initial value (Sko, Iro, Svo, Ivo) € Ri, then

A k A,
(i) > ”Z;;”uhn Fon(t), (Su)e = 22 (L) + pu(t), (6.2)

where,
1[5 = Sa(0) | Lu(t) — L(0)]
ol == { .
1 [Sy(8) = 8,(0) | I,(t) — I,(0)
¢v(t) - E |: t + t
- % | Su()dBs(s) - % /0 1o(s)dBa(s) |

Proof. It can be obtained by calculating the sum of the first and second equations
of model (6.1)

ASH(0) + 1) =[An — G+ 000500+ [ D@t - a)da
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— (n + ke + ) In (1) + /OO r(0) I (t — b)db} dt

Z[An = (pn + ¥n)S(t) = (pn + k + v) I (2)]dt.

Directly integrating the above expression form 0 to ¢ and dividing ¢ gives

Sh(t) — Sh(O) n Ih(t) - Ih(O)

; ; 2 Ap = (pn + $n){(Sn)e = (pn + k +v)(In)s.

Hence

Ap pn+k+v
Sp)e = —
(Sl e pn + Un
Similarly, d(S, (t)+1,(t)) =[Ap— e Sy () — o I, () |dt+03S, (£)dBs (t)+04 L, (£)dBy(2).

Thus, (Sy)t = Ay/pe — (Ip)t + @y (t). This completes the proof. O
Now, we explain the stochastic persistence of disease of model (6.1).

Theorem 6.1. Assume that (Sp(t), In(t), Sy (t), I, (t)) is the solution of model (6.1)
satisfies the initial value (Sho, Ino, Svo, Lvo) € Ri. If Ry* > 1, then

(In)t + pn(t).

. . D
Jim (Z); + lim (L), > 5 (R =1) > 0 a.s., (6.3)
where
A A\ 1 k
Rﬁn:< P P )’ o = Pilon + +1/)\/52’
pn+tn - ) D pn + Pn
A Av 2A2 2A2 2
D(ﬂ1 h+uh+k+u)v<ﬂ2 +u1,)+01§+02§+04.
b Ho 2 p,  2py 2

Proof. Let V = In(I, + I,), from It&’s formula, the following inequality can be
obtained by direct calculation

1
v :{ Tn(t) + L,(1)

+ B2Sv(t)-[h(t) - MvIv(t)) -

(ﬁlsh(t)fv(t) — (n + &+ ) In(t) + /Ooo r(b)I,(t — b)db

1
2(Ip(t) + 1,(t))?

+o3S2OIRW) + 3 I2(D)) }dt +

(o222

Tn(t) + 1, (1)
X (alSh(t)L, (£)dB1 () + 095 (£) I (£)dBa (t) + o4lv(t)dB4(t))

> i (PO 0 + 1) = ASUOTO = G+ k+ D))
+ B2Sy (t)(In () + 1u(t)) — B2Su (8) I (t) — uva(t))
ai Sp(t)I3(t) + 0385 ()11 (t) + o3 12 (t)
B VRO N0 b+ p
X (cflSh(t)Iv (£)dB1 () + 095 (£) I (£)dBa (t) + U4Iv(t)dB4(t)>

A A,
b h+/14h+/€+V)\/<ﬁ2
Feh Ho

+ o)

>{ﬁ15h(t) + B25,(t) — (
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2A2 2A2 2
ot 03N o} 1
S0 Te %4 - I,(t)dB 4
T T }dt+ ACESAC (o1Su ()1 (1)aB1 (1) (6.4)

+ 028, () I (t)dBa(t) + 04l (t)dB4(t)>.

Integrating the both ends of (6.4) from 0 to ¢ and then dividing ¢ on both ends

Vit A A,
¥ >B1(Sh)e + B2(Su)i — <ﬂzhh + pn +k+v> v (52 +uv)
2 A2 2 A2 2
ot Ay, o3 Ay op  V(0) | Ms(t) | Ms(t) | Mq(t)
AW St Tt ot (6.5)
where,

Ms(t) = /0 Tnls) + T (s) 1(8) Mo(t) = /0 Tnls) + I (5) 2(8)

(" oal,(s)dBy(s)
Mo = [

Substituting (6.2) into (6.5)

V(t)>5< A ot k+4v
t 77\ un A+ Mh + n

A Ay
<”31 h+ﬂh+k+l/)\/<ﬁ2 +uv>
Hh Ho

() + gohos)) s (2 .

v

L)+ o)

= —h<Ih>t = Ba(lv)t +5l(

@h(t))

e
A, A Boly
+/32<+gov(t> <5” +k+u> ( +uv) (6.6)
Ho Hh
_o3AY o} V(O0) NS MiD) of
2p2 2 t ~ t 2,u,21

By taking the limit of (6.6) we have

B1(un +k+v)
Hh + Yn

. Ay Ay BiAn
2}3& [51 (Mh +on +s0h(t)> + B (Mv +s0v(t)> — ( o + un +k+1/>

V(B;Av_i_uv)_a%z%_a%m%_Oi_i_V(O)_V(t)_i_ZM;(t)} (6.7)

tliglogh>2£ + 52 tlir&(Iv%

From the large number theorem of martingales and Theorem 3.2, this yields

V() -V(t M, (t )
lim ¢r(t) =0, k= h,v; limM:O, limAZO,Z:&G,T
t—o00 t—o00 t t—o0
Therefore, from (6.7) we finally obtain (6.3). The proof is completed. O

Finally, we consider the stationary distribution of (6.1) for o1 = g9 = r(b) = 0.
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Corollary 6.2. Assume that o1 = o9 = r(b) = 0. If RS > 1 and (pn A p) >
(03 V 02)/2, then the solution (Sy(t), In(t), Sy (t), I, (t)) of model (6.1) satisfies the
ingtial value (Sp(0), I5(0),S,(0), I,(0)) € T is positive recurrent and has a ergodic
unique stationary distribution in ', where

Rs _ \/ AhAv5152
TV e+ B (o + B (i + n) (i + k1)

and T = {(Sh, In, Sy, 1) € RE + Sy + I, + Sy + I, < Ap/pn + Ny}

Proof. According to the proof of Theorem 5.1, it can easily get that condition ()
of Lemma 5.1 holds. Now, one verify condition (i7). By the condition (up A fy) >
(63 V 03)/2, it can choose a sufficiently small positive constant § which satisfies
p = (pn A po) — (0 + 1)(03 V 03)/2 > 0. Define a function V : RY — R as
V(Sh, In, Sv, Iy) = Vs + NVg + Vz, where V7 = (6 +2)71 (S, + I, + S, + 1,)2,

%:—lnSh—lnSv—lnIh—i—%,
VG:—lnS’U—cllnIU—anSh—c?,lnIh—&—A,

wn +k+v
¢ _Uv+0'?2>/2 _Uv+0'?2>/2 o — fo +03/2

= , Co = 5 - 9
oy +03/2 2 h + U, N wn +k+v

and N > 0 satisfies the following condition

2
4N (uv + (’23) (,/Rg - 1) rI< -2, (6.8)

where
72 2626252 p
J = su Iv+l+#_7<50+2+10+2
(Sh,lh,S,PIv)eRi {61 4 (up+Ek+v)2 2\ h
2
+S§+2+I§+2) +2Mh+k+y+wh+uv+o-23+Q}’
A
Q= sup {(Sh + I, + S, +Iv)9+1 (Ah + A, + h;ﬁh)
(Sh,Tn,Su, Iy ERY 12
042
—O(Su+ T+ 5.+ 1) }
Note that

hkmlnf V(ShthaS'va) = 400
—00
(ShsTn,Su,Ty) ERY \Dy

and V (Sh, I, Sy, I,,) is a continuous function, V(Sh, I, Sy, I,) has a unique mini-
mum value at point (Sy, Iy, Sy, I,) € Ri. Therefore, one introduce a non-negative
function V : ]Rﬁ_ — Ry as V(Sh, In, Su, 1) = Vs + NV + Vo — V(Sh, I, Sy, I,).
Directly applying It0’s formula, one can separately obtain
Ah Av ﬁlShIU

LVi<— o -5 -

I, +2 k
S, S, I, + By + 2up +k +v
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2
o3 P1SaSuly
T on o+ 2 +,uh+k+1/

A A BiSul,
S L N AN A S
Sp Sy I

2 222 02 2
03 51525h I
o+ B RO D
T T G+ k+v)2 4
Ay Ay caBaSuln  c3BiSKI, o3 o3
< v _ _ Z3 74
es-5 ~ 5, I, I, T +Cl(“”+ 2)

B152
k S IU [U
+ ca(pn + ¥n) + e3(pn + +V)+Mh+k+V wly + caf1

2
< - 4 <Nv + 03) (\/ Ri - 1) + %Shlv + CQﬂlL}a

2
A
[,V7 §(Sh + 1, +Sv +Iv)9+1 <Ah +Av + Zg}L> — (Sh + I, +S'u +Iv)6+2
h

f+1
X (i A o) + == (Sh+ In + 8o + 1) (03 V 03)(Sh + I + Sy + I,)?
<Q - g (S92 4 )2 4+ SOF2 4 042

Moreover, from the above discussion, we can get that

A A, Spl,
h B1.5% L(SOH2 4 1072 4§42 4 [9%2) | BT 42,

< v FMhiv P
LV < Sh Sy 1, 2
2 2 202 Q2
o3 — o3 28185 S};
B Q-dN(p+ 2 S 1) 4 2% .
+2+0Q (u + 2)(\/73* >+(Nh+k+y)2 (6.9)

I? N
+Z”+k+u+1/;h+uv+zlf

+ 62N51]1)-

Choose a bounded closed set

1 1 1 1
DE—{(Sh,...,Iv)éRi:egShg,63<Ih< egsvg,egfvg},
€ € €

where, 0 < € < 1 is a sufficiently small constant such that

1 1 1 1 Neé? — P
(1+F)maX{Ah’AU’ 51} < o T+C2Nﬂ1€ <L —@4‘17 < -1, (6.10)
where,
F= sup { - g(s;‘;“ L IO L SO TR 4 BT, 4 2un K

(SnTn,S0, 1) ERL
2 222 Q2 2 ~
93 281855}, I; N , _
9 ——t+ =+ 1 NP, ».
+u+wh+uv+2+Q+(%+k+y)2 L+ I+ eoNBI,
For convenience, we divide ]Ri \ D into the following eight regions
D3 = {(Sh, -+, L,) €ERY : S, <e},

Dl:{(shv"'a[v)ERi5Sh<6}’
D5:{(Sh,"',IU)ERi:Sh>1/€},

Dy ={(Sh, -+ ,L,) ERL : I, <€},
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D = {(Sp, -+, L) ERY : I, > 1/}, Dy ={(Sh, -~ ,I,) ER} : S, > 1/e},

and Dy = {(Sh,~-~ ,Iv) S Ri Iy < GS,Sh >el, > 6}, Dg = {(Sh,-” ,IU) S Ri :
I, > 1/€}.

Next, we verify that LV (S, I, Sy, I,) < —1 on RY \ D.. This is equivalent to
prove the inequality on the above domains.

Case 1. If (Sp, In, Sy, I,) € D1, one can see from (6.9) that LV < —A,/Sp+F <
—Ap/e+ F. Thus, one can conclude that £V < —1 on Dy for small enough e.

Case 2. For (Sp, 11, Sy, I,) € Dy, we have from (6.9) that LV < —B1Sp1, /1, +
F < —f1/e+ F. According to (6.10), one get LV < —1 on Dy for small enough e.

Case 8. If (Sp, I, Sy, I,) € Dg, it yields from (6.9) that LV < —A, /S, + F <
—A,/e+ F. In view of (6.10), it follows that £V < —1 on D3 for small enough e.

Case 4. If (Sp, In, Sy, I,) € Dy, it yields that

— o3 N , _
LV <—4N (p,+ 2 (,/R§—1)+ZIU+CQN51LJ+J

Neé? —
<—2+TG+CQN/81€,

which follows from the condition (6.10) that £V < —1 on Dy for small enough e.

Case 5. If (Sp, I, Sy, I,) € D5, then LV < —pSit2 /4 + F < —p/4e’? + F. Tt
follows from (6.10) that £V < —1 on D5 for small enough e.

Case 6. If (Sy, Iy, Sy, I,) € Dg, one can get LV < —pli T2 44+ F < —p/4e30+2) 4
F < —p/4¢%%2 + F. Combining with (6.10) that £V < —1 on Dy for small e.

Case 7. For (Sp, In, Sy, I,) € Dy, it can get LV < —pSOt2/4+F < —p/4eP T2+ F.
This together with (6.10), one conclude that LV < —1 on D7 for small enough e.

Case 8. If (Sp, I, Sy, I,) € Dg, we have LV < —pIf*2 /4 + F < —p/4ePT2 + F.
By virtue of (6.10), it obtained that LV < —1 on Dg for small e.

To sum up, we finally drive LV (S}, I, Sy, I,) < —1 for (Sy, In, Sy, I,) € Ri\DE.
Therefore, from Lemma 3.1, model (6.1) has a unique stationary distribution which
has the ergodic property. The proof of Corollary 6.2 is completed. O

Remark 6.1. The stationary distribution of model (6.1) is obtained under addi-
tional conditions. Of course, we can also get the existence and uniqueness of the
stationary distribution of model (6.1) with o1 # 0, o3 # 0 and r(b) # 0, which
makes the criteria more complicated. How to obtain a simple and easy-to-verify
criteria for the stationary distribution will be an interesting question.

7. Numerical simulations and discussion

In this section, some numerical simulations are given to show the effect of stochastic
perturbation. According to the possible values in Table 1, some basic model pa-
rameters are fixed as following: p; = 1/(72%365), k= 1/7, v = 0.0035, A, = 5000,
r(b) = 0.003(1 + sin(b — 10)7/20) and

0, if 0<a<10;
w(a) =} 0.6667(a — 200)2e~0-6(a=200) " if 10 < a < 30;
0.0185, if 30 < a.
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By using the discretization methods of class-age-structure model and stochastic
differential equation which are proposed in Refs. [3,13] , the discretization system
of model (6.1) writes

Shirr =Sh, + [An — (ptn + Yn)Sh, — B1Sh, 1y, + D1] At
— 01Sn, I, VALEy; — %%Shilvi (€2, —1)At
Inipy =In, + [B1Shi Lo, = (b + k +v)In, + D] At
+ 018p, Iy, VALE L + %%Shifvi (2, - 1)At
Sviss =Su, + [Ao = B2Su, In, — 1o S, ] At — 028, I, VAL,
- %55,,1.1,” (€2, — 1) At + 035, VAtes; + %35 (€2, — 1At
Loy =1, + [B20,0n, — i) At + 098y, T, VAt

2 2
+ %Svi‘[hi (ng - 1)At + U4IUi v Atfﬁli + %Ivl (giz - 1)At7

where, D1 = [ T'(a)Sx(t — a)da, I'(a) = Prw(a) exp {— [§ (un +w(7))dr}, Dy =
Jo" m(b)In(t — b)db and 7(b) = kr(b) exp{— fob(uh +r(7))d7}, and &4, 24, E3i and
&4; are independent stochastic variables which obey Gaussian distribution N (0, 1).

Firstly, one choose parameters as Ay = 1, u, = 5000, ¥ = 0.375, u, = 0.12,
B1 =2875x107°% By = 4275 x107% 07 = 1.0 x 1077, 09 = 9.0 x 107°, 03 =
3.2x107% and g4 = 2.3 x 1075, It can be obtained by direct calculation that R ~
0.9360 < 1, 02 — B1/Nj, = —1.0781 x 1076 < 0, 03 — B2/N, ~ —2.16 x 10~ < 0.
Thus, all conditions in (i) of Corollary 6.1 are satisfied. That is, the disease is
stochastic extinction, which are shown that infected hosts Iy, (¢) and infected vectors
I,(t) tend to 0 a.s., as t — oo in Figure 1(a)-1(c). At the same time, it is not difficult
to find that infected hosts and vectors are fluctuating in the initial stage of disease
outbreak because of the effects of stochastic perturbations. In addition, the Figure
1(d) also show that the quantity of susceptible vectors tend to the value A,/p,
as t — oo, this is the conclusion of Theorem 4.2. Both theoretical results and
numerical simulations show that as long as R§ < 1, regardless of the initial state of
model (6.1), the disease will eventually become extinct.

However, if we change Ay = 10, ¢, = 0.175, p, = 1/30, 81 = 2.875 x 1074,
Ba = 4.275 x 1074, 03 = 8.678 x 10728, 04, = 8.678 x 1073 and other parameters
are fixed as Figure 1. We can get RS ~ 14.6748 > 1 and (up A i) — (03 V 07)/2 =~
3.9791 x 10=7 > 0 by direct calculation. From Corollary 6.2, model (6.1) has
a unique stationary distribution which has the ergodic property. The Figure 2(a)
displays the trajectory of the element I,,(t) of solution (Sx(t), In(t), Su(t), I,(t)) and
the plot of Figure 2(b) shows the distribution of I,(¢) after some initial transients.
Further, the trajectories of Figures 2(c) and 2(d) show that the distributions of
infected classes I (t) and I, (t) of model (6.1), which is obtained by 5000 numerical
simulations with the same initial condition and the same sufficiently large ¢, this
implies that the disease is endemic.

Finally, we consider the influence of temperature, humidity and other factors on
transmission of vector-borne infectious disease. To do so, the basic parameters of
model are fixed as follows: A, =10, A, = 5000, ¢» = 0.175, k = 1/7, up, = 1/(72 x
365), B1 = B2 = 2.875x107°, u,, = 1/20. In Figure 3(a), we fix 03 = 04 = 2.5x107°,
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Figure 1. The stochastic extinction of disease and asymptotical stability of the disease-free steady state
for model (6.1) with Ay, = 1, py, = 5000, ¥, = 0.375, py = 0.12, B1 = 2.875 x 1076, B = 4.275 x 1076,

01 =1.0x107% 02 = 9.0x107% 03 = 3.2 x 107% and o4 = 2.3 x 107%. Here, R} ~ 0.9360 < 1,
o7 — B1/Sp ~ —1.0781 x 1075 < 0, 03 — B2/SY ~ —2.16 x 107 < 0.
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Figure 2. The persistence of disease of model (6.1) with A, = 10, ¢, = 0.175, p, = 1/30, B, =
2.875 x 1074, B2 = 4.275 x 1074, 03 = 8.678 x 10738, o4 = 8.678 x 10 2. Here, R% =~ 14.6748 > 1 and
(un A py) — (03 V 02)/2 = 3.9791 x 1077 > 0: (a) the trajectory of I, (t); (b) the distributions of I (t)
after some initial transients; (c) the histogram of I, (t); (d) the histogram of I, (t).

and choose 01 = 05 as 1.2 x 107, 1.2 x 1075 and 5.2 x 10™° to discuss the impacts
of strengths of o7 and o3 on the disease transmission. This can be understood as
the impacts of stochastic perturbation on the behaviors and scope of activities of
vectors, or the protective measures of humans. The plots in Figures 3(a) and 3(b)
imply that o1 and o9 have an impact on the peak value of disease outbreak and the

arrival time of the peak value. However, if we fix o1 = 05 = 2.5 x 1075, and choose
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o3 = 04 as 8.2 x 1074, 8.2 x 1072 and 8.2 x 107! in Figures 3(c) and 3(d). The
plots show that o3 and o4 have very little influence on disease transmission. This
seems to imply that the size of vector population has a smaller impact on disease
than the behavior of vectors. Further, we choose the following three sets of values
in turn: (i) oy =02 =2.5x107% 03 =04 = 1.2 x 1075; (i) 01 = 09 = 2.5 x 1075,
03 =04 = 1.2 x 107%; (iii) 0y = 09 = 5.2 x 1075, 03 = 04 = 1.2 x 1072, The plots
in Figures 4(a) and 4(b) imply that the transmission of disease is unpredictable
due to the change of white noise strength, this may be one of the reasons why it is
difficult to control the vector-borne infectious diseases.

() (b)
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= =
oy=,=1.26%,0,=0,=2.5¢

&
205,0,=0,=2.5¢"
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Figure 3. The effect of strength of o?(i = 1,2,3,4) on the transmission of disease with A, = 10,
Ay = 5000, ¥ = 0.175, k = 1/7, pp = 1/(72 x 365), B1 = B2 = 2.875 x 107°, pu,, = 1/20. Here, (a) and
(b): 03 =04 =2.5x10"% and 67 = 02 = 1.2 x 107%, 1.2 x 1075, 5.2 x 10™*, respectively; (c) and (d):
o1 =01 =25x10"% and 05 = 04 = 8.2 x 10_4, 8.2 X 10_2, 8.2 X 10_1, respectively.

o 10 =20 30 40 50 60 70 80 90 100
time t

Figure 4. The effect of strength of o?(i = 1,2,3,4) on the transmission of disease with A;, = 10,
Ay = 5000, ¢ = 0.175, k = 1/7, un = 1/(72 x 365), B1 = B2 = 2.875 x 107°, p, = 1/20. Here, (i)
01 =00=25x10"% 03 =04 = 1.2 x 107°%; (ii) 01 = 02 = 2.5 x 107°, 03 = 04 = 1.2 x 10™%; (4i7)
o1 =02 =5.2X 10_5, o3 =04 = 1.2 X 10_2, respectively.
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8. Concluding remark

In view of stochastic factors (such as, weather changes, living habitats and the
amount of medical resources, etc.) in the transmission of vector-host infectious
diseases, as well as the immune loss rate and disease relapse rate are related to
the vaccine effectiveness and recovery cycle, we propose a stochastic vector-host
epidemic model with the age of vaccination and relapse, to study the impacts of
random factors and compartment-age. Our model can be used to characterize the
transmission of Tuberculosis, Malaria, and so on.

By using It6’s formula, and the techniques of some inequalities, the global ex-
istence and uniqueness of positive solution, some criteria of stochastic extinction
of disease, the existence of stationary distribution are obtained for this stochastic
model with general incidence. Further, when the general incidences are reduced
to bilinear incidences, some sufficient conditions on extinction, persistence, and
existence of ergodic stationary distribution are obtained. Numerical simulations
illustrate the main theoretical results and the impacts of stochastic perturbation.
Numerical simulations also imply that the transmission of vector-host disease be-
come more frequent and unpredictable due to uncertain factors. In addition, during
the spread of vector-host diseases, the behavior of vectors and the self-protection
of humans are the key factors to control the disease relative to the number of vec-
tor population. Therefore, the application of limited medical resources to personal
protection to avoid mosquito bites, rather than to reduce the number of vectors
and destroy the natural environment, may be one of the keys to control vector-host
infectious diseases in the future.

Vector-host infectious diseases are transmitted by infected vectors, and there-
fore, its transmission has a significant period. How seasonal fluctuations affect
the dynamics of vector-host infectious disease models with seasonal and stochas-
tic disturbances is a problem worthy of further study. In addition, we also pay
close attention to the dynamic properties of the stochastic vector-host models with
impulsive control. All these will be studied in the future.
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