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EVOLUTIONARY BEHAVIOR OF THE
INTERACTION SOLUTIONS FOR A
(34+1)-DIMENSIONAL GENERALIZED
BREAKING SOLITON EQUATION*

Huizhang Yang!, Wei Liu! and Bin Heb'

Abstract The interaction solutions have attracted the attention of many
scholars because of they are valuable in analyzing the nonlinear dynamics of
waves in shallow water and can be used for forecasting the appearance of rogue
waves. In this paper, we investigate the interaction and rational solutions of a
(3+1)-dimensional generalized breaking soliton equation by employing the Hi-
rota bilinear and parameter limit methods along with symbolic computations.
By studying the Hirota bilinear form of the equation, abundant interaction
and rational solutions are derived by choosing appropriate parameters of the
test function. The evolutionary behavior of the interaction solutions is also an-
alyzed theoretically and graphically. Compare with the published literatures,
we get some completely new results of the equation in this paper.
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1. Introduction

Recently, the interaction, the lump-type and the rational solutions of nonlinear
evolution equations (NLEEs) have attracted the attention of many researchers
[1-3,8-20,22-29,32,33,35]. For examples, Liu et al. [12] got the bi-soliton, breather
and rogue wave solutions of the (2+1)-dimensional nonlinear Schrédinger equation
using Exp-function method. Through the Hirota bilinear method, Ma [17] for-
mulated lump solutions for a combined fourth-order nonlinear equation in (241)-
dimensions. Utilizing the linear superposition method, Hosseini et al. [8] constructed
the rational wave solutions of the (4+1)-dimensional Boiti-Leon-Manna-Pempinelli
(4D-BLMP) equation. The dynamical behavior of the solutions to the 4D-BLMP
equation was also analyzed graphically in [8] by considering the special values of the
involved parameters. By employing the parameter limit method [26] and symbolic
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computation, Tan et al. [27] studied some nonlinear phenomena such as the local
oscillations and degeneration behavior of double breather solutions for a (241)-
dimensional KdV system, and got a new lump solution from the double breather
solutions. He and Meng [9] obtained new interaction solutions for the sixth-order
Ramani equation via the three wave method, Shen et al. [25] derived the lump and its
interaction solutions of the generalized (341)-dimensional nonlinear wave equation.
Multiple soliton solutions for the generalized (241)-dimensional Camassa-Holm-
Kadomtsev-Petviashvili equation were presented in [23] employing the multiple-
order line rogue wave solutions method. Variety interaction between k-lump and
k-kink solutions for the generalized Burgers equation with variable coefficients were
dived in [16] by the bilinear analysis. Abundant exact lump and interaction lump
with two types of typical local excitations for a third-order evolution equation were
found in [18]. Tlhan et al. [10], Manafian and Lakestani [19] obtained some lump
and interaction solutions of a variable-coefficient Kadomtsev-Petviashvili equation
and a (2+1)-dimensional variable-coefficient Caudrey-Dodd-Gibbon-Kotera-Sawada
equation, respectively, by using the Hirota bilinear method and so on.
A (3+41)-dimensional generalized breaking soliton equation is given as

(1.1)

W + QUgry + PUgzy + YUUL + AUty + dugv = 0,
Wz = Uz + Uy + Uz, Uy = Vg,

which is proposed by Gai et al. in [4], where u = u(z,y, z,t),v = v(z,y,2,1)
and w = w(x,y,z2,t) are real functions of z,y,z and ¢, o, 3,7, A and § are the
relevant parameters. Eq. (1.1) is a generalization of the following (2+1)-dimensional
generalized breaking soliton equation [5,21,30, 31,34, 36]:

{ut + 0Uggy + BUgey + YUUg + AUty + duzv = 0, (12)

Uy = Vg,

which has been investigated via different techniques such as the singularity analysis
[31], the simplified Hirotas method [30], the bilinear Backlund transformation [36],
the Bell’s polynomials and the Hirota’s bilinear method [5, 21, 34].

When v = 6 and A = § = 38, Eq. (1.1) becomes the following (3+1)-
dimensional generalized breaking soliton equation [4, 6]:

Wi + QUgrsy + Blgey + 60uuy 4+ 3Buny + 3Buv = 0, (13)
Wz = Ug + Uy + Uy, Uy = Vg ’
Gai et al. [4] got the following Hirota bilinear form of Eq. (1.3):
(DyDy 4+ DyDy + D.Dy + aDy + BD3Dy) (f - f) =0, (1.4)

under the second-order logarithmic derivative transformation

u=2(nf),,, v=2(nf),,, (1.5)

where D}, D3 D, D,, D, and D, are the Hirota’s bilinear differential operators [7],
f is areal function of z, y, z and ¢. Based on the (1.4), abundant lump-type solutions,
rogue wave type solutions, breather lump wave solutions and interaction solutions
of Eq. (1.3) were constructed in [4]. The multiwave, multicomplexiton and positive
multicomplexiton solutions of Eq. (1.3) were dived in [6].
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It should be pointed out that the authors [4-6,21,30,31,34,36] have given some
interaction and rational solutions to Eqgs. (1.2) and (1.3), however, they have not
obtained the relevant results of Eq. (1.1). In this paper, we derive new interaction
solutions of Eq. (1.1) and investigate the evolutionary behavior of the interaction
solutions to get the rational solutions of the equation.

2. Bilinear form of Eq. (1.1)

Eq. (1.1) can be rewritten as
8;1 (Ugt + Uyt + Ust) + QUggg + Bggy + YuUy + AUy, + 6uI8;1uy =0. (2.1)

Let 6 = A = g—g and u = ug + ¢, then Eq. (2.1) becomes

D oy + 22 (6204, = .
Using transformation ¢ = 122 (Inf), , i.e.
u = ug + 127& (Inf),.. . (2.3)
where f = f(z,y, z,t) is a real function of 2,7y, z and t, Eq. (2.2) becomes
() gy + (0F) gy + (0F) oy + 0 () 1y + B (1) gy + 700 (10f)
+6a ((nf),,)*) +—5izuo<1nfdxxy +68 ((nf),, (nf),,) =0. 2
Integrating (2.4) once with respect to z, we have
(I0f), + (f), + (f), + @ (0f),ppy + B (0f), 0, + 70 (0f),, s

+60(0f),,)° + 5 uo (), +68 ()., (nf),, =

From (2.5), we obtain the Hirota bilinear form of Eq. (1.1) as follows:

<wu0D§ + g—zuopzpy + D.D; + D,D; + D,D; + aDj + 5D§Dy) (f-f)=0.
(2.6)
Remark 2.1. The (1.4) is a special case of the (2.6) as up = 0 and v = 6a.

3. Interaction solutions and their evolutionary be-
havior for Eq. (1.1)

In order to search the interaction solutions of Eq. (1.1), we take

f = ag+ a1t + as cos (&2) + ag cosh (&3) , (3.1)
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where & = p;(bj1x+bioy+bisz+biat+b;s5), p1 is a real number, py, ps are real numbers
or pure imaginary numbers, b;; (i = 1,2,3,5 = 1,2,3,4,5) and a; (k = 0,1,2,3)
are are real numbers to be determined later.

Substituting (3.1) into (2.6) and equating all coefficients of sin(&;)e®t, cos(&;)est,
sinh(&3)et, cosh(&3)est, eft, sin(&;) sinh(&3), cos(&s) cosh(€3), cos(&s), cosh(€s) and
the constant term to zero, we obtain

az = 0,b10 = —@ by = _b11(—2ab24 + 28bas + Byuoba1) bia = b11b24
’ /8 ’ 26[)24 ’ b21 )
__aby ~ bar(—2abyy + 28bay + Byugbar)
boo = ———,baz = — :
8 23ba4
(3.2)
Wlth ﬂb21b24 7é 0
= _pebav2  Bba ,  baa(20%bas + B2 yuobas — 208bs)
ag = 0,b14 = Jbop = =522 by = — ! 7
P1 « 200 b24
_ p2fbnV2  pabaaV2  paboa(20bay + BPyugbos — 2a8bas) V2
bn=—-——"""bia= ,biz = > 7
P D1 2p1a?boy
(3.3)
with plozb24 7é 0.
ab a— B)b ab a— B)b
{a1=0,b22=—;1,523=(56)21,b32=— 531 b3z = ( 56) 31,u0:0,}
(3.4)
with g8 # 0.
a1 = 0,by = _bay bys — _bzl(—2a624 + 2824 + Bryupbar) by — _abg
’ B ’ 25()24 ’ /B ’
bae — b31(—2abas + 28bas + Syugbai) bt boabsy
33— 7 » V34 — 5
20b24 ba1
(3.5)
with ﬁb21b24 75 0.
ab a— B)b ab a— B
aO:O’b12:_ﬂllabl3:(Bﬁ)llyb22:_ /82171723:(66)21’
ab a—pB)b
b32 = - 6317b33 = %7“0 = 07
(3.6)
with 8 # 0.
Case 1.

Let p; and ps € R, then using (2.3), (3.1) and (3.2), we obtain a interaction
solution of Eq. (1.1) as follows:

. 2
w4 12a [ piaibi;e™ — piaghi; cos(nz)  (praibiie™ — paagba; sin(n:)
0 v ag + aje™ + az cos(n2) ag + aje™ + ag cos(nz) ’

(3.7)

where

z+
B 2Bb24 b21

b b11(—2abas + 2B8bay + b b11b
I (bux_any_ 11(—2aba4 + 28bag + Byugbar) 11 24t+b15>,
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s = Do (bmw _aby Y- ba1(—2ab2s + 2Bbas + Byuobar)
B 2[ba4

a, B(# 0),7(# 0),u0, ag, a1, as, bi1, bis, ba1(# 0), baa(5# 0) and bys € R.

z + bagt + bzs) )

To emerge rational solution from (3.7), the parameters a; (i = 0,1,2) need
satisfy [27]:
lim (ag+ a1 +a2)=0, j=1,2.
p;—0

Therefore, if taking ps = p1,a0 = —2,a1 = 1,a2 = cos(p2) and p; — 0 in (3.7),
then solution (3.7) emerges the following second-order rational solution:

120 G1>2
u=ug— — (=), 3.8
0T Ty <H1 (3.8)

where G = 20b11ba1bos, Hy = —28b11b21bosx + 20b11b21b24y + b11b2y (—2aboy +
2Bbaa + Byugbar)z — 28b11b3,t — 2Bb15b21bos.

Selecting a = 1,6 = 1,’}/ = 1,U0 = 1, bll = 17b15 = 1,b21 = 2,1)24 = —1,2’ =1
and ¢ = 1, three-dimensional and contour plots of (3.8) are shown in Figure 1.
Selecting a = 1,B = 1, Y = 1,’&0 = 1, apg = —2,&1 = 17 b11 = 1,b15 = l,bgl =
2,bog = —1,by5 = 1,2 = 1 and ¢t = 1, the limiting process of (3.7) is similar to that
in Figure 2.

Figure 1. Three-dimensional and contour plots of (3.8).

Let p1 € R and py = pal, here po € R, I = /-1, then using (2.3), (3.1) and
(3.2), we obtain a interaction solution of Eq. (1.1) as follows:

. +12704 pa b3 e™ +piasb3, cosh(ns) _ (pra1bi1e™ +paasbo sinh(n;) 2
-0 ~ ap+aie™ +as cosh(nsz) ag + a1e™ + ag cosh(ns)

(3.9)
%y o b21(—2ab2422§g:4+5’7u0b21)Z + byt + 525) and 1y is

given in (3.7). Moreover, if taking ps = p1,a90 = —2,a1 = 1,a2 = cosh(pz) and
p1 — 0 in (3.9), then solution (3.9) emerges the second-order rational solution
(3.8).

Selecting a = 1,B = 1, v = l,UQ = 1, ag = —2,(11 = 17 b11 = 1,b15 = 17b21 =
2,bog = —1,by5 = 1,2 = 1 and ¢t = 1, the limiting process of (3.9) is similar to that
in Figure 3.

where 13 = pa (bglx —

Case 2.
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Figure 2. The limiting precess of (3.7) tends to (3.8) when p; — 0. Parameters: p1 = 1,ps = 1,a2 =
cos(1) in (a) and (e), p1 = 0.6,p2 = 0.6,az = co0s(0.6) in (b) and (f), p1 = 0.3,p2 = 0.3, a2 = cos(0.3)
in (c¢) and (g), p1 = 0.01, p2 = 0.01, a2 = cos(0.01) in (d) and (h), respectively.
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Figure 3. The limiting precess of (3.9) tends to (3.8) when p; — 0. Parameters: p; = 0.6, p2 = 0.6, as
cosh(0.6) in (a) and (e), p1 = 0.2,p2 = 0.2,a2 = cosh(0.2) in (b) and (f), p1 = 0.07,p2 = 0.07, a2
cosh(0.07) in (c) and (g), p1 = 0.001, p2 = 0.001, az = cosh(0.001) in (d) and (h), respectively.

Let p1(# 0) and pa € R, then using (2.3), (3.1) and (3.3), we obtain a interaction
solution of Eq. (1.1) as follows:

N 12p23%b3, 2a1e™ — ay cos(ns) a1v/2e™ — ag sin(ns)
u=u —
0 avy ag + a1e™ + ag cos(n;) ag + a1e™ + as cos(ns) ’

(3.10)
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where

_ _ p2BbaaV2 p2b22 V2 P2baz (202 baa+B%yuobas —208b24) V2 pabaa V2
=P ( p1cx T+ p1 y+ 2p1a?boy z+ P1 t+bis ’

b2 (20%bog + B2 yugbos — 2aBbos)
2042b24
a(#0),8,7(# 0),uo, ag, a1, az, bis, baz, baa(# 0) and bys € R.

b
5 = P2 <— ﬁamx + by — z 4 baat + b25) )

Moreover, if taking ps = p1,a0 = —2,a1 = 1,a9 = cos(pz) and p; — 0 in (3.10),
then solution (3.10) emerges the following second-order rational solution:

12« G2)2
u=uyg— — | —1 , 3.11
0 y <H2 ( )

where Go = 2a8byoboy, Hy = —2afbogbosx + 20&2b22b24y + b22(2012b24 — 2afboy +
ﬂz’}/UObQQ)Z + 204263475 + 042b15b24\@.

Selecting a = 1,8 = 1,7 = L,ug = 1, b5 = 1,bap = 1,bo4 = 1,z = 1 and
t = 9, three-dimensional and contour plots of (3.11) are shown in Figure 4. Selecting
o = 1,52 1,’7: I,UO = 1, apg = —2,(11 = 1, b15 = 1,622 = 17b24 = 1,b25 = 1,2’: 1
and t = 9, the limiting process of (3.10) is similar to that in Figure 5.

Figure 4. Three-dimensional and contour plots of (3.11).

Case 3.
Let po and p3 € R, then using (2.3), (3.1) and (3.4), we obtain a interaction
solution of Eq. (1.1) as follows:

u =

. . 2
_ 12 paasb3, cos(ne)—paasbz, cosh(nr) + p2a2bai sin(ng) —psasbsi sinh(nz)
¥ aop~+az cos(ng)+as cosh(nz) ap+as cos(ne)+as cosh(nr) )

(3.12)
where 175 = po (bzlx — %y + 7@7?)@1 z + bogt + b25) , 7 = P3 (bglﬂ? — %y—!—

%Z + bsat + 535) , @, B(# 0),7(# 0), ag, az, az, ba1, bas, bas, bz, b3 and bzs €
R. Moreover, if taking ps = pa, a9 = —2, a2 = cos(p2), as = cosh(pz) and ps — 0 in
(3.12), then solution (3.12) emerges the following fourth-order rational solution:

12« G31 <G32>2
= — [ 2L (22 , 3.13
0l (Hs Hs (3:13)
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(e) () (2) (1)

Figure 5. The limiting precess of (3.10) tends to (3.11) when p; — 0. Parameters: p; = 1,p2 = 1,a2 =
cos(1) in (a) and (e), p1 = 0.7,p2 = 0.7,a2 = cos(0.7) in (b) and (f), p1 = 0.5,p2 = 0.5, a2 = cos(0.5)
in (c¢) and (g), p1 = 0.05, p2 = 0.05, a2 = co0s(0.05) in (d) and (h), respectively.

P
AT A

SRR

Figure 6. Three-dimensional and contour plots of (3.13).

where G31 = 28%(03) — b31), G2 = 2B((b3, — 3,)(Bz — ay + (a — B)z) + B((barbaa —
b31bsa)t + ba1bos — b31bss)), Hs = ((b21 +b31)(Br — ay + (a — B)z) + B((b24 + bsa)t +
bas + b3s)) X ((b21 — b31)(Br — ay + (a — B)z) + B((bas — bza)t + bas — bas)).

Selecting o = ].,ﬂ = 1,’}/ = ]., b21 = 1,b24 = 1,b25 = 1,b31 = —2,b34 = 1,b35 =
1,z = 1 and ¢t = 7, three-dimensional and contour plots of (3.13) are shown in
Figure 6. Selecting a = 1,8 =1,v =1, a9 = —2, byy = 1,bay = 1,bo5 = 1,b31 =
—2,b34 = 1,b35 = 1,z = 1, and ¢ = 7, the limiting process of (3.12) is similar to
that in Figure 7.

Let p3 € R and py = pol, here pp € R, I = /—1, then using (2.3), (3.1) and
(3.4), we obtain a interaction solution of Eq. (1.1) as follows:

u— 2 Phazb3; cosh(ng) + pjagh3, cosh(nr) (152612521 sinh(ns) + p3asbs1 sinh(n7) > ?
vy ag + as cosh(ng) + ag cosh(nyr) ap + ag cosh(ng) + az cosh(nr) ’
(3.14)

where 7g = po (bzll‘ — %y + %z + bogt + b25> and 77 is given in (3.12).
Moreover, if taking ps = pa,a9 = —2, a2 = cosh(pz2), as = cosh(ps) and P2 — 0 in
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(e) () () (h)

Figure 7. The limiting precess of (3.12) tends to (3.13) when p> — 0. Parameters: p> = 0.35,p3 =
0.35, az = c0s(0.35), ag = cosh(0.35) in (a) and (e), p2 = 0.22, p3 = 0.22, az = co0s(0.22), ag = cosh(0.22)
in (b) and (f), p2 = 0.12,p3 = 0.12,a2 = co0s(0.12), a3 = cosh(0.12) in (c¢) and (g), p2 = 0.01,p3 =
0.01, az = c0s(0.01), ag = cosh(0.01) in (d) and (h), respectively.
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Figure 8. Three-dimensional and contour plots of (3.15).

(3.14), then solution (3.14) emerges the following fourth-order rational solution:

12« égl <é32>2
w= | 22 222 , 3.15
v \ Hs Hs (8.15)

where G = 262(b3; +b3;), Gsa = (2B((b3, +3,)(Bz — ay+ (a— B)z) + B((barbas +
ba1b3a)t+bo1bos +b31b35)))?, Ha = 5% (b3; +3;)x? +26((b3; +b3,) (—ay+(a—B)z)+
B((ba1baa + b31bza)t + ba1bas + b31bss) )z + o (b, + b3, )y* — 2a((a — B) (b3, +b3,)z +
B((b21b2a +b31b34)t +ba1bas +bs1bss )y + (e— 3) (b3, +3,) 2% + (28(cc— B) ((ba1bas +
b31b34)t + batbas + b31bss))z + B2((b34 + b34)t% + 2(basbas + b3abss )t + b3s + b3s).

Selecting o = 1,,8 = 1, Y= 1, b21 = 1,b24 = 1,b25 = 1,()31 = —2,b34 = 1,()35 =
1,z = 1 and t = 1, three-dimensional and contour plots of (3.15) are shown in
Figure 8. Selecting a = 1,8 =1,v =1, a9 = —2, boy = 1,boy = 1,bo5 = 1,b31 =
—2,b34 = 1,b35 = 1,z =1 and ¢ = 1, the limiting process of (3.14) is similar to that
in Figure 9.

Let po € R and p3 = p3l, here p3 € R, I = y/—1, then using (2.3), (3.1) and
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(e) (®) (2) (h)

Figure 9. The limiting precess of (3.14) tends to (3.15) when p> — 0. Parameters: p> = 0.77,p3 =
0.77,a2 = cosh(0.77), az = cosh(0.77) in (a) and (e), p2 = 0.6, p3 = 0.6, as = cosh(0.6), a3 = cosh(0.6)
in (b) and (f), p2 = 0.4,p3 = 0.4,a2 = cosh(0.4),a3 = cosh(0.4) in (c) and (g), p2 = 0.02,p3 =
0.02, az = cosh(0.02), ag = cosh(0.02) in (d) and (h), respectively.

(3.4), we obtain a interaction solution of Eq. (1.1) as follows:

_ . _ . 2
_ 12a (p§a2b§1 cos(ne)+p3asbz, cos(ng) + (p2a2b21 sin(ne)+psasbs1 Sln(ﬂe)) )
9

u= v ag+az cos(ne)+as cos(ng) ao+az cos(ne)+asz cos(n9)

(3.16)
where 19 = p3 (bglx - a—%ﬂy + %z + bagt + b35) and 7 is given in (3.12).
Moreover, if taking ps = pa,a9 = —2,a2 = cos(p2), a3 = cos(p3) and pa — 0 in

(3.16), then solution (3.16) emerges the fourth-order rational solution (3.15).

Selecting o = 1,[3 = ]., ¥ = ]., ag = —2, b21 = 1,624 = 1,b25 = 1,b31 = —2,b34 =
1,b35 = 1,z =1 and t = 1, the limiting process of (3.16) is similar to that in Figure
10.

Case /4.

Let p2 and p3 € R, then using (2.3), (3.1) and (3.5), we obtain a interaction
solution of Eq. (1.1) as follows:

U =ug —

12_a p3azb3; cos(nio) — piaszb3; cosh(ni)
~ ag + ag cos(n19) + as cosh(ni)

(pgagbgl sin(n10) — psasbsy sinh(n1) ) ’ ) (3.17)

ag + ag cos(n10) + ag cosh(n11)

where

—9 2
abyy . ba1 (—2abay + 28bay + Byugbar) 2t boyt + b25) 7
ﬂ 2ﬁb24

absy b31(—2abas + 20b2s + Syuobar) bo4b31 )
— z+ t+b ,
I5] Y 2Bboy ba1 5

710 = P2 (bzliﬂ -

11 = P3 (53130 -
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(e) () () (h)

Figure 10. The limiting precess of (3.16) tends to (3.15) when ps — 0. Parameters: ps = 0.7,p3 =
0.7,a2 = cos(0.7), a3z = cos(0.7) in (a) and (e), p2 = 0.4, p3 = 0.4, as = cos(0.4), a3 = cos(0.4) in (b)
and (f), p2 = 0.12,p3 = 0.12,a2 = co0s(0.12),az = cos(0.12) in (c) and (g), p2 = 0.02,p3 = 0.02,a2 =
c0s(0.02), ag = co0s(0.02) in (d) and (h), respectively.

a, B(# 0), v(#£ 0),ug, ag, az,as, bay,bag, bas, b31 and bgs € R. Moreover, if taking
P3 = DP2,a9 = —2,a2 = cos(p2), a3 = cosh(pz) and ps — 0 in (3.17), then solution
(3.17) emerges the following fourth-order rational solution:

o 12« G41 G42 2
u = ug + S <H4 <H4> : (3.18)

where G41 = 862b%1bg4(b%1 — b§1), G42 = —4,81)211)24((1)%1 — bgl)(—Qﬁb21bQ4l‘ +
20b21b24y + (—20bag + 2Bbag + Byugbar)ba1z — 28b3,t) — 28ba1bay(ba1bas — bs1bss)),
Hy = ((ba1 + b31)(—2Bb21basx + 20b21b2ay + (—2abay + 2bas + Bryugbar)ba1z —
20b34t) — 28ba1baa(bas + bss)) X ((b21 — b31)(—28b21boa + 2abo1boay + (—2abos +
20bay + Byugba1)ba1z — 28b34t) — 20ba1bag(bas — bss)).

Selecting o = 1,6 = ]., Y= ].,Uo = 1, b21 = 1,b24 = 1,b25 = 1,b31 = —2,[)35 =
1,z = 1 and ¢t = 15, three-dimensional and contour plots of (3.18) are shown in
Figure 11. Selecting a = 1,8 =1,v=1l,ug =1, ag = —2, bo; = 1,bay = 1,bo5 =
1,b31 = —2,b35 = 1,z = 1 and ¢ = 15, the limiting process of (3.17) is similar to
that in Figure 12.

Let p3 € R and py = pol, here pp € R, I = /—1, then using (2.3), (3.1) and
(3.5), we obtain a interaction solution of Eq. (1.1) as follows:

12« <ﬁ§a2b§1 cosh(n12) + plazb3; cosh(n1)

u=ug + —
0 ~y ag + ag cosh(nz) + az cosh(nyy)

B <152<12521 sinh(n12) + paazbsy sinh (1) > ? )
ag + as COSh(?hQ) + as COSh(nll) ’

(3.19)

a%ﬂ y— bzl(*2abz4;;€:424+5’yu0b21) 2z + boyt + b25) , M11 18 given

in (3.17). Moreover, if taking ps = pP2,a0 = —2,a2 = cosh(pz2), a3 = cosh(ps) and

where Mo = ]72 (bzll‘ -
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Figure 12. The limiting precess of (3.17) tends to (3.18) when p, — 0. Parameters: po = 1,p3 =
1,a2 = cos(1l),asz = cosh(1l) in (a) and (e), p2 = 0.6,p3 = 0.6,as = cos(0.6),a3 = cosh(0.6) in (b)
and (f), p2 = 0.4,p3 = 0.4,a2 = cos(0.4),as = cosh(0.4) in (c) and (g), p2 = 0.04,p3 = 0.04,a2 =
c0s(0.04), ag = cosh(0.04) in (d) and (h), respectively.

P2 — 0 in (3.19), then solution (3.19) emerges the following fourth-order rational
solution:

(3.20)

where G41 = 86219%119%4([)%1 + b?’,l)a G42 = —45[)211)24(([)%1 + bgl)(—Qﬁb21b24$ =+
2ab21b24y + (—2abay + 2B8bas + Byugbai)ba1z — 203b3,t) — 28ba1boa(ba1bas + b31bss)),
Hy = 4620363, (b3; + b31)2? + 4Bbarbaa((b3; + b31)(—2aba1bogy — bar(—2abay +
2324 + Bryugbar)z + 28b34t) + 2Bb21 b4 (ba1bas + bz1bss ) Jx + 4”31 b3, (b3, + b5, )y® +
4ab21b24((b§1 + b%l)(bgl(—Qabzz; + 28bayg + Byugbar)z — 25[)3415) — 2ﬁb21b24(b21b25 +
b31b35))y +b31 (b3, 4+ 631 ) (—2abag +28bas + Byugbar )2 2% — 48ba1 bay (—2abay +28bas +
Bryuobar ) (baa (b5, 4031 )t-+ba1 (ba1bas+b31b35)) 2443203, (b3, +b3, )1*483%b21b3 4 (D21 bast
ba1bss )t +452b3, b3, (b35 + b35).

Selecting a = ].,B = 1, v = ].,UO = 1, b21 = 1,624 = 1,[)25 = 1,[)31 = —2,b35
1,z = 1 and ¢ = —5, three-dimensional and contour plots of (3.20) are shown in
Figure 13. Selecting a =1,8=1,v=1,up =1, ag = —2, byy = 1,baqg = 1, bo5
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Figure 13. Three-dimensional and contour plots of (3.20).

1,b31 = —2,b35 = 1,z = 1 and t = —5, the limiting process of (3.19) is similar to
that in Figure 14.

s

Figure 14. The limiting precess of (3.19) tends to (3.20) when p, — 0. Parameters: pp = 1,p3 =
1,a2 = cosh(1),a3 = cosh(1) in (a) and (e), p2 = 0.6,p3 = 0.6,a2 = cosh(0.6), a3 = cosh(0.6) in (b)
and (f), p2 = 0.45, ps = 0.45, a2 = cosh(0.45), az = cosh(0.45) in (c) and (g), p2 = 0.05, p3 = 0.05,a2 =
cosh(0.05), ag = cosh(0.05) in (d) and (h), respectively.

Let po € R and p3 = p3l, here p3 € R, I = /-1, then using (2.3), (3.1) and
(3.5), we obtain a interaction solution of Eq. (1.1) as follows:

U =ug — —
0 ~ ag + ag cos(n19) + as cos(n13)

N (pzazbm sin(n10) + p3azbszy sin(713) > ? )
ap + az cos(n1p) + ag cos(ms) ’

12« <p§a2b§1 cos(n10) + piazb3; cos(mi3)
(3.21)

b b31(—2abas+2Bbas+Byuob basb :
(b31l‘-%y— 31 ( 242ﬂb2z4 Yo 21)2—}-%75—1—()35 , Mo is

= D3
given in (3.17). Moreover, if taking p3 = p2,a0 = —2,a2 = cos(pz), az = cos(Ps)
and pa — 0in (3.21), then solution (3.21) emerges the fourth-order rational solution
(3.20).

where 713
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Selecting o = ].,ﬂ = 1, Y= ].,UQ = ]., apg = —2, b21 = 1,1)24 = 1,b25 = 1,[)31 =
—2,b35 = 1,z = 1 and ¢ = —5, the limiting process of (3.21) is similar to that in
Figure 15.

41 leAé

(e) () () (h)

Figure 15. The limiting precess of (3.21) tends to (3.20) when p, — 0. Parameters: py = 1,p3 =
1,a2 = cos(1),a3 = cos(1) in (a) and (e), p2 = 0.6, p3 = 0.6, az = cos(0.6), az = cos(0.6) in (b) and (f),
p2 = 0.3,p3 = 0.3, a2 = co0s(0.3), a3 = cos(0.3) in (c) and (g) p2 = 0.05, p3 = 0.05, a2 = cos(0.05), az =
co0s(0.05) in (d) and (h), respectively.

Case 5.
Let p1,p2 and p3 € R, then using (2.3), (3.1) and (3.6), we obtain a interaction
solution of Eq. (1.1) as follows:

L (" oty o) ol
~ a1eMs + ag cos(n1s) + az cosh(ng)

_ (plalblle"“ — p2azba sin(n15) + p3azbsi sinh(716) ) ? )
ai1em4 4 ao COS(’/]15) + as COSh(’/hﬁ) ’

(3.22)

where

b — B)b
Mma =p1 <b11x—aﬂny+(a 5) 112+b14t+b15>,

b — B3)b
15 = P2 <b2196— aﬂmy-i- (o ﬂﬁ) 21

b — B)b
716 = P3 <b31$— a;ly-i- (o /6'8) 3lz+bs4t+b35>’

z + baat + bzs) )

a, B(# 0),7(# 0), a1, az, az, bi1, bia, b1s, b21, b2a, bas, b31, bsa and bys € R. Moreover,
if taking po = p1,p3 = p1,a1 = —2,a2 = cos(p2),az = cosh(p3) and p; — 0 in
(3.22), then solution (3.22) emerges the following second-order rational solution:

2
w= —1270‘ (%) , (3.23)
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Figure 16. Three-dimensional and contour plots of (3.23).

where G5 = b1, Hs = Bbiiz — abi1y + (o — B)bi1z + Bbiat + Bbys.

Selecting a = 2,8 =1, v =1, b11 = 1,b
three-dimensional and contour plots of (3.23)

14 = 1,b15 = 1,2’ =1landt =
are shown in Figure 16. Selecting

_5’

a=2=1v=1,a1 = =2, b;1 = 1,b1g = 1,b15 = 1, bay = 2,bay = 1,by5 = 1,
b3 = 3,b34 = 1,b35 = 1,2 =1 and t = —b, the limiting process of (3.22) is similar

to that in Figure 17.

Figure 17. The limiting precess of (3.22) tends to (3.23) when p; — 0. Parameters: p; = 0.15, p2
0.15,p3 = 0.15,a2 = cos(0.15),a3 = cosh(0.15) in (a) and (e), p1 = 0.1,p2 = 0.1,p3 = 0.1, a2

cos(0.1), ag = cosh(0.1) in (b) and (f), p1 = 0.05,p2 = 0.05, p3 = 0.05, a2 = cos(0.05), ag = cosh(0.05)
in (¢) and (g), p1 = 0.001,p2 = 0.001, ps = 0.001,a2 = cos(0.001), a3 = cosh(0.001) in (d) and (h),

respectively.

(3.6), we obtain a interaction solution of Eq. (1.1) as follows:

p2ab? et + p3asb3; cosh(n7) + p2agb, cosh(n;e)

12
U =—
5 < aieM+ + ag cosh(ni7) + as cosh(ni)
[ praribiie™* + paasbsy sinh(ni7) + psasbsi sinh(ne)
ayeMs + ag cosh(n17) + as cosh(ne)

where m7 = p2 (52133 - %ZI +=5

(a—=PB)b21

Let p1,p3 € R and py = pol, here P € R, I = /-1, then using (2.3), (3.1) and

)) (3.24)

z + bayt + b25) , M4 and 16 are given in
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(e) () () (h)

Figure 18. The limiting precess of (3.24) tends to (3.23) when p; — 0. Parameters: p; = 0.7,p2 =
0.7,p3 = 0.7,a2 = cosh(0.7),as = cosh(0.7) in (a) and (e), p1 = 0.2,p2 = 0.2,p3 = 0.2,as =
cosh(0.2), ag = cosh(0.2) in (b) and (f), p1 = 0.02, p2 = 0.02, p3 = 0.02, az = cosh(0.02), ag = cosh(0.02)
in (c¢) and (g), p1 = 0.001,p> = 0.001,p3 = 0.001,az = cosh(0.001),as = cosh(0.001) in (d) and (h),
respectively.

(3.22). Moreover, if taking ps = p1,ps = p1,a1 = —2, a2 = cosh(pz), a3 = cosh(ps)
and p; — 0in (3.24), then solution (3.24) emerges the second-order rational solution
(3.23).

Selecting o = 2,ﬁ = 1, Y= 1, ayp = —2, b11 = 1,b14 = 1,b15 = 1, b21 = 2,b24 =
1,ba5 =1, b3y = 3,b3q = 1,b35 = 1,2 = 1 and t = —5, the limiting process of (3.24)
is similar to that in Figure 18.

Let p1,p2 € R and p3 = ps3l, here p3 € R, I = \/—1, then using (2.3), (3.1) and
(3.6), we obtain a interaction solution of Eq. (1.1) as follows:

— (p%alb%16m4 — p3asb3, cos(ms) — p3asb3; cos(ms)
¥ a1e™4 4 ao COS(7715) + as COS(’/]lg)

) B . (3.25)
 ((praibiie™ — paashay sin(ni5) — Psasbsi sin(nis) ?
ajems + ag cos(nys) + ag cos(ng) ’

where 115 = 3 (bglx — %y + %z + bsat + b35> , M4 and m5 are given in
(3.22). Moreover, if taking ps = p1,P3 = p1,a1 = —2,a2 = cos(pz2),as = cos(ps3)
and p; — 0in (3.25), then solution (3.25) emerges the second-order rational solution
(3.23).

Selecting a = Q,B = 1, Y= 1, a; = —2, b11 = 1,b14 = 1,b15 = 1, b21 = 2,b24 =
1,bos =1, b3y = 3,b34 = 1,b35 = 1,2 =1 and t = —5, the limiting process of (3.25)
is similar to that in Figure 19.

4. Conclusion

In this paper, we first obtain Hirota bilinear form (2.6) of Eq. (1.1) by using the
Hirota bilinear method. Based on the (2.6), we second formulate some interaction
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(e) () () (h)

Figure 19. The limiting precess of (3.25) tends to (3.23) when p; — 0. Parameters: p; = 0.3, ps2
0.3,p3 = 0.3, a2 = c0s(0.3), az = cos(0.3) in (a) and (e), p1 = 0.1,p2 = 0.1, p3 = 0.1, a2 = cos(0.1), ag
cos(0.1) in (b) and (f), p1 = 0.02,p2 = 0.02,ps = 0.02,a2 = c0s(0.02), az = cos(0.02) in (c) and (g),
p1 = 0.001, p2 = 0.001, p3 = 0.001, az = cos(0.001), ag = cos(0.001) in (d) and (h), respectively.

solutions of Eq. (1.1) by choosing appropriate test function and the parameters.
Utilizing the parameter limit method along with symbolic computations, we third
dive the rational solutions of Eq. (1.1) from the formulated interaction solutions
in this paper. We last illustrate the correctness of the theoretical results through
image simulations. Compare with the published literatures [4-6,21,30,31,34,36], we
obtain some completely new results of Eq. (1.1) which include new Hirota bilinear
form, new interaction and rational solutions etc. In fact, we only take the test
function as (3.1) in this paper, other test functions may be selected. We believe
that more and more new interaction and rational solutions of Eq. (1.1) will be
presented in the future.
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