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ON THE ORBITAL STABILITY OF A
BOUSSINESQ SYSTEM

José R. Quintero', Alex M. Montes? and Ricardo Cérdoba?f

Abstract In this paper we establish the orbital stability of ground state
solitary waves for a nonlinear one-dimensional Boussinesq system that models
the evolution of two dimensional long water waves with small amplitude in
the presence of surface tension. We also discuss the well-posedness for the
Boussinesq system, using some Strichartz type estimates associated with the
system and lowering the Sobolev index obtained in some previous results.
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1. Introduction

In the present work we study the nonlinear orbital stability of solitary wave solutions
of the one-dimensional abad-Boussinesq system

(I — apd2) n; + 020 — budi® + €0, (9, ®) = 0,

(1.1)

(I — aud?) ®; +n — dpdin + 5 (9,9)* =0,
that arise in the study of the evolution of small amplitude long water waves in
the presence of surface tension (see [24,29]). Here p is the long-wave parameter
(dispersion coefficient), € is the amplitude parameter (nonlinear coefficient), and the
functions (¢, z) and ®(¢, x) denote the wave elevation and the potential velocity on
the bottom z = 0, respectively; and the constants a > 0, b > 0, and d > 0 are such
that

1
2a—(b+d):§—0,

where o1 is known as the Bond number, associated with the surface tension.

As happens in many water waves models, a clever fact to analyze the orbital
stability /instability is the existence of a Hamiltonian structure which characterizes
solitary waves as critical points of the action functional. For this particular abad-
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Boussinesq system (1.1), the Hamiltonian is given by

1
) =5 [ P+ o) + 0,00+ bu(@20)° + en(0,0)%)do
o R

and the Hamiltonian type structure is given by

0 I—apd?)”"
Tt _ jHl n 7 j _ ) ( apl w)
D, o — (I — apd?) 0

In addition, by Noether’s Theorem, there is a functional Q@ (named the Charge)
which is conserved in time for classical solutions defined formally as

Q 7 = 1 <J_lax K ) ! >
o) 2 o/ \@
= /(I — apd?)0,n® dx = —/(n@xfb + a0, d) dx.
R R

From this Hamiltonian structure, we have that solitary waves of wave speed w for
the Boussinesq system (1.1) correspond to stationary solutions of the modulated
system
Tt n
= k7}":d ,
b, d

where F, = H + wQ.

The orbital stability has been intensively studied for a long time, for example
in recent years we have the works done by X. Zheng, J. Xin and X. Peng for gener-
alized long-short wave equations (see [32]), Y. Cho and M. Lee for inhomogeneous
nonlinear Schrodinger equations with singular potential (see [5]), M. Fontaine, M.
Lemou and F. Méhats for the HMF Poisson model (see [9]), E. Csobo for a nonlin-
ear Schrodinger equation with inverse square potential on the half-line (see [7]), F.
Cristéfani, F. Natali and A. Pastor for regularized dispersive equations (see [6]), J.
Angulo and N. Goloshchapova for NLS equations with the ¢’-interaction (see [2]).

Regarding the stability issue, we need to recall that M. Grillakis, J. Shatah and
W. Strauss in [11] established a general result to analyze the orbital stability of
solitary waves for a class of abstract Hamiltonian systems. In this case, solitary
waves of least energy Y, are minimums of the action functional F, and the sta-
bility analysis depends on the positiveness of the symmetric operator F//(Y,,) in a
neighborhood of the solitary wave Y, except possibly in two directions, and also
the strict convexity of the real function

dy(w) =inf{F,(Y):Y € M},

where M,, is a suitable set. For 1D models like the KdV equation, Benney-Luke
equation, the Benjamin-Ono equation, for example, in which there are explicit trav-
elling waves, the verification of the positiveness of F//(Y,,) is much simpler due to
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the fact that the spectral analysis for the operator F//(Y,) is reduced to studying
the eigenvalues of a ordinary differential equation which at 4 infinity becomes to a
constant coefficients ordinary differential equation (see [4,22,26]). In the case for
the abad-Boussinesq system, we have a harder task to overcome using Grillakis et.
al. approach since the spectral analysis is not straightforward due to the lack of an
explicit formula for travelling waves.

In order to avoid using Grillakis et. al. approach which requires the spectral
analysis, we used a direct approach to prove orbital stability of ground state solitary
wave solutions of the system (1.1) in the case of wave speed w is near 17, using
strongly the variational characterization of dy, as done for 2D models: see J. Shatah
for nonlinear Klein Gordon equations [31], J. Quintero for the 2D-Benney-Luke
equation [23], J. C. Saut for the KP equation [§], R. Fukuizumi for the nonlinear
Schrodinger equation with harmonic potential [10] and Y. Liu for the generalized
KP equation [19], among others.

One ingredient needed in our development on the stability of solitary waves is
the well-posedness of the Cauchy problem associated to (1.1). In the absence of at
least a local existence result in a suitable function class that includes the solitary
wave solutions, the question of stability has no clear significance. On account of its
structure, we see directly that the functional H is well defined when 7, ®, € H*(R).
This condition already characterizes the natural space (energy space) in which we
consider the well-posedness and the existence and stability of solitary wave solutions.
For instance, J. Quintero and A. Montes established in [30] the existence of solitary
wave solutions which propagate with speed of wave w > 0, i. e. solutions of the
form

nt,z) =u(r—wt), Ot z)=v(r—wt),

in the Hilbert space X = H' x V? with respect to norm
1w, )% = llullZ + ol

where the usual Sobolev space H' = H!(R), is the space defined as the completion
of C§°(R) with respect to the norm

ulZ = /R (u? + (u)?) da

and the space V? = V?(R) is defined as the completion of C§°(R) with respect to
the norm given by

ol = [ (@2 +072) d = /1
and the corresponding inner product
(v,w)y2 = (VW) 1.

In addition, J. Quintero and A. Montes showed the well-posedness associated to
the system (1.1) in the space X® = H® x V*T1 where H* is the usual Sobolev space
of order s defined as the completion of the Schwartz class S(R) with respect to the
norm

112 = / (1+ 6P F(e) [2de,
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and V**! denotes the completion of the Schwartz class with respect to the norm

/]

2 = / P+ [€P)°|Fe) e,

where the Fourier transform of a function w defined on R is given by

(Fu)(©) = () = 5- / e~ (2)da

Using a bilinear estimate obtained by J. Bona and N. Tzvetkov in [3] as a key
ingredient, J. Quintero and A. Montes showed the local well posedness for s > 0 in
the case a > 0 and the global well-posedness in the energy space, X = H' x V?,
when the initial date is small enough; and also showed the local well-posedness for
5> 3 in the case a = 0, using the estimates for the Commutator of Kato (see works
by Kato [12-14]).

In this paper we will show the local well-posedness for s > % in the case for a = 0,

which includes the energy space with s = 1. To prove this local result, we follow the
ideas developed in the well-posedness for the KAV equation, Boussinesq equation,
Ostrovsky equation, among others (see [15,17,18]). We will discuss the so-called
LP — L9 smoothing effect properties of Strichartz type for solutions of the linear
problem associated to (1.1). Then we will use them to obtain the local result for
solutions of the nonlinear problem. The global well-posedness in the energy space
X = H' xV?, when the initial date is small enough, follows from the conservation in
time of the Hamiltonian, a Sobolev type inequality and the use of energy estimates
(Theorem 3.2 in [30]).

Finally, a special characteristic on the Boussinesq system (1.1) is that some well
known water wave models as the one-dimensional Benney-Luke equation,

(I)tt - ¢a:x + aq)wma:x - bq)wwtt + (I)tq)acm + 2q)z¢)xt = 07
and the Korteweg-de Vries type equation,
Uy + (O’ — %) Ugge — SUU; = 0,

emerges from the abad-Boussinesq system (up to some order with respect to ),
making the system (1.1) very interesting from the physical and numerical view
points. Moreover, for small wave speed and large surface tension, we will see that
a suitable (renormalized) family of solitary waves of the Boussinesq system (1.1)
converges to a nontrivial solitary wave for a KdV type equation. We will use this
fact in the stability analysis.

This paper is organized as follows. In section 2, we establish some estimates
of type Strichartz for solutions of the linear problem associated to system (1.1) for
the case a = 0. In section 3, we show the well-posedness for the Cauchy problem
associated to the abad-Boussinesq system (1.1) for s > % in the case a = 0. In
section 4, we present some preliminaries for the stability result, related with the
existence of solitary wave solutions for the system Boussinesq (1.1) and the link
between solitary waves for the system (1.1) and the KdV equation. In section 5, we
prove the strict convexity of d; for ¢ € (0,1), but near 1. In section 6, we establish
the orbital stability result.
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2. Linear Strichartz estimates for the case a = (0

In this section we will establish some estimates of type Strichartz for solutions of the
linear Cauchy problem associated to (1.1) in the case for a = 0. These estimates
will be the main ingredient in the proof of local well-posedness of the nonlinear
Cauchy problem associated to (1.1). To prove these estimates we rely on the theory
of oscillatory integral established by Kenig, Ponce and Vega in [15,16].

In order to simplify the computation, we rescale the parameters p and € from
the abad-Boussinesq system (1.1) by defining

1 t ~ t
w0 =t (=) B = e ().
\Vi' Vi e \Vi' Vi
Then we consider the following Cauchy problem,

Dy 40— dnge + 3(P5)2 =0 (2.1)
n(z,0) =no(x), ®(x,0) = Po(z).

We see that the solution for the linear Cauchy problem associated to (2.1), with
initial data g = (19, @) € H* x V**1 is given by

U(t) = (n(t), ®(t)) = S(t)Wo, (2.2)
where the semigroup S(t) is defined as
St.@) = (51, ), S:()(n, ),
where

5101, )= [ €7 cos(GET(E) + IO sin(@(ONBE)|ds = Ut + V(1)

—sin(@(€)t)7(E)
1€l (8)

and the functions ¢, ¢ are given by

3(&) = [€1V/ (T T BEP) (T + dIE)?),  o(€) = ii?é;.

From the following lemma we see that S(¢) is a bounded linear operator from
H*® x V5t1into H® x Vs+l,

Sa(0n.@)= [ e[ + cos(9(&))B(E) | de = W (tn + U (1),

Lemma 2.1. Suppose s € R. Then there exists C > 0 such that for allt € R,

U@ flles < Cllfllas, IV E)gllas < Cllgllyerr,

and

W (#)f]

verr S Cl|flla=, [[U()g]

ver1 < Cllg]

VYs+1.
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Proof. Note that there are constants C1,Co > 0 such that O < p? < Cs. Then,
if f € H*(R) and g € V*T}(R) we have that

o = ([ 1+16Py ] costo@nfe Pac)

< ([a+ieprifiora)”

= Hf”Hg’
and also that

Vsl = ([ 1+ €)1l sino(e)g(e) Pae)

/
<c( [a+iepriraere)
= Cllg|

Vs+l .

Similarly we obtain the other inequalities. O

Now, we will establish the Strichartz estimates and smoothing effects for the
operators U(t), V(t) and W (t) and then for S(t).

Theorem 2.1. For v > 0 define

JE) f(x) = / (N2 51 () V/2 F g de.

Then for any v € [0, 1],

1/q
([ 1asiteae) ™ < i,

| [ re=matnar], . < Clalg sy
and
| [ 75at=niatmrar] , < Clal g
wher@q*y,p*—er 6+?:1.

Proof. It is not difficult to prove that ¢ belongs to the general class A defined
n [15]. In particular,

Cile] < |¢/(&)| < Coléf?,  Cule] < [¢"(€)] < Calé], for € #0.

Then using Theorem 2.1 in [15] we have the estimates (see also Theorem 2.3 in [17]).
O

Lemma 2.2. There exists C' > 0 such that
IDY*U@) fllpsre < CA+TYH|f L2,
1DV ()9l g e < C(L+TY )] glvr,
1D AW () fll s ree < CA+TYH)|f L2,

and
IDY*U()gl pape < CA+TY)|gllyr.
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Proof. Let x € C§°(R) a cut-off function, i.e. x € C§°(R) such that x = 1 if
|z| <1 and x =0 if |x| > 2. Using the regularity of x we have that

<C

[ e costa@nlel Fopneas [ e costorernle M Femede
R R

<c( [a+iepy

= C|DY*(f *x)llm
< C|fllze-

Lee H1
1/2

Vafiee| de)

Then we see that

/H/ ¢ cos(@(€))[€]* F(€)x dgH dt) < CTYA| £ 1.

On the other hand, using the Minkowski’s inequality and Theorem 2.1 with v =1
we obtain that

(] [ e=<eostotenter e ~enae];_ar)”

< / | [ e |”4|¢,,§('1)|i/4f<5>(1—x(f))dsH;dt)”‘*

/ H/ i(—¢(E)t+x€) 16" ( )|1/4 |f| A( o0 *X(f))dfuimdtyﬂ

9" (& )|1/4
\€|1/4f €)1 —x(8)
s v PECS
where we have used that % € L>®(R). Now, since

DYAU (1) f(z) = / 7€ cos(d(E) D] F(E)x(€)de
T / %€ cos($(€)1) €]V F(E) (1 — x(€))de,
R

then we see that

([ I»

In a similar fashion, we have that

/H/ mg‘ﬂ‘ﬂ Sln ))‘§|1/4A df” )1/4

< CTY*|DY*(0ug * x) I m
< CTY*|0,9]| 12
= CT*|g|ly1,

v _a)" <ca

and also that

([ [ e<iee@snio@nia aen - x|, _a)"
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g%/ | e roe ””4qs(w)i'ifilem(«s)u—x(&))dﬁﬂ;dt)l/4

L[] [ ecromoworrE8 Dagon - enae])_ar)”

|97 (&)
CHI£|1/43xg( )¢ (5)(1* x(§))
")/

L2
<Cliglv+,

where we have used that W € L*(R). Now, since

DYV (t)g(x) = / €S €] o €) sin((€)) €] G (E)x (€)de
+ / €S €] p(€) sin((€)1) €] G(E) (1 — x(€))de,

follows the inequality

T 4 1/4
([ |peves|, )™ < cav g,
; .

Similarly we obtain the other inequalities. O

Lemma 2.3. Define

(1) f(a) = / (9O +0) F(e) e,

R

Then there exists C > 0 such that

w [P0 f@) HG
sw [ IF 0@ < [ g

Proof. First we write

/ (i) F(£) ge —
R

AT fle)dg 1 [ AN fieyae

£<0 £>0

Note that there exists ¢ such that ¥(¢(£)) = &, £ < 0. Then making the change of
variable n = ¢(&) we have that

i(t6(&)+28) Frege — [ piltntavm) 7 dn
L K floas = [ e -0 s

where f_(x) = f(z), for x < 0 and equals 0 otherwise. Then, using Plancherel’s
identity and returning to the previous variables we have that

I feer o o G a=[ | [ oo i o) s i

1 ()2
‘0/ FWOm)

dn
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A similar argument can be used to obtain

i(to(&)+2) ey ael ar — ¢ F(©P
A figae] ae=c | S5rde

where fi(z) = f(x), for > 0 and equals 0 otherwise. So that we have the estimate
for I (t)f. The proof for I~ (t)f is analogous. O

Lemma 2.4. There exists C > 0 such that
10U () fll e 2. < C(L+T?)[|f]| 2,
< CA+T?)|lgly,
L%

OZW fllLee 2. < CL+T2)||f]| 2,

and
102U (1)gll poe 2. < C(L+TV?) | gl

Proof. We take x € C§°(R) a cut-off function, and write

() = /R €7 cos((€))E F(E)n(€)dE + / €7 cos($(€)DEF(E)(1 — x(€))dE.

R

Sobolev’s Lemma and the regularity of x imply that

w ([| [[ie<costoremesion@ae]’) " < clons oxm < o111

In addition, using the Lemma 2.3 we obtain that

s ([] [ =< eostoiemicsie - xienae]’)”
<o [ KN |¢/(g)|’<<f”' )" < 1l

Then we have that

10:U () fllLoer2. < CL+TY?)| ]l 2.
In a similar fashion, we have the other estimates. O
Lemma 2.5. Let s > %, then there exists C' > 0 such that

U0 fllzzrs < COA+T)2(|fllme,

IV()gllezrz < CQL+T) 2| gllyesr,

10:W () fllLazse < CA+T)?| fllme,

and
10:U(#t)gllL2rse < C(1 + )| gllye+r.
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Proof. We can proceed as in Lemma 3.4 in [18] to obtain a function Hy €
LY(R), k € Z, satisfying
|1 (t,2)] < Hy(w),

for any x € R and |¢t| < T and such that
(1 +T)1/223k/2, E>1

|Hil|pr <C S (1+T), ~1<k<0
(1+T)/227k/2 | < -2,

where
Qp = (=281 —2k=Lyy (k-1 2k ke 7,
is an open covering of R — {0} and a subordinated partition of unity {¢x}5> . and
I (t) =C e CHHOTT) o (€)de.
R—{0}
Then we argue as in [16, 18] to obtain the estimates. O

3. Well posedness for the Cauchy problem

This section is devoted proving well-posedness for the Cauchy problem (2.1) with
initial date (1, ®¢) € H* x V**1. We will see as usual that the local well-posedness
follows by the linear estimates of section 1, Leibniz rule and Banach fixed point
theorem.

Theorem 3.1. Let s > 3. Then for all (ny, ®o) € H® x V1 there exist T > 0
depending only on ||(no, @o)|| s xys+1 and a unique solution

(777 (I)) eC ([O,T] cH® x Vs+1)

of the Cauchy problem (2.1).
Proof. Let s > % and M > 0. Define the space

X" ={(n,®) € C([0,T], H* x V**1) - [[|(n, ®)]]| < o0},
where

G, @) =lImllLge e + 1 RN gevesr + Inllzzrge + [ PallLz g
+ n2llpa e + [[Poallzs oo + D202l Loor2 + D5 Paall oo r2.-

We consider the operator

F(T], (I)) = (Fl(nv (I))> P2(777 (I)))>

where

T (1. 8) =U (O (n0)+V (O @0)— [ [V=)((09)2)(1)+V(1=7) (3(2.)) (7] ar
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and

T (3. 8) =W () m)+U (@)= [W(t=r)((12)) (1) +U1=7) (3(82%) ()] .

We will show that for M and T suitable positive numbers the map I' defines a
contraction in
Xu={me®eXx" : |[[n el <M}

First, we estimate the norm of I'(n, ®) in H*xV**1. Using the Minkowski inequality,
semigroup properties and Holder inequality we see that

T
T3 (0, @) ()22 < C (ol = + [ Bollv) + C / (122 )22+ [1(22)2[v1) dr
< C([Inollzz + |®olly1)
+ CT4 ((sup 0]l 22 |@sall s 1
(0,77

+ 5up ([ |22 17all g £ + 5D 1€ 22 | @ 1 4 1)
0,7 (0,7

and

IT2(n, @)(£) |2
<C(llnollz + [[®ollvr)

+CT3/4(SUP ||77‘|Li||q)m||L4TL;°+SUP ||‘I’z||Lg||77w||L‘;L;c+ sup ||<I’xHL§H‘I’m||L‘;L;Q)-
[0,17] [0,77] [0,T7]

On the other hand, using Cauchy-Schwarz’s inequality and Leibniz’s rule we have
that

[ DZT1(n, @) ()]l >

t
<C(1Dmlze +[1D5@0llvr) + D [ UGt = 7)), ()]

L2
t
+ HD;/ V(t = 7)(@,)(r)d7]
0
<C(ID3moll2 + D50 lvn) + CT2 (IID3 (0% )a a1, + D3 (@22 2213 )
<C(ID3mllz2 + | D3Pollv)
+ CTY 2 (IID3 g 12 1@ g e + D3Pl e 12l 25 )

L2

+ OT2 (D2 ®a g 2 el e + 1Dl g | @l 225 )

+ OTV2 (D20l g 2Pl 1 + D3l 1512305 )
<C(IDimoll 2 + 1D ®o[v1)

+ CT D 22 |1 e + T ID P23 Il 2

+ CT D3Rl e 22 el g 1+ CT 2 ID el 113 1@ 2250

+ CT DLl i 12| @ae e + CT I Ds s o 1@ 2055



1486 J. Quintero, A. Montes & R. Cérdoba

In a similar fashion, we also have that
| D3Ts (1, ®)(1) v
<C([IDzmollz= + ([ Dz Po[v1)
+ CT | Dinl g 12 | Pzl 2a Lo + CTV2|D5 @l oo 12 10| 2 150
+ CT3 D3y | Lse 12 Mall Lo + CTY 2| Dol poe 2 @l L2 e
+ CT D30y | Loe 12 | Paall 8. Lo + CTV || D3P || oo 12,192l 22 L0 -

From previous computations, we conclude that

yert )+ CTY (LT[ (n, )|,

sup T (1, @) ()| = scv+1 < C(lImoll s + | Do

Now, using Lemma 2.5 and the previous argument we have that
IT1(n, @)l 2 Lo

<O+ D) (ol -+ [@olless) + [U0) [ V=r) (@) )]

L2Lg®
+ Hv / V(- )dT]
<C(1L+T)Y2 (ol o + 1 @o lv)

+ O+ (020 2y + (@)l sr-r3 )

<CA+T)2(|lnoll = + |10l ve+1)
+ OO+ )T (T4 e

L2Lg®

Doy HL%FLgO + D3 o ||LgCL§ H77||L§L5’9

+ TV @0 L e lnell g e + 1 D2l pe 2 1Rl 2 150

o+ TYA0, e e @l 1 + 1105 @l 13 | @alliz s )

<CA+T) 2 (Imoll e + [ Pollve) + CL+T) 2T+ TH)]||(, @)1,

and
10:T2(n, @)l r2 Lo

=) ((1®2)2)(T)dT

<CA+T)2(|lnoll = + llmollye+:)

LILF

t
) [ U@
0
<C+T)Y2 (nollzs + |@oflyes)
+ O+ (000 2y + 1)l sr-r3)
<O+ T)2(|mollae + [ @ollvers) + COL+ D)2+ T4 ||, @) 2

LILF

Using Lemma 2.2 and Cauchy-Schwarz’s inequality we obtain that

1011, @) 4 0 <IDY U DY ol g e + DYV (DY ol 1
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oo [ vz o]

0 LiLg
t
v [ vienp@ e,
Tx

<CL+TY(Inollars + 1| ®ollye+r)
+CA+TYTY2(|(n®0) el gz + 1(@2)?lyerar2)

<CL+TY)(Inollazs + 1| ®ollve+r)
+CA+TYHTY2(1+TY)]|(n, @)1

and
1037 2(n, ) s e <IDY AW (£)D¥ 10| L e + |1 DY *U () D 10| 2 1

o [ wenpie. ]

L3 L

+ [Pt [ venpi@ ]

<CA+TY*)(|Inoll s + | ®ollye+1)
+ O+ TYHTYV2( 4 T)[[(n, )]

Li L

Finally, from Lemma 2.4 and Leibniz’s rule it follows that
1D50:T1(1, )| Lo 12,
<C(+T2) (IDnoll = + | Di®ollv:)

n ] 0.0(0) [ UCrID2 o) (r)dr
0

LeeL7
o.ve) | V(r)D3(@,) (e
<C(1+T) (ol s + [|Poflyes1)

+ O+ TV (D5 (000)e 22 g, + 1052202 1215 )
<C(1+T)(Imoll s + [|Poflyes)

+C(1+ TI/Q)TUQ(”D;UHL‘;Lg |PaallLs Lo + |1 D5 Panllpeerz [0l L2 Lo

"

L L7

+ D3 @ s 2 M2l L3 Lo + D3N]l Lo r2 (| Pl L2 Lo

D50 1 12 P g 1 + D3P e 1 1€l 25 )
<CA+T2)(|Inoll s + 1@o]ly+1)

+ OO+ T2 (T4 D3l e 12 | @allig 1 + D3Pl n Il 21

+ TV D@ g2 1l g e + 1 D30l e 12,1 Pll 2 150
+ TV D3 ®oll g 2 | Pl g pee + HD;(I)HUI”LFfL?T”(I)zHLEL;?)
<O+ TY2)(|Inollzr= + | @ollvers) +C(L+TYATV2 1+ T (n, )|,
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and also that

1D;03Ta (1, @)l e £z <C(L+TY2) ([l 2= + || o]

pet)

+ ‘ a2W (1) /Ot W(—T)D;Z((n%%)(”dTH

L L2
t
éﬁv@)/ U(—r)D3(®,)*(r)dr
0
<CO+T"2)(Inollare + [Bollyes)
FOTYATY (D300l 20+ 105 (@22 1213

<CA+T) (ol + [ Pollvesr)
+O(L+TYATY2(L 4+ T)[|(n, )]

"

L L2

From previous estimates we obtain that

10, @)
<CO+TY3)A+TY4)(|Inoll =+ 1o

pen FECTH 2T 2) (LT[0, ) |2

If we choose M = 2C(14+T"2)(1+TY*) (|noll s + ||®ollys+1) and T > 0 such that
CTY2(1+TY?) (1 +TY*2M < 1/2,

we have that T is a contraction in X7,. Thus, the contraction mapping principle
guarantees the existence of a unique (1, ®) in X7, solving the associated integral
problem to system (2.1). To show the continuous dependence we follow a similar
argument as the one described above. The uniqueness follows using a standard
argument and so we will omit it. O

Since in [30] was proved the local well-posedness of the Cauchy problem associ-
ated with the abad-Boussinesq system (1.1) for s > 0 in the case a # 0 (see Theorem
2.2 in [30]), we have the following corollary.

Corollary 3.1. Suppose that s is such that ifa # 0, s > 0 andifa =0, s > % Then
for all (no, ®g) € H® x V5T there exist T > 0 depending only on ||(no, @o)|| s xys+1
and a unique solution (n,®) € C ([O,T] s H® x VS‘H) of the Cauchy problem asso-
ciated with (1.1) and initial condition (ng, ®o).

Moreover, we have the global well-posedness in the energy space X = H! x V2.

Theorem 3.2. There is § > 0 such that for (no, ®¢) € H' x V* with

(10, @o)ll 1152 <9,

the Cauchy problem associated with (1.1) and initial condition (ng, ®o) has a unique
global solution (n,®) € C ([0,00), H' x V?).

Proof. See Theorem 3.2 in [30]. O
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4. Preliminaries for stability

We start mentioning that solitary waves correspond to pair of functions (u,v) sat-
isfying the system

W - +w (u —au) — (w') =0,
1 (4.1)
u—du —w@ — ")+ 3 W) =0.

It is straightforward to see that such pair (u, v) is characterized as critical points of
the functional J, given by

Jo(u,v) = I, (u,v) + G(u,v),
where the functionals I, and G are defined on the space X = H! x V? by
I,(u,v) = I (w,v) + I o (u,v),
I (u,v) = /R [u2 +d(u)? + (V)% + b(v”)Q] dz,

I (u,v) = wa/ (uv" + au'v") dz,
R

G(u,v) = /IR u(v')?dz.

As done by J. Quintero and A. Montes in [29] in the 2-dimensional case, existence
of solitary waves for the Boussinesq system (1.1) for 0 < |w| < min {1, 3, %} can be
established by using the Concentration-Compactness Principle. The strategy is to
consider the following minimization problem

T, =inf {L,(u,v) : (u,v) € X with G(u,v) =1}, (4.2)

and then the existence of solitary wave solutions is consequence of the following
results, which we will use throughout this work (see Lemma 3.1, Theorem 3.1 and
Theorem 3.3 in [29]). Hereafter, we assume wave speed w satisfying 0 < |w| <
min (1, 2, 4).

Lemma 4.1. The functional I, is nonnegative and there are positive constants
M;i(a,b,d,w) and Ms(a,b,d,w) such that

My |(u, 0) |5 < Lo(u,v) < Mal|(u, )% - (4.3)

Furthermore, L, is finite and positive.

Theorem 4.1. If (ug, vo) is a minimizer for problem (4.2), then (u,v) = —k(ug,vo)
is a nontrivial solution of (4.1) for k = 2I,,.

Theorem 4.2. If (U, V) is a minimizing sequence for (4.2), then there is a
subsequence (which we denote the same), a sequence of points (ym) € R, and a
minimizer (ug,vo) € X of (4.2), such that the translated functions

(ﬂmv Um) = (um( + ym)vvm(' + ym))

converge to (ug,vg) strongly in X.
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We point out that J. Quintero and A. Montes in [30] using the Mountain Pass
Lemma established the existence of solitary waves of wave speed w with 0 < |w| <
min (1, 2, 4) for the Boussinesq system (1.1).

On the other side, a very interesting fact is that can be established a link between
solitary waves for the Boussinesq system (1.1) and the KdV equation. As done in
the 2-dimensional case by J. Quintero and A. Montes for example in [24,29] can be
proved that a renormalized family of solitons of the Boussinesq system converges
to a nontrivial soliton for a KdV equation, assuming w is close to 1~ ot € — 07,
and balancing the effects of nonlinearity and dispersion. More precisely, set o > %,
€ >0, w? =1—eand for a given couple (u,v) € X define the functions z and w by

u(z) = eb2(y), v(@)=c Suly), y=ca (44)
Then a simple calculation shows that
I (u,v) = egll’e(z, w), Ipw(u,v) = 6%12’6(2’, w),

and also that .
Iw(e)(u7v) = nge(z’w), G(u,v) = GE(Z7w)7

where I', I%€, I¢ and G¢ are given by
I¢(z,w) = IV (z,w) + I*(2, w),
I (z,w) = / (67122 +d(2)? + e w')? + b(w”)Q) dy,
R

I*(z,w) = —Qw/(e_lzw' +az'w") dy,
R

G (z,w) :/]Rz(w')2 dy.

Note that if 0 < |w| < min(1,2,4), then I°(z,w) > 0 and there is a family
(Uw, V), such that
Iw(uw7vw) :Iw7 G(uwavw) =1

Thus, if we denote
Z¢:=inf {I°(z,w) : (z,w) € X with G(z,w)=1},
there is a correspondent family (z¢, w¢)_ such that
¢ =I5 w), G(:5w)=1, 1I,= €8T,
We also have that (z¢,w€) is a solution, in the sense of distributions, of the system

" 2 1
bew" —w 4w (2 —aez") + geglw (zw') =0,
1 (4.5)
z—dez" —w(w —aew™) — geEIw (w)? = 0.

We are interested in relating the family (z¢, w®). with the solitons for the KdV
equation, as € — 0. To do this, we define in V? the functionals

Jé(w) = I(wwg, w), K (w)=Gww,,w). (4.6)
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We also define the number 7€
J=inf{J(w) :we Z, K (w) =1},

where following the same approach in [24,29], we set the Banach space Z as the
completion of C§°(R) with respect to the norm given by

] % = / (w? + w?,) dr,

and obtain the following result.

Lemma 4.2. Let 0 > % and 0 < |w| < min (1, 2,2). Then we have that

‘a’a

lim Z€ = lim I°(z%w®) =J° >0, lim K(w) = lim G(z°,w°) =1,

e—0t e—0t e—0T e—0t

where
J° =mf{J%(w) :w € 2, GOw) =1},
Pw) = [ (@ (o~ ) ut) o
R

G (w) :/widaj.
R

Now, we study the main result in this section. We see that a translate subse-
quence of the renormalized sequence (z¢,w®) converges weakly to a couple (2o, wp)
that satisfies the system (4.1), and so zp = 9, wp is a weak solution of a KdV type
equation. Before we go further, we have the following characterization of solitary
waves for the KdV equation.

Theorem 4.3. Let o > % and let (wy,)m be a minimizing sequence for J°, then
there exist a subsequence (denoted the same) and a nonzero distribution wy € Z
such that

J(wo) = J°,
and there exists a sequence of points (Yn)m C R such that w, (- + ym) — wo in Z.
Moreover, wg is a distributional solution of the equation

1
Wy — <U - 3) Wegzr + 2j0wrwzz = O, (47)

and so w = (%JO) O,wo 18 a montrivial solitary wave solution in the sense of
distributions for the KdV type equation

Oyw — <o - ;) 3w 4 3wd,w = 0. (4.8)

Then we have the coming result.

Lemma 4.3. Let o > % and 0 < |w| < min (1, 3, g) For any sequence €; — 0%

there is a translate subsequence (denoted the same) of (2%,w®); and there exist
nontrivial distributions wy € Z and zy € H' such that as j — 0o,

w9 = wy in Z, 29 —0,w9 =0, 29—z in H'.
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Moreover, (z9,wp) is a nontrivial weak solution of the system

z = Opw

OppW — <cr - 1) OpzzaW + 3WyO0pzw = 0. (4.9)

3

In other words, zg = O,wo € H', with O,wy being a solution of the solitary wave
equation for a KdV equation in the sense of distributions.

Proof. Let (¢;); be a sequence of positive number such that €, — 0. We note
1

that {(GO (w)) *? wej} _is a minimizing sequence for 7° and also that
j

GY (w) — 1.
Using this fact and Theorem 4.3, we have that there exist a translate sequence of
(z%,w%); (denote the same) and there exist a nonzero distribution wy € Z such
that w% — wp in Z and wy is a solution of the equation (4.7). Then there exist an
on trivial distribution zy € H' such that 2% — zy H'. Thus, we obtain also that
29 = Owp. Now, we note that the solitary wave system (4.5) can be rewritten, after
taking the x-derivative and multiplying for w; the second equation, as

6]-71(&)]' (Zej)l _ (wej)//) + (b(wej )//// _ awj(zej )///)
2
5T () (") + (29 (")) = 0,
2
€5 (w;(29) —wi (W) ") +wj (aw; (@)™ =d(29)") = 30,29 (w”)"(w”)") =0.
Using w?- = 1 — ¢; and by subtracting the second from first equation, we get that

_ (wﬁj)// _ w](awj(wéj)//// _ d(zéj)///) + ;w]l'ej ((wéj)/(wéj )//)
— (b(wfj)/l// _ an(ZGJ)///) _ ;IEJ ((ZEJ)(U}EJ)/I JF (ZEJ)/(U}EJ)/) . (4.10)

Then, using that 79 — 7°, w% — wg in Z, 29 — 2 in H', and 2y = dwy, for any
test function ¢ € C§°(R), we have that

2w;j €5\ (., EiNI 2 € €5 €5\/\/ oo
lim <§jﬂfa‘<<w5> (w§)") + 579 (()) (w]')) ,w> = 27 (whuwf), ).

Jj—o0
Thus, we see that

lim <7(w§j)// +(b— awj?)(wej)m/ +w;i(d - a)(zej-)///’w>

Jj—o0 J

1
:<—w6’+ <J— 3) wy”, >,

since 2a — (b+ d) = 1 — 0. Therefore, from (4.10) we concluded that wy is a
nontrivial solution of the equation

1
Wyx — (U - 3) Wrrrr + 2«70wxwwz =0.

In particular, the pair (20, w?) = — (%jo) (20, wq) is a nontrivial solution of the

system (4.9). In other words, 20 = 9,w° is a solution for of the KdV solitary wave
equation (4.8) in distributional sense. O
We will use the Lemma 4.2 and Lemma 4.3 in our proof of stability.
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5. Ground state solutions and convexity of d;

Recall that the solitary waves for the Boussinesq system (1.1) are characterized as
critical points of the functional defined on X = H' x V? by

Jo(u,v) = I, (u,v) + G(u,v).

In particular, if
Ko (u,v) = (J, (v, v), (u, v))

we have that
K, (u,v) = 2I,(u,v) + 3G(u,v) = 2J,(u,v) + G(u,v).
Now, define the set
M, ={(u,v) € X : K,(u,v) =0, (u,v) #0}.

Note that M, is just the “artificial constrain” for minimizing the functional J,, on
X. We will see that the analysis of the orbital stability of ground states solutions
depends upon some properties of the function d defined by

dw) = inf{J,(u,v) : (u,v) € My}

A ground state solution is a solitary wave which minimizes the action functional .J,,
among all the nonzero solutions of (4.1). Moreover, the set of ground state solutions

Go = {(u,v) € My : d(w) = Ju(u,v)}

can be characterized as
G, = {(u,v) € X\ {0} : dw)= %Iw(u,v) - —;G(u,v)} c M.

In the next lemmas we present important properties of d(w).

Lemma 5.1. Let 0 < |w| < min (1, 2,4) and 0 > 3. Then

v
1. d(w) ezist and is positive.

2. d(w) = inf {31, (u,v) : Ku(u,v) <0, (u,v) #0}.

Proof. 1. Let (u,v) € M,, then we have that

1
Jo(u,v) = glw(u,v) > 0.
This implies that d(w) exists. Now, Using the Young inequality and that the em-
bedding H*(R) < L9(R) is continuous for ¢ > 2, we see that there is a constant
C > 0 such that
G, 0)] < C(Jlulldp + 110/ I3 ).

Thus, we see that

(MY

Tulu,0) = 3 T(u,0) = ~3G(u,v) < Cllw, )% < € (u(u,v))
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Then follows that §I,,(u,v) > C, and this implies that d(w) > C' > 0.

2. For (u,v) € X such that K, (u,v) < 0 we have that G(u,v) < 0. Define
a€10,1) by

21, (u,
oo (u,v)

3G(u,v)’

Then a direct computation shows that K, (a(u,v)) = 0. In other words, a(u,v) €

M,,. So that,
2

d(w) < Ju(a(u,v)) = %Iw(u, v) < 1, (u,v).

W =

Hence, we obtain that
1
<j — : < .
d(w) < mf{g[w(uw) K, (u,v) < O}

If (u,v) € My, we see that J,,(u,v) = 31,(u,v) and also that

1
inf{glw(um) 2 Ky(u,v) <0, (u,v) # 0} < inf{Ju(u,v) : (u,v) € My}
= d(w)>
meaning that the statement 2 of lemma follows. O

b d

Lemma 5.2. Let 0 < |w| <min (1,2, %) and o0 > 1. Then

1. If (U, Um) s @ minimizing sequence of d(w), then there is a subsequence, which
we denote the same, a sequence of points (ym) € R, and (u*,v*) € X \ {0}
such that the translated functions

(Um (- + Ym), Vm (- + Ym))

converge to (u®,v¥) strongly in X, (u¥,v¥) € My, dw) = J,(u”,v*) and
(u”,v¥) is a solution of (4.1). Moreover,

= iz?’
277
where I, = inf {I,(u,v) : G(u,v) =1, (u,v) € X}.

2. Let (U, vm) be a sequence in X such that

d(w) (5.1)

1
glw(um,vm) —dw) and Jy(Um,vm) = di < d(w).

Then there exist a subsequence of (U, vm) which denote the same, a sequence
(Ym) € R? and (u®,v*) € M, such that the translated functions

(um (- + Ym), vm (- + yk))

converge to (u”,v¥) strongly in X and dy = d(w) = $1,(u®,v*).

Proof. The first part of this result is consequence of the Theorems (4.1)-(4.2) and
the following argument. Let (u,v) € X \ {0} be such that K, (u,v) = 0, then

I, (u,v) = —gG(um) = g\G(u,vﬂ = 3J,(u,v).



Orbital stability of a Boussinesq system 1495

Consider the couple

(w,2) = ———(u,v).

Then G(w, z) = 1. Thus,

T < Lo(w,2) = — T (u,0) = <3>§I§;(u,v) - (2) (SJw(u,v))%.

So that, we concluded

4
—7} < .

Now, suppose that (u,v) # 0 such that G(u,v) = 1. Take ¢ such that
K, (tu,tv) = 0.

In this case, 21, (u,v) 4+ 3t = 0. Therefore
4
t2 = 5[5(’[,@’[})
Then we obtain,
4
d(w) < J,(tu, tv) = t* (I, (u,v) +t) = ﬁlj(u, V).
Thus, we have shown that

4
< —
d(w) < 57

This proves (5.1). Now, we show the second part. Since K, = 21, + 3G, then we
see that

(Z.)°

1
Joo Uy U) = 3 (L (Uiny V) + Koo (U, vm)) — di < d(w).
Then for m large enough we have that K, (tn,, vy) < 0. This fact implies that the
sequence (U, Vn,) i a minimizing sequence for d(w). Then using the part 1 we
have that there exist a subsequence of (U, vy, ), which denote the same, a sequence
(ym) € R and (u¥,v*) € M,, such that

(Um( +ym)7vm(' + ym)) — (Uw,vw) in X.

In particular K, (u®,v%) =0 and di = d(w) = §1,(u®,v*). O
Lemma 5.3. Let 0 < |w| <min (1, 2,4) and o > 3. Then

1. If0 < w1 <ws <1 and (u,v) € G, then we have that d(w) and I, (u,v) are
uniformly bounded functions on |wy,ws)].

2. If w1 <wy and (u¥i,v¥) € G,,, we have the following inequalities

W2 — w1

d(wr) < d(wa) — ( ) I 0, (U2, 0%?) + 0(we — wr),

w2

Wz — W1

dfen) < dfen) + (222

) IZ,wl (uwlavwl) + 0(0.)2 — wl).
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3. If0<w; <ws <1, (ur,v*1) € G, and Iz, (u¥,v*1) <0, then

(w2 — w1)

d(o.)g) S d(wl) + 3w1

I, (U™t 0™1).

In particular, d is a strictly decreasing function on (wq,1).

Proof. 1. Let wy,ws be such that 0 < w; < wa < 1 and let (u,v) € X be such
that G(u,v) # 0. Define t,, by

_ 21u(wv)
Y 3 G(u,v)

Then we have that K, (t,(u,v)) = 0, J,(t,(u,v)) = %Iw(u, v) and there exist
C > 0 such that for all w € [wy,ws],
_ 4 (uv) SCH(%”)H%

27 G2 (u,v) G2(u,v)

d(LU) S Jw(tw(uav))

Now, let (w, z) € G, then we see that 21, (w, z) + 3G(w, z) = 0. Moreover,
Cr(wr,ws)[(w, 2)[% < 2L(w, 2) = 3|G(w, 2)| < Cll(w, 2)[%-

Then we conclude that

2

1
Cr(oin.2) < w3 < Catorin) (3Tutw.))
Thus, we have shown that

Cl(wl,wz))Q

Ca(wr,w2)

dw) > (

Hence, if (u,v) € G,, we obtain that I, (u,v) and G(u,v) are uniformly bounded on

[w1, wa] since
1 1
= 71 = ——
d(w) 3 w(u,v) 2G(u,v),

which implies that I, (u, v) is also uniformly bounded because K, (u,v) =0 and
I (u, ) 2 || (u, )%

2. Let (w, z) be defined by (w, z) = t(u“2,v*?). We want ¢ such that K, (w, z) =
0. Note that

Ko, (w, 2) = 26°1,, (u“?,v*?) + 3t3G (u*?, v*?)
2 (00 —

= ¢2 (QIM (u?? v“?) — wbwz (u“’g,v‘”)) + 3t3G (u¥2, v*?)
2

2wo —
=2 (StG(u“’Z, v9?) — 3G (u¥?,v¥?) — MIQ,W (u‘“,vw) .

w2
Thus, ¢t has to be such that

2 —
tG(uw2,Uw2) — G(UWZ,’UW2) + (UJ2 W1)127w2 (uwz’ Uwg)

3&)2
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or equivalently

2(wz — w1) <127w2(u“’2,v‘”2)> . (w2—w) <I2,w2(u“’2a7f“’2)> .

t=1
+ 3ws G(uwz,v92) 3ws d(ws)

Then for this ¢, we conclude that K, (w, z) = 0. Now,

d(wl) < Jw1 (wv Z) = t2 (le (uwz’ Uwz) + tG(uw2a erZ))

w1 — w2

Is 4, (U2, 0%2) + tG (u“?, v*? ))
w2

Iy, <uw2,vw>) .

W2 — W1

W2

But we have that

(e ()

Q(W?ﬁ;wl) (12,@6(;;::3“”)) +0 ((wo —w1)?) .

=1-

Then we see that
t2 d(w2) _ (WQ B wl)[g (uwz Uwz)
3&]2 s W2 9
(w2 —w1)

=d(w2) — o

Iy, (u™?,0%2) + O (w2 — w1)?) ,

which implies the desired result,

W2 — W1

w2

dfen) < dwn) = (22 B, 0) + ofun = ).

Now, let (w, z) be defined by (w, z) = t(u“t,v*?). As before, we want ¢ such that
K., (w,z) = 0. In this case,

P 2(wp —w1) (o, (U, v¥) 1 (wo —w1) [ Ig0, (U, v*1)
=1- =1+ .
3wy G(uwr,v@r) 3w d(w)

Since K, (w, z) = 0, we see that

W2 — w1

d(ws) < Jup (w,2) =t (d(m) + 3wy

Iy, (u”17vwl)) .
Then, as above, we have that

2(wg — wr) (IQ,W1 (u®t, v*1)

2 WQ7W12 .
=1t 3w d(w1) )+O(( ")

Using this we conclude that

¢ (d(wl) - (wz_wl)lz,wl(uwhv“l))

3w1
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(w2 —w1)

:d(w1) + w1

o, (u',0°1) + O (w2 — wi)?)
which implies the other inequality.

3. Assume that K, (u“*,v*1) = 0. Hence we see that G(u®*,v*1) < 0. Now, if
I o, (u®r, v*1) <0 then for w; < we we have that

9 _
K, (u®t 09 = K, (u o*) + MIZ7W1 (uvt,v*1) <0.

w1
Thus, we obtain that

1 1
d(wz) < nga (ur, v*) = 3 (le (u®r, v*1) +

w2 — w1

I, (Ut 0™,

w1
W2 — W1

<d
<d(w1) + o

This also implies that d(ws) < d(w1), provided that 0 < w; < we < 1. O

Now, we will prove that the function d is strictly convex on (wp, 1) with wg > 0
near 1. To do this, we compute d’ and analyze the behavior of d and d’ near 1~.
We have the following results.

Lemma 5.4. If (u¥,v*) € G, then we have that

u?; v¥)

I
d'(w) = Bo(?,v?) Q(u®, v*). (5.2)
w
Proof. Note that d’ can be computed by taking appropriate limits in part 2 of
Lemma 5.3. O
Theorem 5.1. Let 0 < |w| < min (1, 3,%), o> %, and (u¥,v¥) € G,. Then we

have that
lim d(w)=0 and Is,(u”,v*) <0 forw near1™.
w—1—
Proof. From Lemma 4.2 and (5.1) we obtain the first part. Now, using the same
notation as Section 5 we have that

eIQ’E(ze,we) = —2w/

A (ze (we) + ae (2¢)’ (wE)”)dy.

Then using Lemma 4.3 we see that

lim el*(2%,w) < 0,
e—0+

meaning for € near 0% that I2¢(2¢,w®) < 0, which implies for w near 17,
Iy (u”,v*) < 0.

O

Theorem 5.2. Let 0 < |w| < min (1,2,4) and o > L. Then there ezist 0 <

Ya’a 3
wo < 1 enough near 1 such that d is a decreasing function on (wo,1). Furthermore,

hmw_>1— dl(OJ) =0.
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Proof. From Theorem 5.1 we have that d is a decreasing function for w near 1~
and we also have that lim, ;- ||(u¥,v*)||x = 0 for any (u*,v*) € X such that
d(w) = 1, (u”,v*), since

1w, 0*) % < Co)Lu(u”,v*) = C(o)d(w).
Thus, from (5.2) and definition of I, we conclude that
| (@) < C (a2 ey () | 2y + () [ 222y 1(0°) | L2 ey ) SOl (@, 0%) |-
Therefore

lim d'(w) = 0.

w—1—

From previous results we have the following Corollary.

Corollary 5.1. Let o > % Then d is strictly convex for w near 17.

6. Orbital stability of the solitary waves

We first consider the modulated system associated with the system (4.1) on X. In
other words, we assume that the solution (7(t), ®(t)) of the abad-Boussinesq system
(1.1) has the form

n(t,x) =u(t,r —wt), D(t,x)=v(t,x—wt).
Then we see that (u(t),v(t)) satisfies the modulated system
(I —ad2)uy —w (I — ad?) uy + 02v — byv + 9, (udyv) = 0,
(I —ad2) v, —w (I —adi) vy +u— dosu+ % (8,v)% = 0. (6.1)
We note that the modulated Hamiltonian for this system has the form
He(u,v) = %Jw(u, v) = H(u,v) + %Iz,w(u, v).

We also observe that H,, is conserved in time on solutions since

(I —ad2)uy = 0y Hyw(w,z) = w(] - a@i)uw + 0920 — 020 — 0, (udyv) ,
— (I —ad2) vy = 0, Huw(w, 2) = —w (I - aaﬁ)vm +u — dou + %(8951})2,

where

OxHe(u,v) = (@;’Huw(u, v), OpHoy (U, v))

Now we introduce the regions R¢,i = 1,2, in the energy space X by
1 1 1
R,=9(w,z)eX : Hy(w,z) < id(w), glw(w,z) <d(w)y,
) 1 1
R: =9 (w,z) € X : Hy(w,2) < id(w), glw(w,z) >dw) ¢,

and have the following result.
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Lemma 6.1. R}, R2 are invariant regions under the flow for the modulated system
(6.1).
Proof. Let (ug,v9) € RL. Suppose that (w(t),2(t)) satisfies the modulated sys-
tem (6.1) with initial condition
w(0) = ug, 2(0) = vo.
By characterization of d(w) and definition of R}, we must have that
Kw(UQ,’Uo) > 0.

In fact, suppose that K, (ug,v9) < 0. Then we see that d(w) < %Iw(uo, vp). More-
over, if (w(t),2(t)) € R for some ¢t > 0, we have that K, (w(t),2(t)) > 0. Now,
suppose that there exists a minimum ¢y such that K, (w(t), z(t)) > 0 for ¢ € [0, o)
and K, (w(to), 2(tg)) = 0. We note by the characterization of d(w) that

) < gl(wlto),2(t)

< lim inf (;)Iw(w(t)7 z(t)) + éKw(w(t)7 z(t)))

t—ty

<liminf J, (w(t), 2(t)) < 2liminf H, (w(t), z(t))

t—ty t—ty

< 2H,(up,v0) < d(w).
On the other hand,
d(w) > 2H, (w(t), 2(t)) = 2Hw (uo, vo) = Juw(uo, vo)

1 1 1
= ng(Uo’Uo) + ng(umUO) > ng(u()v'UO)a

which shows that R} is invariant under the flow for the modulated system (6.1). In
a similar fashion we have that R2 is also invariant under the flow for the modulated
system (6.1). O

The following lemma will be used to obtain stability with respect to the ground
state solutions. We will use the notation U¥ = (u*,v*) for “ground state solution”,
that is, d(w) = J,(UY).

Lemma 6.2. Let 0 > 1 and 0 <wg < 1 be near 1. IfU(t) = (n(t), ®(t)) is a global
solution of abad-Boussinesq system (1.1) with initial condition U(0) = Uy € X,
then for every M, there is 6(M) such that if

Uy — U*°||x < 6(M).

Then we have
d W + 7] (‘/ (1)) < d vl ’(77 all t S R
M 3 M ’ '

Proof. Let M > 0 be fixed and define wy = wg — M and wy = wo + M Now, let
(2%(t),w'(t)) be defined by the formulas

n(t,x) =u'(t,x —wit), O(t,z)=v'(t,x —wit), i=1,2.
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Then the couple (u®(t),v(t)) satisfies the modulated system (6.1) with initial con-
dition 4 4
(u'(0),v"(0)) = U(0).

For this solution we have that the modulated Hamiltonian is conserved in time, in
other words

Ha (U(t)) = Ha, (U(0)).
Now, using the hypothesis we conclude for small § that
1, (U*?) = L, (U(0)) + O(9).

Since d is a strictly decreasing function such that d(w) = § L., (U*"), we can choose
¢ small enough in such a way that

d(ws) < é[wO(U(O)) < d(w).
We also have that
Ju, (U(0)) = Jo, (U*) + O(9)

w; — Wo

= Jou, (U*°) + I5 4, (U*°) 4+ O(9)

Wo
= d(wo) —+ (wi — wo)d’(wo) + 0(5)
Using that d is twice differentiable, we have for some @ between w; and wy that

d(wi) = d(wo) + (wi — wo)d/(wo) + %(wi - WO)Zd”(UJO)7

where we are using Taylor expansion on wy. So, replacing this in previous inequality,
we conclude that

T (U(0) = d(w) — 3 (w; — wo)d" (w0) + O().

So, choosing § small enough such that

1

—g(wi — wp)?d" (wo) + O(6) < 0,
we conclude that
2H.,, (U(0)) = Ju, (U(0)) < d(wi). (6.2)
Then, using Lemma 6.1, we have for all ¢ € R that
1 1 1 1
. —d(w; —)<= < - ).
Ho, (U() < 5d(w), d(wo+17) < 51an (UE) < d(w0 — 17)

Finally we establish the main result in this work.

Theorem 6.1 (Orbital stability). Let o > %; g,% >1, and 0 < wy < 1 be near 1.
Then the solitary wave solutions U“° (ground state solitary wave solutions) of the
abad-Boussinesq system (1.1) are stable in the following sense: Given € > 0, there

exist 6(g) > 0 such that if Uy € X satisfies

[Uo — U || x < d(e),
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then there exist a unique solution U(t) of the Cauchy problem associated to Boussi-
nesq system (1.1) with initial condition Uy such that

inf ||U(t) -V Il teR.
vleng%” (t) = Vlx <e, forall te

Proof. We will argue by contradiction. Suppose that there exist a positive number
g0, and sequences (t,) C R and (U¥) C X, such that

lim ||UF — U ||x =0 inf ||U*(t,) -V
Jim [|Ug =0, inf UR(E) = Viix > eo,

where U* denotes the unique solution of system (1.1) with initial condition U*(0) =
Uk. Now, from the Lemma 6.2 and the assumption, given m > 0 we have the
existence of 6(m) and a subsequence k,,, such that

U™ = U= |lx < 8(m)

and

d(wo 4 %) < %Iwo (U*™ (1)) < d(wo - ki)

meaning that there exist a subsequence of (U*(t;)), which we denote the same, such
that

d(wo + %) < é]wo (U*(tr)) < d(wo - %)

In particular, we have that $1,, (U"(tx)) — d(wo) as k — co. Now, we consider
wy = wo + 1 and V*2(t) defined as U*(t, x) = V*2(t,x — wyt). Then as in proof of
previous lemma (see (6.2)), we obtain that
1
2Hosy (UF (1)) = o (U (80)) < d(ws) < dlwo) < d(wo = 7 )
On the other hand,

S, (Uk<tk>) = Jo, (Uk(tk)) n (w2 — wo

) Loy (UF ()
= Juo (UF(tr)) + (klwo) Iy o (UF(t2)) -

wo

But note that

. 1 L O
lim (k:w) [ 2.0 (U ()] < Jlim 0% (8% = 0.

k—o0

Using this fact, we conclude that

on (Uk(tk)) —d; < d(wo).
Then by Lemma 5.2, there exist U, € G, such that

1
Uk(tk) — (]w0 in X, ngO (Uk(tk)) — d(wo) = dl, k— o0,
and also that Ju, (U*(tx)) — d(wp). But this contradicts the assumption of
instability
inf [|U*(tx) — Vlx > co.
St 0 k) = Vx> <o



Orbital stability of a Boussinesq system 1503

Acknowledgements

J. Quintero was supported by the Mathematics Department at Universidad del Valle
(Colombia) under the project 71231. A. Montes and R. Cérdoba were supported
by Universidad del Cauca (Colombia) under the project ID 5101. J. Quintero and
A. Montes were supported by Math Amsud and Minciencias-Colombia under Grant
MATHAM-SUD 21-MATH-03.

References

1]
2]

C. Li and J. Llibre, Uniqueness of limit cycles for Lienard differential equations
of degree four, J. Diff. Egs., 2012, 252(4), 3142-3162.

J. Angulo and N. Goloshchapova, Stability properties of standing waves for
NLS equations with the §'-interaction, Physica D: Nonlinear Phenomena, 2020,
403, 132332.

J. Bona and N. Tzvetkov, Sharp well-posedness results for the BBM equations,
Discret. Contin. Dyn. Syst., 2009, 23, 1241-1252.

J. Bona, P. Souganidis and W. Strauss, Stability and instability of solitary
waves of Korteweg de Vries type equation, Proc. Roy. Soc. London, 1987, Ser.
A, 411, 395-412.

Y. Cho and M. Lee, On the orbital stability of inhomoneneous nonlinear
Schrodinger equations with singular potential, Bulletin of the Korean Math-
ematical Society, 2019, 56(6), 1601-1615.

F. Cristofani, F. Natali and A. Pastor, Periodic traveling-wave solutions for
reqularized dispersive equations: sufficient conditions for orbital stability with
applications, Communications in Mathematical Sciences, 2020, 18(3), 613-634.

E. Csobo, Ezistence and orbital stability of standing waves to a nonlinear
Schrédinger equation with inverse square potential on the half-line, Nonlinear
Differ. Equ. Appl., 2021, 28, 1-32.

A. de Bouard and J. Saut, Remarks on the stability of generalized KP solitary
waves, Comtemp. Math., 1996, 200, 75-84.

M. Fontaine, M. Lemou and F. Méhats, Stable ground states for the HMF
Poisson model, Ann. Inst. H. Poincaré Anal. Non Linéaire, 2019, 36, 217-255.

R. Fukuizumi, Stability and instability of standing waves for the nonlinear
Schrodinger equation with harmonic potential, Discrete contin. Dynam. Syst.,

2001, 7, 525-544.

M. Grillakis, J. Shatah and W. Strauss, Stability Theory of Solitary Waves in
Presence of Symmetry, I, Functional Anal., 1987, 74, 160-197.

T. Kato, Quasilinear equations of evolution, with applications to partial differ-
ential equations, Proceedings of the symposium at Dundee, Lecture Notes in
Mathematics, 1975, 448, 25-70.

T. Kato, On the Korteweg-De Vries equation, Manuscripta Mathematica, 1979,
28, 89-99.

T. Kato, On the Cauchy problem for the (generalized) Korteweg-De Vries equa-
tion, Studies in Applied Mathematics, Advances in mathematics, Supplemen-
tary Studies, Academic Press, 1983, 8, 92-128.



1504

J. Quintero, A. Montes & R. Cérdoba

[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

[27]

[28]

[29]
[30]
[31]

[32]

C. Kenig, G. Ponce and L. Vega, Oscillatory integrals and regularity of disper-
stve equations, Indiana Univ. Math. J., 1991, 40, 33-69.

C. Kenig, G. Ponce and L. Vega, Well-posedness of the initial value problem
for the Korteweg-de Vries equation, J. Amer. Math. Soc., 1991, 4, 323-347.

F. Linares, Global existence of small solutions for a generalized Boussinesq
equation, J. Diff. Eq., 1993, 106, 257-293.

F. Linares and A. Milanes, Local and global well-posedness for the Ostrovsky
equation, J. Differential Equations, 2006, 222, 325-340.

Y. Liu and X. Wang, Nonlinear stablitity of solitary waves of a generalized
Kadomtsev-Petviashvili equation, Comm. Math. Phys., 1997, 183, 253—-266.

A. Montes, Boussinesq-Benney-Luke type systems related with water wave mod-

els, Doctoral Thesis, Universidad del Valle (Colombia), 2013.

A. Montes and R. Cordoba, Local well-posedness for a class of 1D Boussinesq
system, Mathematical Control and Related Fields, 2022, 12(2), 447-473.

J. Quintero, Nonlinear stability of a one-dimensional Boussinesq equation, Dy-
nam. Diff. Eq., 2003, 15, 125-142.

J. Quintero, Nonlinear stability of solitary waves for a 2-D Benney-Luke equa-
tion, Discrete Contin. Dynam. Systems, 2005, 13, 203-218.

J. Quintero, Solitary water waves for a 2D Boussinesq type system, J. Partial
Differentail Equations, 2010, 23, 251-280.

J. Quintero, The Cauchy problem and stability of solitary waves for a 2D
Boussinesq-KdV type system, Diff. and Int. Eq., 2010, 23, 325-360.

J. Quintero, Stability of 2D solitons for a sixth order Boussinesq type model,
Commun. Math. Sci., 2015, 13, 1379-1406.

J. Quintero, Stability and instability analysis for the standing waves for a
generalized Zakharov-Rubenchik system, Proyecciones (Antofagasta, On line),
2022, 41(3), 663-682.

J. Quintero and J. Cordero, Instability of the standing waves for a Benney-
Roskes/Zakharov-Rubenchik system and blow-up for the Zakharov equations,
Discrete and Continuous Dynamical Systems-B, 2020, 25(4), 1213-1240.

J. Quintero and A. Montes, Existence, physical sense and analyticity of solitons
for a 2D Boussinesq-Benney-Luke System, Dynamics of PDE, 2013, 4, 313-342.

J. Quintero and A. Montes, On the Cauchy and solitons for a class of 1D
Boussinesq systems, Differ. Equ. Dyn. Syst., 2016, 24, 367-389.

J. Shatah, Stable standing waves of nonlinear Klein-Gordon equations, Comm.
Math. Phys. A., 1983, 91, 313-327.

X. Zheng, J. Xin and X. Peng, Orbital stability of periodic traveling wave solu-
tions to the generalized long-short wave equations, Journal of Applied Analysis
& Computation, 2019, 9(6), 2389-2408.



	Introduction
	Linear Strichartz estimates for the case a=0 
	Well posedness for the Cauchy problem
	 Preliminaries for stability
	 Ground state solutions and convexity of d1
	 Orbital stability of the solitary waves

