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Abstract In this paper, we study via the monotone iterative technique posi-
tive solutions for a class of Hadamard type fractional-order differential systems
with coupled Hadamard type fractional-order integral boundary value condi-
tions on an infinite interval. Schemes are constructed to approximate extremal
positive solutions of the coupled differential system. Examples are given to
illustrate the theory.
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1. Introduction

Fractional differential equations arise in diffusion processes, engineering mechan-
ics, chaos, biomathematics, fractional dynamic system and are a natural gener-
alization of integer-order differential equations so improve modeling accuracy; see
[2,4,5,10-16,19,20,24]. Usually authors discuss three fractional derivatives: Caputo
type, Riemann-Liouville type, and Hadamard type. The Hadamard type fractional
derivative and integral was introduced in [7] in 1892 and contains the logarith-
mic function in its definition and arises in fracture analysis and image processing;
see [2,3,5,13,18,20] and the references therein.
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Usually to establish existence results for Hadamard type fractional differential
equations researchers use fixed point theorems [1,3,6,8,9,20,28,31]. For example,
using the Banach contraction fixed point theorem and the Leray-Schauder alter-
native, the authors in [1] established the existence of solutions for the following
differential system with uncoupled Hadamard type integral boundary conditions:

HDou(t) = f(t,u(t),v(t)), 1<t<e, 1<a<?2,
ADBu(t) = g(t,v(t),u(t), 1<t<e, 1<B <2,

u(1) =0, u(e) = HI"u(oy) = ﬁ /101 (log oy — logs) ™" u(s)%, (1.1)
ds

v(1) =0, vie) = HI"u(ag) = ﬁ /1‘72 (log oo — log s)/'“_1 v(s) S

where 7 > 0,1 < 01,09 < e, 7D and ¥ DP denote Hadamard type fractional
order derivatives, and 7 I" denotes a Hadamard type fractional order integral, f, g :
[1, e] x Rx R are given continuous functions. Using the fixed point index the authors
in [29] established the existence of solutions for the following system with uncoupled
multi-point boundary value problems:

HADwu(t) + fi(t,ut),v(t) =0, 1<t <e2<q<3,
Hpay(t) 4+ fo(t,ut),v(t) =0, 1 <t<e2<q<3,

m—1

u(l) =0u(l) =0, ule) = ) au(&), (1.2)

o(1) = 0(1) =0, v(e) = 3 byul),

where D9 denotes the g-order Hadamard type fractional derivative and § rep-
resents the delta derivative, i.e., du(l) = (tdu/dt)|i=1,v(1l) = (tdv/dt)|i=1, fi €
C([1,e] xRy xRy, Ry ), Ry =[0,400),7 = 1,2. The real constants a;, b;, &, n;(i =
1,2,...,m—=1,7=1,2,...,n—1,m,n > 2) satisfy the following: a;,b; > 0,&,n; €
(1,e) with 37 a;(log )7~ € [0, 1) and Y271 b;(log ;) € [0,1);

For results on Hadamard type fractional differential equations on the infinite
interval we refer the reader to [5,13,14,17,18,21,22,25,26]. In [18] the authors
established the existence of positive solutions and constructed two explicit monotone
iterative sequences which converge to the extremal positive solutions of

HDu(t) + f(t,u(t), T 1u(t), T D tu(t)) =0, 1 <a < 2,t € (1, +00),

u(1) =0, "D u(+o0) = i N T%%u(n). (1.3)

where D is a Hadamard type fractional derivative of order a and #I() is a

Hadamard type fractional order integral, r, 8;,\; > 0(i = 1,2,--- ,m) are preset

) atB;—1
constants and «, 7, B;, \; satisfy Y .-, % < 1. Motivated by results of

literature [1] and [18], the authors in [33] use the monotone iterative technique to
investigate the existence of extreme positive solutions of the fractional differential
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coupled system on an infinite interval
D%u(t) + p(t,u(t),v(t), DP~1u(t)) =0, 2 < a < 3,

DPu(t) +(t,ult), v(t), D u(t)) =0, 2 < B <3,

uh) =) =0, D tutroe) = [ nouoar, 4

“+oo
v(1) = /(1) = 0, DF~1u(4+00) =/1 g(t)u(t)dt,

where D, D? are Riemann-Liouville fractional derivatives, and the nonlinear terms
©, 1 include coupled unknown functions and the lower-order fractional derivative
of unknown functions. Recently the authors in [23] apply fixed point theorems to
establish the existence of multiple positive solutions of the Hadamard type fractional
differential system with coupled integral boundary conditions:

Hpra(t) +a(t)f(t,z(t),y(t) =0, 1 <p < 2,t € [1,400),
HDay(t) + b(t)g(t, z(t),y(t)) =0, 1 < ¢ < 2,t € [1,400),

2(1) =0, FDP a(4o0) = > ATy (), (1.5)
=1

y(1) =0, "D y(+00) = > o 1P(¢),
j=1

where ' D? are Hadamard fractional derivatives of ¢ € {p,q},f,g € C([1,00) x
Ri x Ry, Ry), IV are Hadamard fractional integrals of v € {a;, 5;}, Ai,0; > 0,1 =
1,2,...,m,5 = 1,...,n. We note that the integral boundary conditions involve
coupled unknown functions, but the nonlinearity terms f,g do not include the
lower-order fractional derivative of unknown functions.

It is of interest to note that coupled systems involving lower-order Hadamard
type fractional derivatives of unknown functions and coupled integral boundary
conditions are rarely considered. Motivated by the above we consider the following
Hadamard type fractional differential system:

HDPa(t) + fi(t, x(t), y(t), " DPLa(t), " DI y(t) =0,
1<p<21<qg<2,teRy,
TDay(t) + falt, x(t), y(t), " DPta(t), "D y(t)) = 0,

1<p<2,1<qg<2,teRy,
(1.6)

(1) = 0,7 D" a(o0) = > N Ty(n),n € Ry,
=1

y(1) = 0,7 D17 y(o0) = 0 1% a(¢),£ € Ry,
j=1

where R, = [1, +00),” D? are Hadamard fractional derivatives of ¢ € {p, q¢},f1, f2 €
C([1,+00) x Ry x Ry x Ry x Ry, Ry), I¥ are Hadamard fractional integrals of
e {ag, Bi}. Niyoj > 0,i=1,2,...,m,j =1,...,n. Our aim in this paper is to
obtain in Section 3 two pairs of explicit monotone iterative schemes to approximate
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the extremal positive solutions. The idea is to extend iterative methods to a system
via the definition of a partial order in product spaces, which is quite different from
[25-27,30,32]. Finally examples are given to illustrate our results.

2. Preliminaries
First we list some definitions and results concerning Hadamard type fractional frac-
tional derivatives and integrals.

Definition 2.1(see [10]). The Hadamard type fractional derivative of order ¢ is
given by

Hpag(t) = _ ti n/t(lo t —logs)" 47" (s)g n—1<g<n
where g : [1,00) — R is a integrable function, [g] denotes the integer part of the
real number ¢, n = [¢] + 1 and log(:) = log,(+).

Definition 2.2(see [10]). The Hadamard type fractional integral of order g is given
by

1 ¢ _ ds
Hq — / 1 1 q—1
g(t) I . (logt —logs)™ " g(s)—,q >0,

where ¢ : [1,00) — R is a integrable function, and log(-) = log, ().

oo

d
Lemma 2.1. Let h; € C[1,00) with 0 < / hi(s)—s < 00,1 = 1,2 and Q =
s

1
L(p)T'(q) — A1Aa > 0 with Ay and As given below. Then the following coupled
Hadamard type fractional differential system

HDPr(t) + hi(t) = 0,1 <p<2,t € Ry,
ADy(t) + ho(t) = 0,1 < ¢ < 2,t € Ry,
z(1) = 0, DP~1a( Z)\ H oy ( (2.1)

y(1) = 0,7 D17 1y(c0 Z H B¢

=1

s equivalent to the integral system

+oo A +oo A
x(t) :/1 Gl(t,s)hl(s)d? Jr/l Go(t, s)ha(s )Ci

. . (2.2)
= [ Gt T+ [ Gt

where the Green’s functions Gi(t,s),k = 1,2,3,4 are given by
Al(log t)pil i O’jgg], (5, 8)
Q = Tlp+55)°

I'(q)(log t)P~! <= Xigd, (7, 5)
Q —~ T'(q+ o) ’

Gi(t,s) = gp(t,s) +

GQ (t, S) =
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Ag(log )71 T~ Aigd, (1, 5)

G3(t’ S) = gq(ta 5) +

Q F( + Oéi) ’
I'(p)(logt)?~t ‘7]95 fa
G4(t75) Z
Q = T+ Bi)’
with . " 5
Ail'(q)(logm)atei—t a,;T(p)(log &)PHhi—1
M=Y (qF)( X)) A=Y (p)(log ) ,
2 T(g+a) 27T+ )
and
1 (logt)?~* — (logt — logs)?™1,1 < s <t < 400,
go(t,8) = — oot (2.3)
T(¢) | (logt)?™',1 <t <s < 400,
5 (log p)®T¥ =" — (log p — log 5)?*¥ 71,1 < s < p < 400,
9y (pss P (2.4)
(log p) 1< p<s<+oo.

Proof. Apply Lemmas 2.5 and Lemma 2.6 in [23], and we can deduce the above

results by direct observation. O
o d

Lemma 2.2. Let h; € C(R;) with 0 < / hi(s)f < 00,0 = 1,2 and Q =
1

T(p)T'(q) — AA2 > 0 with Ay and As given in Lemma 2.1. Then the following

expression can be obtained from the integral equations (2.2)

+o00 d +oo d
HDpflx(t):/ i, s)h1(5)£+/ G5 (1, 5)ha(s) 2
1 5h 8 (2.5)
H ool too ds Foo ds
Dy = [ G T [ Gilh ()
1 1
where the Green’s functions G (t,s),1,2,3,4 are defined by
MT(p) <~ 7395, (&: )
Gi(t,s) = Go(t,s) + : ,
. T (q) ~= Xigd, (0, )
(4 g) — AaT(q) ~ Aigd, (1, 5)
it = G+ S0 S 200
. (P)T(g) o~ 9395, (&:5)
Gi(t,s 2
ilhe) Q ; T(p+55)°
and
0,1 <s<t< 400,
Golt,s) = { ’ ~ (2.6)
1,1 <t <s < +o0.

Proof. Using Lemma 2.5 of of [23], we can obtain

H o= / mi(s) % + el (p), Dy / ha(s) 2+ T (),
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where
L(g) [~ ds T(q) n i /?7 B ds
T e log 1 — log 5)4+@ 1 h ()22
a1 =- /1 hi(s) 5 ) ; Tlg+ o) /i (logn — log s) ha(s) ;
Al ° ds Al n o /E ds
O - - 1 1 p+B;—1
+ Q /1 ha(s) " O ; T+ 5)) (log& — log s) hy(s)— ;
and
L'(p) / o ads )5~ o / ds
ey =—2 [ ()2 = | oy iy (248
Yo ) 2(s) 5 0 ;F(p-l-ﬁj) ' (log& —logs) (s) ;
Ao ds Ay & \; /n 1 ds
O hi(s)— - o loon — log §)0+ei—1h, ()22
+ Q/ 1(s) 5 0 ;F( o . (logn — log s) () ;
Since Q =T'(p)['(q) — A1A2 we have
"D a(t)
t ds Llg) [* ds  T(Q) o~ N
_ 4s e [29) ds
/1 hi(s) P (p)[ Q /1 hi(s) s Q ZF (¢ + )
n
x [ ogn—tog sy () 4 2 [ o)
1 Q 5
Ay n j 61 ds
. ;F(pwj)/ (o5& ~log )"t ()]
> ds ds
A NOE / ha(s)
1 s )
> ds A1A2 /OO 1 n
1 o2l § Q L 1(8 ;F]H-ﬁ]

¢ S
< [ (tome —10g 511 () + (giAl [ e

L) 3 Ai ! qHoi— ds
T 0 ;F( )/1 (logn —log s)? "1 hy(s )

j=1
L 3 Ai - qtai— ds
0 ;r(qﬂyi)/l (log )~ ha(s)—
Le)Na) 3 a: ! qai—1 ds
R erai)/l (log — log s)™ ™ ha(s) =

Y ds TpAh <~ oy - ds
_/1 Go(t,s)h(s)— + —¢ ;F(p"‘ﬂj)/l ggj(f,s)hl(s)?
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F(P)P(Q) - Ai < ds
' > | s

d
/ Gi(t,s hl(s)?s +/1 G;(t,s)hg(s)?s,

which shows that the first expression is satisfied in (2.5). In an analogous way, we
have

HDa~ty(t)
_/1 ()2 1) [ /100 HOERE 25 mf_j 5

¢ ds Ay [ ds Ay & A
1 _1 p+Bi—1 ooy 2 oo 22NT A
></1 (log& —log s) hi(s) >t g hi(s) s 70T+ a)

1

n e}
< [togn—tog ey tha() ]+ [ hato) T - In h2<s>d8
1 1
/ GO t,S)hQ )dS+A1A2/ h2( )dS
Q ) s

qu i K S ds

logn — log s)4+ i~ 1hy(s)—
[(g)As /°° ds F(p>r<q) ~ N /f i1y (08
+ Q ), hi(s) S er+5j) : (log& —log s) hi(s) .

0 -
Jj=1
d
/G3tsh2 /G4ts)h1()85

which shows that the second expression is also satisfied in (2.5), so we are finished.
For brevity, we introduce the following symbols and results:

P +g 73log &)1 _ T(g)

T(p) Llp+6)  QF
=S ; (lr<gqn+)c+u> -5
- Skt
N =14 MW 2_: Mﬁéﬁ;i _ Tl
Ny — F(pg(q) i Ai(?(iaiiq:)f—l _ F(@Al’
Ny=1+ F(‘QAQ zm: Ai(lro(gq ’izq:‘)l _ F(P)({(Q)’
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n

Z ;(log £)PHHi~ P(Q)Az.

Llp+5) Q

O

Lemma 2.3 (see [23]). The Green functions Gy(t,s),k = 1,2,3,4 defined in (2.2)

has the following properties:

(A1) Gi(t,s) are continuous and Gy(t,s) > 0 for all (t,s) €e Ry xR,k =1,2,3,4;
Gr(t,s)

A < M, 1(t R Ry, k=1,2,34.

( 2) 1—|—(10gt)1’_1+(10gt)q—1 = kaT’(l (7’9)6 + X R4, ) 737

Lemma 2.4. The Green functions Gi(t,s) and Gi(t,s),k = 1,2,3,4 defined in

(2.2) and (2.5) have the following properties:

(B1) Gi(t,s) < My(logt)P' k =1,2; Gy (t,s) < My(logt)?™ ' k = 3,4 for (t,s) €

R+ X RJ’_;

(B2) 0<Gj(t,s) < Np,k=1,2,3,4 for (t,s) e Ry x Ry.

Proof. From (2.3) and (2.4), it is easy to see that

(logt)P~t —
ts) < B op (g)5) < (log )P,
92, (n,5) < (logn)™* =1 (t,5) € Ry x Ry,
and then
1 A U,<10g5)p+ﬁj—1 . 4
Gi(t,s)<[——4+—=> =2 Jlogt)P "' =M (logt)?~ !, (t,s)eR; x Ry,
1( ) [F(p) Qj:1 F(erﬁJ) ]( g ) 1( g ) ( ) + +
I'(q) v~ Ai(logn)atei—t 1 1
< I P~ = M>s(l p R Ry.
Gg(t,S) =70 Z F(q+041) (Ogt) 2( Ogt) ,(t,S) € + X IRy

i=1
In a analogous way, we can obtain Gy (t,s) < My (logt)?~* for (t,s) e Ry xRy, k =
3,4, so property (B1) holds. From the Green functions Gj(t,s),k = 1,2,3,4 in

Lemma 2.2, it is easy to observe that property (B2) holds.
Define two spaces of continuous functions on R :

- t)]
X = R.), "7 Dr R.): l=(
{az € C(Ry), z € C(Ry) tselgi T+ (log )7~ + (log )1 < +o0,

sup D7 1o (t)] < +oo},

teR
Y :{y € C(Ry)," D1 'y e C(Ry): sup |y(t)| < 400,
ter, 1+ (logt)P~! + (logt)e~!
sup |F DT 1y(t)| < +oo}
teR
equipped with the norms
|z (t)] H -1

|| x = max<{ su , su DP™ x(t },
Il {te]Rp+ 1+ (logt)p=t + (logt)a—1t te]Rp+ | 0l

ly(t)] H g1
= max{ sup , sup |# DY t }
HyHY teR, 1+ (logt)P=1 + (logt)a—1 teR, | y( )l
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Lemma 2.5 (see [21]). (X, ||x) and (Y, - |ly) are Banach spaces.
Moreover, it is easy to see the product space (X XY, || |lxxy) is also a Banach
space with the norm

- sy = max{[lz][x, [ylly}-

Lemma 2.6 (see [22]). Let U C X be a bounded set. Then U is relatively compact
in X if the following hold:
a(t)

i) F el,
(i) For any x T+ (og )7 1 (log )71
any compact interval of Ry ;
(i) For any € > 0, there is a constant C' = C(g) > 0 such that

and T DP=12(t) are equicontinuous on

z(t1) B z(t2) o
1+ (logt)P~1 + (logta)a=t 1+ (logte)?~! + (logty)a—!

and [FDP~1z(t;) — HDP~1lx(ty)| < & for any t1,t2 > C and x € U.

3. Main results
Now we define the cone P C X x Y as
P={(z,y) € X xY|z(t) > 0,y(t) > 0," D" z(t) > 0, D y(t) > 0,t € Ry},

and the operator £ : P — X x Y as F(z,y)(t) = (F1(z,y)(t), F2(z,y)(¢)) for all
t € Ry, where the operators F1: P — X XY and f4: P — X xY are given by

+o0 d +oo q
(ﬂ(x, y)(t)) () e T [ Galt ) ()T
B +oo +o0 ’
Fa(z,y)(t) : Gs(t, S)fg(m’y)(S)% +/ Galt, S)fl(w,y)(s)%
(3.1)

for z,y € P,t € Ry, where

{fm,y)(s) = f1(s,2(s),y(s),  DP~La(s), T DI Ty(s)),
fQ(a:,y) (S) = f2(57 J,‘(S), y(8)> HDp_l'T(s)’ HDq_ly(s))'

From Lemma 2.2 and (3.1), for z,y € P,t € Ry, we have

et L e <
<HDQ1F1($,y)(t) B . 1 as)fl(:c,y)(s)?—’— L 2 7S)f2(m,y)(5)?
HDA=1py(ap)t)) | [T ds [T ds
2(z, y)(t) : G3(t, ) faa) (s) + : Git,8) fiay) (8)

(3.2)

From Lemma 2.1 it is clear that (x,y) is a pair of positive solutions for the
fractional differential system (1.6) if and only if (z,y) € P is a pair of positive
fixed points of the operator /. We consider the existence of the fixed points of the
operator f .

Throughout this paper we assume that fi, fo satisfy the following hypotheses:

(H1) f1,f2 € C(Ry x Rx R x RxR,Ry) and Q =T (p)T'(¢) — A1A2 > 0.
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(H2) The nonnegative functions a;(t),b;(t) € L[1,4+00)(i = 0,1,2,3,4) and the
nonnegative constants 0 < ¢, 7, < 1(k = 1,2, 3,4) satisfy

|f1(t,z,y,w,2)| < ao(t) + ar(B)]x]* + a2 )|yl + as(t)w]* + aa(t)|2[*,
x,y,w,z € RVt € Ry,

with
e dt
aO(t)? = a < 400,
1 —17¢ dt *
)1+ (logt)P~" + (logt)?™7] 1? =a] < 400,
1
oo 1 —17¢ dt *
)1+ (logt)P~" + (log )™ 7] 27 = a5 < 400,
1
+o0 +o0 dt
/ dt—a3<+oo/ )t:aj<+oo,
1
and

lfa(t, @y, w, 2)] < bo(t) + ba ()™ + ba(t)[y[™ + bs(t)|w]™ + ba(t)[2]™,
x,y,w,z € RVt € Ry,

with
a
7 = bo < ‘f’OO7

+oo
/ bo(t)
1
e -1 -1 de *
b1(t)[1 + (log )P~ + (logt)?™"] 1? = b] < 400,
1
oo —1 -1 dt *
ba(t)[1 + (g )7 + (log 1)~ = 85 < +oo,
1
+eo dt oo dt
/ ba(t) S = b5 < +oo,/ balt) S = b < +oo.
1 1

(H3) f1(t,z,y,w,z) and fao(t,z,y,w, z) are increasing with respect to the vari-
ables x,y,w, z, and f1(¢,0,0,0,0) £ 0, f2(¢,0,0,0,0) £ 0,Vt € Ry.

Lemma 3.1. If hypotheses (H1) and (H2) are satisfied, then

oo ds !
| i@ < 65+ X aill@ i Vo) € X x ¥,
k=1

and

Feo ds !
| a5 <+ bl i) ey Vi) € X x .
k=1

Proof. For all (z,y) € X x Y, by hypotheses (H1) and (H2) we have

+oo d
/1 @S



1566 Y. Li, S. Bai & D. O’'Regan

+oo
<[ () + an(@les) + )l + aa) D7 o))

d
+ as(s)| DT y(s) )

Feo S ds
<a} 14 (1 r=1 4 (] q—1ja1 |z(s)| as
_a0+/1 ai(s))[L + (logs)P~" + (log s)?™ "] 17 (ogs)r 1 + (logs)i-1] s

+o0 S2 ds
1 1 p—1 1 q—17s2 |y(8)‘ =
[ sl + lomap !+ (loga) e e M€
+oo d +oo d
[ e o e S [ au Dty
1 s 1 s
<a5 +aillzll$ + @31yl + asllell + aillyll3
4
<a5+ Y aill(e, )%y
k=1
and
oo ds
[
1 S
—+oo
<[ () + )™ + bl + ba(o) D ()"
_ =\ ds
+ba(s) [T DIy () )

+oo T1 ds
<bj b1 (s))[1 + (log 5)P~1 + (log 5)7~1]™ |z(s)] ds
<t [ bl + (logs) !+ (o o) e P

+oo T2 ds
b 1 1 p—1 1 q—1172 |y(5)‘ -
[ b+ g™ 4 log ) e e
+o0 d +oo d
# [ D@ [ o e
1 1
<b -+ il + b3lyl132 + b3l + b3 Iyl

4

<b5 + > il ) [ By
k=1
O

Lemma 3.2. If hypotheses (H1) and (H2) are satisfied, then the operator F : P —
P is continuous and completely continuous.

Proof. Since Gi(t,s) > 0,Gj(t,s) > 0,k = 1,2,3,4 and fi, fo > 0, we obtain
Fl(xay)(t) > O’F2(x’y)(t) = 07HDp_1F1(x7y)(t) 2 OaHDq_lFQ(x7y)(t) > 0 for
any (z,y) € P, teRy,s0F : P— P.

Let U = {(z,y)|(z,y) € P,||(z,y)||xxy < A} for some A > 0. For all (z,y) €
U, from Lemma 3.1, Lemma 2.3 and (3.1), we have

wp D@
2, 1+ (log T+ (log )7~

L L
1 T+ (logt)rT + (logt)a—1 7=

< sup
teR4
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+su ‘/m Ga(t, s) PALL
teg 1+ (logt)P—! + (logt)a—1 2(zy)\5)

oo ds Foo ds
SMl/ |f1(z,y)(5)‘7 +M2/ |f2(ry)(8)|7
1 S 1 S

4 4

<My + Ma) [0+ aill(@m)l %y + 65+ 3 il 1)l [y |
k=1 k=1

4
<My + Mo) @ + b5+ Y (ar A% +bpA™)], (3.3)
k=1

and from Lemma 2.3, Lemma 3.1 and (3.2) we have

sup | DP7HE (2, y)()]

teR,
ds ds
< sup / Gl t S fl(z,y)( ) + sup / G2 t S f2zy)( )
teR, teR,
oo ds oo ds
N [ @SN [ eI
4
<(N1+ No) [a + S il )l % v +bo+Zb 1 )1y |
k=1
4
<(N1+ Na)|ag + b5 + D (ap A% + 5pA™)|. (3.4)
k=1
Then for all (z,y) € U we have
[F 1z, y)llx
|Fi(z,y)@)] H pyp—1
=max< s , S DP7 F(x,y)(¢ }
m. X{telﬂlgj— 1+ (10gt)p71 + (10gt)q71 tEI]IlRIi‘ 1(33 y)( )|
4
< max{M; + My, Ny + No}aj + b5 + D (ahA% +bA™)] (3.5)
k=1
and similarly
4
1F2(z, )|y < max{Ms + My, N5 + Ny} [a;; + b5+ S (ap AT + b;‘;m)}’
k=1

SO

F (z, )l x =y
—max {|F1(2, )1, | F 2, )1y }
3
< max {M1 + Mz, Ny + No, My + My, Ny + Ny} [az; 05+ (ap AT+ b,:Nk)],
k=1

(3.6)

i.e. FU is uniformly bounded.
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Next let I C Ry be any compact interval. For all t1,t5 € I,t; > t; and
(z,y) € U, we have

Fl(xvy)(tQ) . F1(x,y)(t1) ’
1+ (logtg)p_l + (logtg)q—l 1+ (logtl)p_l + (logtl)‘l—l
</+oo Gi(t2; 5) Gi(t1,s) “f ds
- 14+ (logta)P~14(logts)d—t  1+4(logty )P~ 14 (logty)a—! 1) ( s
+/+oo Gs(t2, ) Ga(t1,8) ’|f )|7
1+(logte)P~t+(logte)a=1  1+(logt )P~ +(logty)?—! 2(e.) (8 s
(3.7)

Note the functions G (t2, s)/(14(log t2)? "1 +(log t2)9~ 1) —G1(t1, s) /(1+(log t1 )P~ +
(logt1)? 1) and Ga(ta,s)/(1+ (logt2)P~ 1+ (logt2)?™ 1) — Ga(t1,s)/(1+ (log t1 )P~ L +
(logt1)?~ 1) are uniformly continuous for any (t1,s), (t2,s) € I x I. In fact, for all
s € I and s < t, we have

G1(lf2,8) . Gl(tla )
+ (logt2)P~! + (log ta)9—1 + (logt1)P=1 + (log ty)9~
gp(ta, s) Ay (log to)P~!

1 + (logt2)P~1 4 (logty)9—1 + Q1 + (logta)P~! 4 (logt2)1~1]

n

> 7395, (£:9) 9p(t1, )
L(p+B;) 14 (logt1)P~! + (logty)a—"
_ Al(logtl)p_l - O-jggj (§7 S)
Q[1 + (logty)P~1 4 (logty )21 ot I'(p+ B;)
~ (logtz)P~! — (logty — log s)P~* A1 (logty)P~1
“T(p)[1 + (logta)r L + (logt2)-1] O[T+ (logt2)7 1 + (log 2)7-1]
y Z": aj[log€)P*Pi~1 — (log € —log )P+~ 1]
= L(p+5;)
B (logt1)P~! — (logt; — log s)P~1 B Aq(logty)P~1
T(p)[1 + (logt1)P~t + (logt1)2~ 1] Q1 + (logty)P~! + (logty)a—1]
y z": o;llog 77! — (log —logs) 1)
I'(p+5;5)

Jj=1

Jj=1

50 G1(t2,8)/(1+ (logta)P~"' + (log t2)? ") — G1(t1,8)/(1 + (logt1)?~" + (logt1)7™")
is continuous in any compact interval I, so uniformly continuous for any s € I. In
a similar way, for all s € I and s < t, we have

Gg(tg,s) _ Gg(ths)

1+ (logt2)P~1 + (logtz)4=t 1+ (logty)P—1 + (logty)a—1
I'(g)(logtz)"" zm: Xigd, (1, 5)

Q1 + (log t2)P~* + (log t2)~ '] = I'(q + i)

I'(q)(logty)P~* S Aigd (0, 5)
Q1+ (log 1)~ + (log 1)1~ &< T(q + )
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T(q)(log ta)P~" i Aillogn)atei=1 — (logn — log 5)4+®i—1]
Q[1 + (log ta)P~" + (log t2)9~1] £ F(Q—i—ai)

)

_ I'(g)(ogt,)"" zm: Ai[logn)atei=t — (logn — log s)4t@i~1]
Q[1 + (logty)P~1 + (logty)2~1] pat T(q+ai)

which is also uniformly continuous for any s € I.
In addition, note

Gl(tQ,S) . Gl(tl, S)
1+ (logt2)P~! + (logta)a=t 1+ (logty)P~! + (logty )91
(log ta)P~!

~T(p)[1+ (log t2)P~! + (log tz)7~1]
Ay (log to)P~1 o;log&)PThi—t
q 1 Z

+
Q1 + (logta)P~1 + (log ts) g:1 L(p+ B;)
B (logty)P~1
L(p)[L + (logt1)P~" + (log t1)7~1]
Ay (logty )Pt i ojlog&)PHhi—t

T Q[+ (logt )P + (logt1)4 1] ~ Tp+5) ’

is independent of s for s > ¢, so the function G (t2, s)/(1+(log t2)P~ 1+ (log ts)4~1) —
G1(t1,5)/(14+(logt1)P~t+(log ;)97 1) is uniformly continuous on R, /1. In a similar
way, for all s € Ry /I and s > ¢, we have

Gg(tg, S) _ GQ(tl, S)
1+ (logt2)P~! + (logtz)s=t 1+ (logty)P~! + (logty)e~!
I'(q)(log )P~ o~ A log p)atei—t

T+ (logto)r T + (logta) 1] & T(g+ai)

I(q)(logt1)P~! Z Ai logn Jate”
Q[1+(logt1)P 14+ (logty)a—1! INCE)

which is independent of s so the function Ga(ta,s)/(1+ (logt2)?P~! + (logty)?™t) —
Ga(t1,5)/(1 + (logt)P~t + (logt)?~1) is uniformly continuous on Ry /1.
Thus, for all s € Ry and ¢1,t2 € I, we have

Ve > 0,30(e) such that if |t; —t2| <4, then

Gi(t2,5) B Gi(ty, ) ' _.
1+ (log t2)P~" + (logtz)?~* + (log tl)p !+ (logty)e—t 7 (3.8)

Ga(t2, s) 3 Ga(ty, s) ’ _. .
1+ (logto)P~1 4 (logtg)a—1 T (logt1)P 1 + (log ;)4 * :

From Lemma 3.1, (3.7) and (3.8), for all s € Ry, (x,y) € U and t1,t2 € I, we
have

Fi(z,y)(ta) Fi(z,y)(t) ‘
1+ (logte)P~1 + (logtz)9=! 1+ (logty)P~! + (logty )91
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4 4

SR AR RS PN

k=1 k=1

so the function £ 1(z,y)(t)/(1 + (logt)?~! + (logt)9~1) is equicontinuous on I.
Also

H np—1 oo * ds Hoe * ds
DU = [ Gt @S+ [ G ()T

and from the representations of the Green functions G3(t,s),G5(t,s) € C(R4 X
Ry) then #DP=1f(x,y)(t) is equicontinuous on I. In the same way we have
Fo(z,y)(t)/(1 + (logt)P~* 4 (logt)9=1) and T DI~ 5(x,y)(t) are equicontinuous.
Thus hypothesis (i) of Lemma 2.6 is satisfied.

Next we show the operator F 1, F o are equiconvergent at 4+o0o. Since

Gi(t, s) Ga(t,s)

li =0, lim
tortoo 1+ (logt)p=1 4 (logt)a—1 " t>4o0 14 (logt)P—1 + (logt)4—

)

then for any € > 0, there exists a sufficiently large constant C' = C(¢) > 0, such
that for any t1,t2 > C and s € Ry, we have

) Gi(te, s) _ Gi(ts,s) ‘ e
1+ (logt2)P~1 + (logta)d—1 + (logt1)P~1 + (log t;)9—1 ’

Ga(t2,s) _ Ga(t1,8) ‘ e
1+ (logt2)P=1 + (logta)4=1 1+ (logty)P~! + (logty )21 '

From Lemma 3.1 and (3.7), we conclude that £ 1(z,y)(t)/(1+ (log )P~ + (log )4~ 1)
are equiconvergent at 4+oo. Furthermore from the representations of the Green
functions G7 (¢, s), G5 (¢, s) we have that 7 DP=1f | (z,y)(t) is equiconvergent at +oc.
Similarly, F o(x,y)(t)/(1+(logt)P~1+(logt)9=1) and ¥ DI=1F 5(z,y)(t) are equicon-
vergent at +oo. Thus hypothesis (ii) of Lemma 2.6 is hold.

From the above we can apply Lemma 2.6 so F : P — P is completely continuous.

Next we prove F : P — P is continuous. Let (z,,yn),(x,y) € P, such that
(0, 4) = (2, 9)(n — 50). Then ||(z, g lxxy < +00, (2, )|y < +00. Simi-
lar to (3.3) and (3.4), we obtain

sup [F1(@n, yn) ()]
tes 1+ (logt)P=! + (log )1~

4
<(My + Ma) [0 + 5+ 3 (@l ) [y + D1 5[y )| < +00,
k=1

and

sup |HDp_1F1(xnv yn) (1)
teJ

4

<Ny + V) [a5 45+ 3 (@11 ) [y + 5511, 0)] ey)| < Hoc.
k=1

Since the functions fi, fo are continuous, we have

lim F1(@n, yn)(1)
n—oo 1+ (logt)P~1 + (logt)a~
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. oo Gy (ta 8) ds
- nlgr;o [/1 1+ (logt)P—1 + (logt)a—1 fl(z"’y")(s)?
+oo
GQ(t, S) ds
) T e g e O
[ e Fre ()
1 1+ (logt)P=1 + (logt)a—1 Laz)ts

e GQ(ta S) ds
" /1 1+ (logt)P—! + (logt)a—1 fQ(f”vy)(‘S)?

Fi(z,y)(t)
+ (log t)P=1 + (log t)a—1’

and

lim H-Dpilll‘ 1(xna yn)(t)

n—oo
. too ds too ds
= Jim [ [ Gi ) e () | GE ) ot ()

+oo ds

[ G nen T [ G )T
:HDp_l} 1(1’, y)(t)
Then from the Lebesgue dominated convergence theorem

[F1(@n, yn) () — Fa(z,y) ()]
ter, 1+ (logt)P=! + (logt)a—1!

oo Gilt,s)
- ds
= rex, /1 T (ogdp 1 + (ogpyr T 1o ~ fitan (s |

teER L

I Gt )
+ i . ds
tselﬁ@li/l 1+ (logt)P=! + (logt)?—1 |f2( ) (8) = fae) {
+oo
S(M1+Mz)[/ | Fren o) (8) = Friea (s |7
1

+o0
+/1 ‘fz(xmyn)(s) — fg(x7y)(8)|?s:| =0 as n — oo
note
| Fr@n ) (8) = Figea) (3)]
<1 pn) ()] + | f1(z,) (5)]
<2a(s) + a1(s))[1 + (log s)"~" + (log 8) " 1% (|| (2, yn) [ v + 1@ 9| v)
+az(s))[L+ (log 5)P ™" + (log )7 1% (|[(@n, ) 1%y + 1@ )[Ry
+az(s) ([ (@, yn) 120y + (2 9%y )
+ aa(s) ([1(@n, yn) 1%y + (@ 9%y )

and

‘f?(zn,yn) (S) - fz(l’»y)(s)‘
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<2bo(s) + b1 (s))[1 + (log )"~ + (log )71 (1@, Y%y + (2, IR y)
+b2(s))[1+ (log )P~ + (log )" ([l (2, yn )| Ry + 1@, 9) | Rcy)
+b3(5) (1(@n, y) 1Ry + (@01 Rcy)
+ba () (1@, yn) ¥y + 112 )1y )-

Also note from the Lebesgue dominated convergence theorem that

sup [T DP7LEy (n, yn ) (8) — T DP T4 (2, ) (2))]
teER 4

“+oo

S sup G;’l{(t78)|f1(mnvyn ( fl (z y) ’7
teRy J1

—+oo
+ sup / C3(t,5) Foten ) (5) ~ Fota (5)] S

teER 4
+oo
S(N1+N2)[/ }fl(mn,yn (8) = [z (s |7

1

+oo s

-I-/ |f2(acn,yn)(5) — f2(a:7y)(5)|?:| — 0 as n — oo.
1
Thus
”Fl(xnayn) - Fl(xay)”X

e { s (L1200 )0
ter, 14 (logt)P=1 4 (logt)a—!

b

sup [ D77 (@ yn) () = TDP T () (1) | = 0,n = oo,
teER L

so F 1 is continuous. In a similar way we can show that F 5 is continuous. Thus F
is continuous.

Consequently f : P — P is continuous and completely continuous.

Define a partial order on the product space:

if 21(t) > xa(t), y1(t) >y2(t), TDP Loy (t) > T DP~ ay(t), HDI7 1y (t) > DI Ly, (1),
teR,. O

Theorem 3.3. Suppose hypotheses (H1),(H2) and (H3) are satisfied. Then sys-
tem (1.6) have two pairs of positive solutions (z*,y*) and (w*, z*) satisfying 0 <
1@y )lxxy < R and 0 < [[(w*, 27)|[xxy < R with limp_ o (2, yn) = (2", y7)
and lim, oo (Wy, 2,) = (w*,2*), where R is a given real constant, (Tn,yn) and
(Wn, 2n) can be defined via the following two pairs of iterative schemes

Tn(t) _ F1(Tn-1,Yn-1)(t) ne12 with xo(t) _ R(logt)?
Yn(t) Fo(Zn_1,yn-1)(t) ]’ U yo(t) R(logt)?
(3.9)
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and
wp(t Fi(wp—1,2n-1)( wo (¢ 0
) _ (Frlwn-1,20-0)(®) n=12..., with o)) _ . (3.10)
Zn(t) F2(wn—17 Zn—l)(t) ZO(t) 0
Furthermore they have the following monotonicity properties:

<w0(t)> B <w1(t)> o (wn(t)> o (w*(t)>
zo(t) ] — \z1(t) ] T “\z(t) )] T A\ 2" ()
x1(t) zo(t)
) < <y1<t>> : <yo<t>) (311

N——
IN
IN
e
< 8
3 3
==
N———

IA
IN
PR
NS
* *
~—~~ /N
=

N
IN
P
]
N
—~
G

—

and
HDpfle(t) - HDPflwl(t) o HDpflwn(t)
Hpaly@)y )~ \ED7 1z (t) ) =~ \HEDi1z,(t)
P HDpflw*(t) P HDpflx*(t)
= T \Hprlzy ) T T \HDly ()
Hppr=ty (t) HpP=Las(t)
<. < H 1 <. < H 1
yn(t) ya(t)
HDp—l t HDp—l t
<, 71361( ) < . 711"0( ). (3.12)
DTy (t) DT yo(t)
Proof. Recall F(P) C P.
Let
R > max {10Aa;§, 10Ab, (10Aa)Y/ (=) (10Ab;)Y =)k =1,2,3, }
where

A= max{M1 + My, Ny + Ny, My + My, Ny +N4}.

Set Ug = {(z,y) € P : ||(z,y)||lxxy < R}. For any (z,y) € Ug, similar to (3.3)
and (3.4), we have

4
IFi(z,y)(t)
< Alap+ b5+ TR +bLR™)| <R
tsengi 1+ (logt)P=1 + (logt)a—1 — {ao 0 ;(ak k )} -
and
4
sup [FDP~1a(t)| < A[a;; 05+ > (a R + b,’;RTk)] <R,
teRy k=1

which infers that ||F1(z,y)||x < R. In a similar way, ||F2(z,y)|ly < R for all
(z,y) € Ug. Thus for all (z,y) € Ur we have

IF @)oo = {IF2 @ vl 2@ plly | < R
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That is, F (Ur) C Ug.

From (3.9) and (3.10), we see that (xo(t),yo(t)), (wo(t), z0(t)) € Ur. Now we
define two pairs of (2,,yn) and (wp, 2,) as (Tn,Yn) = F (Tn—1,Yn—-1), (Wn, 2n) =
F(wp—1,2n-1) forn=1,2,....Since F (Ur) CUg, we can see that (Z,,Yn), (Wn, 2n) €
F(Ug) forn=1,2,....

From Lemma 2.5, (3.1) and (3.9), for arbitrarily t € R, we have

4 4
#1(6) = F1(w0,50) (1) < Al + 7 ai R + 05+ > bpR™ | (log t) !
k=1 k=1
< R(log t)P~! = wo(t)

and

4 4

yi(t) = Faoo,50) (1) < A[b5 + Y BLR™ + a5 + Y ap R | (log )™
k=1 k=1
< R(logt)?™" = yo(1),

z1(t)\ _ [ F1(wo,50)(1) < R(logt)p:I _ [o(®) _ (3.13)
y1(t) F2(z0,%0)(t) R(logt)?! Yo(t)

From (3.13) and Lemma 2.4, we see

that is

TDP= Yy (t) = T DP7F 1 (w0, yo) ()
too ds too ds
= /O Gl (t7 S)fl(mg,yo)(s)? + /0 GQ(ta S)fQ(wo,yo)(S)i

S

4 4
< Afag+ Y apRS b5+ Y HR™| < R =D (),
k=1 k=1

HpDr=ty, (t) = T DI F o(20, 90) (1)
+o0o i ds +oo . ds
= GB(tﬂs)fQ(mo,yo)(S)i + G4(t’ S)fl(uoyvo)(s)i
0 § 0 §
3 3
< A[aS + ) apRE b+ Y bZRT’“} < R="D""yy(t),
k=1 k=1

that is

HD;D—lggl(t> B HDp_lFl(«To,yo)(t> R B HDp—le(t)
(HDqul(t)> N (HDquz(:vo,yo)(t)> : <R> B (HDquO(t)> - (319

From (3.13) and (3.14) and (H3) for all ¢ € R, we do the second iteration
tmj:(m%mwj<(mmmw)zﬁwj
w)  \Fa@p®) = \Faleow®) \no)

ADr=lg,(t) _ ADP=1E (w1, 91)(2) < HDP=1E 1 (w0, y0)(2)
A D11y, (t) TV y(z, 1) (1)) \ DI F 3w, y0)(t)
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HDp_ll‘l(t)
Hqulyl (t)

For t € R, recursively, we have

xn+1(t) < xn(t) HDp_lanrl (t) < HDp_lxn(t) (3 15)
ynr(t) ) 7 \un(®) ) \F Dy () ) T \FDP (1)) '
Now F : P — P completely continuous guarantees a (z*,y*) € Ug and a subse-
quence S of N with (z,,y,) — (x*,y*) as n — oo in S. This with (3.15) enables
us to deduce that (x,,y,) — (z*,y*) as n — oco. Now the continuity of f and
(Tnt1, Ynt1) = F (Tn, yn) yields (z*,y*) = F (z*,y*), i.e. (z*,y*) is a pair of fixed
point of F.
For {(wp, zn)}22, via a similar argument, we have

wi(t)) _ [ Falwo, z0)(t)
21 (t) I 2(wo, 20)(t)
+oo

ds oo
Gl(t S)fl(wo,zo)( ) Jr/ G2<ta S)fZ(wo,zo)(S)ds
1
+°° ds oo ds
/ f2(wo,zo)( ) +/1 G (t S)fQ(me(J)( )

>
+O<> . ds +oo . ds
it ([ G T+ [ G i 6)
_ - +°° ds teo | ds
Hpa=1z () 1 G3(t, 5) fa(wo, ZO)(S)?+/1 G1(t,8) f1(wo,20)(5) .
0 HDp l’LUO(t)
>
0 Hpa=1z(t)
From (H3) we have
wa(t)) _ [Falwnz)(®)) [ Fa(wo,20)(t) ) (wi(t)
z(1) Fa(wi,z1)())  \Fa(wo, 20)(0) a(1)
HDpilwg(t) HDpilrl(’wl,Zl)(t) S HDpilrl(’U}(hZO)(t)
HDq_IZQ(t) HDq_ng(wl, Zl)(t) B HDq_ng(wo, Z())(t)
HDpil’Ujl(t)
HDq_lzl(t)

Similar, for n =1,2,... and t € R, we have
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Wpt1(t) wy(t) HDP=Y 0,41 () - Hpr=tap,,(t)
) ) \Hpeiz )] \HDaiz )

Using (Wn41, 2n+1) = F (Wn, 2z,,) and the complete continuity property of the oper-
ator F, we see that (wn, z,) = (w*, z*) and F (w*, z*) = (w*, 2*). Thus (w*, z*) is
also one pair fixed points of F.

Finally we show that (z*,y*) and (w*,z*) are two pairs of extreme positive

solutions for the system (1.6). Assume that (§ (z) n(t)) is a pair of positive solutions
for the system (1.6). Then F (£(t),n(t)) = (£(t),n(t)) and
wo(t)) (0 £() Rlogt)~"\  [ao(t)
o) \o) " \nw)  \Rognt) g/’
HDP= g (t) _ Hpr=te(t) _ HDP=ta(t)
DI 20(t) DIty (t) DIy (1)

From the monotone property of the operator F, we have

wy (t) F1(wo, 20)(t) &(t) F1(zo,yo)(t) z1(1)

g —= )

z1(t) I 2(wo, 20)(1) n(t) F2(xo,y0)(t) y1(t)
Hpr=Ly, (t) _ Hpr=1g(t) _ Hpr=lg,(t)
Hpa-iyt) ) \"DInt))  \"DI iy (t)

Repeating the above process, we have

wn(t) £(t) < Zn(t)

< <
Zn(t) n(t) Yn(t)
Hpr=tap,,(t) _ Hpr=1¢(¢) _ Hpr=lg,(t)
Hpa-ly (1) )] \HEDi1pt))  \HDi 1y, (1)

From lim (wy, z,) = (w*,2*) and lim (z,,y,) = (z*,y*), the results in (3.11) and

n—oQ n—oo

(3.12) hold.

Now f1(¢,0,0,0,0) # 0 and f2(¢,0,0,0,0) # 0 for all t € R, so the system (1.6)
has no zero solution. From (3.11) and (3.12), it is clear that (w*,z*) and (z*, y*)
are two pairs of extreme positive solutions for system (1.6), which are given via
two pairs of monotone iterative schemes in (3.9) and (3.10). Therefore the proof is
completed. O

Example 3.4. Consider the following coupled fractional differential system on an
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infinite interval
— DYty = fi(t,x(t), y(t), T DPLa(t), T DIy (1),
— DM y(t) = folt,x(t), y(t), " DPLa(t), T DT y(1)),
2(1) =0, D% x(400) = %I%y(z) + %I%y( );
1 1 4,1

4
(3)+ 3 T(3) + =1 (s)
B L T U R T

(3.16)

RPN

Wl
¥

1
y(1) =0, D 'y(+o0) = !

where p =1.5,¢g = 1.1 and

2t te |z (t)[1 te =2t y(t)|03
Ny = (9 +1)2 + [1+ (logt)0® + (logt)0-1]0-1 + [1 + (logt)® 4 (logt)0-1]0-3
—10t|H 0. 4, D y()]0!
+t€ O| DOBx(t)‘O +1+—t2
te_3t|x(t)\0‘2 t€_4t‘y(t>|0'4
P2aw = g5 T T (Gog )05 + (Iog {0102 " [+ (log 7 + (log DU 102
3t3|HDO5x(t)|02 t|HD01y(t)|03

)

(34 3)2 10(1+2)
and ¢ = 0.17§2 = 0.3,§3 = 0.4,§4 = 0.1,7’1 = 0.2,7’2 = 0.4,7’3 = 0.277'4 = 0.3,A1 =
0°7\2 200 41 95 (42 3:7 1> Y1 g Y2 7,03 129 M1 3y M2 37 M3

16 =1 1(1.5) = 0.886227,I'(1.1) = 0.951351, A; = 0.088302, Ay = 0.141864, 0 =
I'(1.5)T'(1.1) — A1A2 > 0. Thus hypothesis (H1) holds.
Also we have

o te_t|33|0'1 t€_2t|y|0'3
|f1(m,y)| < 7 T 0.5 o101 0.5 0.110.3
(9+1) [1 4 (logt)9-5 4 (logt)9-1] [1+ (logt)9-% + (logt)0-1]
+ e 10|04 4 t]z]01
14 ¢2
= ao(t) + a1 ()" + az(B)]y|*? + az () |w|** + as(t)]2],
t t673t|x‘0.2 t674t|y|0.4
|f2(af7y)| < T 0.5 0702 0.5 0.110.4
2001+ ) " [1+(log )75+ (log £)01]02 " [L+ (log £)05 + (log £)*1]
33 w|0-2 . t[2|03
(3+1t3)2  10(1+¢2)
= bo(t) + b1 (t)|2|*? + ba (1) |y|* + b (t)|w]*? + by (t)]2]*
and

+oo dt
ay = / ao(ﬁ)7 = 0.200000,
1

oo dt
af = / a1 (t)[1 + (log t)°® + (log t)0~1]°~17 = 0.367879,
1
oo dt
al = / az(t)[1 + (log t)°® + (log t)0<1]°-3? = 0.183940,
1

oo dt Foo dt
ay = / ag(t)T =0.036788, a) = / a4(t)7 = 0.785398,
1 1



1578 Y. Li, S. Bai & D. O’Regan

+oeo dt

by = / bo(t)— = 0.039200,
1
+oo dt

b= / bi(t)[1 + (logt)%® + (log t)f’-l]“7 = 0.122626,
1
oo 0.5 0.170 4dt

b3 :/ ba(t)[1 + (logt)”” + (logt)™ "™ 5= 0.091970,
1
oo dt oo dt

b; :/ ba(t)— = 0.250000, b :/ ba(t)— = 0.078540
1 1

so hypothesis (H2) holds.

It is easy to verify that fi, fo are increasing with respect to the variables z, y, w, z
and f1(¢,0,0,0,0) # 0, f2(¢,0,0,0,0) # 0,Vt € Ry. Thus hypothesis (H3) holds.
From Theorem 3.3, it follows that the fractional differential system (3.16) have two

pairs of positive solutions, which can be given via two pairs of monotone iterative
schemes in (3.9) and (3.10).

4. Conclusion

In this paper, we apply the monotone iterative technique to study a class of Hadamard
type fractional differential systems in an infinite interval, which involves lower-order
coupled Hadamard type fractional derivatives of unknown functions and coupled
Hadamard type fractional integral boundary conditions. Two pairs of explicit mono-
tone iterative schemes converging to the extremal positive solutions are presented.
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