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Abstract The generalized quasiarithmetic mean is generated by two func-
tions and one probability measure, and includes quasiarithmetic, Cauchy and
Bajraktarevi¢ meas. In this paper, we investigate the invariance of the arith-
metic mean with respect to generalized quasiarithmetic means and get some
solutions of it under high-order differentiability assumptions.
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1. Introduction

Throughout this paper, let I C R be a nonempty open interval. In the sequel, the
classes of continuous strictly monotone and continuous positive real-valued functions
defined on I will be denoted by CM(I) and CP(I), respectively.

The weighted quasi-arithmetic mean Ay, » : I* — I is defined as

Apa(,y) =97 Q@) + 1= Ne(y), zyel,

where A\ € (0,1) and ¢ € CM(I).
Let t,s € Ry, the weighted two-variable Bajraktarevié mean By, @ I? — I
[2,15,17] is defined by

where f,g: I — R are two continuous functions such that g € CP(I) and the ratio
function f/g € CM(I). Letting t = s and o = 5, the above Bajraktarevi¢ mean
can been rewritten by

() = o1 g(z) 9ty)
By (@.y) <g<x>+g<y> @+ @ + 9w (y)>’

which is called quasi-arithmetic means with weight function.
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The research on the equality of Bajraktarevi¢ means has experienced a long
history. As early as 1958, Bajraktarevié [2] solved the equality of n-variable quasi-
arithmetic means with weight function for a fixed n > 3, and presented the necessary
and sufficient conditions under twice differentiable assumption. Aczél etc [1] ob-
tained the same result without differentiability conditions when the equality holds
for all n > 2, n € N. The case of fixed n = 2 is much more difficult and allows
considerably more solutions. Losonczi [8] found 32 new families of solutions un-
der six-times differentiable supposition. More new characterizations of the equality
of two-variable Bajraktarevié¢ means were obtained by Losonczi etc [11] under the
same regularity assumptions. Recently, Péles etc [18] obtained the same conclusion
under only first-order differentiability. Meanwhile, Griinwald etc [4] considered the
equality problem of generalized Bajraktarevi¢ means.

The invariance equation of Bajraktarevi¢é means has been investigated exten-
sively. Domsta etc [3] first considered the invariance of arithmetic mean with re-
spect to a special Bajraktarevi¢ mean. Further, Jarczyk considered a general class of
Bajraktarevi¢ means [6] and the invariance of arithmetic mean with weight function
was also given [7]. Later, some special invariance problems of Bajraktarevié¢ means
were considered by Matkowski [13,14]. Péles etc [17] solved the invariance equation
for weighted nonsymmetric Bajraktarevi¢ means, while Griinwald etc [5] discussed
the invariance of the arithmetic mean with respect to generalized Bajraktarevié¢
means.

Recall that f,g : I — R are two continuous functions on the interval I with
g € CP(I), f/g € CM(I), and p is a probability measure on the Borel subsets of
[0, 1]. The two-variable generalized quasiarithmetic means [9,19] My g, : I* — 1 is
defined by

My () = (g)‘ <f01 Fltz +(1— t)y)du(t)> eyl

Jo 9(ta + (1 = t)y)dp(t)

Clearly, this mean is a common generalization of Bajraktarevi¢ and Cauchy means.
Equalities and inequalities of two-variable functional means generated by the same
and different measures have been investigated by Losonczi etc [9-11,19]. More-
over, Péles etc [16] studied the local and global comparison problem of generalized
Bajraktarevi¢ means.

We say that two pairs of functions (f,g) : I — R? and (h,k) : I — R? are
equivalent if there exist constants a, b, ¢, d with ad # cd such that

h=af+bg, k=cf+dg,

and it can be written by (f,g) ~ (h, k).

In this paper, we will consider the invariance of the arithmetic mean with respect
to generalized quasiarithmetic means. Our aim is solving the following functional
equation

fo fx+(1—t)y)du(t) -1 fo (tz+(1—t)y)du(t) .
(9) <f0 (tw+(1 — t)y)du(t)) - (/f) (fo k(tz+(1 — t)y)du(t)) e y’)
1

(1
where 2,y € I, f,g,h,k : I — R are four continuous functions with ¢,k € CP(I),
f/g,h/k € CM(I), and p is a probability measure over the Borel sets of [0, 1].
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2. Auxiliary results

Given a Borel probability measure p on the interval [0, 1], we define the kth moment
and kth centralized moment of u by

1 1
i ::/ tdu(t) and ::/ (t — fn)kdu(t), ke NU{o},
0 0

respectively. Clearly, o = o = 1, p1 = 0 and pog, > 0 for £ € N. Moreover,
por, = 0 holds if and only if p is the Dirac measure ¢y, .

In order to describe the regularity conditions related to the two unknown func-
tions f,g generating the mean My 4., we introduce some notations. The class
Co(I) consists of all those pairs (f, g) of continuous functions f, g : I — R such that
g €CP(I) and f/g € CM(I). For n € N, we say that the pair (f,g) is in the class
Cn(I) if f, g are n—times continuously differentiable functions such that g € CP(I)
and the function f'g — f¢’ does not vanish anywhere on I. Obviously, this latter
condition implies that f/g is strictly monotone, i.e., f/g € CM(I).

For (f,g) € C2(I), we also introduce the notation

2,0 2,1
L S )

g T 1,0° g T 1,0°
Wf,g Wﬁg

where the (i, j)—order Wronskian operator W7 is defined in terms of ith and jth
derivatives by

(@) f)
Wit = Fee
N . .
g g

Lemma 2.1 (Lemma 5, [17]). Let (f,g) € Co(I). Then f,g are solutions of the
second-order differential equation

Y'=Pp gy + Yy gy

In what follows, we need some auxiliary results from [11] about explicit formulae
for the high-order directional derivatives of My 4., at the diagonal points of the
Cartesian product I x I. Given a pair (f,g) € Co(I) and a fixed element z € I,
define the function m, := My, 4, in a neighborhood of origin by

M (U) = Masf g (u) = My gp(x + (1= fir)u, x — flau), (2.1)
where [i; denotes the first moment of the measure p.

Lemma 2.2 (Proposition 6, [11]). Let n € N,(f,g) € Cn(I), and p be a Borel
probability measure on [0,1]. Then, for fited x € I, the function m, defined by
(2.1) is n—times continuously differentiable at the origin and

1% =0.

~(n FO(@) (f oma)"=9(0)
; i 9@ (x) (g0mz)"=(0)

Furthermore, m,(0) = x and in the cases n = 1,2,3,4,5, we have
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my(0) = pa®@y g (),

my (0) = p3(®%, + @?79 + U g)(x),

m®(0) = =33 (0%, + 20, Uy o) (2) + pa(®Yf, + 305 By + O},
+285, Uy o+ 20 ) (2),

m®(0) = —10p2p3(®F () ) + D + (¥ + 387 )y + By Uy + U )(2)
+ 'u’5( ;7/9 + 4q)/f7gq)f79 + 3(1)/]0275] + 6(1)}79(1)?79 + (I);chg
+ (49, + 37 )Wy g +5Pf V) 4+ VG 4307 ().

According to Lemma 2.2, we get the following results.

Lemma 2.3. Let p be a Borel probability measure on [0,1], (f,g),(h,k) € C1(I).

If equation (1.1) holds, then
. 1
M= 5
Proof. Let A(I) := {(x,z)|z € I} be the diagonal of I?, and U C I? be an open
set containing a dense subset D of A(I) such that equation (1.1) holds at every

point of U. Let x € I be fixed satisfying (z,z) € D. Define
Uy ={ueR|(x+ (1 - jn)u,z — fuu) € U}.

Then U, is a neighbourhood of 0, and equation (1.1) holds on U implies that, for
any u € Uy,
M f,gi0 (W) + Mash fip(w) = 22 4+ (1 — 2/ )u. (2.2)

Differentiating equation (2.2) with respect to u, then substituting v = 0, we get

m;;f,g;p(o) + m/m;h,k;,u(o) =1- 2/&’1

Applying the first-order formula of Lemma 2.2, the above equation implies that
fir = 3. O
Lemma 2.4. Let p be a Borel probability measure on [0,1], (f,g), (h, k) € C2(I).
If equation (1.1) holds, then

p2(®rg+ @ni) = 0. (2.3)

Proof. Differentiating equation (2.2) twice with respect to u, then substituting
u =0, we get
M .90 (0) + Migih iy (0) = 0.
By the second-order formula of Lemma 2.2, we obtain (2.3). O
Firstly, we consider the case ps = 0.

Theorem 2.1. Let u be a Borel probability measure on [0,1] with ps = 0. Then
the invariance equation (1.1) holds for every (f,g), (h,k) € Co(I).

Proof. If ju =0, then = d;, = 81/, and

) TrEYY  wty
Mf’g;u( 7y)_<g) (g(z;ry)>_ 9 .

So the invariance equation (1.1) holds for arbitrary functions f, g, h, k. O
Next, for the case ug # 0, equation (2.3) leads to

q)f)g = _q)hJc =: . (24)
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Lemma 2.5. Let pu be a Borel probability measure on [0,1] with ps # 0, and
(f,9),(h, k) € Cs(I). If equation (1.1) holds, then

p3(Uyp g+ Vg +20%) = 0. (2.5)

Proof. Differentiating equation (2.2) three times with respect to w, then substi-
tuting u = 0, we get
mg;f,g;u(o) + mggh,k;u(o) =0.

According to the third-order formula of Lemma 2.2, we obtain
(P, + %, + Urg) + us(P 5 + iy + ¥nk) =0,
which implies (2.5) by (2.4). O
Lemma 2.6. Let u be a Borel probability measure on [0,1] with ps # 0, and
(f,9), (h, k) € C4(I). If equation (1.1) holds, then
Bua®®’ + (g — 3u3)®(Vy g — Wpp) + pa(V , + ¥}, 1) = 0. (2.6)

Proof. Differentiating equation (2.2) four times with respect to u, then substi-
tuting u = 0, we get

4 4
mgﬂ;},g;u(o) + mg:;?z,k;#(o) =0.

The fourth-order formula of Lemma 2.2 implies that
— 35 (0%, + 2050 Up ) + pa(PF , + 30 Bp g+ DY ) +2Bs Wy o + 20 )
— 305 (P}, o2k U k) +pa (P g, + 3P, P+ P +28p kU k2], ) =0.
(2.7)

Combining (2.3) and (2.7), we get (2.6). O
Furthermore, if we assume p3 # 0, combining Lemmas 2.5-2.6, we get the fol-
lowing result.

Lemma 2.7. Let p be a Borel probability measure on [0,1] with pus # 0, and
(f,9),(h, k) € C4(I). If equation (1.1) holds, then

p1a®®" — (p1g — 3p3) (Vs — 1) = 0. (2.8)

Proof. The condition ug # 0 implies that us # 0 is also valid. Using Lemma 2.5,
we have

Upgt Upp=—20% (2.9)
Then, substituting the above equation into (2.6), we obtain (2.8). O

3. Results for some special denominator functions

Usually, it is very difficult to solve equation (1.1) by applying Lemma 2.6 directly.
Fortunately, inspired by the idea of Jarczyk [6], it can be done under additional
conditions imposed on the generators g and k. Actually, assuming k = g satisfies
the equation of the harmonic oscillator

y" = py, (3.1)
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for some p € R. Then, we introduce the sine and cosine type functions Sp,Cp, : R —
R by

Sin(\/ _px)a p< Oa COS(V _px)v p< 07
Sp() =1 p=0, Cplz):=1 1, p=0,

sinh(\/pz), p>0. cosh(y/pr), p>0.

Due to basic results on the second-order linear differential equations, the func-
tions S, and C, given above form a fundamental system of solutions for the differ-
ential equation (3.1).

Theorem 3.1. Let pu be a Borel probability measure on [0,1] with ps # 0, and
(f,9),(h, k) € C4(I). Assume k = g satisfying equation (3.1). If equation (1.1)
holds, then there exists r € R such that

f =g/g%exp(/r95), h= /%ewp(/ —rg”), (3.2)

_ 2(pa—3u3)

where 3 : T

Proof. Since equation (3.1) holds, by the definitions of ®¢, and ¥y, we get

f/l f/ fl/ f/

9" g pg 9’ g
Vig=— T T —gcpf,g +p.

f frf

99 99

Similarly, we have
!/

Upr = *%‘I)h,k +p,

by the fact k = g and (3.1).
Using (2.4) and the above two equalities, we have

Uyt Uy =2p, Upy— Wy, =—2- %@,
and thus ¥,  + W} , = 0. Consequently, (2.6) becomes
r o 2 2/ 2 __
3pa®®" — 2(pg — 3p3) J ®* =0,
which implies that there exists some r € R such that
2(u473ug)
b = rg 3w
Hence, we obtain
(Wyy)' (Waz)'
(I)f,g = ﬁ — ’]"gﬂ’ éh,k = Wl”o = —Tgﬁ’
I h.k



On the invariance of generalized quasiarithmetic means 1587

2
where 8 = 72(“‘;;3“2).
/
Since W]}v;) — (5) - ¢* and Wig = (%)’ - k2, integrating the above equations,
we get (3.2). O

In what follows, we will restrict to the basic solutions to the equation of harmonic
oscillator, i.e. consider the functions

(H1) g(z) =« for x € I C (0,00);

(H2) g(x) = e” for x € I;

(H3) g(x) = coszx for x € T C (0,7/2).

Remark 3.1. Let a € R\{0},b € R, f,g,h,k : I — R be four continuous functions
with g,k € CP(I), f/g,h/k € CM(I), and p be a probability measure over the Borel
sets of [0, 1]. Then the pairs (f, g), (h, k) satisfy equation (1.1) if and only if the pairs
(faps Gap), (hap, kap), where I == {a € R:ax +b € I} and fop, Gab, Pabs Kap
I,» — R are defined by

fa,b(x) = f(a:c + b)a ga,b(x) = g(a:v + b)a

and
hap(x) = h(az +b), kep(x) = Ek(az + ),

satisfy the equation

(fa,b >—1 <f01 fap(te + (1 - t)y)du(t)>
9a,b fol ga,b(tx + (1 - t)y)d/”’“(t)

. (h) (f& hap(te + (1 - t)y)du(t)> iy

Ka.b Sy Fap(tz + (1= t)y)dp(t)

According to Remark 3.1, for the differential equation (3.1) we only need to
consider the fundamental system S, and C,. We may omit the number p in the
functions Sp,C), and the proof of functions z — e ™, — sinz = cos(m/2 — x).
Substituting k = g = x, e” or cosz into (3.2), after a simple calculation, we get the
following result directly.

Theorem 3.2. Let p be a Borel probability measure on [0,1] with us # 0, and
(f,9),(h, k) € C4(I). Assuming that k = g satisfies one of conditions (H1)-(H3). If

2
equation (1.1) holds, letting 8 = W, then

(i) for case (H1), if B # —1, there exist by,ba € Ry, r € R such that

fl@) == / bz ~2exp(

2PN h(z) :x/bzzde:cp(— P

,
g+1 ’

where x € I and if B = —1, there exist b1,ba € Ry, c1,co,7 € R such that

B+1

biz" + 1z, r#1, box™" 4+ cox, 1 #£ —1,
flz) = h(z) =

bixlnx +cix, r=1, boxlnx + cox, r=—1,

where x € 1.
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(ii) for case (H2), if B # 0, there exist by,ba € Ry, r € R such that

f(x) = e’”/ble_zxexp(%eﬂx), h(z) = e”’/bge_hexp(—%eﬂx), rxel,

and if =0, there exist by,by € Ry, c1,c9,7 € R such that

b r— T
flz) = (Ter( 2)’”—1-01)6', r#z rel
(hix+c1)e”, r=2,
by (—r2)
T x €T _2
h(z) = —— Tea)et, r# L rel
(

(iii) for case (HS3), there exists r € R such that

1
fx) :cosx/c exp(/rcosﬁx), zel,

082

1
= — s
h(x) cosx/ P exp(/ rcos’ x), wxel.

4. Results for the case u3 # 0
In this section, for the case us # 0, we will get some results of equation (1.1) under
the assumption that ps # 10uspue as follows.

Theorem 4.1. Let u be a Borel probability measure on [0, 1] with uz # 0, pg = 3u3,
and ps # 10paps, (f,9),(h,k) € Cs5(I). If equation (1.1) holds, then one of the
following alternatives holds:

(i) When ps = 2uops, there exist p,q € R such that

(fr9) ~ (57 Sz €57 Ca). (hk)~ (7575 5 e 570 o).

4
(it) When us # 2uaps, there exist p,q € R such that f,g and h,k are solutions of

the following differential equations

—2p2
1 — gerr®

2p2q€pmw

yll = py/ + my and y" = —py' + Y, (41)

respectively, where
2(us — 10u3p2)
Hs — 2p3 b2
Proof. Differentiating equation (2.2) five times with respect to u, then substitut-
ing u = 0, we get

k= —

5 5
mi;)f,g;u(o) + mi;;hk‘;u(o) =0.

The fifth-order formula of Lemma 2.2 implies that
- 10,“3:“2(2‘1)4 + (I),(\Iffﬁg — \I/th) + 3(1)2(ny9 + \Ifh,k) + (I)(\Ij},g — ;L,k')
+ (U5, + U7 1) + 15 (8D"® + 607 + 20 + 48 (Tf g — U i) + 3% (T g
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+ Uhp) + 5PV, — W), )+ (U5, + UF )+ 3(WF, + ¥ 1)) =0. (4.2)

Since p4 = 3u3, using Lemma 2.7 and py # 0, we get ®®’ = 0. It follows that
there exists p € R such that

®(x) =p, Vs ,(@) + Uy i(z) = —2p%, z €1,
and thus the equation (4.2) becomes

5(ps — 2u312)pV o + (115 — 10p3p2) (U3 g + 2p° W ) = 0. (4.3)

Since ps # 10uaps, in order to solve the above differential equation, we will discuss
two cases.
(i) For the case us = 2uapus, since Uy, + Uy, = —2p? we get

Upo=0, Upp=—2p%
or
Uy, =—2p% Upp=0.

Due to the symmetry of (f,g) and (h,k) in (1.1) and the arbitrarily chosen
of p, it suffices to consider one of the above two cases, that is, f,g and h, k are
respectively solutions of the following differential equations

y' =py and y"=-—py —2p%, (4.4)

by Lemma 2.1 and the fact that ¢, = —®j, ;. = p.
Let y = Je2®, then y' = §'e2* + ggje%””7y” =§"e5" 4+ pjles® + %ge%w. Substi-
tuting them into the first equation of (4.4), we get that

~!

4 .

P
2T .

Hence, (f e~ %%, g-e"5%) ~ (S,2,C,2), which implies (f,g) ~ (€3-S 2 e
4 4

N

C,2). A completely analogous argument shows that (h,k) ~ (e=5% - S ;2,e 5% -
4 4
C_mp2).
4
(ii) For the case us # 2ugus, it follows from (4.3) that there exists ¢ € R such
that

2p2qeprcz _2p2
o e S, _
£.9(2) 1= gerne’ hok(T) 1= gerra”
where p € R and k := —%. Using Lemma 2.1, we obtain (4.1). O

Theorem 4.2. Let ji be a Borel probability measure on [0, 1] with p3 # 0, p4 # 313
and ps # 0paus, (f,9),(h,k) € C5(I). If equation (1.1) holds, then one of the
following alternatives holds:

(i) The pairs (f,q), (h, k) satisfy

(fvg) ~ (1,.%‘), (h’k) ~ (1,33). (4'5)
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(ii) There exists ¢ € R such that f,g and h,k are solutions of the following
differential equations

Y = ®(@)y + (@@ (x) — B2(x))y and y’ = —D(x)y’ + (~a®'(x) — B2(x))y,

respectively, where « is defined by (4.8) and the function ® satisfies either

1
S(x)=t———, z€l
\/Ex +c
q
for case
s = 10p2p3 14
5= — =5 5
fia + 1272
or
p _2q r
D= /cd P + o4
2p+q
for case
10p2p3 14
F ——5
g + 125

where p,q,r defined by (4.11) are determined by p.

Proof. Since u4 # 3u3, making use of Lemma 2.7 and equation (2.8), one of the
following alternatives holds:

Case A ®(z)=0,z¢€l,

Case B Uy (z) — Uy p(x) = mﬁéu% o' (z), x €1,

Case C There exist two subintervals I, I C I such that

O(x) =0, Vs y(x) — Vpp(z) # L@’(w)w eI,

fia — 313
and 4
D(x) #0, Usy(z) = Upi(z) = ———=9'(z),z € L.
)0, W)~ W) = L

Firstly, we will show that Case C is invalid. In fact, substituting ®(z) =0, z €
I, into (4.2), we get

(‘LL5 — 10#2;13)\1!?79(30) = O, S 117

which leads to ¥y 4(z) = ¥, 1 (x) =0, = € Iy, a contradiction to the first inequality
of Case C. Hence, we only need to consider Case A and Case B.

(i) If

holds for all « € I, then ¥y, + Uy, ;, = 0 and (4.2) becomes

(15 — 10p2p3) 03, = 0,

which implies Wy , = 0 since ps # 10uopu3. Therefore, (f,g), (h, k) are the solutions
of equation 3" = 0.
(ii) If
Ha ’
Vi) = Upplx) = ———=P(2), x €1, 4.6
o) = Bnal) = 400 (19
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combining (2.9) we get
Upo=ad — 02 V), =—ad —@? (4.7)

where

M4
2(ps — 3p3) (48)

We further obtain

1 2
o4 0r, =20t o () 92 W40 = 49 — 40D, (4.9)
, ) 2 \ g — 3p3 ) ;

Substituting (2.9), (4.6) and (4.9) into (4.2), we get

PO 4 q@” — rdt =0, (4.10)
where
p-= %(51‘5 — 10p2pu3) — 4ps,
Ha — 3H5
2
Ha 1 Ha

= g\ s\ =32 -1 - 4.11
q Yt — 3u§( s Opzpiz) + 5 <M4 — 3M§> (15 Opaps) — 6us, ( )

7= 2(us — 10u2p3).

Next, we will discuss two cases for us as in (ii) of Theorem 4.2.

When
_ 10papspia

- , 4.12
we first claim that p = 0, gr # 0, that is,
e (5us — 10puo13) — s =0, 5 — 10pzpts # 0 (4.13)

fa — 3pi3

and

2
4 12!
— 5 (4ps — 10p2p3) + (> s — 10p2ps) — 6us # 0 4.14
M4—3M§( ) fa — 313 ( ) (4.14)

hold simultaneously.
In fact, (4.13) is obtained by (4.12) directly. In order to prove (4.14), assume
that

pis (1 — 244544 + 54413) + 10p2p3 04 (204 — 3p13) = 0.
By substituting condition (4.12) into the above equation, we get

13 — pdpa + 6ps = 0,

which is impossible since the real numbers pg, pg > 0. Consequently, (4.13)-(4.14)
are proved.

What’s more, we claim that ¢gr > 0 when (4.12) is valid. In fact, substituting
condition (4.12) into equation (4.11) about the expressions of ¢ and r, we get

- T200u343p4 (63 — 1/4p14)” + 5/8u3)

> 0.
(ka + 1203) (g — 3p3)?
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Therefore, equation (4.10) becomes
32 - gt =, (4.15)
q

which can be rewritten by

(@ — \/Zqﬂ) (' + \/Zqﬂ) =0.

Then, we conclude that ®(z) = 0 for all z € I or there exits ¢ € R such that
1

D)=~
+ gac +c

el (4.16)

If ®(z) =0, = € I, then (4.5) is obviously true. Otherwise, by Lemma 2.1, (4.7)
and (4.16), we also get the result.

When
10p2 134
o2
Ha + 1205
holds, that is, p = Mfg#g (55 — 10uaps) — 4us # 0. Then, equation (4.10) can be
2
rewritten as -
00" + L2 — Lot = . (4.17)
p p

Now we can reduce the above second-order nonlinear equation to the first-order
Bernoulli equation. In fact, let

P =, (4.18)
we have ®” = u%% and (4.17) becomes
du 4, T3, (4.19)
— + —u=-Pu". :
dd  pd P
Then, put
2z =u?, (4.20)
we have 92 = 2u9% and (4.19) becomes

d 2 2r .
i + 7‘]2 = l(I)d’
dd  pd P
which is a first-order linear non-homogeneous differential equation. Hence, there

exists ¢ € R such that ,
4

2p+q

_2q
z=cd P +

By (4.18) and (4.20), we obtain that

O

Remark 4.1. Note that the case ps = 10uopus is not considered in this section.
Actually, under this assumption, the left side of equation (4.2) is vanished when
® = 0 and thus the further discussion is unavailable. Therefore, it remains an open
problem in the case that ps = 102 3.
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5. Examples

In this section, we obtain the relevant conclusions of some special cases of the equa-
tion (1.1) from the specialization of measures and derived functions respectively.

First, let K = g = 1, the invariance equation (1.1) becomes the invariance of
arithmetic mean with respect to Makd-Pales means [12]. By Theorems 2.1 and 3.1,
we get

Example 5.1. Let u be a Borel probability measure on [0,1], f,h € C4(I). The
invariance equation

! (/01 f(ta:+(1—t)y)du(t)) e (/Olh(t:c—i—(l—t)y)du(t)) —aty mycl

holds if and only if ji; = % and one of the following alternatives is true:
(i) When po = 0, then pu = 6,/ and f, h are arbitrary.
(ii) When pug # 0, then there exist a,b,¢,d € R such that

ar+0b, r=0, cx+d, r=0,
flx) = h(z) =
ae™ +b, 1 #Q0, ce™ +d, r#0.

Proof. (i) is obtained by Theorem 2.1 directly. Since &k = g = 1 which satisfies
(3.1), using Theorem 3.1 we get our result (ii). O

Remark 5.1. The same conclusion was obtained in Corollary 13 of [12] under the
assumption that p is a symmetric measure with respect to the point 1/2.

Example 5.2. Consider the functional equation

f)l <f(w)+f(y)> (h) (h (2) +h<y>>

J + (= =z 4y, 5.1
() Gerre)+ () G >
where f,g,h,k € C4(I). Assume that k = g satisfies ¢y’ = py for some p € R. If
equation (5.1) holds, then there exists r € R such that

f:g/g%exp(/rg_%), h:k/kizexp(/ —rk™3). (5.2)

Furthermore, assume k = g satisfies one of conditions (H1)-(H3), equation (5.1)
implies

(i) for case (H1), there exist by, by € Ry, € R such that

flx) = x/blx_%xp(—?)mc_%), h(z) = :v/ng_%xp(?)rx_%), (5.3)

where = € I,
(ii) for case (H2), there exist b1, be € Ry, r € R such that

wle

f(z) = e“/ble_%exp(—ﬁe_

3
1 ),  h(x) :ex/bge_%e:cp(zre_%x),

where x € I.
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(iii) for case (H3), there exists r € R such that

flx) = cosx/ 12 exp(/rcos*% x),

COs* X

1 _4
h(z) = COS:L’/ p—p exp(/ —rcos” 3 x), (5.5)

where x € 1.

Proof. Actually, the measure pu is given by

. do + 01

==
Th = 1 —1 - -1 _ dg = 2Wwa=8u3) _ 4
en, we get H1 = 35, M2 = g, ps =0, M4_167M5_07 an 6_ 314 = 73
Using Theorems 3.1-3.2 we get (5.2)-(5.5). O

Remark 5.2. Our result (5.2) is the same as Theorem 1 in [6]. Jarczyk proved
that (5.1) holds under the assumption of (H1), (H2) or (H3) if and only if » = 0 in
equations (5.3)-(5.5), that is, equation (5.1) holds if and only if

f(x)z;z:(%er), h(x):x<g+d), vel

in case (H1) and

in case (H2) and
f(z) =cosz(atanx +b), h(x)=cosz(ctanz+d), x€l

in case (H3).

Example 5.3. Consider the functional equation

) () (1) (2l )
(g) <29($Z3y)+g(x) +<k) Qk(%“iy)_'_k(x) =z+vy, (5.6)

where f,g,h,k € C4(I). If equation (5.6) holds, then we have either

(fvg) ~ (1,%), (ha k) ~ (17x)’
or f,g and h, k are solutions of the following differential equations

Y = By + (@) - B (@)y and Y = By + (53 (@) - D)y,

respectively, where there exists ¢ € R such that the function ® satisfies

12
@ = ,/ﬁqﬂ + 3.
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Proof. In fact, the measure p is given by

_ 251/4 + 61
=g

1 3

0, — L — — L - 3 — 5 — Ha —
Thena we have H1 =35, 2 = g, U3 = 327 g = 1287 M5 = 512 and o = 2(#4_3#%) -

1

o[

5
Since p1g — 3u3 # 0 and us — 10pous # 0, after a simple calculation, equation
(4.10) becomes
1009”4 150" — 129 = 0.

Making using of Theorem 4.2, we obtain that there exists ¢ € R such that ® satisfies

P =/ %@4 +c®-3.

This finishes the proof. O
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