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MULTIPLE SOLUTIONS FOR
NONHOMOGENEOUS QUASILINEAR
SCHRODINGER-POISSON SYSTEM*
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Abstract We consider the nonhomogeneous quasilinear Schrédinger—Poisson
system

—Apu + |ulP%u + AplulP2u = |u|?%u + h(z) in R?,

—A¢ = |ul? in R3,
where 1 < p <3, p<qg<p’ = ;Tpp, Apu = div(|Vu|P2Vu), A > 0 and
h # 0. Under suitable assumptions on h, the Ekeland’s variational principle
and the mountain pass theorem are applied to establish the existence of mul-
tiple solutions for this system. To the best of our knowledge, this paper is
one of the first contributions to the study of the nonhomogeneous quasilinear
Schrédinger—Poisson system.

Keywords Nonhomogeneous quasilinear Schrédinger—Poisson system, vari-
ational methods, multiple solutions.
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1. Introduction and main results

This article is concerned with the nonhomogeneous quasilinear Schrédinger—Poisson
system

1.1
—A¢ = |ul? in R3, (1.1)

{Apu + |ulP~2u + Ap|uP~2u = |u|97%u + h(x) in R3,
where 1 < p < 3, p < q < p* = %, Apu = div(|Vul[P7?Vu) and A > 0 is a
parameter. The function A satisfies the following assumption. From here on we use

7' = 75 to denote the Holder conjugate of 7 > 1.

(h) h is a nonzero radial function and for (p*)’ < s < p/,
(i) h € L*(R3) with the L—norm denoted by |hls;
(ii) (z,Vh) € L*(R?) where the gradient VA is in the weak sense.
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When p = 2 and h = 0, the system (1.1) reduces to the classical Schrodinger—
Poisson system

{—Au—l—u—&—)«bu = |uli" %y in R?, (12)

—A¢ = u? in R3,

where A > 0 and ¢ € (2,6). The system (1.2), also known as the nonlinear
Schrodinger—-Maxwell equation, can be used to describe the interaction of a charged
particle with an electromagnetic field in quantum mechanics. For more details
about the mathematical and physical backgrounds we refer the reader to [5,6] and
the references therein. In the last decades, many scholars have studied the exis-
tence of nontrivial solutions for the system (1.2) with different ranges of ¢ and the
similar system involving a general nonlinear term, see [2-4,9,10,22,26,30] and the
references therein. More recently, Du etc [12] discussed the following quasilinear
Schrodinger—Poisson system

(1.3)

—Apu+ |ulP72u+ AplulP2u = |[u|??u  in R3,
—A¢ = |ulP in R3,

where 1l <p <3, p<qg<p*= 33%;), Apu = div(|Vu[P72Vu) and A > 0. Applying
the mountain pass theorem, it was proved in [12] that the system (1.3) has a non-
trivial solution for p < ¢ < p*. In another paper, Du etc [11] considered the system
which is different from (1.3) in the sense that it required that % <p< % and
there is no p involved in the poisson term. Observing from the literature mentioned
above, Du etc [11,12] are the first to build the variational framework and establish
the existence of nontrivial solutions to the system (1.3) for p # 2.

When p = 2 and h € L%(R3) is a nonzero function, the system (1.1) becomes

the following nonhomogeneous Schrodinger—Poisson system

_ — |qyla—2 i 3
{ Au+ u+ Apu = |u|?*u + h(x) in R3, (1.4)

—A¢ =u? in R3,

where A > 0 and ¢ € (2,6). Salvatore [23] obtained multiple radial solutions to the
system (1.4) for ¢ € (4,6) and h being radial with small L?>-norm. Subsequently,
Jiang etc [17] studied the system (1.4) with ¢ € (2,6) and h € C'(R3) N L?(R3) is
a nonnegative radial function satisfying (z, Vh) € L?*(R?). By using the Ekeland’s
variational principle and the mountain pass theorem, the authors in [17] proved
that system (1.4) has at least two radial solutions for ¢ € (2,6) with the small
L?*-norm |h|y of h. However, for the case that ¢ € (2,3], it was required in [17]
that A > 0 to be small enough. For related works of the system (1.4) containing
the general nonlinearity and similar systems including certain potentials, we refer
to [8,14,18,27,29,31,32] and the references therein.

After an accurate bibliographic review, we realised that it is still open whether
the system (1.1) has multiple solutions for 1 < p < 3 and h # 0. Strongly inspired
by this fact, the aim of this paper is to establish the existence of multiple solutions
to the system (1.1).

Now, we state our main results of this paper.

Theorem 1.1. Suppose that (h) and %;1) < q < p* hold. Then there exists
A > 0 such that the system (1.1) admits two solutions for any A > 0 provided
|h|s < A.
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Theorem 1.2. Suppose that (h)(i) and p < ¢ < p* hold. Then there exist A > 0
and A« > 0 such that the system (1.1) admits two solutions for any A € (0,\)
provided |h|s < A.

Remark 1.1. As far as we know, our results are up to date. With the help of the
result of [12], we generalize the case of p = 2 in [17,23] to the quasilinear case of
1 < p < 3 for system (1.1). Furthermore, the solvability of the system (1.1) can
be considered for a large class of radial functions h satisfying (h). In this sense the
existence results in [17] may be extended to the case that h and (z, Vh) belonging
to L*(R?) with 2 <s <2.

The paper is organized as follows. In Section 2, we introduce the variational
framework of (1.1) following [12] and establish some preliminary results. In Section
3, we obtain the existence of the negative energy solution for system (1.1). In
Section 4, we study the existence of the positive energy solutions and complete the
proof of Theorems 1.1 and 1.2.

2. Preliminaries

Before giving the variational framework of (1.1), we introduce the following nota-
tions.
For 1 < s < oo, L*(R?) denotes the Lebesgue space with the usual norm

ful, = (/ |usdx) -
RS

Let DY2(R?) be the completion of C§°(R3) with respect to the norm

1

3

lullp = </ |Vu|2dx) .
R3

It is well known that the embedding D%?(R3) < L¢(R?) is continuous. Let S > 0
be the embedding constant, i.e,

ulg < S7Hlullp, ¥V ue DVA(R?). (2.1)

Let W1P(R?) denote the Sobolev space endowed with the norm

Joll = ([ 19l + ulra
R3

It follows from the classical Sobolev embedding theorems that WP (R3) < L(R?)
are continuous for all ¢ € [p, p*]. Thus for each ¢ € [p, p*] there exists S; > 0 such
that

lule < Sellull, VueWHP(R?). (2.2)

We will work on the space of radial functions
er’p(]R3) = {u e WHP(R3) : wu(z) = u(|x|)}

It holds that the embedding WP (R?) — LY(R?) is compact for any p < £ < p*
(see [20, Theorem II.1] or [24, Theorem 1]). We use C to denote various positive
constants.
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For every u € W1P(R?), the linear functional T, : DV2(R?) — R is defined as

Tu(v) = . |u|Podz.

By the Holder inequality and (2.1)—(2.2), one concludes

m<v>|<( / |u|5dm) (/ d) < CllulPllollp-
R3 R3

Then, it follows that 7, is continuous on D*?(R?). By the Lax-Milgram theorem,
we know that there exists a unique ¢, € D*?(R3) such that

—A¢y = |[ulP  in R

According to [19, Theorem 6.21], ¢,, has the following explicit expression

ou) = 4= [ 10,20

T wz—yl "7

Moreover, ¢, has the following properties.

Lemma 2.1 (Proposition 2.1, [12]). Let u € W1P(R?).
(i) Forallt >0, ¢y = tPou, and ¢y, (z) = t*?=2¢, (tx) with uy(z) = tFu(tz).
(it) |loullp < Allul|P with A > 0 is a constant.
(iii) If uy, — u in WHP(R3), then ¢, — ¢ in DY2(R3) and

[ tulununpds — [ oudup~upds, ¥ e W),
R3 R3

(iv) If u € W)P(R?), then 6, € DI2(R?) = {¢ € DV2(R?) : ¢(x) = o(le])}.

Notice that, the forth conclusion comes from a fact that the convolution of two
radial functions is still radial.

Now, we establish the variational framework of (1.1). For h € L*(R3) with
(p*) < s < p/, arguing as in [5,6], by Lemma 2.1 and the implicit function theorem,
the functional

1 A 1
I(u) = , /]R3(|Vu\p + |ulP)dz + % /]R3 Oy |ulPdx — 5/}1&3 |ul?dz — /]Rs h(z)udx

is a well-defined C! functional on W1P(R?) with derivative

(I} (u),v) z/ ([VulP~2Vu - Vo + |ulP~?uv)dx + )\/ bu|uP2uvde
R? R?

- |u|9 2uvdr — h(z)vdz, ¥ u,v € WHP(R?).
R3 R3

Note that (u,¢,) € WHP(R3) x DL2(R3) is a solution of (1.1) if and only if u €
WLP(R3) is a critical point of I, see [12] for details. Furthermore, by the principle
of symmetric criticality, the critical points of I, on W,!'P(R?) are the critical points
of Iy on W1P(R3). Therefore, find a weak solution to the system (1.1) is equivalent
to finding a critical point of the functional Iy on W2P(R3). In order to prove our
results, we give the following lemmas.
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Lemma 2.2. Assume that (h)(i) holds and p < ¢ < p*. For A > 0, there exist
A >0, p>0and a > 0 such that if |h|s < A, then I\(u) > a for u € WIP(R3)
with ||u]| = p.

Proof. For u € WP(R3), it follows from the Holder inequality and (2.2) that
[, ude < [kl Jul < Sy bl 23
where p < s < p*. Since A > 0 and ¢, > 0, we have
D) > Sl = 2ty = et >l (St~ = g - s, ).
p q p q

The function

1 Sd

Ft) = St = Sy

p q
is strictly increasing in a right neighborhood of 0 since p < ¢, is continuous and
satisfies f(0) = 0. Therefore, there exists €; < € such that for all ¢ € (0,¢) there
results f(t) > 0. Now, fixing any p € (0,£1), we obtain Ix(u) = p(f(p) — Ss|hls) if
|lul| = p. Taking

f(p) pf(p)
A= ==
55, and « 5
we deduce that if |h|s < A, then I\(u) > « > 0 for ||ul| = p. ]

Lemma 2.3. Assume that (h)(i) holds. Then any bounded sequence {u,} C
WLP(R3) satisfying I} (u,) — 0 has a strongly convergent subsequence.

Proof. Since {u,} C W}P(R3) is bounded, we can deduce that there exists u €
WLEP(R3) such that, up to a subsequence,

Up, — U in Whp(R3),
Up — U in L4(R3), p<q<p*, (2.4)
un(x) = u(z) a.e. in R3.
We will claim that u,, — u strongly in W}!?(R?), namely,
|l —ul| = 0, n— oco. (2.5)

Indeed, by the Holder inequality, (2.2) and (2.4), as n — oo,

/ (|un\q_2un - |u|q_2u)(un —u)dx

R3

< (|un|g_1 + |U|Z_1) |ty — “|q

< ST (lunl| 7+ [Jul|97Y) Jun — ulq

- 0. (2.6)



1602 L. Huang & J. Su

Combining Lemma 2.1(ii), the Holder inequality, (2.1) and (2.4), we conclude that,
as n — oo,

‘/ (bu, [tin|P" 2t — P |u|P ™) (uy — u)dx
R3

6 % 6 6
5 dw) T lulo ( [t = ) dw)
]R3

< léuslo ( [ b= = )
R3

_ 5 _ 6
< 6w lo (/ |un|6(p5 1) |ty — u|gdx) + | éuls (/ ‘u|6(p5 1) luy — ugdx) (2.7)
R3 R3
1 _ 1 _
< S|, [Iplunlf ™ un — ul eo + S72(|dullplulf™ un — ul oo
< C (lun P lun 5= + NulPulf™") [un — ul e — 0.
By I} (u,) — 0 and (2.4) we have
(I (up) — I\ (u), up, —u) = 0, n — oco. (2.8)
It follows from (2.6)—(2.8) that
/ (Vun P2V, — [VulP~2V0) (Vun, — V)
R3
+ (|[un P2 — |uP~2u) (uy — u)dx = o(1). (2.9)

Now, let us recall the following elementary inequality (see [25, p240]). There exists
¢p > 0 such that for all £,n € RV,

(I€[P=2€ = InP~2n. € =) = cpl€ —nl? for p > 2, 210)
(Il + D> P (€P2€ = [n[P~2n,€ —=n) > cpl€ —nl* for L <p < 2.
For 2 < p < 3, by (2.10) we get
/ (|Vun [P Vu, — |VulP2Vu)(Vu, — Vu)dr > C'/ |Vu,, — VulPdz,
e ke (2.11)

/ (|t P2y — [u|P~2u) (U, — w)dz > C’/ |, — u|Pde.
R3 R3

For 1 < p < 2, from the boundedness of {u, }, the Holder inequality and (2.10), we
get

IV (up, — u)Pdz
R3

D p(2—p)
2

(IVun| + [Vu]) = do

<C/ [(|Vug [P72Vu, — [VuP~?Vu) V (u,, — u)]
R3

2—p

QC(/ (|Vun|p2Vun|Vu|p2Vu)V(unu)d:17> </(|Vun|p+Vu|p) dx)
R3 R3

(NS}

< ( / (VP2 — [VulP~2Va0) V (1t — u)dw)
R3
(2.12)
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In the same way we obtain

/ |y, — u|Pde < C (/ (|t [P~ 21 — [u|P~ ) (uy — u)dw) . (2.13)
R3 R3

Therefore, it follows from (2.9), (2.11)—(2.13) that (2.5) holds. O

3. A solution with negative energy

In this section we will find a solution of (1.1) with negative energy for p < ¢ < p* and
h satisfying (h)(i) and small |h|s. With the aid of Ekeland’s variational principle [21]
(see also [13]), this solution is obtained by searching for the local minimum of the
energy functional Iy. Now, we give the following Ekeland’s variational principle so
that it is convenience for readers to understand the proof of our result.

Theorem 3.1 (Theorem 4.1, [21]). Let M be a complete metric space with metric
d and let ® : M — (—o00,+00] be a lower semicontinuous function, bounded from
below and not identical to +00. Let € > 0 be given and uw € M be such that

O(u) <inf® +e.
M

Then there exists v € M such that
D(v) < D(u), d(u,v) <1
and, for each w # v in M,
O(w) > P(v) — ed(v,w).
Lemma 3.1. Assume that (h)(i) holds and p < q¢ < p*. Then for X\ > 0,

ce = inf I(u) <0,
ueB,

where B, = {u € W}P(R3) : ||ul| < p} and p was given by Lemma 2.2.

Proof. By (h)(i), we can choose a function ¢ € W, *(R*) such that [, h(z)p(z)dz >

0. Tt follows from h € L5(R3) that |h|*~2h € L¥ (R®). Then there exists a radial
sequence {hn} C C5°(R3) such that h,, — |h|*~2h strongly in L* (R3) since C§°(R?)
is dense in L*' (R3) and h is radial. Hence, there exists ng € N such that

_ 1o e
|hn0 - |h|s 2h|s/ < §|h|§ 1'
Using the Holder inequality, we get

h(z)hny (x)dz = —|h|s (|hn0 — |h|*~

R3

Evidently, hy,, € W}P(R*). Then [p, h(z)p(z)dz > 0 holds by taking ¢(z) =
hino (z). For t > 0 small enough, we deduce that

o)+ 1hlE>o0.

tP +2p td
Lite) = T glr + 0 / bololPdz — = / pltdz — t / hodz < 0.
p 2p  Jgs q Jrs RS
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This shows that
¢ = inf Iy(u) <0,
ueB,
where B, = {u € W}P(R3) : |lu|| < p} and p was given by Lemma 2.2. O

Theorem 3.2. Assume that (h)(i) holds and p < q < p*. Then I\ has a critical
point u, € WHP(R3) with I\(us) < 0 for A\ > 0 provided |h|s < A, where A was
given in Lemma 2.2.

Proof. By Lemma 3.1, I satisfies all assumptions in Theorem 3.1 (Ekeland’s
variational principle), then we know that there is a sequence {u,} C B, satisfying

1
cx < In(up) <c*+ﬁ, (3.1)
1 _
I(w) = Iy(up) — EHw —uy| forallwe B,. (3.2)

Now, we will prove that {u,} is a bounded (PS)., sequence of T.

Firstly, we claim that |ju,| < p for all n € N large. Otherwise, we may assume
that ||u,|| = p, up to a subsequence. Hence, by Lemma 2.2, there exist A >0, p > 0
and o > 0 such that if |h|s < A, then I (uy,) = a for ||Ju,| = p. Taking the limit as
n — oo and by using (3.1), we get 0 > ¢, > « > 0, which is a contradiction. Then,
we may assume that ||u,|| < p for all n € N.

Next, we show that I} (u,) — 0 in [W}P(R3)]*. Indeed, for any z € W'P(R3)
with ||z|]| = 1, we choose sufficiently small 6 > 0 such that |lu, + tz| < p for all
[t| < d. By using (3.2), we deduce that

Iy (up, + tz) — In(uy)
t

WV

1
-
Taking the limit as ¢ — 0, we get (I} (u,),2) > —+. Similarly, replacing z with —z
in the above arguments, we get (I} (uy),z) < +. Then, for any z € W}P(R?) with
|lz]| = 1, we conclude that (I{(u,),z) — 0 as n — oco. This shows at once that

{un} is a bounded (PS)., sequence of I. Therefore, by Lemma 2.3, there exists
u, € WHP(R3) such that Iy (u,) = ¢, < 0 and I} (u,) = 0. We finish the proof. O

4. A solution with positive energy

In this section we will find a solution of (1.1) with positive energy for p < ¢ < p*.
The section is divided into two subsections. In Subsection 4.1, we consider the case
% < g < p* for any A > 0. In Subsection 4.2, we consider the case p < ¢ < p*
for A > 0 small. Now, we give the following well-known mountain pass theorem [7]

(see also [1]), which will be used in the proof of the rest paper.

Theorem 4.1 (Theorem 2.2, [7]). Let ® be a C' function on a Banach space E.
Suppose

(M) there exist a neighborhood U of 0 in E and a constant a such that ®(u) > «
for every u in the boundary of U,

(M3) ©(0) < a and ®(v) < v for some v € U.
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Set

¢ = inf max ®(w) > «,
Pel’ weP

where T' denotes the class of continuous paths joining 0 to v. Then, there is a
sequence {u,} in E such that ®(u,) — ¢ and ¥ (u,) — 0 in E*.

4.1. The case M <q<p*

In this subsection, we will prove that system (1.1) has a positive energy solution for

M < ¢ < p* and h satisfying (h) and small |h|,. Then we give some lemmas
and theorems

2p(p+1) .
Lemma 4.1. Assume that (h)(i) holds and 5/~ < q < p*. For XA > 0, there

exists A > 0 such that if |h|s < A, then I satisfies the assumptions (My)—(Mz) in
Theorem 4.1.

Proof. By Lemma 2.2, there exist B, = {u € W}?(R?) : ||u|| < p} and constants
A > 0, @ > 0 such that if |h|s < A, then I\(u) > a with ||u|| = p. It is clear that
(M) in Theorem 4.1 is true. Now, we need to verify (Ms) in Theorem 4.1. For

any fixed u € WP (R3)\{0}, we define u;(z) = tpTHu(tx). By Lemma 2.1(i), we
estimate that

t 1 tﬁl
In(ug) = / |Vu\pdx+—/ fufPde + 2 / SululPde
p 2p Jgs

+Ps
- — lu|?da — tP / h (E) udz,
q Jre Rs N1

(p+2)q—3p

where

61:217_1, ,Bzzp—l, ﬂg: ﬁ4:7

In view of 2p(p+1) <gand 1< p< 3, we have

Bz > 1> B2 > 0> fs.

Therefore, there exists to > 0 such that ||us, || > p and Ix(us,) < 0 < . From this
and 7,(0) = 0 < a we immediately prove that (M) is true. O
By Theorem 4.1 and Lemma 4.1, we define the mountain pass level
= inf I 0
ox = inf max A(v(8)) >0,
where I'y = {v € C([0,1], W,'P(R?)) : v(0) = 0 and I(y(1)) < 0}, then there is a
sequence {u,} in W}P(R3) such that Iy(u,) — cx and I{(u,) — 0 in [W}P(R3)]*.
Combining with this and employing a scaling technique introduced by Jeanjean [15]
(see also [12]), we will construct a special bounded (PS)., sequence of I in the next
lemma.

Lemma 4.2. Assume that (h) holds and 2p(p+1) < g < p*. There exists a bounded
sequence {u,} C WHP(R3) satisfying I,\(un) —> exs I (un) = 0, Ja(un) — 0, where
the functional Jy : WHP(R3) — R defined with the numbers f3; given in (4.1) by

nw =2 [ varde+ 22 [ updes P [ ouupde =2 [ s
R3
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— Ba /11@ hudx + /R3(x,Vh(ac))udx.

Proof. Define the map ¥ : R x WhP(R3) — WLP(R3) for o € R, v € WIP(R?)
and = € R3 by

U(o,v)(z) = eppﬁ”v(e"x).

By Lemma 2.1(i), the functional I o ¥ is computed as

ePio eb2o A\ePio
I(¥(o,v)) = |VoulPdx + / lvPdz + / ¢u|vPdx
p R3 p R3 2p R3

Bso
. / [v|%dx — eﬂ“”/ h (ﬂ) vdz.
q Jrs R \€7

It is standard to verify that Iy o ¥ is continuously Fréchet—differentiable on R x
WLP(R3). Together with I,(¥(0,0)) = 0, we set the family of paths

Iy = {7 € C(0,1],R x W}HP(R?)) : 7(0) = (0,0) and (I o ¥)(¥(1)) < 0}.
As Ty = {¥o#5:5 €T}, the mountain pass levels of I and I, o ¥ coincide:

cx= inf sup (I o U)(5(1)).
ve€l'x tefo,1]

Let 7 = (0,7). For every € € (0, %), there exists v € I'y such that
sup(Zr o ¥)(0,7) < ex + e

Then, by [28, Theorem 2.8], there exists (o,v) € R x W,L'P(R3) such that

ex —2e < (InoU)(o,v) < ¢y + 2,

dist{(o,v), (0,7)} < 2v/€, where dist{(c,v), (c,w)} = (Jo —<|® + ||v — w|]?)2,

(In o W) (0,v) = 0 in [R x WIP(R3)]*.
Therefore, there exists a sequence {(0y,,v,)} C R x WEP(R?) such that as n — oo,

on =0, (InoW)(op,vn) = cx, (Ino W) (op,v,) = 0.
For every (¢,w) € R x WP(R3), there results
((In 0 ®) (on, vn), (€, w)) = (I3 (¥(0n, vn)), ¥(on, w)) + A (¥(0n, vn))C.
Take u, = ¥(o,,v,). Then we conclude that
I(up) = cx, Ii(up) — 0,  Jx(uy) — 0. (4.2)

Now, our claim is to prove that {u,} is bounded in W'?(R3). By (4.1) and (4.2),
for n large enough, we deduce that

1

c,\—i-l}I)\(un)—ﬂ—
3

J)\(un)
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1 51 1 B2
)\
o <1—>/ Ou,, |Un|Pdx

P L
(1 BS)/ huydx 3 Rs(x,Vh)undx

1 _& p_( _ ﬁ4> 1
o 02t (122 [ e - [ @O, 0

where

It follows from (4.3) that
ey +1+ (1 - 64) / hupdx + —/ (x, Vh)updz > (1 - 61) lun|?. (4.5)
Bs B3 P B3
We deduce from (h)(ii), (2.2) and the Holder inequality that

/W(x Vh)undz| < (/ (o, V) d:zc) (/ i dac)l <Cllunl,  (46)

/

where p < ¢ < p*. Therefore by (2.3) and (4.4)—(4.6) that {u,} is bounded in
WLEP(R3). O

Theorem 4.2. Assume that (h) holds and 2p(p+1) < q < p*. Then Iy has a critical

point u* € WHP(R3) with I\(u*) > 0 for A > O provided |h|s < A, where A was
given in Lemma 2.2.

Proof. For A > 0, by Theorem 4.1 and Lemmas 4.1-4.2, there exists A > 0 such

that if |h|s < A, then we obtain a bounded (PS)., sequence {uy,} of Ix. In view

of Lemma 2.3, we know that there exists a critical point u* € WP(R3) of I,.

Moreover, Iy (u*) = cx > 0. O
The result of Theorem 1.1 follows from Theorems 3.2, 4.2.

4.2. The case p < ¢ < p*

In this subsection, we will prove that if A > 0 small, then system (1.1) has a positive
energy solution for p < ¢ < p* and h satisfying (h)(i) and small |h|s. In what follows,
we shall use a truncated technique which is due to Jeanjean and Le Coz [16]. Then,
we define the cut—off function xy € C* (R, [0, 1]) satisfying |x'|cc < 2,

1, tefod],
x(t) = {O, te [1,20),

and x(t) € [0,1] for ¢t € (
as

1 1
I,\7K(u):f/ (|vu|P+|u|P)dx+iLK(u)/ ¢u|u|pdac—f/ luftde— [ hudz,
PJrs 2p R3 q JRrs3 R3
(@7)

1,1). Define a penalized functional I x : W,'P(R3) — R
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where K > 0 and Lk (u) = x (M) It is easy to check that I g is of class C!

Kp
and
<I§\’K(u),v> =(1+ aA,K(u))/ (|Vu|p_2Vu -Vov + \u|”_2uv)da:
RS
+)\LK(u)/ bu|ulP2uvdr
R3
—/ lu|?2uvdx f/ hvdz, Y u,v € WHP(R?), (4.8)
R3 R3
where
ansc() = Y [ sutuira. (19)
’ QKP

Notice that if [|u|| < £, then there hold Lg(u) =1 and I, k(u) = I)(u). Now, we
first verify that the functional I x possesses a mountain pass geometry for each
K >0.

Lemma 4.3. Assume that (h)(i) holds andp < ¢ < p*. For A > 0 and K > 0, there
exists A > 0 such that if |h|s < A, then I k satisfies the assumptions (My)—(Mz)
in Theorem 4.1.

Proof. First of all, by Lemma 2.2, it is easy to see that there exists A > 0 such
that if |h|s < A, then (M;) in Theorem 4.1 is true. Next, we claim that Iy x
satisfies (M2). Arguing as in the proof of Lemma 3.1, we can choose a function
©1 € WHP(R3) such that [|1]| =1 and [p; h(z)p1(z)dz > 0. For each K > 0 and
t > K, Lg(tp1) = 0. From this it is clear that

I k(tpr) = —tP — ftq/ \<p1|qu—t/ h(z)pide. (4.10)

Indeed, if we choose tx > K large, then |[txp1| > p and Iy kx(txp1) < 0. There-
fore, it is enough to take v = tx 1 to complete the proof. O

By Lemma 4.3, I i satisfies all assumptions in Theorem 4.1. Now, we define
the mountain pass level of I g for each K > 0 as follows:

= f I t)) >0 4.11
CA\K = Wel%letfgl[gﬁ] Ak (7(1) ) ( )

where 'y i := {y € C([0,1], W}P(R?)) : 7(0) = 0 and Iy x(y(1)) < 0}. Then
there exists a sequence {u, } C WP(R3) such that as n — oo

Dok (un) = exg, I3 g (un) = 0 in [W,0P(R?)]*. (4.12)

Next, we will prove that {u,} is bounded in W,'?(R?) for large K and small \.

Lemma 4.4. There exist K > 0 and M. > 0 such that for all A € (0,\,) the
sequence {u,} given by (4.12) satisfies

(4.13)

K
< —.
Junll < 5
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Proof. We first claim that {u,} must be bounded. From (4.7) and (4.8), it is
easy to see that

exx + 1+ Junl| Z1x x(un) — <I:\,K(un)aun>

1 1 A A
(5= ) bl + (5= 2) 2l [ il
P q 2p  q R3
. 1
CL)\,K(U )H an q / h(x)undac
q R3
This shows that
11 A A
Lo D)l < e 1+ full + (2 = 2 ) Lic(un) / o Jin P
P q q 2p R3
. 1
+ C“L(“)Huﬂll” - q—/ h(z)upda. (4.14)
q q R3

From the definition one sees that if ||u,| > K, then there result Lg(u,) = 0 and
ax k (uy,) =0, which and (4.14) yield

1 1 -1
( - ) lunll? < exx + 1+ |Jun| + L/ h(x)u,dx.
p g q R3

From this and from (2.3) we obtain that {u,} is bounded. By Lemma 2.1(ii), for
all n € N we have,

[ budunlrte == [ 60, 800,d5 =160, 1% < . (415)
RS R3
Notice that if ||u,|| > K then x’ (Hz{#) = 0. It follows from (4.9) and (4.15) that

o ( Nlunl? / »
X < Kp s ¢un|un| dx

Then by using (2.3), (4.15)—(4.16) and the Holder inequality, an easy computation
shows that

A
2KP

‘a)\,K(un” < < AA2KP. (416)

(A _ A) LK(un)/ Gu lun|Pdz < NAZK??,
q 2p R3

a)\7K<un) Hun”p < )\AQKQP, (417)
q

q—1
q R3

h(z)undr < CAlluy||.

Let 1 be the function taken in the proof of Lemma 4.3. By (4.10),

K? K1

DKo < 20 - 200,
Ak (K1) ’ q|301|q
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So there exists K7 > 0 such that I g (K1) <0 for all K > K;. Thus by (4.7) and
(4.11),

1 1
< max [ tK < ma —(tK)? — = (tK)1? q
exe < s (ton) < mae {3007 = 20Kl )

A
S (tK)* Ly (tK d
+t21[3’§] 2p( K (tK ¢ / by, l01|Pdx

< C+ MK, (4.18)
Now, it follows from (4.14)—(4.18) that, for all K > K,

11
(p - q) lun|? < C 41+ 3XNA2K?P + (1 + CA)||uy]|- (4.19)

Summing up, if we choose A\, = (A2K?")~1, then inequality (4.19) implies (4.13)
for any K > Ky and A € (0, A.). The proof is complete. O

Theorem 4.3. Assume that (h)(i) holds and p < g < p*. Then there exists A\ >0
such that I has a critical point u* € WHP(R?) with I (u*) > 0 for any A € (0, )
provided |h|s < A, where A was given in Lemma 2.2.

Proof. Combining Theorem 4.1 (the mountain pass theorem) and Lemmas 4.3

4.4, for K > 0 large enough and A > 0 small, we obtain a bounded (PS), ,

sequence {u,} of I x with [ju,|| < &. By the definition of x and (4.7), we derive

that {u,} C WHP(R?) is a bounded (PS)., , sequence for I with ¢y x > 0. By

Lemma 2.3, we can find a critical point «* of Iy with Iy(u*) = ¢y x > 0. O
The result of Theorem 1.2 follows from Theorems 3.2, 4.3.
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