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THE EFFECT OF AN ADDITIVE NOISE ON
SOME SLOW-FAST EQUATION NEAR A
TRANSCRITICAL POINT*

Ji Li' and Ping Li®f

Abstract We consider the effect of small additive noise with intensity o on
trajectories of a slow-fast system with small parameter ¢ which admits bifur-
cation delay at a transcritical point. We estimate the probability that the
perturbed stochastic paths stay in some tubular neighborhood of the deter-
ministic path to show that small but not exponentially small noise destroys
the bifurcation delay caused by transcritical point and obtain a noise intensity
threshold value N () of order ci. Whene ¢ <o < N(e), the paths are likely
to leave the neighborhood of the corresponding determinate path before some
time of order y/¢|logo|. When ¢ > N (¢g), the paths are likely to leave before

. 2
some time of order o3.

Keywords Stochastic slow-fast differential equation, additive noise, bifurca-
tion delay, transcritical point, sample path.
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1. Introduction

Consider the planar slow-fast system

%x =" = F(z,y,¢),

d; (1.1)
—_— = / g

o =V =Glay.e),

where F', G are sufficiently smooth. We assume that the system (1.1) has a nonde-
generate transcritical bifurcation point (NT-point) at the origin (0,0). This means:

F(0,0,0) =0, 8,F(0,0,0) =0, 8,F(0.0.0) =0,
0,2 F(0,0,0) 8, F(0,0,0) (1.2)

922 F(0,0,0) # 0, <0, Gy = G(0,0,0) # 0.
2y F(0,0,0) 0,,F(0,0,0)
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Let Fpp = azzF(Oa 0, 0), me = aﬂcyF(O,Ovo)a Fyy = any(Oa 0, O)a I, = 8€F(O’Oa0)a
then there exists a coordinate change

& = Fppw — Fuyy, § = sign(Go)yy/ Fz, — FyyFaz, € =¢elGol|\/F2, — FyyFrx,

transforming (1.1) into the normalized form [19] [23]

' = 2% —y? + e + O3, 2%y, 2?3, ex, ey, €2), (13)
y' =e(1+0(z,y,¢)), .

with
A\ — FeFa::r+GOFwy

‘GO| Fa:2y - Fﬂchyy

Obviously, (1.3) has a critical set Co = {(x,y) € R* : 2% = y?}, which consists of
two attracting branches C,1 = {x = y,y < 0}, Co2 = {z = —y,y > 0}, two repelling
branches C,1 = {z = —y,y < 0}, Co = {x = y,y > 0}, and a NT-point (0,0). Let
~1(g) be a trajectory of the normalized equation (1.3) corresponding to the system
(1.1) starting from some fixed point (z¢, yo) with zg < —yg and yo < 0. By the value
of A\, we can classify the system (1.1) with a NT-point into three cases [4,19,23,24]
(See Figure 1):

e A < 1: Exchange-of-stability
For sufficiently small € > 0, 71(¢) is attracted into an e-neighbourhood of
C,1 exponentially fast and remains near C,; until crossing another attracting
critical branch C,2 at some point (—y;, —y1) where y; is of order v/e. Then it
moves towards Cgo, staying O(—%) closer;

e A > 1: Critical transition
For sufficiently small € > 0, 1 () is attracted into an order ¢ neighbourhood
of C,1 exponentially fast and remains near C}, until crossing the repelling
critical branch C,1 at some point (y2, —y2) where ys is of order y/c. And then
~1(€) fast jumps away from the vicinity of the two repelling critical branches
Cr1 and Cr2 though the point (p1, p2) where p; is a positive constant and ps
is of order /g;

e A =1: Canard
For sufficiently small e > 0, 71 () is attracted into an € neighbourhood of Cg;
exponentially fast and remains near C,; moving and extending to C,o, until it
follows the repelling branch C,5 over an distance of O(1) before being repelled.

More research conclusions on the deterministic systems with transcritical bifurcation
points were presented in [10,11,19,29, 38].

The slow-fast equation (1.1) with a NT-point has very important applications
in many fields, such as chemistry [22], ecology [5,32,35], epidemiology [18,37], bio-
chemistry [9]. There are many studies about stochastic slow-fast equations (SSFEs)
with NT-points. For instance, Hurth and Kuehn proved the existence of invariant
probability measures for a particular case with a NT-point satisfying A = 1 in [17];
Kuehn calculated the scaling laws of the variance of stochastic sample paths and
obtained stationary density near critical transitions for a particular case with a NT-
point satisfying A = 1 in [20,21], which provides an important basis on finding the
early warning signal; Berglund studied the dynamics of (1.3) with A = 0 by sample
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Figure 1

paths approach [4]. As far as we know, majority of the research on the SSFEs with
a NT-point is to find early warning signals by using numerical simulation [32,34,37].
It is worth noting that, a sample path study of the dynamical behavior of the
SSFEs with NT-points satisfying A = 1 has not been studied. We treat this problem
here.
We describe our set up next. For a planar slow fast system with a NT-point at
(0,0) satisfying A = 1:

% = F(z,y) = f(z,y)z,
dy (1.4)
E = 5G(£>y)7

restrict € I} £ [—d,d], y € Iy £ [-T,T], where d and T are positive constants
independent of the parameter €, and assume that G(x,y) € C?(I; x Iy, R), f(z,y) €
c? (I; xIy,R), and 0 < ¢ < 1. We assume that there exist positive constants dy, do
such that G(x,y) > d; for all z € I; and y € I, min{9, f(0,0), 0, f(0,0)} > dy and
f£(0,0) = 0. We also put the following

Assumption. Let (z,y) € I x Is. For any fixed y < 0, the potential function
V(z,y) about x defined as 9,V (z,y) = F(x,y), has only one local minimum
point z = 0 and one local maximum point x = ¢(y). For any fixed y > 0,
V(x,y) has only one local minimum point = ¢(y) and one local maximum
point = 0, where = ¢(y) is the only solution function of f(x,y) = 0 and
satisfies p(y) > 0 for y < 0 and ¢(y) < 0 for y > 0.

Transform (1.4) into an equivalent one-dimensional non-autonomous ordinary
differential equation (ODE):

dr 1 F(x,y) 1
&y =Gy Y -
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and add additive noise with intensity o = o(¢) to (1.5):

1
;% = ~H(x,y) + \%dWy, (1.6)
where W, is a double-sided Brownian Motion on some fixed probability space
(Q,F,P).

In the study of SDEs, there are several approaches including but not limited
to: sample paths [4], random attractors [6], transition probability [25] and random
dynamical system [15,26,27]. In this paper, we extend the sample paths approach [4]
to study dynamical behavior of the SDE (1.6) near the NT-point with A = 1. We
describe the dynamics of paths mainly by analyzing the probability of the first
passage time of paths. By comparing our result to the result of the case A =0 [4],
we find that the effect of additive noises on the dynamical behavior near the two
cases NT-points is quite different.

We study the dynamics of the DSFE (1.4) and the effect of additive noise varying
with slow variable on the fast variable near the NT-point, and give a critical value y*
where the ‘critical transitions’ [21] occur before y < y* with very high probability.

We show that:

e The effect of a small additive noise becomes negligible on the segments of
trajectories that undergo large excursions in the fast variable.

e For A = 1, the paths under additive noise near a N'T point are likely to remain
concentrated near the deterministic solution only for et <o <eiand y less
than O(y/¢), and are likely to leave the vicinity of the deterministic solution
before y reaching O(y/elog|o|). Therefore small but not exponentially small
noise destroys the bifurcation delay caused by the NT-point.

o If the noise intensity o > 5%, then critical transition is likely to occur before
2
a time of order 5.

In Section 2, we state results in detail. In Section 3, we prove our theorems.

Notation. f(u) = O(u) means that there are two positive constants &; and &;
such that &;u < f(u) < &u; f(u) = O(u) means that there are two nonnegative
constants & and & such that & u < |f(u)| < &u; 2 Ay (2 Vy) means the minimum
(maximum) between x and y; [z] means the smallest integer which is greater than

or equal to = for z > 0; f(u) = o(u) means lin%)@ =0; PY*{(z,,y) € -} is
u—

a probability measure induced by the process {x,},>y, starting from zy at time
Yo on some probability space (2, F, P); EY0:®0 denote expectations with respect to
PYo,To

2. The statement of results

First, we recall some useful properties about the equation (1.4). Under the As-
sumption, by Taylor’s expansion, we know:

H(z,y) = [ay + O(y*) + bz + O(yx) + O(2*)]z, (2.1)
with a = aé{é%())) >0,b= 8&{(()%())) > 0. Obviously, (1.4) is locally topologically
equivalent to the typical example with a transcritical bifurcation:

d d
D —a@ty), L= (2.2)

at at
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And there is a critical set
Co={(z,t): f(z,t) =0 0r x =0} =Ca1 UCa2 UCr1 UCra U{(0,0)},

where Co1 = {z =0,y < 0}, Co1 = {z = ¢(y),y > 0} are attracting, C,; = {z =
o(y),y <0}, Cra = {x =0,y > 0} are repelling.

For normally hyperbolic critical manifold, one can use Fenichel’s theory [12,13]
to obtain the nearby dynamics. (1.4) has a non-hyperbolic point (0,0), where
Fenichel’s theory fails. We find that the NT-point p = (0,0) of (1.4) is also a loss-
of-stability turning point that the normal stability changes from stable to unstable
[16,28,30,33,36]. One has

Lemma 2.1. Let v. be a trajectory of (1.4) starting from a fized point (xo,yo),
with =T < yo < 0 and xg € (—d, o(yo)). Then, for sufficiently small € > 0, there
is a singular orbit vo:

Yo =Y01 U Y02 U Y03
:{(xay) HEUNS [:L'O /\Oaxo \/0]7y = yO} U {(x,y) = O7y € [y()vyl]}
U{(z,y) :x € [g A0, 29 V O],y = 11},

F0,y)
/yo G(Ovy)dy—Q (2.3)

where y1 satisfies

such that v N U converges to o in the Hausdorff distance as € — 0, where U =
{(z,y) : |z| < zol,|y] < T}. In addition to, min |z| = eictom, with ¢ =

o (@,y)€veNU
F(0,y)
fyo ‘ GE(J’Z) |dy

The function (2.3) of y; is called an entry-exit [1] or way in-way out [8] function.
The lemma means that, there is a phenomenon of ‘delay of instability’ [28], which is
also called ‘bifurcation delay’ [2], or ‘Pointryagin delay’ [31] caused by the NT-point
(0,0): After the trajectory ~. is attracted into the vicinity of Cy; and crosses the
critical branch {x = (y)}, instead of leaving the vicinity of C,o immediately, .
stays near Cro until it reaches near (yp,0).

Next, we analyze the paths near the NT-point (0,0) of the equation (1.6) in
order to explore the effect of additive noise varying with slow variable y on the fast
variable x near the NT-point.

Let zy (0, yo) be a solution of (1.6) and z°*(z, yo) be a solution of (1.5) staring
from the fixed point (z¢, yo). Our main theorem is as follows.

det
Yy

Theorem 2.1. There is a positive constant T € (0,T) and a sufficiently small e.
For any € € (0,¢¢], we have:

(1) Given yo € (=T,0), 2o € (—d,o(y0)). There is a hg = O(e1), and a y =
yo + O(glloge|). For any h € (0, hol, positive constant r and y € (y, /re], we

have
PPwl sup |y (@0,y0)] >~}
vy Su<y Viul vV /re (2.4)

* —L RI1-O(E * A 3 Ly
<Qi(y,yg,e)e ez 1=OWE) L @y (g yo, e)e " vror | ‘/a+§e 2
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(2)

(3)

(4)

with Q1(y, y) = O(M + 14+ d+1), Qa(y5,90,6) = O(F 1 1),

Ly = g N @7 Ly = kl[co (d — Jzo])* V (2(¢(yo) — |wo0l)?)], where

co < d A xg satisfies

0. H(z,u) = —=0(1),

max
{yo<u<yg,lz|<co}

and

H(z,u)

ky = min ) | =0(1).
{eo<lw|<zonfp(u)— ELTIPRAEN0N 4oy <10y

There is a positive constant T and a function T(y) = ay with 0 < a < §. If

Vie <yo <y < T, |wo| < Z(yo), and ollogo|? < O(e1), then

|$u($0ayo)| e~ k2a0(y,y0)/e
I < 1) < Qs(y, vo, 7
b < @sv30.€) V1 — e—2k2a0(y,y0)/e

prosof sl
u€E[Yo,y] 1Z(y)]

where Qu(y,yo,¢) = VS (1 4 L Basolvan))
constant satisfying (a — ba)u > ko0, H(0,u) for u € (()’T].

If Vie <yo <y <T and xg = —Z(yp), then there is a positive constant Lg
such that

(2.5)

and ko is a positive

h
pvrol sup |y (zo,y0) — 2o (20, y0)| > ﬁ}

€ [yo,y]

(2.6)
<Q4(Y, Yo, E)e_Liigz[l—O(ﬁ)].

v o9 H get , d ~
where Q4(y, yo,€) = S (xEZ ool o e <y <y < T and

Zo = i‘(yo), then

PyoﬂCO{ sup xu(xmyO) < d}
u€[yo,y]

—oo(y:y (2.7)
<e—0W0)a(yo)*/o® | d\/aoi o(y,y0)/e
- Vrov1 —e~ 200 (y,y0) /e’

where ag(u) = 0, H(0,u) and ao(y, yo) fy ao(u

Assume that ¢ > 1. There are positive constants p, ks and Ly, and a
ho = O(e1) such that

protol sup x, <d}

yo<u<y
|O{ ( )| 2 5 3 _p|a0(y/\(na%),—na%)\ (28)
<L4[L§’y 1]em 7 1OWAL | 277 dliogeivites D
- € 2

for fized zo € (—d,p(yo)), Yo € (=T, —kso?] and y € [~kso 3, kso3], 0 < h <
ho.
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From the above theorem, we know that, there is a threshold value N (¢) = O(g3)
of noise intensity which makes the estimations of the probability useful for O(e™%) <
o < N(g). When o < N(e), similar to the dynamic behavior of the deterministic

solution xZet(xo,yo), the sample paths are likely to be rapidly attracted into a

O(E%) neighbourhood of z = 0 with exponential speed, and remain in the small
neighbourhood until y = O(y/¢). And then, different from the deterministic solution
remaining in the O(g) neighbourhood of x = 0 until near y = y; = O(1) where
critical transition happens, the sample paths are likely to transit in advance near
y = O(y/ellogo|). And if 0 > N(e) the critical transition is likely to occur earlier
at some y € [~03,0%]. And when o < N(g) or o >> N(e), the probability that the
corresponding events as described above occur is almost one.

Remark 2.1. Note that, the threshold value N(e) of noise intensity is different to
the threshold value O(1/€) in the study of the pitchfork bifurcations in [3]. And the
difference is caused by the difference in the lowest order of the higher order term of
their drift term.

3. The proof of theorem

We compare the equation

1
dx = EH(m,y)dy, (3.1)
and
de = L H (e, y)dy + aw (3.2)
r=—-H(zx — . .
- ,y)ay \/g y

Let D = {(z,y) : |z| < d,|y| < T}, our discussion is confined to the region D.

Let 2, (z0,%0) be a solution of (3.2) and x4¢!(z¢, yo) be a solution of (3.1) staring

y
from the fixed point (o, yo). The dynamical behavior of the solution x4 (0, o)

in D follows from Lemma 2.1.
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Given yo € (—T,0) and zo € (—d, ¢(yo)). And let z, = (0, o) foEt(xo,yo).
We know z, obeys the SDE

AW, 2z, =0.  (3.3)

2, = 2{H(w, w0.0).9) — HG o, 0). )}y +

The linearization of (3.3) around z = 0 is

20 =0, (3.4)

Yo

1 o
o_ 1+ 0
dz, = Ea(y)zydy + \@dWy,

with a(y) = 0 H (2" (0, 40),y). Obviously,

0_ ., owwle, 7 [ awwvye
Zy = Zy,€ + e aw,

is a Gaussian process obeying the Gaussian distribution N'(E,(zo,y0), Vy(z0,%0)),
with

o [Y
Ey(0,y0) = 2> W%, Vy (w0, o) = ?/ 2o W)/ gy,
Yo

with a(y,v) = [ a Y a(u)du. We define a function ((y) that approximates the variance
function and has an advantagc over the variance function of being bounded away
from zero,

1 1 v
C(y) = o e2e(yyo)/e | g/ e2o(yv)/e gy, (3.5)
Yo

Under our Assumption, it is easy to know the following lemma from the argument
about the stable case in the subsection 3 in [3].

Lemma 3.1. There exist positive constants €g, hg, b1, ba and ¢y depending only on
H(z,y) and yo, such that for 0 < e <eg, 0 < h < hg, |zo] < ¢o and y € [yo, %yo],

2
Pt sup sy < Gy, cean{— g1 - O) - OW), (36

Yyo<u<y \/ )

with C1(y, yo,€) = 2 4+ 9 And 51 < ((y) < 5.

Note that, the limitation |zg| < ¢g is to make sure a(y) = —O(1). If ¢g < d, then
we use the sample paths approach to obtain the following lemma, which relaxes the
region of the initial point.

Proposition 3.1. Given yo € (=T,0), zo € (—d,¢(y0))/{0} and ¢1 € (0,]zo]].
There is a sufficiently small €9 and a positive constant ¢1, such that for any e €
(0780) and Yy e (yO + cig, %y0)7 we have

20,70 3 _kilefatd—lzgh?)]
provodf s[up ]xy(aro,yo) < -1} < ¢ o2 , for xo € (—d,0),
u€lYo.y
. 3 kilefaUewo)l-lzoh?)]
P O’yo{uel[l;f vl xy(anyO) > Cl} < 56 o2 ) fOT To € (Oa(p(yo))
0,

(3.7)
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Proof. First, we assume zo € (—d,0) be fixed, given a constant ¢; € (0, |zol].
Under the Assumption, it easy to know that there is a positive constant k; such
that w < —ky for all © € [xg, —c1]. Let xZEt’O(xo, yo) be a solution of the linear
differential equation

1
dx = —gklxdy, Ty, = Zo- (3.8)

Obviously,
xZet,O(xO’yO) _ xoe_kl(y_yo)/g- (3.9)

Let :vg(ajo, Yo) be a solution of the linear equation

1 o
dx = _gklxdy + %dWy, Ty, = To, (3.10)
then ,
0 - —ki(y—yo)/e ;. 7 —k1(y—u)/e
T (70, Yo) = woe™ + / e dW,. (3.11)
u \/E o u

This means 20 (z¢, yo) is a Gaussian process and follows the distribution N (E,, V)
with F, = xoe—h(y—yo)/‘f- and.Vu — 0'?2 fi e 2k1(y—uw)/e gy = %(1 _ e—2k1(y—yo)/e).
We define some stopping times

ng = lnf{u € [yan] : xg(x(),yO) d}a’rgcl = lnf{u € [yo,y] : x?z(xovyO) > _Cl}a

S —
T_a = inf{u € [yo,y] : Tu(z0,y0) < —d}, 7, = Inf{u € [yo, y] : 2u(z0,Y0) = —c1}.
If 2%(z0,y0) > —d for all u € [yo,y], then 7%, = co. And 7°

similarly defined.
Let z, = zy(z0,v0) — 2% (20, Yo) With z,, = 0. Obviously, z, satisfies

crr T—ds T—¢, are

1
dZu = g{*klzu + H(mu(xO; yo)v u) + klxu(an yo)}du (312)

If u € [yo,y A T—q A T—¢y ], then

1 u
Zu = Zyq + g/ _klzu + [F(xu(x07y0)a u) + klxu($07y0)}du
. v (3.13)
> Zy, + g/ —k1z,du.

Yo

By Gronwall’s inequality, we know that
Zy > ,Z'yoe*kl(ufyo)/E >0 as zy, > 0= z,(z0,%0) > 22 (20,90)- (3.14)
Thus 7_4 > ng and 7'961 > T_¢,. Then

provol sup  xy(xo,y0) < —C1}

Yyo<u<y
SPJ?O;ZIO{ sup xy(x07y0) < —C1,T—d S y}
Yo <u<y (3.15)
+ P*o¥o ! sup xy(icmyo) < —C1,T_q = o0}
Yyo<u<y

<prowe{rly <y} Prove{rl, >y}

—c1
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There is a positive constant ¢y, if y — yg > ¢1¢, then

prowofrl, >y} =P¥{ sup ay(o,50) < —c1}
Yyo<u<y

< PP {ad (20, 50) < —c1}

— —c1—Eqy
1 U (@By)? 1 Va2 (3.16)
= e Vu dr=— ez dv
vV 27TVu — 0o 271' —0o
1 (—cq—zne—F1(¥—v0)/e)2
1 (—c1—Eqy)? 1 _2ki(—eg—wge "1 ) kic
< 56_ Cl2vu < 56 o2(1—e2k1(y—vo0)/e) < —e” (,21.

Let X, £ % f;} e~ki(u=v)/eqy7, . X, is a Gaussian process starting from (0,y0) and
obeys the distribution A(0,V,,). The symmetry and the strong Markov property of
{Xu}u>y, implies that
prow{rl, <y} = P*%{3u € [yo,y] s.t. xy(z0.yo) < —d}
=P*%{Ju € [yo,y] s.t. x)(z0,y0) — o (w0, y0) < —d — 24" (w0, yo) }
=P%%{3u € [yo,y] s.t. Xy < —d — x4 (20, y0)}

u

<P {3y € [yo,y] s.t. Xy < —d + |20}

=2P%%{X, < —d +|zo[} (3.17)
2 —d+|zo| _ 2 9 %‘Zo\ o
= e?Vvdr = — e 7 dv
V2V Jo Vor oo
—d—lzq))? _ 2k (—dilwg)? oy (—dt|zg])?
<6_% < e 02(17i_2k1(y—y0)/5) < e—w

Substitute (3.16) and (3.17) into (3.15), we obtain the first inequality of (3.7). And
if 9 € (0,¢(yo)) is fixed, the second inequality of (3.7) is obtained by an analysis
similar to the above. The only difference is the defined stopping time. O

We know that the deterministic solution xget (20, yo) approaches and crosses the

line = = ¢o at y§ = yo + O(e) exponentially fast. The above lemma means that the
paths of the process x,(zo,yo) cross the line = ¢y near yg with probability close
to one for ¢ sufficiently small. Note that, the similar result holds for autonomous
equations and has been proved in chapter 2 of [14] and in chapter 5 of [7], respec-
tively, by the method of expansion in powers of a small parameter and the large
deviation theory.

Let ag(y) = 9. H(0,y) = ay + O(y?). By the Assumption, we know there are
positive constants ag > ag > 0, such that afy < ao(y) < agy for —T < y <0,
and ayy < ag(y) < agy for 0 < y < T. We know the linearization of (3.2) around
x = 0 satisfies

o
ﬁ
We define {y(y) = leo)lem"(y’y”)/a—&—% f;‘i) 220w/ dy with ag(y,v) = [ ag(u)du.

There exist positive constants ¢, < c(J{ such that {(y) satisfies

1
dzg = gao(y)xgdy + —=dW,, 138 = xg. (3.18)

0

- +

Co Co
=< (oY) £ =, for =T <y < e,
ly| vV \/re ly| vV /re
Co

+
%e%o(y’o)/f < Goly) < %620«)(%0)/57 for re <y < T.

(3.19)
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Let z1(y) = (0, yo) — 2 which satisfies

dz1(y) = é{ao(y)zl(y) + Ho(zy(20,90),y)}dy, for z1(yo) = 0, (3.20)

with Ho(xy(20,%0),¥) = H(xy(z0,v0),y) — ao(y)zy(To,%0). Note that, there is
a positive constant My such that |Ho(zy(zo,y0),v)| < Moz, (z0,v0)? as long as
(zy(x0,%0),y) € D. By analyzing the linear process z and the difference process
z1(y), we obtain the following

+
TN R
Lemma 3.2. There exists a constant L = Y2Mo% cfo te 2 )y Moy/eg (24/cg +
0
3
4

rad 1
e 2 )2 If0< h< —dre)? 5, |wo| < ( h)%, then for y € [yo,/T€], there is
TE

ra

2 cU++e 2

| (20, yo) — woeHv0)/|

T 712
pyo-rod sup > h} < Ca(y, yo,€)e?+D 27[1 —4(e)],

u€[yo,y) Co (u)

with Ca(y,yo,€) = |C¥0(§J72y0)| + o=t 4% +4, () = Oe) foryy <y < —/r¢ and
5(e) = O/2) for ly| < VFe.

We omit the long but straightforward proof of the lemma, which follows the same
analytical process as that for Lemma 4.2 and Theorem 2.10 in [3]. The difference
lies in the inclusion relation between these two measurable sets of (£2, F, P):

AO(R) € Al(1+ —2)h], Ay(h) € AL+ —2 ), (3.21)
(re)a re)a
with
AS(R) = {w : |29 (w) — zoe® ™ ¥)/E| < hy/Co(y), Y u € [yo, 9]}, (322)
Ay(h) = {w : |zu (20, o) (w) — 2o @¥0)/E| < hy/Co(y), ¥ u € [yo,y]}

The difference is due to the difference between the lowest order of the higher order
term of the drift term near the transcritical bifurcation and pitchfork bifurcation.
The remainder of the proof is similar, except that a lot of more careful calculation
is involved.

We are now ready to proceed with

Proof of (1) of Theorem 2.1. Without loss of generality, we assume —7T < yo < 0
and 0 < zp < ¢(yo) fixed. Let

h
Yo, = inf{u > yo : w0 Wvo)/e <

T 24/ |u| v \/7“5}’
. Lo dety, 1o h
Yoo = Inf{u > —yg : 2% (co, zY51) < ———mmes
02 { 5 Y01 ( 5 01) o Jal v e
We know that zge®(“:¥0)/¢ and ¢ (co, 2ys, ) are attracted to a O(e) neighborhood
of z = 0 with velocity O(e). So yi; = O(elloge|) and yi, = O(elloge|). Let
Yo = max(ysy, ¥5,), then y5 < 1yo for sufficiently small e. Define 7., = inf{u >

1.
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Yo : Zu(Zo,Yo) < o}, by the above lemmas and the strong Markov property of
(0, Yo), we have

h
VIV Ve

<P {3u € [y5,y] : lwu(@o, yo) — woe " 0)/e| >

PYm0 {3y € [yg,y] « Jzu(o, yo)| >

}
h

2/l V /e
<PY*{Ju € [y5, 9] : [zu(@o, yo) — 0™ ™ ¥0)/E| > hyy/Co(u)}
Spyo,io{au c [yay} : |xu(x07y0) - xoeao(u,yo)/€| > hy m:

}

hy i ha 1

|2y (0, 90)| < =E PYotof]zy« (20, Y0)| > of i Teo < 23/01}
1

+ PYoto{r,, > 2y01}

=Evro{], PY 00 G € ysy] + (o, yo) — woe® 307

5
{lzyg (zo,90) < —1r}
(re) T

h
hiv/Co(u)}} + B I, o1y y P70 [mys (20, 50)| > @}}

1
£ PP, 2 Sy}

< Yo,To .
<E {I{|M;*(L0,y0)< My
'ra)4

1V CO }} + EyOJO{I{TCO 2y0
1,
28 (w0, y0)| > har/C(u)}} + PP {7, > §yo1}

ny;ﬁcyg (-Towo){au c [yE)k’ y] : |xu(x0,y0) . xoeao(myo)/a‘

1 PTCO’CO{H’LL S [Tcmyg] : |£L‘u($07y0)

2. _ 2 - 3
<Qily,y,2)e ™ IOV 1 Qu (o, c)e T VI 4 St
(3.23)
N — Vb
where hl = 2\/5}% h2 = ﬁ(rg)% hl. i O
Next, we look for an appropriate region D 2 {(z,y) : |z| < Z(y),T > y

\/7(¢)} which approximates the region D £ {(z,y) : |a:| < ey |,T >y > /T }
and is contained in D, in order to show that the sample paths starting from the
region are likely to leave the region rapidly. Here 7 is a positive constant to be
determined later. This will be used in proving that the sample paths starting from
some O(+/g) neighbourhood of z = 0 jump away from the vicinity of z = 0 with a
high probability after y > v/7e. Note that, from now on, without loss of generality,
we can assume d is a suitably small constant so that the following conditions holds.
Otherwise, we can supplement our proof with the conclusion of Proposition 3.1.
We summarize conditions according to the subsequent proof requirements:

(A1) D approximates the region D £ {(z,y) : |z| < |o(y)|, /7(e) < y < T} where
T < T is a positive constant such that
H
min [—¢'(y)] = O(1), min 0 ()
y€[0,T] {lz|<d.ye(0.T7} x

min Oy H(z,y) > 0;
{lz|<d,ye[-T,T]}

>0,
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(A2) The solution ¢(y) < 23 (=Z(yo), y0) < —Z(y) for \/7(e) <yo <y < T;

(A3) 0:H(-Z(y),y) = O(0.H(¢(y),y)) in order to maximize the range of values
of ¢ in which our conclusion holds.

Since —p(y) = O(y), we naturally assume that Z(y) = ay. By the above

t
conditions, it is clear that & < a < yg{l&%[—(p’(y)] < ¢ and = < 7. Let

Vie <yo <u < T and 2z, = o (—Z(y0), o) — 22 (—Z(y0), Yo ). 2. satisfies

%qu, 2y =0, (3.24)

dz, = 2{@2(u)zu + Hy(zy,u)}du + 7

with ag(u) = 0, H (23 (—%(yo),y0)) and

Hy(zu,u) = H(zu(—2(y0), y0), u) — H (x4 (—Z(yo), y0), u) — az(u)z,.

It is easy to prove that there is a positive constant My such that |Hy(z,,u)| < Maz?2
for (zy,u) € D. Let 22 be a solution of the linear equation

1 o)
0 0 0
dz, = gag(u)zudu + %qu, Zy, =0, (3.25)
and (o(y) = |a2(1y0)|62a2(y,yo)/6 + %f;’o e22 W)/ dy with as(y,v) = fvy as(u)du. Tt
satisfies
L. G(u) < — ¢'(u) < ! (3.26)
2|a—(u)| 2|a(u)l £

a
with a_(u) = 0, H(p(u),u) = —O(u) and a(u) = 0, H(—
we can obtain the following

8l

(u),u) = —O(u). Then,

. 3
Lemma 3.3. For /e <yg <y <T, there is a ho = O(y A yo). For 0 < h < hg
and sufficiently small €, we have

procan sy 2L 5 py < (g, yo, e)e b 0O, (3.27)
yo<u<y <2(U)

with Q4(yay07€) = 2a{y50) +2.

52
We omit the proof of the lemma, which follows similar steps of that of Theorem
2.12 in [3].

Proof of (2) and (3) of Theorem 2.1. Since there is a positive constant ag = a —

ba such that w > apy, one can prove (2) basically following the steps of Theorem

2.11 in [3]. The only difference is the restriction on o that o|logo|? < O(e1). (2.6)
can be obtained directly by the above Lemma 3.3 and the fact that (a(u) = O(2)
for u € [/7e, T).

Next, we prove (2.7). Let z¥ be a solution of (3.18) with =) = Z(yo). zu =
u(Z(Y0),90) — 29(Z(yo), yo) satisfying (3.20). Since there is a § € [0,1], such
that HO(xu(f(yO)vyO),yO) = %azmH(emu(j(yO)vyO)au)[xu(f(yO)vyO)F >0 for 0 <
2 (Z(y0), y0), u) < b,u € [0,T]. Repeating the analysis of z, in Proposition 3.1, we
obtain that z,(w) > 0 for w € {z, € [0,d],Yu € [yo,y]}. Define 7§ = inf{u > yo :
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29 = 0}, then

Pos2Wo) L2 (Z(yo), y0),u) < d, Vu € [yo,y]}
:pyoyi’(yO){mu(j(yo),yo),u) <d, Yu € [yo,y]ﬂ'(()) <y}

+ PYoa0) {2 ((yo), yo), w) < d, Yu € [yo,y], 70 > y}
<Py W) (70 <y 4 pyo-2(Wo) [ (Z(yo), o), 1) < d, Vu € [yo,y], 70 > y}
Spyo,i(yo){Tg <y}+ pyoi(yo){O < 2% <d, Yu € [yo,y]}
<Pl {70 <y} + Pwyo){o < ay <d}

Se—ao(yo)m(yo 2+ d /a0 —ao(y,y0)/e .
faw/l —2ao(y yo)/e

The last inequality follows from Lemma 4.9 in [3] and the fact that z obeys the
distribution N (Z(yg)e® W-vo)/e, "; f;} e2eowv)/eqy). O

(3.28)

We show next that when o > s%, the bifurcation delay caused by a NT-point
is destroyed earlier than y = \/e[logo| in the case e™ ¢ < o < O(e1). And we
get the critical value yx = a%, which means that the solution z, starting from
the attracting domain of x = 0 is very likely to enter the respelling sub-domain
[O(1),4+00) of z = ¢(y) before y = y*.

Proof of (4) of Theorem 2.1. This proof is similar to the proof of Theorem 3.3.4
n [4] studied near a fold point. We outline the main steps. First

Pwo,yo{ sup xu(x07y0) § d}

Yyo<u<y
=P*%{ sup wy(zo,y0) <d, inf [zu(z0,50) — 2o (z0,Y0) + hy/Co(u)] > 0}
yo<u<y YoSusy
+ Provo{ sup @y, (o, 40) <d, inf [, (z0,y0) — 24" (20, y0) +h/Co(u)] <O},

Yo<u<y YoSusy

(3.29)

where h = O(e7) so that max |z [zd¢ (20, y0) — h+/Co(u)] > —d. Next, we estimate

Yosuxy

the two terms on the right hand side of the equality (3.29).
Step 1. We prove that there is a positive constant p such that

pYorof sup  my(z0,y0) < d, inf [zy(20,90) — 21 (20, y0) — h\/Co(u)] > 0}

yo<u<y YoSusy
e (wA(no 3 ) 3
_ _lagA(ne3),—no
<3P s(ltogaivitesED
(3.30)
Since
pyotol sup xu(any0)<d mf [ffu zo,Y0) — h\/Co(u)] > 0}
yo<u<ly
— FYo,%o
E {I{—h\/(O(u)<acu(zo,yo)<d, Vue[yo,—na%]}(w)

x Pt o) < waeo, o) < d, Vu e [—nad gl
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< sup Pinaéyxl{_h\/ CO(U) < xu(x()vyo) < d) Vu € [_na%ay]}v

—h/¢o(—no )<z <d

(3.31)

where n is a proper constant determined by (3.36).
Next, we need to estimate

Pt b /Go(u) < (o, y0) < d, Yu € [—no,y]}.

We assume —d < —h+/(o(yo) < 2o < 0, and y > /re. The analysis for y < \/re is
included in the following analysis. If z; > 0 then we know

ano'g,:m{ih\/m < zu(xlayo) < d, Yu € [7710%31/]}

2 2 (3.32)
<P %0 —hy/(o(u) < wulz0,y0) < d, Yu € [-no?,yl},

by the uniqueness of the solution. We divide the interval [-no3,y] into K subin-
tervals: —na§ <y <y < - < Yr-1 < Ygy; = —Vre < Y41 = Jre <
2
< yko1 < yk =y, satisfying K, — LooCvrEmne] g el
and ag(ygt1,yx) = me for 0 < k < K7 — 2 and K1 +1 < k< K—2 Wlth
m = O(|logZ| + |logo|). Let

A ={w € Q: —h/(o(u) < zy(z0,y0)(w) < d,Yu € [Yg, Yp+1]}- (3.33)

Then

2
Pt h/Go(u) < wulwo,po) < d, Yu € [-not ]}
2 3z
<p—nod 7I0{m§:51"4k} = pnos ,lo{‘[ﬂ,}:;olAk}
2
50,
(3.34)

2 2
=F "R pTne o [Iﬁsz’UlAk |(zu (20, Y0))yo<u<yr 1)}

2 2
:Evf’rw'3 » 0o [I K72A Ew’yK—l’nyl(AKfl)] S inlEfn(rd ’ZO{IQK—zAk}
k=0 g

<HQk HQIm

where g = sup Pk (Ay).
Co(yr)Say, <d

1 2 . . 1 2 1

D <y < e satistying Jao(u v )| = lao(yt” o) =

|0¢0(yk,yk )| = 3m6 and define

Letyk1<y

7-k+ = inf{u € [yx—1,yx] : Tu(x0, — %) < _hm}’

i1 = inf{u € [yr—1,yx) : 2u (o, —no%) >0}, (3.35)
The = inf{u € [0, un] : Tu (@0, —n0?) > p(u)}, |
Ths = inf{u € [ria, i) : 2o (o, —n03) > d}.
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Then, by following the proof of Theorem 3.3.5 in [3], we know that there are positive
constants L1, Ly > 1 and L3 such that

m

2o #Valn DRl Il 3 (el Vel 1)l) v2a—(ye—1)
Tk < +

™ _ s _2m
ovV1l—e 73 o\/1 — e 3L,

m

1 1 de 32 /a_(yr_1)

-+
2 2 2m

o\/1—e 3Lz

+

1 - _h d, —m 2

<o+ Ls[(= + Vn—g)e ¥z +nf] < 2.

2 o o3 3
(3.36)

Taking (3.35) into (3.34), we obtain the estimation (3.30).
Step 2. We prove
prorod sup  wy(wo,y0) < d, inf [0, y0) + hy/Co(u)] < 0}

yo<u<y yo<u<y (3 37)

2 2 .
§L4[|a0(_n§37y)| +1]€7272[170(\/€)]
9

Let 22 be a solution of (3.18) with x° 3 = o Since Oy H(x,y) > 0 for |z| < d

n
and |y| < T. If yo < T, we can supplement our proof with the conclusion of

Lemma 3.1. Thus, we neglect the case. Let h satisfy n[lax | hv/Co(u) < d, that is
u€|Yo,y

h < (9(5%). Then by the same arguments as in the proof of Proposition 3.1, we
know that there is a positive constant L, such that

pvorof o sup g (z0,y0) < d, i<nf< [z (0, y0) + h/Co(u)] < 0}
no? <usy yo<u<ly
SPyO’wO{ inf l'u(x07y0) g *h} (338)

vo<u<y 4 /Co(u)

<L4[|0‘0(i/+y)| 4 1]e~ 25 1-0v3)]

where the last inequality is obtained by the same arguments as in the proof of
Proposition 4.3 in [3]. This finishes the proof of (2.8). O
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