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Abstract In the paper, basing on the Katugampola fractional integrals ? gy f
and PKp_f with f € X%(a,b), the authors establish the Hermite-Hadamard
type inequalities for convex functions, give their left estimates, and apply
these newly-established inequalities to special means of real numbers. When
p — 1, these results become the corresponding ones for the Riemann—Liouville
fractional integrals.
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1. Introduction

Fractional Calculus is a field of applied mathematics and deals with derivatives and
integrals of arbitrary orders, including complex orders. Although the definitions
for fractional derivatives are inconsistent and work in some cases but not in others,
there are almost practical applications and profound impact in science, engineering,
mathematics, economics, and other fields.

Suppose that (a,b) is a finite or infinite interval of the real line R, where a < b
and a,b € [—00, ], and that « is a complex number with f(«) > 0. Let I'(2) is
the classical Euler gamma function defined by

F(z)z/ T* e Tdr.
0

In [13], Podlubny introduced the left-side and right-side Riemann—Liouville frac-
tional integrals of order « for a function f as

RS 100 = oy / = 1) fryr

and

b
R F(x) = ﬁ / (r =) f(r)dr
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respectively.
In [16], Samko introduced the left-side and right-side Hadamard fractional inte-
grals of order « for a function f as

X dr
M S0 = g [ (ux—n) o)
and . p
1 T
M 100 = g [ (r =)™ o)
X
respectively.

Suppose that X2(a,b) is the space of the complex-valued Lebesgue measurable
functions f on [a,b] with || f||xr < oo, that is,

xlc)(aab) = {f : [avb} - (Ca Hf”x?; < OO},

where the norm || f||xr is defined by

b 1/p
dr
e = ([ s ) 1sp<oe, cer

and
[ fllxee = esssupa<r<o [T°If(T)]], p=o00, ceER.

In the sense of the above function space, Katugampola introduced in [6, 7] the
left-side and right-side fractional integrals of order « for a function f € XP(a,b) by

X _ a—1 d
Rarf(x) = P(la)/a (XPPTP) f(T)Tipa p>0

o 1 b TP — xP ol dr
PIY_f(x) = (o) /x < ) f(T)Tli_p? p>0

and

p

respectively. The above-defined fractional operators are known as the Katugampola
fractional integrals in [6, 7], or Erdélyi-Kober fractional integrals in [8, 15], or p-
Riemann-Liouville fractional integral in [4], which generalize fractional integrals of
the Riemann—Liouville and Hadamard respectively by

lim [P, (0] = R ()

and
lim [P f(x)] = How f (%)

p—0

The similar results for right-sided fractional integrals also hold.
For any convex function f : [a,b] — R, the double inequality

(5 25 a0 < 2050

is well known as the Hermite-Hadamard inequality, see [2,3,5,10,11,17].
In the paper [1], Chen and Katugampola gave the following Hermite-Hadamard
type inequalities basing on the Katugampola fractional integrals.
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Theorem 1.1 ( [1]). For p > 0 and 0 < a < b, suppose that f : [a?,b"] = R is a
positive function and f € XE(a?,b"). If f is a convex function on [a,b], then for
any o >0

a® + bf p°T(a+1)
f( 2 >§mwww

fa?) + f(b°)
5 ;

PRa+F(VF) + PG f(a”)] <

where the fractional integrals are considered for the function f(x*) and evaluated at
a and b, respectively.

In [1], Chen and Katugampola also gave some right estimates of the Hermite—
Hadamard type inequalities for the Katugampola fractional integrals.

Theorem 1.2 ( [1]). For p > 0 and 0 < a < b, suppose that f : [a?,b"] — R is
a differentiable function and f € XE(a”,bP). If f' is differentiable on (a”,b”), then
for any a >0

‘f(a") + /") pT(a+1)

2 T 2(bp — ar)e [PKas F(0) + PR f(a?)]
(b — af)? (

1 1
§2(a+1—)(a+2) CH‘) sup |f"(S)],

2% ) celar br)

where the fractional integrals are considered for the function f(x*) and evaluated at
a and b, respectively.

Theorem 1.3. Suppose that f : [a?,b?] — R is a differentiable function on (a”,b?)

with p > 0,0<a<b, and f € XE(a”,b”). If |f’| is convex on [a”,bP], then for any
a>0

Vwﬂ+ﬂm) PO D) fca 0) 1ok f(a?)]

2 ©2(bp — ar)>
b —a” 1 1op ,
<y (1 35 U@+ 7071,

where the fractional integrals are considered for the function f(x*) and evaluated at
a and b, respectively.

In this paper, we will improve some conclusions of the literature [1]. Based
on the Katugampola fractional integrals ?/Cq, f and P f with f € XE(a,b), we
will establish the Hermite-Hadamard type inequalities for convex functions and
give their left estimates, and we will apply the newly-established inequalities to
special means of real numbers. These newly-obtained inequalities generalize the
corresponding results for the Riemann—Liouville fractional integrals, which can be
demonstrated by taking limit p — 1.

2. Hermite—Hadamard type inequalities for Katugam-
pola fractional integrals

In this section, basing on the Katugampola fractional integrals PICS, f(x”) and
PG f(x*) for any x € [a,b] with f € X2(a,b), we establish the Hermite-Hadamard
type inequalities for convex functions.
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Theorem 2.1. Suppose that f : [a?,b°] — R is a positive function with p > 0,
0<a<b, and f € X2(a”,b?). If f is a convex function on [a,b], then for any
a >0 and any x € [a,b], we have

a a’ +b° 1 p°T(a+1) [PEE f(xP) PRy f(X?)
(e am?) < e we * o owor)
o [f(ap)Jrf(bp)
T a+1 2c

+f<xp>] (2.1)

where the fractional integrals are considered for the function f(x*) and evaluated at
a and b, respectively.

Proof. It easy to follow that

wrm+1)rKﬁfuﬂ ”K&fu@]
2 (x? —ar)> (0P = x*)*

1
== / TP f(70a” + (1= 77)x") + f((1 = 77)X" +7°0) ] dr.
0

Then by the convexity of f and Jensen’s inequality, we obtain

0 [ oo a4 (1 27)) 4 F(1 70 + 770
0

1 Iy VY
Zpa/ T"O‘_lf((l—T”)xp—i—Tpa —2|— )dT
0

fol Trat {(1 —7P)XP + 1 “p‘ﬁbp] dr 1
> paf( >/ rPe—Ldr
0

fol TPe—ldr
o a”+b° 1,
_f<a+1 2 +a+1x>’

which completes the proof of the first inequality of Theorem 2.1.
On the other hand, by the convexity of f again, we have

[ i e = )+ (= 10+

2 Jo
<pa [ =) + LI g
0
which completes the proof of the second inequality of Theorem 2.1. O
Corollary 2.1. With the assumptions of Theorem 2.1 and taking x” = #, we

have

f<ap+b”> . 201 oD (a4 1) {p’Cng <aP+bP> +"IC§f(ap+bp>}

2 (bP — ar)e 2 2
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a [ f(a?) + f(b°) a’ + b’
a+1 2 +f( 2 )}
< J) £ 100)

When taking the limits x — a and x — b respectively in the inequality (2.1),
and when using the L’Ho6pital rule, we deduce the following result.

Corollary 2.2. With the assumptions of Theorem 2.1, we have

() sal () (i)

I s g
o S+ 107)

3. Left estimates of Hermite-Hadamard type in-
equalities for Katugampola fractional integrals

Now we first establish an interesting equality.

Lemma 3.1. Suppose that f : [a”,b”] — R is differentiable with p > 0, 0 < a < b,
and f € XP(a”,b?). If the Katugampola fractional integrals exist, then for any o > 0
and any x € la,b], the equality

p*T(a+1) [PIC3‘+f(xp) PR (X”)
2 (x? —ar)> = (bF —xP)e
1

:g/o (77 — 1)L [(x* — @) f'(77a” + (1 — 7°)x*)

= 0 = X)) (L= 77)x" + 7°b")]dr (3.1)

= f(x")

holds, where the fractional integrals are considered for the function f(x?) and eval-
uated at a and b, respectively.

Proof. It is easy to see that

L[ =0 0 =) (a4 (1= ) = 0 X)) f (=
0

1
:7p(x/’2— ) /0 (7P — )P~ (1Pa? + (1 — 1°)xP)dT

1
B p(b? — x*) / (7P — 1)7.p*1f/((1 — )" + 7PV)dr.
2 0

Integrating by parts, we obtain

p(XpQ_ ap) /1 (TPQ _ 1)7-p71f/(7—;0ap + (1 — Tp)Xp)dT
0
= —7f(>2<p) + % /1 Pl f(rPaf + (1 — 7P)xP)dr (3.2)
0
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f(x?) | p°T(a+1)

=T Tage e | K SO
and ) ) L
p(b ; xX’) /0 (rP — l)Tpflf/((l —7P)XP + TPbP)dr
1
= L;(p) — %/0 TP F (PB4 (1 — 7P)xP)dT (3.3)

fx?)  plla+1),
= - Ky M.
2 2(bp _ Xp)a [ b—f(X )]
Subtracting the result in (3.3) from the result in (3.2) completes the proof of the
Lemma 3.1. O

Remark 3.1. If taking the limits x — a and x — b respectively in the iden-
tity (3.1), by using the L’Hopital rule and Corollary 3 in [9], we obtain

p°T(a+ 1) [PKE f(a)]  f(aP)

2(bP — ar)™ 2

= K [ e i@ el oy ()

and

peT(a+ D[P f(07)]  Fb°)
Q(bl) — al))o‘ 2
_pb? —a”)

2

| =it (- eyar (3:5)

Adding the identities (3.4) and (3.5), we arrive at

‘Tla+1 y ”
W [PRSL (V) + PR fa”)] — w
:M /0 (TP — 1)70—1 [f’(Tpap 41— ) — f’((l s prp)]dT'

By the substitution of integral variables, it is easy to follow that

T(a a” bP
:7p(bf’2— @) /0 [P — (1 = °)*]7P~ L' (7Pa” + (1 — 7°)bP)dr,

which recovers the equality in [1, Lemma 2.4].

Remark 3.2. If taking x” = # in the identity (3.1), then we obtain a midpoint
equality

27 T(a+1) [, -0 af + b? pra pf @+ af + b°
S () o ()] ()

20 [y [ (B L) (3.
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-/ <<1 i Y 1—;prp>}d7.

Next, basing on the Katugampola fractional integrals, by virtue of the differen-
tiability, the convexity, and Lemma 3.1, we will establish the left estimates of the
Hermite-Hadamard type inequalities.

Theorem 3.1. Suppose that f : [a?,b”] — R is differentiable with p > 0, 0 < a < b,
and f € XP(a”,bP). If f' is differentiable, then the inequality

207 o+ 1) [, ., (0’ +b° o ofa’+b° af + b*
S () ()] ()

a(bp _ap)Q "
<———> sup |f"(Q)]
8la+2) ce(.%)

holds for any o > 0.

Proof. Using the identity (3.6) and considering mean value theorem for the func-
tion f’, it is easy to see that

271 pT(a+1) [, -0 af + b° pra pf @+ af + b°
ot e (U5 ) e g (M) | - (S

p_qP)2 1
el B L

where (7 (“77 %) Consequently, we find out
1

WW (55 + s (50)] (757
e K T

a(b? — a?)?

<———— sup  [f"(Q)].
2
8Ot ()
The proof of Theorem 3.1 is complete. O

Theorem 3.2. Suppose that f : [a?,b?] — R is differentiable with p > 0, 0 < a < b,
and f € XP(a”,bP). If |f'| is convez, then the inequality

p°T(a+1) [PKe f(x?) | PKy_ f(X?) B 0
2 {(Xp—a”) (b”—X”)a} J0)

STaHErg et N -l E) 5.1
+ (@ +3) 1 = a)|f' (X")| + (a + 1) — x")|f' ()]
holds for any a > 0 and any x € [a,b].

Proof. Using Lemma 3.1 and the convexity of the function |f’|, we have

peT(a+1) [PRe f(x?) | K fOX)] L,
2 |:(Xp _ ap)oz (bp _ Xp)a:| f(X )
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= 2
p(b” —x”)

1
+ P [ ooyt (= o) 4700
0

<7p(xp —a”) /1(1 — 7P P f(rPaf 4 (1 — 7°)xP)|dT
0

<A [ 1= g [ro]£ @) + (1= 7))

+ ,0(()‘)2—)<‘))/() (1 - 7-00)7-/)—1 [(1 — Tp)|f/(xp)| 4 Tp|f/(bp)‘:|d7_
:m [(@+ )" — a”)If (a”)] + (e +3)(B” — a”)|f'(x*)]
+ (a4 1) — Xp)|f'(bp)|],

Theorem 3.2 is thus proved. O

Remark 3.3. If taking the limits x — a and x — b respectively in the inequal-
ity (3.7), then

p°T(a+1)
2(br — ar)e
< a(b? — aP)
“d(a+1)(a+2)

ks fa)] - 9

[(a+3)[f' (@) + (a + 1) (v7)]]

and
T'(a b?
ke g0 - 15
a(b? — a”)

S Tet Diaty @ T DI @)+ @+ 35 )]

If taking x* = a”£0% i1 the inequality (3.7), then
2

27T (a+ ) [, e [0+ pra pf Q0T af +b°
2(bP — ar)e [’C“+< 2 )+ Kot -/ 9

2
_a(P—af) a (0P a (a”+ b o (P
_8(a+1)(a+2){( + DI (@) +2( +3)f< 5 )‘H +1)|f' (b )(]3.8)

Theorem 3.3. Suppose that f : [a?,b”] — R is differentiable with p > 0, 0 < a < b,
and f € X2(a”,b”). If |f'] is convez, then the inequality

27T (a+ 1) [, af + b° pra af + bP a® + b°
M[’W( 2 )* A A
a(b? — a®)

~ 4(a+1)
holds for any o > 0.

[ (@) + [/ (B°)]] (3.9)

Proof. Using the identity (3.6) and the convexity of the function |f’|, we acquire

2071 0T (ar + 1) o af + b? o ofa"+V° af + b°
T () o ()] ()




1658 S. H. Wang & X. R. Hai

P _ qP 1 1 p 1— 7P
Sp(b I a )/ (l_TPOL)TP—1|:f/< _;T aP+ 2T bP)’
0
1— 7P 1 p
fl( 27 o+ 5 b”) }dT

2
<A [y @) 410l

_a(bp_a’p) "(aP N
=2+ 170

+

which completes the proof of Theorem 3.3. O

Theorem 3.4. Suppose that f : [a”,b?] — R is differentiable with p > 0,0 < a < b,

and f € XP(a”,bP). If |f'|7 for ¢ > 1 is convez, then the inequality

pT(a+1) [P fF(X?) PR F(XP)] o)
2 (x? —ar)> — (bF = x*)"

o o 1-1/q 1
sl ()] (e e

+1 +r+1 /e
(e r282) 2]

+ (b — x*) KB (r +1, T:al) - B(r +1, WH))V’(XWQ

po

+B<r+1,p+r+1>|f’(bp)|q} Uq} (3.10)

po

holds for any a > 0, 0 < r < min{q,q(p — 1)} and x € [a,b], where B denotes the
beta function defined by

B(w,\) = /01 w1 —u)  du,  R(w), RN > 0. (3.11)

Proof. Employing Lemma 3.1, Holder’s inequality, and the convexity of the func-
tion |f’|? for ¢ > 1, we figure out

p°T(a+1) [P/c;g (x?) | PP f(x?)
2 (x? —ar)> — (br — x*)"

} - f(X?)

1
Sip(xp; @) /0 (1 — 7P 7P f' (rPa” 4 (1 — 7°)xP)|dT

1
p(b” = X") / (1 — 7P, (1 = 7°)xP + 7Pb°)|dr
2 0

P —aPf ! g—r 4a(p=1)—r 1-1/q
Sip(x ) [/ (1 —7P)o 17 = dT:l
0

+

2

1/q

x Uol(l — P () (@”)]T + (1 Tp)f/(xp”q)ﬂ

1 1-1/q
+ o 2_ = {/ (1- Tpa)g‘;TQ(pq—lfrdT}
0
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X {/01(1 TP (1= 77)] ' (x )|q+T’J|f’(bP)|q)dT} "
et B e O I

+ (B(r+ 1, T;Yl) _ B<r+ 1,%))”’(%)‘1} v

+ (b”—x”)[(B(r—Irl, T:al) —B<r+1,p+p7"of1>>|f'(xﬂ)|q

+B<r+1 p*p’"“)u )| T/q}.

Theorem 3.4 is thus proved. O

Remark 3.4. Taking » = 0 and » = 1 in the inequality (3.10) respectively, we
obtain

pT(a+1) [PKY f(x?) Py f(x?)  tfp
2 |:(Xp _ ap)a (bp _ Xp)a] f(X )

pl/q 2q—-1 pg—1 1-1/q /
s P )] -0

+ ol O+ B = x) (ol N+ 1 )19 ] (3.12)

and

Pal"(a—i—l) P’Caa+ (XP) pKl?—f(Xp) B ,
2 [(X” —ar)e (b _Xp)a} fFX?)

pPa(q+ 1)2%/ [ 1 1o/
S2A(p + 2)(p + 2+ pa) @ + pa)] 77 | (pg — 2)ipg — 2+ palg — 1)

< {(¢ = ") 22+ pa)l ' (@?)|7 + plpa + p + 2)| £ ()[1]

+ (0 = x°) [plpa + p+ 2 F ()7 + 22+ pa)l £ (7)) /7.

Remark 3.5. If taking x* = “gﬂ in the inequality (3.10), then
27 pT(a4+1) [, af + b? pra pf @’V af + b?
2(br — ar)e Kas 2 MR G AN
W —a’)[ (2—7—1 pg—r—1)]" " 1
e ] (i e B(r+1, 2 ) )
dov qg—1 pa(qg—1) pa
1 1 P 1 qq1/q
e(o(en ) (e ) (57
po po 2
1 1 N AYE
o[l e) (e ) (55)
po po 2

+B(r—|—1 '”p”)m (b)) r/q}.
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Theorem 3.5. Suppose that f : [a?,b”] — R is differentiable with p > 0, 0 < a < b,
and f € XP(a”,b”). If |7 for ¢ > 1 is convez, then the inequality

ar(a+1) PRafx?) | PR (X)L,
{(x”—a”) + (bﬂ—xﬂ)a} F(x”)
1

2@{ (2qq—r1—1,p( pa(;+71~) )}11/11
x{ [ <r+1 W)U/(apﬂq
e

+ (b —Xp)[(B<T+ 1, ’”‘p;“) - B(r+ 1, M”“))u'(mw
+

pa
+B<r+1,p(rl)_r—'—1)|f’(b")q} l/q} (3.13)

po

holds for aa > 0,0 < r < ¢, and x € [a,b], where B denotes the beta function defined
n (3.11).

Proof. Employing Lemma 3.1, Hoélder’s inequality, and the convexity of the func-

tion |f’|? for g > 1, we have

Lo+ 1) [PKEfOO) PR_F(X)] )
N N N CES Ol I

1
Sip(x”; ) /0 (1 —7°) 7P f/ (rPa? 4 (1 — 7°)xP)|dr

p(b” —x*) /1(1 — PP (1 — 7P) P + TP |dT
2 0

P _ P 1 (e D)(ar 1-1/q
Sip(x a )|:/ (1—7‘"0‘)3717(0 4 )dT:|
0

+

2

1/q

1
x [ =yt oo+ - rﬂ>|f'<xﬂ>|q)dr}
0
p(bP — xP) { 1 i ZITWdT] 1-1/q
4 A= X7) / (1— 7

>
g Uol“ — Py D (1= 78 £ ()9 + 7] f’(bP)|q)dT] o
()]

{0 =B, =T ) e

(o n ) (e ]

pa
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1/q
r+1)—r+1
+B<r+1,p( p)a )|f’(bp)‘1} }

The proof of Theorem 3.5 is complete. O

Remark 3.6. Letting r = 1 and r = ¢ in the inequality (3.13) respectively gives

p°Tla+1) [PRef(X?) | P .,
9 |:(Xp _ ap)a (bp — Xp)a:| (X )

g T i g (O~ o[l D@+ (o3 0]

+ O =X [(a+3)F N+ (a+ V)] )] )

and

p°T(a+1) [P f(x?) | PR fF(X?) B P
2 |:(Xp _ ap)a (bp _ Xp)a:| f(X )

<0l —an (g 220D

201/4a

+ <B<q+ LW) = B<q+ 1’W>)|f’(xp)|qr/q
+ (b = xP) {<B(q+ 1, W) _ B(q+ 1, W»Ju(xp”q

PO PO
_ 1/q
_,_B(q_,_l’p(q—'_l)q—i—l)uf(bp)q} }
P

It is clear that, when setting » = 0 in the inequality (3.13), we can also obtain
the inequality (3.12).

Remark 3.7. Taking x* = % in the inequality (3.12), we obtain

271 T(a+1) [, af + b° pra of @+ af +b°
:ww_wp{Kw o )T T )

< (bp4—aa”) [B<2qq_r1_l’ p(i;gﬂln)q)] HM{ [B <r+1> p(r—&-lp)a—r+1> @)
q]l/q

—I—<B<r+1,m_r+l>—B(r+1,p(r+1)_r+1>> f’(ap+bp>
po po 2
- [(B<r+1 pr_r+1> _B<r+1 p(’“+1)_7"+1>> f/<a”+bp> !
T pa ’ po 2
1/q
#5(re1, AT D) ey,

Theorem 3.6. Suppose that f : [a?,b”] — R is differentiable with p > 0, 0 < a < b,
and f € XP(a”,b”). If |f'|7 for ¢ > 1 is convez, then the inequality

p°T (o +1) [PIC:;‘+ (x?) PRy f(x?)
2 (xP —ar)> = (br — xP)>

] - f(X)
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§ pl/q
“ 22t Vaf(pr —r 4+ D(p(r +1) —r 4 1]/
20—1 (p—1(g—r)+q—1\]"""
<[ )

q—1" pa(g—1)
x {(x? = a”) [(pr — v+ DI (@)% + pl ' (x)]9]
+ O = XO) [l N+ (pr — v+ D) ()7 (3.14)

holds for aa > 0,0 < r < g, and x € [a,b], where B denotes the beta function defined
n (3.11).

Proof. Employing Lemma 3.1, Hoélder’s inequality, and the convexity of the func-
tion |f’|? for ¢ > 1, we arrive at

pPTla+1) [PKe f(x?) | "X L.,
2 |:(Xp _ ap)a (bp _ Xp)a:| f(X )

1
<L) [0 oo PPt +-0 - )

P _ P 1
P(b . X )/ (1—Tpo‘)Tp_1|f’((1—Tp)X”+pr”)|dT
0

p_ P 1 . 1-1/q
<7,O<X “ )[/ (1—7‘”0‘) 317'(0 ;)f‘{ )dT:|
0

+

- 2
1/q

X [/01 T(p—l)T(Tp|f/(ap)|q + (1 - 7-9)|f’(xp)|q)d7_}

P _ NP 1 o 1)(gr 1-1/q
+7p(b 5 X )[/ (1 =77 17’(;)<1)d7':|
0

1 1/a
<[ [ o= e
B pt/a
201 Va[(pr —r + 1) (p(r + 1) —r + 1)]1/a

x [B<2q_1 (P—l)(q—r)+q_1>}11/q

q—1’ po(q—1)
A = a)[(or =+ DIF @)+ ol ()] *
(0 =X [Pl (N7 + (or =+ DI )]
The proof of Theorem 3.6 is thus complete. O

Remark 3.8. Assuming » = 1 and r = ¢ in the inequality (3.14) respectively
results in

pPT(a+ 1) [P () | PR fO)T L,
D) |:(Xp — ap)a (bp _ Xp)a:| f(X )

. 1-1/q
B 1 (2011
_214’1/‘10[1*1/‘1 q— 1 ’ le%

$ {0 = ) [ @) + 17O+ 6 = )£ 00+ 1701
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and

p°T(a+1) [Picm ) | kg f())} F)

P (O IR RSOk

pl/q 2¢ —1 1-1/q
S2a1*1/q[(pq—q+1)(p(q+1)—<1+1 a {B<q1 pa)]
x {(x? = a”)[(pa — a + DI (@) + pl ' (x)]9]
+ O = X?) [l N+ (pg — q+ DI f ()7 4.

It is obvious that taking r = 0 in the inequality (3.14) leads to the inequal-
ity (3.12).

Remark 3.9. Letting x? = # in the inequality (3.14) yields

Sy [T ) ()] (5]
pHa(br—ar) {B(w—l (p—1><q—r>+q—1>r”q
= dat T (pr—r+ 1) (p(r+ 1)+ D7 [ Ua=1 " pale=1)

X {{(P?‘—r+1)|f/(a”)|q+ f/(ap;-bp) q]l/q

ol (57) q+<pr—r+1>f’<bﬂ>|‘I]1/q}.

Theorem 3.7. Suppose that f : [a”,b?] — R is differentiable with p > 0,0 < a < b,
and f € XP(a”,bP). If |f'|7 for ¢ > 1 is convez, then the inequality

p°Tla+1) [PRef(XP) | P .,
2 |:(Xp _ ap)a (bp _ Xp)a:| f(X )

T T
+ (B<r+1,pla> B( +1, p:1>>|f( Sk r/q+(b’3—></’)[<B<r+1,;>
_B(r+1,”:1)>|f )|‘1+B( +1,7 >|f(bf’) r/q} (3.15)

holds for o > 0, 0 < r < q, and x € [a,b], where B denotes the beta function defined
n (3.11).

Proof. Employing Lemma 3.1, Holder’s inequality, and the convexity of the func-
tion |f'|? for ¢ > 1, we have

“T(a+ 1) K, F0) K IO
—5 fo—ap)a (b;_w}m)

1
<P(Xp—ap)/ (17Tpa)7.p*1|f/(7.,0ap+(1,TP)XPNdT
0

=7
p(b” — x*)

1
+ P22 [ e 1 (= ) o)
0
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p_ b L a—r 1-1/q
Sip(x @) [/ T (qfl)(l - Tpa)qldT}

2 0

1 1/q
<[ [a=rey i@ -

0

P _ AP 1 o1 g—r 1-1/q
+7(b X )[/ T (‘71)(1—Tpa)‘11d7':|

0
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X

[a—mmy - mireomsirema]

:zla[ (2qq_r11 pof’?q_ll))]l_l/q{ (x* — a?) [B( 1, ”“)u( e
N
() 22

(e 2] )

which proves Theorem 3.7.

O

Remark 3.10. Assuming » = 1 and r = ¢ in the inequality (3.15) respectively
shows

p°T(a+1) [PKE f(xP)  PKE_f(x”)

e [ e RIS
p2a(q _ 1)272/11 1 1-1/q
“2[(p+ (pa+ 1) (pa + p+ 1)]14 [(pq —1)[pg — 1+ pa(q — 1)]}

x {(x" — a®) [(1+ pa) ' (a”)|9 + plpa + p + 2|1 (x)]7] *

(¥ =) [ploa + o+ 21 GO+ (L4 pa)l £ )7}
and

p°T(a+1) [P f(x?) | PR f(X?) B P
(oA e Lt

)
G (75) {e-mfa(omn e
+<B<q+17p1a> B( +1, p))If( ol r/q
+(bﬂ—x”){<3<q+1,p1a> B< +1p: ))f( O
e8(ee 1.2 o ]/}

It is clear that taking r = 0 in the inequality (3.15) immediately leads to the
inequality (3.12).
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Remark 3.11. Taking x” = # in the inequality (3.15), we obtain
27 pT(a+1) [, 0 af + b? pra pf @V af + b°
2(bP — ar)™ Kot 2 HRI A
p_ P o _ 1-1/q
S(b a)BZQ r 17 pg—1 B +1p+1 (a?)]"
da g—1 "pa(g—1)
P P q 1/f1
(o) ol 50 (57)]]
pa po 2
4 ANES
o(olerze) -2 50 (55)
po po 2
1 1/q
+B( +1, p+)|f(b”)} }

4. Applications to special means

In this section, we will consider the following special means for arbitrary real num-
bers a, 5:

H(a,9)= 257, afpeR\{0)
A p) =2 apem
Louf) = e @BER lal £18] aB £0;
BnJrl _anJrl 1/”
L"(a’ﬁ)_{(n—i—l)(ﬁ—)] , nezZ\{-1,0}, «a,B€R, a#p.

For more information on special means, please refer to [12,14] and references cited
therein.

Theorem 4.1. Suppose thatb>a >0, p >0, andn € Z\ {-1,-2}. Then
p(bn+p+1 _ a7t+p+1)
(ntp+ ) — )

(n+ )0~ ),

—24" Y (a?,1)| < A(a™,6"7) 247 (a? 1)

and
p(bn+p+1 _ an+p+1)

(n+1)(b? — a”)A(a™,b"™P)
(ntp+ D" —ar) |

4

— A (a”,07)| <

In particular, if p =1, then

n+1)(b—a)

|L7 1 (a,b) — 24" (a,b)| < ( 5 [A(a",b") + 2A4™(a,b)]

and
(n+1)(b—a)A(a™,b") .

4
Proof. This follows from applying f(z) = 7:::1 and o = 1 to the inequalities (3.8)

and (3.9). O

|Lit 1 (a,b) — A" (a,b)| <
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Theorem 4.2. For b > a > 0, we have

|2A*1(a,b) — Lil(a,b| < biTa[Hfl(a,Q,lP) +247%(a, b)]

and ) L2 32
— Q) H™
‘A_l(a,b)—L_l(a,b)‘g ( Cl) 1 (0,, )
Proof. This follows from applying f(z) = f%, a =1, and p = 1 to the inequali-
ties (3.8) and (3.9). O

5. Conclusions

In this paper, we generalized inequalities for convex functions as in [1]. Making use
of these generalizations, we derived some new inequalities by choosing specific pa-
rameters. These newly-established results are refinements and extensions of earlier
results. It is an interesting and new problem that the upcoming researchers can offer
similar inequalities for generalized convex functions via different fractional integrals
in their future research.

Acknowledgements

The authors wish to thank the editor in chief, the editor and the anonymous re-
viewers for their insightful comments and suggestions on this study.

References

[1] H. Chen and U. N. Katugampola, Hermite-Hadamard and Hermite-Hadamard-
Fejér type inequalities for generalized fractional integrals, J. Math. Anal. Appl.,
2017, 446(2), 1274-1291. DOI:10.1016/j.jmaa.2016.09.018.

[2] H. H. Chu, S. Rashid, Z. Hammouch and Y. M. Chu, New fractional estimates
for Hermite-Hadamard-Mercer’s type inequalities, Alexandria Eng. J., 2020,
59(5), 3079-3089. DOI:10.1016/j.aej.2020.06.040.

[3] Y. Dong, M. Zeb, G. Farid and S. Bibi, Hadamard inequalities for strongly

(o, m)-convex functions via Caputo fractional derivatives, J. Math., 2021, 16.
DOI:10.1155/2021/6691151.

[4] S. S. Dragomir, Hermite-Hadamard type inequalities for generalized Riemann—
Liowville fractional integrals of h-convex functions, Math. Methods Appl. Sci.,
2021, 44(3), 2364-2380. DOI:10.1002/mma.5893.

[5] C. Hermite, Sur deux limites d’une intégrale définie, Mathesis, 1883, 3, 82-82.

[6] U.N. Katugampola, A new approach to generalized fractional derivatives, Bull.
Math. Anal. Appl., 2014, 6(4), 1-15.

[7] U. N. Katugampola, New approach to a generalized fractional integral, Appl.
Math. Comput., 2011, 218(3), 860-865. DOI:10.1016/j.amc.2011.03.062.

[8] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of
Fractional Differential Equations, North-Holland Mathematics Studies, Else-
vier Science B.V., Amsterdam, 2006.



Hermite—Hadamard type inequalities for Katugampola fractional integrals 1667

[9]

[10]

[16]

[17]

J. Kuang, Derivative formula of variable upper limit function with a parameter,
Jounal of Beijing Institude of Education (Natural Science Edition), 2014, 9(4),
1-6.

T. Lou, G. Ye, D. Zhao and W. Liu, Iq-calculus and Iq-Hermite-Hadamard

inequalities for interval-valued functions, Adv. Difference Equ., 2020, 446, 22.
DOI:10.1186/s13662-020-02902-8.

D. S. Marinescu and M. Monea, A wery short proof of the Hermite-
Hadamard inequalities, Amer. Math. Monthly, 2020, 127(9), 850-851.
DO1:10.1080,/00029890.2020.1803648.

C. E. M. Pearce and J. Pecaric, Inequalities for differentiable mappings with
application to special means and quadrature formulae, Appl. Math. Lett., 2000,
13(2), 51-55. DOI:10.1016 /S0893-9659(99)00164-0.

I. Podlubny, Fractional Differential Equations: Mathematics in Science and
Engineering, Academic Press, San Diego, CA, 1999.

F. Qi and D. Lim, Integral representations of bivariate complex geometric
mean and their applications, J. Comput. Appl. Math., 2018, 330, 41-58.
DOI:10.1016 /j.cam.2017.08.005.

J. Sabatier, O. P. Agrawal and J. A. Tenreiro Machado, Advances in Frac-
tional Calculus: Theoretical Developments and Applications in Physics and
Engineering, Springer, Dordrecht, 2007. DOI:10.1007/978-1-4020-6042-7.

S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Deriva-
tives: Theory and Applications, Gordon and Breach Science Publishers, Yver-
don, 1993.

S. Wang and F. Qi, Hermite—Hadamard type inequalities for s-convex func-
tions via Riemann—Liouville fractional integrals, J. Comput. Anal. Appl., 2017,
22(6), 1124-1134.



	Introduction
	Hermite–Hadamard type inequalities for Katugampola fractional integrals
	Left estimates of Hermite–Hadamard type inequalities for Katugampola fractional integrals
	Applications to special means
	Conclusions

