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FILTER REGULARIZATION FOR AN
INVERSE SOURCE PROBLEM OF THE
TIME-FRACTIONAL DIFFUSION EQUATION*
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Abstract In this paper, we focus on a problem of identifying the unknown
source of time-fractional diffusion equation. It is known that such problem is
ill-posed in the sense that reconstructed solution does not depend continuously
on the observation data. Based on this fact, a GFR (general filter regularized
method) is proposed. We further give the error convergence estimates under
deterministic case and random noise, respectively. Lastly, some special cases
and numerical examples are presented to illustrate the efficiency of our method.
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1. Introduction

In this work, we consider a problem of recovering the source function f(z) of the
following inhomogeneous time-fractional diffusion equation

Dgu(z,t) = (Lu)(z,t) + f(z), (2,8) € Q2 x(0,T7),0<a<1
u(z,t) =0, (x,t) € 09 x (0,T), (1.1)
u(z,0) =0, x €

under indirect observable data g(x) = u(z,T) at the final moment T' = ¢, where
Q C R is a bounded domain with sufficient smooth boundary 9, « is the fractional
order of the time derivative and L is a symmetric uniformly elliptic operator defined
on H2(Q)N HY(Q). In (1.1), DY is the Caputo fractional time derivative defined by

o o 1 " ou(z,s) ds
Diu(z,t) := F(l—a)/o ds  (t—s)*’

where T'(z) denotes the standard Gamma function. Fractional calculus in mathe-
matics is a natural extension of integer-order, and fractional diffusion equation can
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simulate real field data more accurately than classical diffusion equation [1,7,14].
As a special example of (1.1), the following fractional diffusion equation

Diu(z,t) = 6% (p(x)iu(x,t)) , ze,t>0,0<a<l, (1.2)
where diffusion coefficient p(x) depicts the heterogeneity of the medium, is a macro-
scopic model from the continuous-time random walk (see, e.g., [3,25] and the refer-
ences therein). Taking o € (0, 1), the model (1.2) describes the slow diffusion and
the fractional order « is related to the parameter specifying the large-time behavior
of the waiting-time distribution function (see, e.g., [3] and the references therein).

Based on physical and practical importance, a backward problem of fractional
diffusion equation is of great significance, and there have been a lot of studies on
such issue [3-5,8-10,13,25]. As is well known, the problem (1.1) is ill-posed in the
sense of Hadamard, that is, minor changes in the measured data may deduce the
blow up of the solution. In addition, small noise on the measured data may give rise
to large errors. Essentially, such elements make the numerical computation much
difficult, hence, a regularization proceed is required to overcome its ill-posedness
and recover the stability of the solution.

For the case of exact the initial status from the observation data-provided along
the final data: Liu and Yamamoto [6] presented a regularizing scheme by the quasi-
reversibility for the homogeneous version of (1.1), i.e. f = 0; Ren et al., [12]
proposed a regularization by projection method where truncated level plays the role
of the regularization parameter; Tuan et al. [16] investigated a general regularization
method to recover the stability under deterministic case and with the random noise
case for (1.1).

For the case of identifying the unknown source from the observation data pro-
vided along the final data for problem (1.1) with f # 0, we can refer to the fol-
lowing literatures. In [21,22], the authors employed the quasi-reversibility regular-
ization method and Fourier regularization method to identify the unknown source
for the fractional heat diffusion equation, respectively. Wang, Zhou and Wei [18§]
adopted Tikhonov regularization method and a simplified Tikhonov regularization
method to solve (1.1) in one-dimensional case and proposed the convergence es-
timates. Recently, Xiong and Xue [20] investigated an inverse heat conduction
problem by a fractional Tikhonov method. Some other relative research, one can
refer to [12,15,24]. Note that the aforementioned studies are concerned with back-
ward problems under the deterministic case. However, at a microscopic level, the
diffusion is the result of the random motion of individual particles. Therefore, it is
necessary to consider the inhomogeneous problem (1.1) of identifying the unknown
source under the stochastic case.

Motivated by the L'Hospital rule and [16], we explore a general filter regulariza-
tion (GFR) to solve the inverse source problem of the fractional diffusion equation
(1.1) with variables in a general bounded domain in both cases: the deterministic
case and random noise case. Our aim of this work is to estimate (or reconstruct)
the unknown source function f(x) by use of the following observations:

The Deterministic case: The observed data g(x) is approximated by the
noisy observation data g¢(x) such that

19° = 9ll2() <€

where € > 0 is the noise level.
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The Random noise case: The observed data function g¢(z) is replaced by

ge(x) := g(x) + €£(),

where € also represents the noise level and £(z) is stochastic errors which is defined
in section 4.

In this paper, we mainly propose a priori and a posteriori regularization param-
eter choice rules using a general filter regularization. The advantage of this method
is that some other existing regularization methods such as fractional Tikhonov-
Regularization [11] and Landweber iterative regularization [23] can be deduced from
GFR by choosing special suitable cases. Therefore, we can improve the convergence
rate by comparing some different filters.

The remainder of this paper is organized as follows. In section 2, we state a
general filter regularization method and some useful results. In section 3, the error
estimate is obtained for the deterministic case. And the error estimates under the
random noise case is shown in section 4. In section 5, we especially present that
fractional Tikhonov regularization and Landweber iterative regularization can be
deduced from the GFR. The numerical examples complete this paper.

2. Preliminaries

In this section, we are mainly consider about some useful lemmas and give a brief
introduction of GFR (general filter regularization).
Since — L is a symmetric uniformly elliptic operator, the eigenvalues of — L satisfy

D0< A <A<Az3<- - <Ay <o-e

with A,, = 0o as m — oo. Then, we have

L¢m(m) == *)‘m(bm(x)a HAS Q7
¢m(x) =0, x € 0N,

where ¢, € H} (Q)NH?(Q) denotes the corresponding eigenfunctions and {¢, }5°_;
is an orthonormal basis of L?(Q2). Let

H*Q) = {u € L*(Q): Z A2E | (u, )| < oo} :
m=1
Obviously, H*(Q) is a Hilbert space equipped with norm

- 1/2
[ull e @) = <Z Ay |<U7¢m>|2> :
m=1

From [20], we can obtain the formal solution of (1.1)

u(m, t) = Z <fa ¢m>taEa,1+a (_AmTa) (bm(w)

m=1
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Denote f,, = (f, &m) and g, = (g, ¢m). Then we get

e I
1= fom, o (2.1)

In other words, there holds

(Kf)(z):= /Qk(x,f)f(g)df = g(x), x €Q, (2.2)
where the kernel is k(z,§) = Y .°_  T*Eun 140 (—AmT*) ¢m(2) P (§). Obviously,
K is a self-adjoint operator and (1.1) is ill-posed. In fact, m is the
magnifying factor of the problem, so the leading idea is to replace m

by % in order to approximate f(z) by f<(z) as follows:

N R(r,m) .
f7' (.13) - mz::l TaEa¢1+a (_)\mTa)gmd)"L(x)’ (23)
fl@) =Y . i(:(“i mTa)gmgbm(x). (2.4)

Hence, the function R(r,m) is called a regularizing filter and r plays the role of the
regularization parameter, which should be chosen respect to €. For the stability, we
make the following assumptions about R(r,m).

Assumption 2.1. For any r € (0,00) and m € N, the function Ry, (r) = R(m,r)
satisfies

1. Ry (r) is continuous;
2. im, 00 Ry (1) =0, lim, 0 Ry (1) = 1;

3. Ry, (r) is a strictly decreasing function over (0,+00).

Assumption 2.2. Let R,,(r) be a function such that for any r > 0, there exist a
decreasing function By(r) and an increasing function Bo(r) satisfying

R, (r)
TFm 110 (—AmT)

<Bi(r),  [Ru(r) =1 [An] 7" < Bs(r)

for k>0,n>0.

Lemma 2.1 ( [19]). For any A\, satisfying Am > A1 > 0, there exist positive
constants ¢1 and co such that

C1 Co 1
< Ea @ _)\mTa S S )
AT = bt ( ) L+ AT = AT

i.e.

C1 1
— < T%Ey14a (AT < —.
NS A+ ( ) < ™
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3. Regularization with the deterministic case

In this whole section, the observed data function g(z) is approximated by g¢(z)
such that

19° = 9ll L2y <€ (3.1)

for some known error level € > 0.

3.1. A-priori regularization method and convergence analysis

To derive the convergence estimates under a-priori regularization parameter choice
rules, the following lemma is needed.

Lemma 3.1. Suppose that there exist positive constants k(> 0) and M (>)0 such
that || fll gy < M, and let Assumption 2.2 is valid. Then there hold

er fTHL2 %( )62’ (3'2)
I fr = fHLzm B3 (r)M (3.3)

where f. and fS defined by (2.4) and (2.3)respectively, Bi(r) and Bs(r) defined in
Assumption 2.2.

Proof. Firstly, it is easy to see from (3.1) that

€ 2
||f'r - fr||L2(Q)

R, ()
gm¢’nl ImPm
a, 1+a )\ Ta) mzl TaEa 1+a<_)\mTa) L2(Q)
0o 2
b N
—~ T“Ea 1+a(=AnT%) L2(@)

= m(7) 2
7mZ= (TaEa 1+oc( A Ta)) (gmigm)2
<Bi(r)e.

By a simple calculation, we obtain

2

- -1
Z TaEa a+1( )‘mTa) ( )¢m(x)

<T“Efj+(:2—_ALTa) > e

(Rin(r) = 1)* {(2), pm(2))?

Ifr = FIl320) =

L2(Q)

M ;

1

3
I

M

3
)l

(Rm(r) - 1)2 ’ )‘grlf ’ )‘T_nZk<f(m)> ¢m(‘r)>2

M

3
&
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< B2(r)M*.

The proof is complete. O
Combining (3.2) and (3.3) and by the triangle inequality, we obtain the main
result of this section.

Theorem 3.1. Assume that the conditions in Lemma 3.1 and (3.1) are satisfied.
Then

1F5(x) = f(@) L2y < V2 (Bi(r)e+ Ba(r)M).

3.2. A-posteriori regularization method and convergence anal-
ysis

In this subsection, we apply a modified discrepancy principle in the following form:

K fr = 9N 20y = T (3.4)
where 7 > 1 is a constant.

Lemma 3.2 ( [16]). Let Ry, (r) satisfy Assumption 2.1 and
T(r) = IKff =92
where f€ is defined by (2.3). Then the following results hold:
1. T(r) is a continuous function.

2. lim, o T(r) =0, lim, 0o T(r) = |lg°||2()-

3. T(r) is a strictly increasing function over (0,4o00).

According to the above lemma, there exists a unique solution for (3.4) provided
that HQEHLQ(Q) >T1e> 0.

Theorem 3.2. Assume that || f||gr)y < M(k > 0) and the equality (3.4) holds.
Let 7 > 1 be such that

ngHLZ(Q) > 7€ > 0.

The reqularization parameter r(€) is chosen appropriately. Then we have

1. If 0 <k <1, then

1y = fllrz(e) < V2Bi(r)e + Crem, (3.5)
where C; = Cy(k,c1,7, M) ( )T
2. If k> 1, then
15 = fllzeo) < V2Bi(r)e + Cae?, (3.6)

|

where Cy = Co(cy, 7, M) = V27 +1M>2 (i)i '

C1

Proof. Since

175 = £1I2 ()
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m=1

m(r) ]
=2 Z (TaE AT (91

a, 1+a(

- Rm(r) €
2 To By 1ra( ATy mOm = 2 T a1 (—AmT®

o 1 2

m=1 L2 (Q)

— 9m) ) 2 Z (TaEa 1+a) _A::Ta)gmf

2/ .2 Fom(r) — 1 2
<2B7(r)e* +2 Zl (TaE(va(az)\,jT“)gm) ’

we just pay more attention to the estimate for the term > >°_,

(3.7)

(R (r)—1) 2
ToEq1tal—AmT)Im ) -

In the case where 0 < k < 1, we have

S Bua) =) (fo6m) - 6m|| < IFTIFT, (3.8)
m=1 12(@)
where
|| 32 () = )T Bt =0T - () = 1)
(TaEa,l-l-a(_)‘mTa))k L2(Q)
- (fs dm)
(R (r) — - - bm
’rnzz:l (TaEOl,l"FOf(i)\mTa))k LZ(Q)
The first term I is estimated as follows:
L= (Ro(r) = 1)* (T Eapsa(=AnT®)) - {f, $m) - &m
m=1 12(9)
m=1 12(9)
<D (Ru(r)=1)*-(9=9 &m) - 6m
m=1 L2(Q)
[ Ban(r) = 1) g ) - I
m=1 L2(9)
<(7+ 1)e, (3.9)

where we utilize the fact that ||g —g¢[|z2() < € and the equality (3.4). On the other

hand, we estimate I, as follows:

I, =
<

Ry (r) —1)FF.

(f, Pm)

(f, ¢m)
(TaEaJJra (_)‘mTa))

L3(Q)

>
Z(

= (TEgi40(=AnT9))

k'¢m

L2(Q)
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1 o0
< [ 22 Ml dmdom

tllm=1 L2(Q)

1
< —M. 3.10
< (3.10)

Combining (3.7), (3.8), (3.9) and (3.10), we have

, . (M FT
1 = Flley < VEBy(r)e + VacRT - (7 4 1) - () ,

which implies that (3.5) holds true.
In the case where k& > 1, we have

S (B(r) = 1) {f.6m) - bm < LPL3, (3.11)
m=l L2(9)
where
— S _ 63 _ )\ )2 <fa ¢m>
Ll N mz—l((Rm(r) 1) (T Ea71+a( >\mT ))) TaEa,1+a(_)\mTa) ¢m 2 7
= L2(Q)
S (f, &m)
L2 = Z o ay ¢m
i T Batra(=AmT?) L2(9)
In the following, we show the estimates for L, and Lo, respectively, that is,
Ly =||> (R(r) = 1)*- (g, bm) - bm < (1 + D, (3.12)
m=1 L2()
while
- (f, &m)
L2 = Z o ay ¢m
=t T Baatr (ZAnT?) L2()
1 oo
“ m=1 L2(Q)
<2, (3.13)
C1

where we use the fact that for k > 1, there exists a positive number a such that
I fllar ) < allfllar@) < aM [16]. Combining (3.7), (3.11), (3.12) and (3.13), we
obtain .
1 M\ 2
155 = Aoy < VEB()e +VES 41 - (20)
1

This means (3.6) holds true. We complete the proof. O
Now, we consider the information about the regularization parameter r. From
(3.4), it is not difficult to see that

oo

Z (Rm(T) - 1) : <gfa¢m> ! ¢7n

m=1

me =

L2()
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S Z(Rm(”,)fl)«géfgy¢m>'¢m + Z(Rm(r)71)<gv¢m>¢m
m=1 L2(Q) llm=1 L2 (Q)
<e+ Z m (T Ea a+1( /\7rLTa)) . <fa ¢7n> . ¢m
m=1 L2(0)
et | D (Rn(r) = 1) - (T Bayira(=AaT®)) - A" - Al - (f, dm) - S
m=1 L2(Q2)

SN )b

S €+ Su% [|(Rm(r)_]')TaEa,1+a(_)‘mTa)‘ |>‘m|7k:| :
me

L2(9)
< e+ coMBy(r)Te.

coMTe

r =By (Ba(r)) > By ! (E(T — 1)) .

Then there holds By (r) > ( e(r 1) ) Since Ba(r) is an increasing function, we get

coMT

4. Regularization with the Random noise

Let g¢(x) = g(x) + €£. Here &; := (£, ¢;) ~ N(0, 1) and mutually independent. Note
that

fr= Z T )A Ty 0" Om)m (4.1)

«@ oc+1
and &, = (§%, ¢m). According to [2], we show the following definition.
Definition 4.1. The MISE (Mean Integrated Squared Error) of f¢ is define by

= (35 (e ))

where f£,, = (ff, m)and frn = (f, ).
Obviously, the following result holds.

g7~ 1],

Lemma 4.1. Assume that

R (r)—1 _ R (7)
<ga¢m> and JQ,m - TaEa,a-}-l(*)\mTa)

Jlm_

T TOEy a1 (—AmT®) (§; m)-

Then there hold

m=1 m=1

2
5 1J m> Z (g €om)) < BRI o

(r)—1)
TaEa 1+a( Am T

)gm)2 < B (r)M>,

and F (sz:l J17m . JQ,m) =0
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On the basis of the above conclusion, we have the following statement.

Theorem 4.1. Assume that € satisfies
EHfH%z(Q) =c3 < Q.

Then the following inequality holds:

B2(r)M? + 32 B%(r).

B|i -]

L2(Q)

Proof. Note that

Ji- e = ) O

L*(Q)

AT TEoio(—AnT®

I
¢ ng T

TO‘EQHQ AT TEgita(—AnT9)

1

(o) o0
T+ €Y T30 +26 > Jimdam.

3

1

3
Il

Thus, we have

o) => Jin —1—62ZJ2m+26E (Z T J2.m

m=1

-,

The proof is completed.

(
( g+e5 bm) {9, 6m) ))% i
(7=

m - 1 gv¢m> 4 5Rm(”<€a¢m> )¢

(4.2)

L2(Q)

L2(Q)

O

In what follows, we are concerned with the convergence estimate under an a-
posteriori regularization parameter choice role by using the same modified discrep-

ancy principle in the form
E|K ff = § (L2 = 7e,

where 7 > 1 is a positive constant.

Lemma 4.2. Assume that R, (r) satisfies Assumption 2.1 and let
T(r) = E|Kff — 5|12,

where f¢ is defined by (4.1). Then the following statements hold.

(1) T(r) is a continuous function.
(2) im0 T(r) =0, limyoyoo T(r) = E|5°13 20 -

(3) T(r) is a strictly increasing function over (0, +0c).

(4.3)
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Proof. By virtue of

(oo}
re ~¢ 2 /~¢
IKff =3 NT2) = D (Rm(r) = 1) (5, 6m)”
m=1
and the properties of R,,(r), the above conclusion can be proven easily. O

According to the above lemma, there exists a unique solution for (4.3) provided
that E[|g°(72q) > 7e > 0.

Theorem 4.2. Assume that there exist positive constants M and k such that
[ fll ey < M . Let fr satisfies

E||K ff — 51720y = Te

and
E|§172() > 7€ > 0.

Then, there exists a reqularization parameter r(e) such that

~ 2 .
B f = 1, < O FesBYr) for ke (0,0), (4.4)
while )
E’ r = f‘ e < Cye+c3?B3(r)  for k>1, (4.5)

_ (eatT\EE ey _ a(cs+7)
where C3 = (SCE2)F1 - M™T and Cy = M(=727).

Proof. Note that

oo

2
= Z J12m +é2F
L2 m=1 )

d

i

When 0 < k < 1, we have

e 2k 2
S S <L (4.6)
m=1
where
o0
2 o @
Is= |3 (Bn(r) = 1)* (T Baat1 (= AmT ) F, bm)om|
m=1 L2(Q2)
- Rm r)—1 ok y Pm/¥Ym
h |5 ) -1t ome
m=1 (TOLEOL,OL-H(*)‘WLT&)) L2(Q)
Let us first show the estimate for I3,
Iy = Z (R (r) — 1)2 (T Ea,at1(=AnT%)) (f, dm)m
m=1 L2(Q)
o0 (o)
< Z (Rm(r)_l)Q <g_§67¢m>¢m + Z (Rm("")_l)Q <§67¢m>¢m
m=1 L2(Q2) m=1 L2(Q)
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< g =Nz +{[ D (Bm(r) = 1)* (G5, bm) b
m=1 L2(Q)
< (e3 + T)e. (4.7)
In addition, we have
I, = i (Rm(r) - 1)1_k <f7 ¢m>¢m
= (T°Eaai (A T)" £2(Q)
i (fs dm)Pm
2 T B (AT | o
M
< —. 4.
=7 (4.8)
Combining (4.6), (4.7) and (4.8), we have
o0 = =a
Z]lzmﬁ[(cng%)e]kal {J\f} (63+T> CeRT L M
’ C Cc1
m=1 1
Thus, (4.4) holds true.
When k > 1, it follows from Hélder inequality that
> 11
> (Ron(r) = 1) {f, bm)bm < LIL%, (4.9)
m=1 L2(Q)
where
L — - -1 2 TaEaa _)\mTa 2 <f7¢m>¢m
5= || 2 (Buar) = 1P (T B (M) gl
m=1 ? L2(Q)
(f, ¢m Pm
wat1(ZAmT) L2(Q)

In the following, we show the estimates for L3 and Ly, respectively, that is,

oo

3" (R (r) = D2 (T Ea ot (A T®)) (f. b brm

m=1

Ls =

L2(Q)

oo

Z (Rm(r) - 1)2 <97 ¢m>¢m
L2(9)

m=1
< (cg+T)e (4.10)

M
C

L2(9)

1

(f, Pm)Pm

®Boatr1(—AmT®) D Anlfs bm)bm

m=1

L2(Q)
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where a is a constant such that

£z ) < allfllax@) < aM.

It then follows from (4.9), (4.10) and (4.11) that
2

c- = aeM -
> = [ D Rl = DU bmdm]| < (7).
m=1 m=1 L2(Q) 1
This implies that (4.5) holds true. The proof is complete. m

5. Two specific filters with their regularization so-
lutions

Lemma 5.1. Let F(z) := ;z%

—k

+c(

Gl(k)"" = Czk+25’ k > 26,
Kk

Gg(k‘)r% = (m> 5 ~T%, k< 20.

z > 0). Then

F(z) <

Proof. For k > 23, we have

ry28—k r r

1228+ rzk 4 eRk28 T k28T

Note that
lim F(z) = lim F(z) =0

z—0 zZ—»00

for k € (0,25). Then there exists a point zo such that F’(zp) = 0. Simple calculation
1
yields zp = (%) - Hence, for all z > 0, there holds

28k
25 kr (€28=R)) *°
rea < re - (2222) ) )
(kr)® (28— k)' "% !
- (28 — k)
k % &
“(m)
The proof is complete. O

Corollary 5.1. Let
(TaEa,a+1(_>\mTa))26 1
(T¢Ey a1 (AT 17 2

Then R,,(r) satisfies Assumption 2.2 with admissible reqularization r = r(e). Here
Bi(r) =1 and

R, (r) =

<pg<1l,r>0.

max Gy (k), Go(k)r?7, k< 28,
where G1(k) and Ga(k) defined in Lemma 5.1.

Bar {maxGmkaQ(k)r, k> 28,
o(r) =
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Proof. Note that

(T°Baosi (AT 1, o
£ 28 < - (T Ea,a+1(*>‘mT ))
(TaEa7a+1(—)\mTa)) + T T

R, (r) =

Then B;(r) = 1. On the other hand, it easy to see that

)\_k )\Qﬂ—k
[Bon(r) = 1] Al = e S
(T?Ega41(=AnT9) +1r  rAm +¢f
Then the desired result can be obtained by Lemma 5.1. O

Based on the above results, it follows that R,,(r) satisfies Assumptions 2.1
and 2.2. Hence, the corresponding regularized solution implies fractional Tikhonov
regularization method, which is given in [20].

The remainder of this section will show that GFR can also be adopted to recover
the ill-posedness of the time-fractional diffusion equation with unknown source type

Fa,t) = f(z)q(t).
Lemma 5.2 ( [17]). Denote Mittag-Leffler function by

o k
z
Eap(z) = kZZO Tahtp °°C

Then .
1
0< / (1= §) " Bu (AT~ §)) ds < 1
0 m
Lemma 5.3. Let f(z) =1— (1 —22)™. Then for all 0 < x < 1, there holds

flz) < max{;, (2+ 2;2> x}

Proof. We divided the proof into two parts.
If 2m?z(1 — 2?)™ 1 < 1, then (1 —2?)™ > 1— £ ie, f(z) <
If 2m2z(1 — 22)™~! > 1, then

x
f@)y=1-(1-2)"=1-1—-2H)™ ! 4221 - 2*)™!
1
2 2ym—1
<2—2%(1—2°) §(2+W)x.

The proof is complete. O
By the above results, it is easy to obtain the following corollary.

Corollary 5.2. Let Ry, (r) =1 — (1 —aH2(T))", where

m

T
H,(T):= /o q(s)(T — S)O‘*lEma (=M (T —5)Y) ds

and a = W Then R, (r) satisfies Assumption 2.2 with admissible regularization
parameter r = r(e). Here By(r) = max{@, Va2 + 5)} and By(r) = ﬁ(l +

1
ra?||ql)).
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Proof. Let z = +/aH,,(T). It then follows from Lemma 5.3 that

o {0 52))

that is, By(r) = max{@, Va(2+ 5)}. Next, we consider the estimates for Ba(r).
Note that

(1)

Hp (T)

11— R ()| A 7% = (1= aHZ,(T))" M\ < (L+raHE(T))" NE.
In view of Lemma 5.2, we have

X2 +ralgl 14 ra®|q|
11— R (r)[|Am| * < 2255 <
)\72n+k a/\§+k

The proof is complete. O

As a consequence, R,,(r) satisfies Assumptions 2.1 and 2.2, and the correspond-
ing regularized solution implies the Landweber iterative regularization solution of
the following problem [23]:

Otu(z,t) = Lu(z,t) + f(x)q(t), (x,t) € Qx(0,T),

(z,t) =0 (z,t) € 99 x (0,7T),
u(z,0) =0, z e,
U’(x’T) = g(x), z € Q.

6. Numerical example

In this section, we provide some examples to show the effectiveness of our method
with random noise. For the deterministic case, we can refer to [23] and so on.
Consider the following problem:

Dgu(@,t) = e (@,t) + f(2), (2,0) €Qx (0,T), 0<a <1,
u(z,t) =0, (x,t) € 99 x (0,T), (6.1)
u(z,0) =0, x € Q.

It is easy to see that u(w,t) = 5t Eq,14q(—T)sinz is the exact solution of (6.1)
with f(z) = —sinz and w(z,T) = g(x) = FTYEq14o(—=T“)sin3z. Denote the
observed data defined in section 4 by §¢(z) and let f¢(z) be the regularized solution
of f(x) defined by (4.1). By using the same procedure of Theorem 4.1, we have

f€ f‘LZ(Q)
_g (T Efﬁ:)( _ALTQ)@, m) >2 +e Z (T - (T))\mTa)>2
: il (T e aﬂ)(_n;im >29 +€2§:1 (T Ewuir)m?Ta))Q.
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T*Eq at1(—m3T%)
7‘+T”‘Ea=a+1(fm2T”)

If we choose R, (r) = , then

2 oo r 2 )
L2Q) mzz:l (TCYE(WH (—m2T) (r + T°Eq gr1 (m2Ta)>> Im

o0 2
1
2
e mZ:1 (r +TEq 041 (mQTQ)) )

Obviously, gm = §FEa,at1(—1) if T'=1. In view of r = e%, we have

E

i

2

L2(©) - Eaat1(=1) (6% + Ea,a+1(—1)> (g(Ea’aH(_l)))

2
n €
e + Ea,a+1(=1) .

In the following, we represent the MISE for Example (6.1) of different parameters
where the observation data is obtained at T = 1, see Table 1.

ol

d

fe— 1|

Table 1. Parameters values in simulation

E|lff = fl2 e=1072 e=10"" e=10"° e=107"°

a=0.2 0.2069 0.0161 8.4962e-004 8.7873e-006
a=04 0.1916 0.0146 7.6496e-004 7.8980e-006
a=0.8 0.1670 0.0122 6.3561e-004 6.5438e-006
a=0.9 0.1627 0.0118 6.1398¢-004  6.3179e-006

The above computations yield the following important facts: The regularization
methods given in this paper work well for even acceptable error levels. The reg-
ularized solution converges to the exact solution with different values of . The
interest significance is that the numerical accuracy becomes better as the order of
the fractional derivative increases.

7. Conclusion

An inverse source problem of the time-fractional diffusion equation is considered in
this paper. Based on the conditional stability, we propose a general filter regular-
ization method to deal with it and prove the error estimate under the a-priori and
a-posterior regularization parameters choice rules. The numerical examples also
illustrate the effectiveness of this method.
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