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A-FIXED POINT THEOREM WITH KINDS OF
FUNCTIONS OF MIXED MONOTONE
OPERATOR

M Gholami"" and A Neamaty'

Abstract Our work is related to the existence and uniqueness of positive so-
lution to the fractional boundary value problem(BVP) with Riemann-Liouville
fractional derivative. We employ the fixed point theorem of mixed monotone
operator and the attributes of the Green function to consider the following;:

— Dyu(t) = A5t u(t), v(t) + gt u(t)) + k(t,v(1)), 0<t<1, 3<v<4,
u(0) = u'(0) = u”(0) =0,
(D u()]e=1 =0, 1<p<2

A is a positive number. Dy, and Dg , are the standard Riemann-Liouville
fractional derivatives of degree v and p, respectively. In the end, we provide
an exemplar to illustrate the outcome. It should also be noted that in this
paper we have assumed the variable v as follows:

L'2-p)

v(t)=1-— e

Df . u(t).

Keywords BVP, positive solution, mixed monotone operator, Green func-
tion, fixed point theorem, fractional derivative.
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1. Introduction

Years ago, fractional differential equations was located a lot of writers and is still
ongoing. Here are some of the works done by these writers. We want to examine
the existence and uniqueness of positive solutions to the fractional BVP, which is
a sum of three continuous functions f,g and k. The f-function is a three-variable
function in which the variable v is a special case of the variable u. Our problem in
as follows:

— DEu(t) = At u(0), V() + ot u(0) + k(L V() 0<t< 1, 3 <y <4,
u(0) = v (0) =u”(0) =0, (1.1)
[Df ut)]i=1 =0, 1<p<2.
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A is a positive number. v and p are real numbers, the functions f : [0,1] x RT x
R — R, g:[0,1] xRt — RT and k : [0,1] x RT — RNT are continuous. DY,
and Dy, are the standard Riemann-Liouville fractional derivatives of degree v and
p, respectively. A function u € CJ0, 1] is called a positive solution of problem (1.1)
if u>0on (0,1), D?u € C[0,1], D"u € L0, 1], u meets the boundary conditions,
and parity (1.1) holds a.e. on [0, 1].

Remark 1.1. In this paper, we express the variable v in the function f as follows:

['(2-p)

v(t)=1- e

Dy, u(t).
In [3], D. Min, L. Liu, and Y. Wu shown unique positive solutions to the following
fractional differential equation with integral boundary conditions:

Dy a(t) + f(t, x(t), Dyt a(t), ..., Dgr *x(t)) = 0, t € (0,1),
2(0) = DJLx(0) = ... = Dyt *x(0) = 0,

n_ o 1 o
Dl (1) = /0 R(s)DE2 a(s)dA(s) + /0 a(s) D 2(s)dA(s),

where @, h are continuous functions in the (0,1). The above integrals in the second
boundary condition are called Riemann-Stieljes integrals with respect to A.

In [5], S. Song, and Y. Cui concerned the existence of solutions of the following
nonlinear mixed fractional differential equation with the integral BVP:

D¢ DP u(t) = f(t,u(t), DI u(t), DS, u(t)), 0 <t <1, (1.2)
u(0) =u'(0) =0, wu(l)= /0 u(t)dA(t),

where CD‘l", is the Capato fractional derivative of degree o € (1,2], and Dg 4 s
the right Riemann-Liouville fractional derivative of degree 5 € (0, 1]. Authors con-
cerned the nonlinear mixed fractional differential equation with a combination of
the Capato derivative and the fractional Riemann-Liouville derivative with an inte-
gral boundary condition of the type of Riemann-Stieltjes integral. Using Mawhin’s
coincidence degree theory, they proved the existence of solution of such problems.
The authors were able to check the existence of a solution to the boundary value
problem (1.2) based on the existence of a solution to a type of operator equation
with the Fredholm operator on a Banach space E.

In [6], Y. Sang, H. Luxuan, W.Yanling, R. Yaqi, and S. Na checked the existence
and uniqueness of solutions of the following fractional order BVP:

D u(t) + f(t,u(t), Dy, u(t)) + g(t,u(t), (Hu)(t)) —b=0, t € (0,1),
uw(0)=u'(0)=--=u"20)=0, n—1<a<n, n>3(neN), (1.3)
[Dgsu(t)]i=1 = K(u(1)),

where b > 0 is a constant. Df, is the Riemann-Liouville fractional derivative of
degree a. The authors proved the unique solution and construct the corresponding
iterative sequence to approximate the unique solution of a class of boundary value
problem with derivative term. Using the existence of the unique solution of the
mixed monotone operator on the Banach space E with cone P} . and obtained
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itrerative sequences, they investigated the existence and uniqueness of the positive
solution of the problem (1.3).

In [10], Z. Z. Yue, and Y. Zou studied the uniqueness of solutions of Dirichlet
BVP for fractional differential equation given by:

Dg§iu(t) + f(t,u(t), v (t) =0, t € (0,1), 1 <a <2,
u(0) = u(l) =0,

where Dg u(t) is the standard Riemann-Liouville fractional derivative. Using the
Banach contraction mapping principle and a weighted norm in the product space,
they investigated the sufficient conditions for the uniqueness of the solutions. They
introduced two Green’s functions G and G1,and by introducing the system of in-
equalities that have solutions, they were able to check the uniqueness of the problem.
That is, they proved the existence of a positive solution by using the existence of a
fixed point on T on the product Banach space.

In [7], H.-Wang, and L.L. Zhang established the following non-singular BVP with
a parameter:

u(t) = Af( ()(HU)()),0<t<L

w'(1) =0, u"”() Ag(u(1)),

where A is a positive parameter. H is a individual parameter. By using the fixed
point theorems of mixed monotone operator and properties of cone, they checked
the non-singular and singular case, respectively, and achievabled the sufficient con-
ditions which guarantee the local existence and uniqueness of increasing positive
solutions.

In [11], B. Zhou, L. L. Zhang, E. N. Addai, and N. Zhang studied the existence
of multiple positive solutions for BVP of high-order Riemann-Liouville fractional
differential equations involving the P-Laplacian operator given by:

0 D7 (op (3§ Diult))) = f(t,u(t),g Diu(t)), 0 <t <1,
u(Z)(O) = 07 [@P(%Da](l)(o) = 07 i= 07 1727 e, N — 27
[?Dfu( t)]i=1 =0, 0< B < a—1,

5 D7 (op (@ D u(t)))li=1 = 0,

where n — 1 < a < n, §D{ is the standard Riemann-Liouville fractional derivative.
pp is the P-Laplacian operator, P > 1.

Motivated by above mentioned works, this is our goal to investigate the exis-
tence and uniqueness of the positive solution to BVP (1.1), which is different from
previous work. In this problem, we consider a different condition for mixed mono-
tone operator with a positive number A\. We check the existence and uniqueness of
positive solution.

In second part, we express some Lemmas, Definitions and several attributes of
the Green function that we use to prove the main results.
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2. Preliminaries

2.1. Definition, Theorem and Lemma

In this section, we express several Definitions and Lemmas. Presuppose that (E, ||.||)
is a real Banach space. If P is a convex, closed, non-empty set, and it is valid in
the following conditions:

(i) xeP, A>0 = IxeP;
(ii) xeP, —x€P = x=0.

then, P is called a cone. E is partly ordered by a cone P C E, that’s mean x < y if
and only if y —x € P. If x <y and x # y thus, we show x < y. If P* = {x € P|x
is an interior point of P} is non-empty then, cone P is called solidity. Moreover, if
a constant N > 0 exists so that for all x,y € E, 0 < x < y implies ||x| < N|y|l
then, P is called the normal cone; in this case IV is called the normality constant
of P. An operator A : E — E is increasing if x < y inferring Ax < Ay, and an
operator A : E — E is deceasing if x < y inferring Ax > Ay.
The following Definitions are derived from references [2] and [13].

Definition 2.1. If Q = [0,5](0 < b < o0) be a finite interval on the real axis R.
Riemann-Liouville fractional integrals Ig T of degree p > 0 is defined by

If, f(x) = F(lp) /Ox e _f(glpdt (x>0; p>0).

Here T'(p) is the Gamma function.

Definition 2.2. If p > 0 be. Riemann-Liouville fractional derivative Df g of
degree p > 0 is defined as follows:

(D)) 1= (M U000 = s (o [ ot
(n=[p]+1; x>0).
Where [p] mean the integral part of p.

Definition 2.3. A : P — P is called to be a general a-concave operator if it
satisfies:
for all x € P and t € (0,1) there is 0 < «(t) < 1 such that

A(tx) > t*DAx, Vi e (0,1), x € P, (2.1)

Definition 2.4. An operator A : P xP — P is called a mixed monotone operator
if A(u,v) is increasing in u and decreasing in v, that’s mean, u;, v, € P (i = 1,2),
u; < up, Vi > Vo imply

A(uh Vl) < A(u27 VQ),

the element x € P is called a fixed point of A if A(x,x) = x.

Theorem 2.1. Let 'y € C|0,1] be given. Thus, the uniquely solution to problem
—Dy u(t) = Aty (t) along with the boundary conditions u(0) = u'(0) = u”(0) =0
and [Df u(t)]i=1 =0, where 1 < p < 2 is

u(t) = A2 /0 G(t, r)y(r)dr, (2.2)
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where
tu—l 1— v—p—1 _ t— v—1
a-r) O C=n™ g<r<i<n,
v
G(t,r) = (1 — pyr—pet (2.3)
0<t<r<i

I'(v) ’
is the Green function for this problem.

Proof. The process of proving this theorem is similar to the process of proving
theorem 3.1 in reference [1]. O

We now describe several properties of the Green function as in (2.3). The fol-
lowing Lemmas is expressed in references [12] and [14].

Lemma 2.1. Suppose G(t,r) is the same as in the statement of theorem 2.1. Hence,
we have that on set [0,1] x [0,1], the G function is continuous and positive.

Lemma 2.2. Suppose G(t,r) is the same as in the statement of theorem 2.1. Hence,
it has after feature:

[1—(1=r)Pl(1—=r)" P L <TW)G(t,r) < (1 —r)" P11 trelo,1].

3. Main results

In this part, we check uniqueness and existence of positive solutions for the fractional
BVP (1.1) by means of the FPT of mixed monotone operator. If E = C[0,1] =
{x|x:]0,1] — R, x is continuous function}be a Banach space with the standard
norm ||x|| = Sup{|x(t)| : t € [0,1]}. Notice that E can be equipped with a regular
component given by x,y € C[0,1], x < y < x(t) < y(¢) for t € [0,1]. For all
X,y € E, the notational x ~ y that’s mean there are A\; > 0 and Ay > 0 so that
Ax <y < Aox. Clearly, ~ is an equivalence relation. Give h > 0, we indicate
by Pn the set Pn, = {x € E | x ~ h}. It is clear that P, C P for h € P. Set
P ={xe€C[0,1] | x(t) > 0,t € [0,1]} is the standard cone. It is obvious that P is
a normal cone in CJ[0, 1] and the normality constant is 1. We take hy € E,hg > 0,
and the set P, C P is expressed as follows:

1
Pn = {h() cE:dty e (0, ].),ht(] <hg < tfh},
0

where h(t) =t*~1 t € (0,1).

Lemma 3.1. Assume that P be a normal cone in a real Banach space E, T :
P x P — P mized monotone operator and satisfies:

T (tu, t7v) > PO+ Ty v, (3.1)

functions a(t), B(t) are different and continuous. Also, 0 < a(t) <1, 0< B(t) <1
and 0 < B(t) + a(t) < 1.
(J1) there is hg € P with hg # 0 so that T (ho,hg) € Pp;

(J2) for each u,v € P and t € (0,1), there is o(t) € (t,1] so that T (tu,t~1v) >
P(OT (u, v).
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Thus,

(Z) T :Pn X Pn— Phn;

(2) there exists up,vg € Pn and r € (0,1) so that rvg < ug < vp, Uy <
A T (ug, vo) < AT (vo,u0) < vo;

(3) A\MT(x,x) = x has a uniquely A\-fized point x} in Pn, A > 0;

(4) for any initial values xo,yo € Pn, A € (0,1), building consecutive the sequences
Xn = )\_1T(Xn717yn71)a Yn = A_lT(YH71;Xn71)> n= 17 2; ceey

we have Xn — X} and yn —> y} asn —» o0.

Proof. Since 7T (hg,hg) € Py there are constants 0 < A7 < 1 and A7y > 1 so
that

vh < T'(hg,hg) < nh. (3.2)

We also have a high relations by multiplying the constant A~! on the sides A~'vh <
A" 1T (hg,hg) < A~ph. We show that T : Py, x P, — Pp. Since hy € Py, let’s
select a number tg € (0,1) that it is enough small so that tch < hy < %h. Using
the relations (3.1) and (3.2), we have

1 a «
T(h.h) > T(toho, —ho) > 15" T (ho, ho) > htg 7, (33)
0

1 nh

< WT(hOahO) < W. (3.4)

1
T(ha h) < T(?hOa tOhO)
0
Nothing that 'yhtg(tO)Jra(tO), tﬁ(fo?fha(,m > 0. We can get 7 (h,h) € Py, that’s mean
T Pn X Pa — Pa. Also 0 < a(to) < 1,0 < B(te) < 1 and 0 < B(to) + alto) < L.
We can get a positive integer m so that

. 2(B(to) + alto)) (3.5)

1= (B(to) + to))

Put up =t§*h and vo = t%,h. Evidently, ug, vg € Ph, ug < vg. Through the mixed
0
monotone operator of 7, we have

T (uo,vo) < T (vo,up).
We also have a high relationship by multiplying the constant A~! on both sides
A T (wg, vo) < AT (vo, o).
Using the relation (3.5), we have
m — m(5(to) + a(to)) > 2(B(to) + a(to)),
that’s mean m > (m + 2)(8(to) + a(to)). Thus,

< t(()m+2)(5(to)+04(to)). (3.6)
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Using the relations (3.1), (3.3) and (3.6), we have

1
AT (g, vo) = A~ 1T (12, tﬁh)
0

= AT (tot th, ty 'ty ™h)

> AT T (R, )

= A Lflto)rallo)r(qpm=2 y-1y2-mp)
> A1 2B Falto) g2y, 2-mp

ATt Ptortelio) (o h 151 )
A_lt(()m+1)(ﬁ(t0)+a(t0))T(h’ h)
A—l,yhtngr?)(ﬁ(tO)Jra(to))

A\VARR VAR VARV

A yh
= A"y

= Up.

Now, we show that A™17 (ug, vo) < vo. Using the relations (3.1), (3.4) and (3.6),

we have
1
A T (v, up) = )\_17—(5}17 to h)
0

= AT (ty 'ty ™h, tot h)
)\—1

1-m m-—1
<1&§(to>+a<to>7(t0 h, 15" "h)

A1
S Jlorato)
0
)\—1
S DB Falto)
0
)\—1
S (e E at)

)\71
e

T (ty 'h, toh)

7T (h,h)

<
AL
< vo.
Consequently
Uy < A M (o, vo) < AT (vo,u0) < vo.
Building consecutive the sequence

Un = )\_1T(un—la Vn—l)v
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Vo = AT (Va_1,Un_1), n=1,2,---
By the relation (3.7), we have

ur = AT (ug, vo) < AT (vo, M) = v,
in general we got that u, < vy, n=1,2,.... So, we have

U SuUp < KUy <--- K vy

IN
N
=
N
<
o

(3.8)
We can take ug = t2™v, therefore,
Uy =g = t2™v > t3™v,, n=1,2,---
Suppose
th =sup{t >0 |uy =2tvp}, n=1,2 -
So, we have:

Uy = tnVn,

Un+1 Z Uy 2 tnVp 2 tnvn-i-la n= 1727 .

Thus, tn+1 = tn that’s mean t,, is increasing with ¢,, C (0, 1]. We presume lim ¢, =
n—oo
t}. We show ¢} = 1. Differently 0 < ¢5 < 1, we check two cases.

Case (1): existence an integer N so that ¢y = ¢3 in this case we be aware t,, = t}
for all n > N. Thus, for each n > N, we have

Upt1 = AflT(un, Vn)

1
> /\_1T(tnvn7 run)
n
_ N 1
— )\ 1T(t)\vn7 Fun)
A
> t:ﬁ(tx)‘f‘a(t)\))\fltr(vn’ un)
_ t:ﬁ(ti)Jra(ti)vnH_
According to the definition of t,,, we have

tot1 = t; > t:(ﬁ(tx)“’a(tx)) > t;,

which is against our hypothesis.
Case(2): For each integer n, t,, < t} thus, we attain:

Unt1 = A T (Un, Vi)

1
> AT (tava, t—un)

n

t tx
= A2 X tivp, —2u
(t; AvVn tntj l’l)
t B2 ) ta(2) 1
> () T T (v, )
(3% 13
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tn « X X _
> Ftk(ﬂ(tﬂ""a(t;)))\ IT(Vn, un)
A

GG UICUR S PrS.
PG CUSICUR N,

By the definition of ¢,, and t, is increasing

tn+1 2 tnt;(ﬂ(t;)""a(t;))_l.

By taking the limit from the parties as n — oo, we have
> t;t:(ﬁ(t;)+a(t;))_l
— (B +a})
A
> 3,

which is against our hypothesis. So, lim ¢, = 1. For each natural number P, we
n—oo
have:

Vn —Up < Vp — v = (1 —tn)vn < (1 — tn)Vvo,
<V —tavn = (1 —tn)vn < (1 — ty)vo.

Since P is normal, we have

[untp — un|| SN (1 —tn)|lvoll = 0, (as n — o0),
<

[V = Vaspll <AL= ta)[voll = 0, (as n — oo),

where N is a normal constant. Thus, u, and v, are Cauchy sequences. Because E
is complete, there are u}, v so that u, — u} and v, — v} as n — co. By (3.8),
we know that

un Uy < V) < Vi,
and
0< vy —u) < (1—tn)vo,
therefore,
VX =il S N1 =ta)[[vol = 0, (as n — o0).
That’s mean uj = v3. Let x3 := u} = v} thus, we attain
U1 = AT (U, vin) S ATIT(x5,x3) S AT (Vi n) = Vi1

If n — oo we receive xj = A™17(x},x}). That’s mean x} is the A\-fixed point of T~
in Pn. We showed that x3 is the A-fixed point of 7. Now we show that x} is the
uniquely A-fixed point of 7 in P. Assume that X, is the A-fixed point of 7 in Py,.
There are eq, é > 0 so that
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Let

ez = sup{e; > 0] e;X) < x} < e*i\};
1

we prove that es = 1. Differently 0 < ea < 1. Thus,
x5 = A7)
1
> AT (e2X, —X))
e

(62)+a(62))\—17—(

WV

65 X\, X))
B

_ 62(62)+a(62)i)\7

X = AT )
1
< )\_17-(*?)\, €2Xy)
€2
< 1
= eg(ez)Jra(ez)
B 1

= Wi*'

A_lT(i,\7§A)

Because eg (e2)ele2) o o) the above relationship is against our hypothesis. Thus,

ez = 1. Therefore, x5 = X. Thus, x} is the uniquely A-fixed point of 7 in Py. For
each Xg,yo € Pn, we can select a small number ez € (0,1) so that
1 1
esh <yo < —h, esh<xo<—h
€3 €3
Let up = esh, vy = él’h we look that Uy, vy € P and 1y < yo < Vo, Uy < Xg < Vo.
We put

Similarly to the previous part, there exists a y} € Pp so that A= T (y3,y3) = y%,

lim u, =y} and lim Vv, =y3. Given the uniqueness of the constant point of the
n—oo n—oo

operator T in Py, we take xj = y3. We have by analysis

because P is normal, we have
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Theorem 3.1. Assume that a(t), 8(t) are two different and continuous functions,
O<alt) <1,0<plt) <1,0<Bt)+at) <1, andA:PxP — Pisa
mized monotone operator. B : P — P is a increasing o(t)-concave operator, and
¢ : P — P is a decreasing o(t)-concave operator. Where o(t) is a continuous
function. They satisfy the following conditions:

Altx, ty) > PO reO(x,y), Vte(0,1), x,yeP, (3.9)
B(tx) > t?UB(x), Ve (0,1), xeP, (3.10)
et ty) > t°®e(y), Vte(0,1), yeP. (3.11)

Assume that J3 and Jy hold:
(J3) there exist hy € Pn so that A(hg, hg) € Pn, B(hg) € Pn, €(hg) € Phn;
(Jy) there are two constants 01,02 > 0 so that

A(x,y) = 01B(x) + §2€(y), Vx,y € P. (3.12)

Thus,
(1) A:Pn X Pp—> Pn, B:Pn— Pn, €:Pn —> Pn;
(2) there are ug,vg € Pn and r € (0,1) so that
rvp < Uy < Vo,
A" T (w0, vo) = A(uo, vo) + B(ug) + €(vo)
AT (vo, u0) = A(vo, uo) + B(vo) + €(ug) < vo;

Ug <
<

(3) the operator equation A" T (x,y) = A(x,y) + B(x) + €(y) = x has a uniquely
solution X3 in Pn;

(4) for each X\ > 0 and initial values Xg,yo € Pn, building consecutive the se-
quences

Xn = )\_1T(Xn7yn) = Ql(anlvynfl) + sB(anl) + c(ynfl)a n= 17 27 Tty
Yn = /\71T(ynaxn) = i)l(yn—lyxn—l) + %(Yn—l) + Q:(Xn—l)a n=12...

We have xn — X3 and yo — y3 4§ n — 00.

Proof. Using of relations (3.9), (3.10) and (3.11), we have

- 1
Q[(t 1X7 tY) < Wm(an)7 le (Oa 1)7 X,y € Pa (313)
1
Bt 'x) < tg(t)%(x), te(0,1), xeP, (3.14)
C(ty) < o) C(y), t€(0,1), x e P. (3.15)

We show that %A : P, X Phn — Ph, B : Pn — Pn and € : P, — Pn. Because
A(hg, hg) € P, B(hy) € Pn and €(hy) € Py, there are constants 1,2, v3, 71,02
and 73 > 0, where 0 < A™'n; < 1, A™1y; > 1, so that

A_l’}/lh < Ql(ho7 ho) < A_lnlh, (316)
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Ao, (3.17)
A" nsh. (3.18)

From hg € Py, there is a constant to € (0,1) so that toch < hg < %h. Using the
relations (3.14), (3.15), (3.17) and (3.18), we have

1 1 At
to tg(to) tg(to)
B(h) > B(fohg) > t7"B(ho) > A 115 puh, (3.20)
1 Al
Q:(h) g Q:(toho) o(f )Q:(ho) a(to) T]gh, (321)
1
e(h) > €(;-ho) > > 1500 ¢ (hg) = A1 3k, (3.22)

Also using the relations (3.13) and (3.16), we have

1 Al

Ql(h,h) § 2[( ho,toho) X mm(ho,ho) S m (323)

A(h, h) > A(teho, ?ho) > i) reloghy hy) > A~ Hl oIl h o (3.24)
0

Noting that f/(t)%(t)\o_)ijrzl(m)’ )x‘ltg(toHa(to)’yl > 0, we can get A(h,h) € Py. For each
X,y € Pn, a enough small number ¢ € (0,1) choose so that ¢h < x,y < %h. Using
the relations (3.17), (3.18), (3.19), (3.20), (3.21) and (3.22), we have

1 1 At
S & o(m)”?h

B(x) = B(Ch) > 7O tﬂ))\ Lyoh,
—1

1
C(y) < €(¢h) < W X tg(ito)%ha

1 o
E(y) 2 Q:(Eh) > (715" A"y,
EV1dent1y, = (C)t"(to) 72, Ca(g/\)ta(to) n3, Ca 0(t0)A7172 and CU(C)tg(to)/\*l,yS > 0. Thus,

B(x) € Pn, €(y) € Pp; that’s mean, B : Py, —> P, € : P, — Pp. Using the
relations (3.16), (3.23) and (3.24) we have:

1 )\71771
CBO+a(Q) * JAlta)Falt)
0

Alz,y) < A(%h,cm <

1
Al ) 2 A(Chy ch) = HOHOpT o,

Thus A(z,y) € Pn; that’s mean, A : P, X P, —> Phn. Using Lemma 3.1, we
conclude that 2 : Py x P, — Py and B, € : P, — Pp. So, the conclusion (1) is
true. Now we have to prove that the results (2)-(4) are true. Now we describe an
operator A™1T =24+ B + € by

AT (x,y) = A(x,y) + B(x) + E(y). (3.25)
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Thus, 7 : P x P — P is a mixed monotone operator and 7 (h,h) € P,,. Now we
demonstrate that there is ¢(t) € (¢,1] so that

T(tx,t_ly) > ()T (x,y), Vx,y € P.

For each x,y € P, using Jy there are two constants d1, dy that if § = min{dy,d2},
we demonstrate

A(x,y) + 0A(x,y) = §(B(x) + €(y)) + 0A(x,y). (3.26)
It results that

Ax,y) +B(x)+C(y) A 'T(x,y)
14671 T 14461

Also using the relations (3.13), (3.14), (3.15) and (3.27), we have

Ax,y) = ,Vx,y € P. (3.27)

AT (tx, t7ly) — 7 ONTIT (x, y) = A(tx, t71y) + B(tx) + ¢t Ly)
—t7OA(x,y) — t7WB(x) — t"De(y)
> (tﬁ(t)+a(t) — ta(t))gl(x’ y)

BB +alt) _ po(t) LT
L
= 1 _’_6,1 (XaY)v

vx,y € P,t € (0,1).
Hence, for each x,y € P, t € (0,1),
BB +alt) _ po(t)

T(tx,t'y) > " OT (x,y) + T %Y
Ly O o)
= (t ® + W T(X, y).
Let
BB +a(t) _ yo(t)
)=t 4 " e (0,1).

14461

Thus, ¢(t) € (t,1] and T (tx,t~ty) > ¢o(t)T(x,y) for each t € (0,1) and x,y € P.
Hence, the condition (J2) in the Lemma 3.1 is satisfied. Using Lemma 3.1 inferring:

(I) there are uy, vy € Pn and h € (0, 1) so that
rvo < g < vo, Ug <A T (g, vo) < AT (o, ) < Vo
(IT) the operator A™'T has a unique A-fixed point 2} in Ph;
(III) for each initial values xg,yo € Pn and A > 0,
building consecutive the sequences
Xn :AilT(Xn—MYH—l)a n-= 1727"'7
Yn :A_lT(ynflaxnflx n= 1727""

We have x, — 2} and y, — 2} as n — oo. that’s mean, the results (2)-(4)
hold. The prove is finished. O
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Theorem 3.2. Let (J;) - (J;) be hold in (1.1):

(J7) §:[0,1] x RT xRt — R, g:[0,1] x RT — RT and k:[0,1] x RT — RT
are continuous, with f(t,0,1) £ 0, k(¢,1) £ 0, g(¢,0) £ 0, ¢ € [0,1];

(J5) for each fized t € [0,1] and v € [0,00), f(t,u, V) is increasing in u € [0, 00); for
each fizred t € [0,1] and u € [0,00), £(t,u,v) is decreasing in v € [0,00). For
each fized t € [0,1], g(t,u) is increasing in u € [0,00), and k(t,v) is decreasing
inv € [0,00);

(J5) for each v € (0,1), t € [0,1], u,v € [0,00),

g(t, ) > "Wg(tu),
k(t,.7'v) > " Wk(t, v),

where o (1) is a continuous function. There are two different and continuous
functions 0 < a(t) <1, 0< B(e) <1, 0< B(¢) + ) <1 so that

f(t, e, 07 tv) > POFO(E v,
(J}) there are two constants 61, d2 > 0 so that
019(t,u) + dok(t, v)) < f(t,u,v), Vie0,1], u,v e 0,00).
Thus,

(1) there are ug,vog € Pn and r € (0,1) so that rvy < ug < vg and
1
uo(t) < >‘71 / G(t,T)[f(ﬁ anVO) + Q(T, uO) + k(T’, Vo)]d’l’, te [07 1]5
0
1
vo(t) = )\_1/ G(t,r)[f(r,vo,u0) + g(r,vo) + k(r,up)]dr, t<][0,1],
0

where h(t) =t*~1 t € [0,1];
(2) the problem (1.1) has a uniquely positive solution u} in Py;

(3) for each x0,y0 € Pn, building consecutive the sequences

Xnp1 = A7 /0 G(t,r)[f(r;xn(r), yn(r)) + 8(r, xa(r)) + k(r, yu(r))ldr,

Ynt1 = A" /O G(t,r)[f(r, yn(r),xa(r)) + (1, yn(r)) + k(r, xa(r))ldr,
n=0,1,2, ..,

we have ||xn —u}|| — 0 and ||yn —ul|| — 0, as n — oo.

Proof. From Theorem 2.1, the problem (1.1) has the following solution

u(t) = A1 / G(t, 7)[j(ru(r), v(r)) + 0(r, u(r)) + k(r, v(r)]dr,
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where G(t,r) is given as in (2.3). We prove that u is the solution of the problem
(1.1) if and only if u = AT (u,v) = A(u,v) + B(u) + €(v). We define three
operators A : P x P — E, B,€: P — E as follows:

A(w, v)(E) = A~ /Gtrf(ru() v(r))dr,

/ G(t,m)g(r,u(r))dr
£ =2t /O Gt )k (r, v(r))dr.

We show that 2 is a mixed monotone operator, B is an increasing o-concave opera-
tor, and € is a decreasing o-concave operator. For u;, v, € P, i = 1,2 with u; > uo,
v1 < va, we know that uy () > ua(t), vi(t) < va(t), t € [0,1] and by (J}) we have

Ql(ul,vl / G t T ’l‘ U1 ) Vl( ))d

>\t / G(t, r)f(r,uz(r), va(r))dr
0
= Ql(UQ,VQ)(t).
That’s mean, A(uy, vy)(t) = A(uz, ve)(t). Now we show that the relation (3.13) is

true for ¢ € (0,1), 0 < a(t) < 1,0 < B(t) < 1,0 < B(t)+a(t) < 1and u,v € [0,00).
Where «(t), B(¢) are different and continuous functions. Using Jj, we have

A, ) (1) = )\_1/0 G(t,r)f(r, u(r), . v (r))dr

1

> 0O [ Gt fru), vi)ar
0

= LB(L)JFO‘(L)Ql(LH V) (t) :

That’s mean, A, = v) > SO+eA(u, v). Which holds at (3.13). Using Jj, we
show that ‘B is an increasing operator, and € is decreasing operator.

£ = A~ / Gt r)a(r, w1 (1)) dr

/Gtr (ryug(r))dr
—%112

That’s mean, B(u1)(t) = B(u2)(t).
&(vy =\t 1(? ,r)k(r, vi(r))dr
(vi)(t) = A /0 (t, 7)k( (r))

> AL 1 G(t, 7‘)1{(7-7 VZ(T))dT’

= C(va)(t).
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That’s mean, €(v1)(t) > €(v2)(¢). Using J} for ¢ € (0,1), t € [0,1], u,v € [0,00)
and continuous function 0 < o(¢) < 1, we have

B(w)(t) = /\*1/O G(t,r)g(r, u(r))dr

S oy -1 /0 G(t, r)a(r, u(r))dr
— OB (8).

That’s mean, B () (t) > 1WB(u)(t) and €t~ v)(t) > 1“W&(v)(t), which satisfy
respectively at (3.14) and (3.15). Therefore, B is a increasing o (¢)-concave operator,
and € is a decreasing o(t)-concave operator. Now we show that 2(h,h) € Py,
B(h) € P, and €(h) € Py. By using Ji, J; and Lemma 2.2 for each ¢ € [0, 1], we
know that

A(h, h)(t) = A~ / G (¢, 7)f(r.h(r), h(r))dr

)\71 ! v—a—1
< F(V)h(t)/o (1—7) f(r,1,0),

2(h, h)(£) = A~ /0 G(t, 7)i(r, b(r), h(r))dr

)\71 ! a 7,],,1/70171 r
>F(V)h<t>/0 1= (1= 7)1 = 1)*~*15(r,0,1).

From (J}), we have
f(r,1,0) = §(r,0,1) = 0.
Because f(t,0,1) £ 0, we give

/fr,l,() /fr()ldr>0

and in consequence

>\_1 ! v—a—1
L, := m/o (1-r) f(r,1,0)dr,
7)\771 ' _ ) 77,1/7(171 r r
L= m)/o 1= (=)0 = )"0, D
So Loh(t) < 2(h,h)(t) < Lih(¢), t € [0,1] and hence, we have A(h,h) € Py,.

t
Similarly, since g(¢,0) # 0 and k(t,1) # 0, we have

)‘_1 ' a v—a—1
F(V)h(t)/o 1= (1= 1)1 = )"~ g(r, 0)dr
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)\—1
I'(v)

< B(h)(t) < 2—h(1) / (1 - r)y=~tg(r, 1)dr,

—h(t)/o [1—(1—=7))1 =7~ k(r,1)dr

)\71

<¢h)(t) < o)

h(t) /O (1 — r)*=*"Kk(r, 0)dr.

That’s mean B(h) € P, and €(h) € Py,. For u,v € P and each t € [0,1] by (J}),
there are two constants dy, s that if § = min{dy, da},

1
A, v)() = A1 / G(t, 7)f(r, u(r), v(r))dr

/Gtr rou(r)) + 02 A ™ /Gtr (ryv(r))]dr

51B(u)(t) + 62€(v) (1)
[%(u)( )+ €(v)(1)].
Thus, we take 2A(u,v) = 6(B(u) + &€(v)), for u,v € P.

Finally, by means Theorem 3.1 we calculate that exist ug, vg € Pp, r € (0,1) so
that

rvg < ug < vo,
up < AT (ug, vo) = A(ug, vo) + B(up) + €(vo)
< AT T (vo, ug) = A(vo, u0) + B(vo) + €(ug) < vo,

equation operator A™!'T = 2A(u, v) + B(u) + €(v) = u has an uniquely solution u}
in Pp. For each initial values xg,yo € Phn, building consecutive sequences

Xn = A717-(}(!1—17}’!1—1) = Q'[(Xn—layn—l) + %(Xn—l) + Q:(Yn—l)y n= 13 27 Tty
Yn = A_lT(Yn—laXn—l) = Ql(yn—laxn—l) + %(Yn—l) + ¢(Xn—1)> n=12---,

we have x, — u} and y, — u} as n — oo. That’s mean
1
up(t) < /\_1/ G(t, r)[f(r,uo(r), vo(r)) + a(r,uo(r)) + k(r, vo(r))ldr,
0

vo(t) > A1 / G(t, 7)[f(r, vo(r), o (r) + a(r, vo(r)) + k(r, up(r)]dr.

Therefore, BVP (1.1) has a uniquely solution uj in Pn. For x¢,y¢ € Pn building
consecutive sequences:

X1 (t) = A7 ; G(t,r)[f(r;%n(r), ¥n(r)) + 8(r, xa(r)) + k(r, yn(r))ldr,

Yo (t /G (7Y, ¥ (1), X (1)) + 07, ¥ (1) +K(r, %0 ()] dr, n=0, 1,2, -

Thus, ||xn —u}|| — 0 and ||yn —uj|| — 0 as n — oo. So, the conclusions of

Theorem 3.2 follow from Theorem 3.1, and the Proof of Theorem 3.2 is finished.
O
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4. Example

In this section, we present the following example for the correctness of our theory.
We check BVP:

7 1 _
~Dute) = SO + (1~ YDk u(p) e
+ 70 €080 (3) oy 7o o) (1) 4 242 4 943) (4.1)

with conditions boundary

In this example, we have v = % We assume

f
S D; u(t) = V(D).
B(t) = : (t), at)=o(t) - cos(t)
- ln = e —
10 ® @ 7 10
A=2
We have
1 : 1 _
f(t,u,v) §uﬁsm(t) () + = ( fDmu( )T cos(t) 4 42,
1 1
g(t,u) = 51@0%“)( )+ 5t
1 1
k(t,V) §v o cos(t) (t) + 5153
_3
pP=73

Obviously, the functions f : [0,1] x RT x RT — RT, g,k : [0,1] x RT — RT
are continuous with §(¢,0,1) # 0, g(¢,0) £ 0 and k(¢,1) £ 0. §(¢,u,v) for fixed

€ [0,1] and v € [0,00) are increasing in u € [0,00); f(¢,u,v) for fixed ¢ € [0,1]
and u € [0,00) are decreasing in v € [0,00), and g(t,u) is increasing o (t)-concave
in u € [0,00) for fixed ¢ € [0,1], and k(¢,v) is decreasing in v € [0,00) for fixed
t €10,1]. For each ¢ € (0,1), t € [0,1], u,v > 0, we have

—~

f(t, w, L—lv) _ L% sin(t)ul—l0 sin(t) (t) + L% cos(t)v = cos(t)( ) 42

[NCR
M| —

WV

L% sin(t)+ 45 cos(t))(;um s1n(t)( ) + %V%ol cos(t) (t) + t2)
_ Lllfo sin(t)+ 45 Cos(t)f(t, u, V).

For each ¢ € (0,1), ¢ € [0,1], and u,v > 0, we have

—_

1 . 1 . 1
g(t, LU) — Z,70 Co:a(t)uﬁ cos(t) (t) + §t3

s o by s Lo

\]
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=110 < g(t,u),

k(t, 1 'v) = 10 Oy To o5 (1) 4 %t?)

For u,v > 0, we assume that 6, = §,d2 = %, so that § = min{3, ¢} = % € (0, 1],

37 37

1 . 1 -
f(t,u,v) = 5uflom(t)(t) + 5vTo1 cos(t) (1) 4 12
1 1. 1 - . 1
> [5“1170 cos(t)(t) + §t3 + §VT01 cos(t)(t) + §t3]
11 4 . 1 1 - . 1
> g(iuﬁ cos(t) (t) + §t3) + E(VTOI cos(t) (t) + 5iLS)
> é(%ul—lo cos(t) (t) + %V%ol cos(t)(t) + t3)
1
= g[g(t,u) + k(t,V)]

Therefor, all the conditions of Theorem 3.2 are true. Hence, problem (4.1) has a
uniquely positive solution in Py, where h(t) = t*~* =3, ¢ € [0,1].
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