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VALUE PROBLEM OF NONLINEAR
FRACTIONAL DIFFERENTIAL SYSTEMS*
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Abstract In this paper, we first discuss the existence of smallest eigenvalues
of fractional boundary value problems. Then we consider the existence of at
least one positive solution for a class of nonlinear boundary value problem of
fractional differential system. Compared with the existing methods, our analy-
sis relies on the fixed point index theorem in a Cartesian product of two cones.
We further construct two special operators to compute straightforwardly the
fixed point index in a suitable cone. Finally, we present an illustrative example
to support our main result.
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1. Introduction

Nonlinear fractional differential equations play an important role in differential
equations and have wide applications in many fields, such as mathematical physics,
engineering, economics, hydrology, and other fields (for instance, see [1,2,8,9, 16,
18,19]). Smallest eigenvalues and comparison of smallest eigenvalues for fractional
boundary value problems are concerned by some researchers in recent years(for in-
stance, see [6,12,14]). In these papers, the theory of ug-positive operators with
respect to a cone in a Banach space is generally applied to boundary value problem
of several kinds of fractional linear differential equations. Meanwhile, the existence
of solutions for a coupled system of nonlinear fractional differential equations is
a fundamental problem, and the nature of the Green’s function and fixed point
theory (the cone expansion or compression fixed point theorem, Leggett-Williams
fixed point theorem and Leray-Schauder fixed point theorem) are commonly em-
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ployed to deal with the problem. The key to these methods is to establish a suitable
cone which is often constrained by the nature of Green’s function and conditions
of nonlinear terms. Nonlinear terms in a coupled system with same features have
received much attention in literature, see [3-5,7,10,11,13,17,20-26, 28], and the
references therein. For example, [24] discusses the (n — 1,1)-type integral bound-
ary value problem for coupled systems of nonlinear fractional differential equations
when nonlinear terms in two equations are continuous and semipositone. [22] in-
vestigate the existence of positive solutions for a system of nonlinear fractional
differential equations with sign-changing nonlinearities. When nonlinear terms in
two equations are superlinear, [26] consider the existence of positive solutions to a
singular semipositone boundary value problem of nonlinear fractional differential
equations . However, only a very limited body of literature has discussed what may
happen when the nonlinear term of one equation is sublinear and nonlinear term of
the other equation is superlinear.

On the basis of the above work, we first get the existence of smallest eigenvalues
and compare smallest eigenvalues for the fractional boundary value problems

D w4+ Mp(t)u =0, (1.1)
DY u+ doq(t)u =0, (1.2)

and satisfy
w(0) +u'(0) = 0,u(1) + /(1) =0, (1.3)

where 0 < ¢t < 1,1 < «,8 < 2,A1, A2 are real numbers, Df, and Doﬁ+ are the
standard Caputo derivatives, I = [0,1], Rt = [0,400),p,q € C(I,R") that don’t
vanish identically on any nondegenerate compact subinterval of [0,1]. In this paper,
the theory of ug-positive operators with respect to a cone in a Banach space is
adopted.

Secondly, we consider the existence of positive solutions to the boundary value
problem of nonlinear fractional differential systems:

ha(u(t), v(t)),
+ ha(u(t), v(t)),
u(0) + (0) ,U(l) u'(1) =
0) +0'(0) = 0,0(1) +v'(1) =

07
0,
where 0 < ¢ < 1,1 < o, < 2 are real numbers, Dg, and D§+ are the standard
Caputo derivatives, f; € C(I x RT RT) h; € C(RT x RT,RT)(i = 1,2). The equa-
tions of (1.4) are derived from the furnace reheating model and various viscoelastic
models. The single boundary value problem in (1.4) has also been studied, for ex-
ample, in the literature [23,27]. In fact, this kind of boundary value problem first
appeared in the study of integer order boundary value problems, and the fractional
order is a generalization of the integer order. To the best of our knowledge, there
is very little known about the existence of solutions for the system (1.4).
Motivated by [25] and [5], we first extend the method in [5] to the nonlinear
differential systems while a second-order ordinary differential system is considered.
Furthermore, we construct a suitable cone and two special operators to obtain the
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existence results of solutions for the system (1.4) by applying the fixed point index
theorem. It is noted that the nonlinear terms in the system (1.4) are different from
those in [25] and the challenge is to verify that there are no fixed points on the
boundary for the Cartesian product of two cones.

The paper is organized as follows. In section 2, we consider the smallest eigen-
values for the fractional boundary value problems and a simple comparison is made.
In section 3, we deduce the new properties of the Green function and the existence
of positive solutions of problem (1.4) is established. Finally, an example is given to
illustrate the main result.

2. Smallest eigenvalues of the fractional boundary
value problem

Definition 2.1 ( [16]). For a function f(¢) given in the interval [0, +00) the ex-
pression

o iy L do, [* fs)
D0+f(f)—m(£) /Omd&

where n = [a] + 1, [a] denotes the integer part of number «, is called the Riemann-
Liouvilles fractional derivative of order «.

Let B be a Banach space on R. A closed nonemty subset P of B is a cone. P
is said to be solid if the interior P° of P is nonempty. A cone P is reproducing if
B=P—P,ie., given w € B, there exist u,v € P such that w = u — v. [15] proves
that every solid cone is reproducing.

Cones generate a natural partial ordering on a real Banach space. Let P be a
cone in a Banach space B. If u,v € B,u < v with respect to P if v —u € P. If
both M, N : B — B are bounded linear operators, M < N with respect to P if
Mu < Nu for all uw € P. A bounded linear operator M : B — B is ug-positive with
respect to P if there exists ug € P\ {0}, there exist k1 (u) > 0 and ky(u) > 0 such
that kug < Mu < kyug with respect to P.

For (1.1), (1.2) and (1.3), the solution of (1.1) and (1.3) is equivalent to

u(t) = )\1/0 G1(t, s)p(s)u(s)ds,

where
(1—s) L1 —t)+ (t—s)*"!  (1—5)2"2(1—1)
Ci(t,s) = I(a) T ey 0ssstst
1L, (1—3)a—1(1—t)+(1_8)a—2(1_t) o
F(a) F(O{— 1) ’ X U S

Similarly, the solution of (1.2) and (1.3) is equivalent to

u(t) = Mo /O Gl 5)q(s)u(s)ds,
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where
1=8) 1A —t)+(t—s)"1 (1-5)P2(1-1)
Galtos) = ) EESV R
2 (1—3)5_1(1—t)+(1—3)5_2(1—15) 0<t<s<l

Define the Banach space

B = {u€ C0,1] : uw(0) +u'(0) = 0,u(1) + /(1) = 0},

with the norm |lu|| = [jullo + [|u'[|o, where
= max |u(t u|lo = max |/ (t)].
o = max WO 1ol = ma [4/(0)

Next, we define the linear operators

Mu(t) = /0 Gr(t, 5)p(s)u(s)ds,

and

1
Nu(t) = / Ga(t, s)q(s)u(s)ds.
0
Define the cone of B as
P={ueB:u(t)>0,tel0,1]}.

Lemma 2.1. The cone P is solid in B and reproducing.
The proof method is similar to lemma 3.2 of [6]. The proof is omitted here.

Lemma 2.2. The bounded linear operators M and N are ug-positive with respect
to P.

Proof. Define
Q={ueB:u(t)>0,te0,1),u'(1) <0}

Firstly, we prove Q@ C P°. Let u € Q, then u(0) > 0. Meanwhile, there
exists €1 > 0 such that u(0) > 1. Since u € C[0, 1], there exists §; > 0 such that
u(t) > e1,t €10,01). And /(1) < 0, then there exists e > 0 such that u’(1)4e2 < 0.
Since u’ € C[0, 1], there exists d2 > 0 such that u'(t) + 2 < 0,¢ € (d2,1]. Therefore

1
u(t) = u(l) — /t u'(s)ds > u(l) +ea(l —t), t€ (d2,1].

There also exists e > 0 such that u(t) > e3, t € [d1,d2].

Set e = 2{e1,e2,e3}and U = {v € B : [|u—v| < &}, then |v(t)—u(t)| < e, [v/(t)—
u'(t) <e, veU. And u(t) > e1 > 2¢,t € [0,61) and u(t) > 5 > 2¢,t € [d1, 2],
then

v(t) > u(t) —e > e, t€[0,d).
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For t € (62, 1], we get

v(t) > u(t) +v(1) —u(l) —e(l —1)
> u(l) +e2(1 —t) +o(l) —u(l) —e(l —t)
> e

(1-1t)+ov(1)>0.
So v(t) > 0,t € [0,1). And
V(1) <d'(1)+e< —eat+e<—e<0.

Therefore v € 2 C P. Then we have () C P°.

Secondly, we prove M : P\ {0} — Q. Let u € P\ {0}. So there exists a
compact interval [a,b] C [0,1] such that u(¢t) > 0,p(t) > 0 for ¢t € [a,b]. For
G1(t,s) > 0,t,s € (0, 1], we have

1

Mu(t) = ; G1(t, s)p(s)u(s)ds

b
> / G1(t, s)p(s)u(s)ds

> 0.
Then from
(M) (1) = _/O & ;(502; + (1{(;5_)&1) Ip(s)u(s)ds
o — —g)e—2
+ [ s,
we can get

L1 —g)et b1 - g)a-1
(Mu)' (1) = 7/0 (F(a))p(s)u(s)ds < f/a (sz)p(s)u(s)ds < 0.
So, M : P\ {0} = Q C P°.

Finally, we choose uy € P\ {0} and let w € P\ {0}. So Mu € Q C P°.
Hence we can choose sufficiently small k1 > 0 and sufficiently large k2 > 0 so that
Mu—kyug € P°,ug— k%Mu € P°. So we get kiug < Mu < koug with respect to P.
Thus the bounded linear operators M is ug-positive with respect to P. Meanwhile,
we can prove the bounded linear operators N is ug-positive with respect to P at
the same way. O

Theorem 2.1. The operators M, N : P — P are compact.

Proof. Clearly M : P — P.
Next, we prove that M is a compact operator. Let L > 0, K = {u € P : |ju| <
L}, Then

o) =1 [ 1S B = s
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bt —s)ot
—|—/ Wp(s)u(s)dﬂ
s)a72 1

0
1 —g)e—1 . t — g
<ot [ (55— + gy sl ot [ s
1

= el +

_ S)afl (1 _ S)a72

|(MU)/(t)|:|7/O [(1 F(a) F(a—l)

Ip(s)u(s)ds

bt —s)2
1 2

I'(a+1) * al'(a) )

< [IplloL(

So M is uniformly bounded.

Let |ul| < L, Ve > 0, there exists § < —— 55 (0 < 6 < 1) and § <

HPH0L T(a+1)

e ) (6> 1) for 0 <ty <ty <1,|t; —ta| < & so that
HPH()LF(Q+1)

|Mu(ty) — Mu(ts)]
M =s)e il —t)  (1—-8)22(1— 1)
=1 ot

I'(a I(a—1) Ip(s)u(s)ds

(ti —s)*! F—s) (1 —ty)
—|—/O o) p(s)u(s)ds — / [ o

0 )
(1 — S)a_2(1 — tg) B t2 (tz — S)a_l Suls)ds
e s - [ B pu(s)as

< llplloL[(t2 — tl)/o [(1 1"(562; + (11“((15_)(11)

t1 a—1 a—1 to a—1
t1 — s —(ta —s to — s
+||p||0L|/0 (b =) (£ = 5) ds —/t (t2 — 5) ds|

Jds|

I(a) . Do)
< Ipllo Lo + )
=PI 1) 7 T(a)
tr = (e —t)" | (la—t)"
Hipllo M s 55 TarD) ' Tazy!
a+1 25°
< —_— .
< Iplo Lo + olo Ly <<

|(Mu)'(t1) — (Mu)'(t2)|
t1 (tl _ S)a—2 _ (t2 _ S)a—2 . to (t2 _ 8)a—2 )
< lollot| | as— [ ds|

Ia-1) . Tla—1)
ot T (b — ) (1) !
= pllori - et (BT
') I'a) I'a)
26¢
< llplloL <e.

I(a)
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So M is equicontinuous. In the same way we can show that NV is also compact. O
The following two results can be proved by using the method of [28].

Theorem 2.2. B,P, M and N are defined above. Then M (and N) has an
eigenvalue that is simple, positive and larger than the absolute value of any other
eigenvalue, with an essentially unique eigenvector that can be chosen to be in P°\{0}.

Theorem 2.3. B, P, M and N are defined above. Let p(t) < q(t) on [0,1]. A1, Ay
are the eigenvalues of M and N, corresponding to an essentially unique eigenvector
uy,ug € P°. Then Ay < As, and Ay = As if and only if p(t) = q(t) on [0,1].

The following theorem can be proved by Theorem 2.2 and Theorem 2.3.

Theorem 2.4. Assume the hypothesis of Theorem 2.3. Then there exist smallest
positive eigenvalue A1 and A2 of (1.1),(1.8) and (1.2),(1.3), respectively, each of
which is stimple and less than the absolute value of any other eigenvalue for corre-
sponding problem, and eigenvectors corresponding to A1 and Ao may be chosen to
belong to P°.

3. The existence of nonlinear fractional differential
systems

In this section, we construct a cone which is the Cartesian product of two cones
and change the problem into the fixed point problem in the constructed cone. We
first give some necessary definitions and preliminary results as following.

It is well known that C[0,1] is a Banach space with the norm given by |lu|| =
maxepoq] |u(t)]. Let C*[0,1] = {u € C[0,1] : u(t) > 0,t € [0,1]}, K = {u €
CHO.1] - u(t) > Ljult € (1, 3]).

Lemma 3.1 ( [23]). Let f(t) € C*[0,1] be a given function. Then the boundary
value problem

Dgu(t) = f(t), 0<t<1,

u(0) + ' (0) =0,u(l) +u/(1) =0

(3.1)

has a unique solution

ult) = / G (t, 5) f(s)ds,

here G1(t,s) is the Green function of boundary value problem (3.1). (G1,Gs2) is
called the Green’s function of the boundary value problem (1.4).

Lemma 3.2 ( [23]). Let f(t) € C[0,1] be a given function. Then function G1(t,s)
has the following properties:
(i) G1(t,s) € C([0,1] x [0,1]), and G1(t,s) >0 fort,s € (0,1);
(ii) There exists a positive function v € C(0,1) such that
i >
i Gi(t,s) > v(s)H(s)

<
012%)(1 G1(t,s) < H(s), s€(0,1),
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where

2(1 —s)*7t (1 —s)2

B ==  Ta-1
1 (-5 (a—-1)(1—s)?
78 = A e T f (e I =82

Remark 3.1 ( [23]). Clearly, From the expression of y(s), we see that y(s) > .
Define operator A : C[0,1] — C[0,1] by

= /01 G1(t, s)u(s)ds

Clearly, A is a completely continuous linear operator and A(K) C K. By Theorem
2.4, we know that A has a positive first eigenvalue A;.

For A € [0,1],u,v € CT[0,1], we define the mappings A, (], ), Bu(\,-) : CT[0,1] —
C*[0,1] and Ty (+,-) : CT[0,1] x C*[0,1] — CT[0,1] x C*[0,1] by

= | G911 = X))+ A o) + (e (0) .
Bu(A0)(t) :/0 Ga(t, s) MV (s) + A(f2(t,v(t)) + ha(u(t), v(t)))]ds,

and

Ta(u, v)(t) = (Au (A, u)(t), Bu(A, 0)(1))-

It is clear that the existence of a positive solution of system (1.4) is equivalent
to the existence of a nontrivial fixed point of 77 in K x K.

Lemma 3.3. T) : K x K — K x K is completely continuous.

Proof. For (u,v) € K x K, we show that Th(u,v) € K x K i.e., A,(\,u) € K x K
and B, (A, v) € K x K. By Lemma 3.2 and Remark 3.1, we have

1) = / G (1, $)[(1 — Au2(s) + A(F(u(s)))]ds
> / (8 H()[(1 — Au(s) + A(f(0(s)))]ds

> & [ HO - ) A

13

> - .
Al telp g

Similarly,
13
[4’ Z]

Consequently 4, (A, u) € K and B, (\,v) € K, thus T\ (K x K) € K x K. Obviously,
T\ : K x K — K x K is completely continuous. O

Bu(Av) = *IIB Aol ¢
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Remark 3.2 ( [5]). In fact, denoting T'(\, u,v)(t) € K, thus T([0,1] x K x K) is
a compact set by the Arzela-Ascoli theorem.

Lemma 3.4. Let X is a retract of real Banach space E. For every bounded open
set U C X, suppose A : U — X is completely continuous and has no fized point
on OU, then there exists an integer i(A, U, X) (called the fized point index of A with
respect to X in U) that satisfies the following conditions
(i) Normalization: if A:U — U is a constant operator, then i(A, U, X) = 1;
(#4) Decomposition: if Uy, Uy are disjoint subsets and open (with respect to X ),
and A has no fized point on OU \ (Uy U Us), then

Z(Aa UaX) = Z(Av UlaX) +Z(Av U27X)7

(iii) Homotopy invariance: if H : [0,1] x U — X is completely continuous and
there has H(t,x) # x, for (t,z) € [0,1] x OU, then i(H(t,-),U, X) has nothing to
do with t;

(iv) Retention: if Y is a retract of X, A(U) C Y, then

i(A,U,X) =i(A,UNY,Y);

(v) Excision property: let V (with respect to X ) be an open set, V.C U and A
has no fized point on OU \ 'V, then

Z(AaUaX) = i(Avva);
(vi) Solution property: if i(A,U, X) # 0, then A has at least a fized point on U.

From the Dugundji theorem, we know that every non-empty convex closed set
of real Banach space F is a retract of F/. Therefore, any cones of E are retracts of
E.

Let P C E be a closed convex cone in Banach space E. For r > 0, let P. = {u €
P:||lul| <7}, 0P. = {u € P: |u|]| =r}; then 9P, is the boundary of P, in P.

Lemma 3.5 ( [8,28]). Let A: P — P be completely continuous. We have:

(1) if || Au|| > |Ju||, Vu € OP;, then i(A, P, P) =0;

(it) if || Au|| < |Ju|l, Yu € OP,, then i(A, P, P) = 1.
Lemma 3.6 ( [5]). Let E be a Banach space and let K; C E(i = 1,2) be a closed
convex cone in E. Forr; > 0(i = 1,2), denote K, = {u € K; : ||u| < r;},0K,, =
{v e K; :||ul| =r;}. Suppose A; : K; — K; is completely continuous. If u; # Aju;,
for u; € 0K, then

’L'(A,K,,‘l X Kr27K1 X KQ) = ’L'(A,KTI,Kl) : i(A,KT2,K2>7

where A(u,v) = (Aju, Aav),V(u,v) € K1 X K.

3.1. The proof of main result
Theorem 3.1. Suppose f; € C(I x RY R*) h; € C(RT x RT,R*)(i = 1,2) satisfy

the conditions:
t,u .. . t,u
(Hy) lim sup max hit,w) < A1 < liminf min ll );
u—o+ tEI u u—+oo tel u
Q(ta U)

t
(Hs) lim sup max falt,0) < A1 < liminf min f ;
v—oot+ tEL v v—0t tel v
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h
(Hs) lim M = 0, uniformly with respect to v € RY;
u—0+ U
. ha(u,v) . . :
(Hy) lim ———= =0, uniformly with respect tou € RT, and lim ha(u,v) =
v—400 u—>+00

0, uniformly with respect to v € [0,Q], VQ > 0. Then system (1.4) has at least one
positive solution.

Proof. From the definition of A, (A, u)(t), we have

1
A, (0, u)(t) = /0 G (¢, s)u?(s)ds.

Then for every u € K, we have that
1 1
4,00 < [ MPds < [ M(s)ds]al
0 0

Set rg = (fol M(s)ds)~1, then for r € (0,79) and u € 9K, it follows ||A,(0,u)| <
||u||. By Lemma 3.5, we have

i(A,(0,7), K., K) =1, Vre (0,r). (3.2)

On the other hand, for every u € K, we have

| Ay (0, w)|| > Ay (0, u)( /G1 (s)ds
2§/4M(8)u2(s)ds
> L dstul?
2 t15 s)ds||ull”.

Set Ry = (512 f ( )ds) (> ’/'())7 if R > Ry, then

1
40001 > ol = L = > v e o

By Lemma 3.5, we have

Z(AU(O, ~), Kp, K) =0, VR > Ryp. (33)
Similarly, we have
: :
B0 < [ MV B0 15 [ M) Tl
Set Ry = fo (s)ds)?, 7o = 16\[ f M (s)ds)?, then for 0 < g < Ry < +0o0.

For r1 € (0,79), Ry > Ry, it is clear that

[1Bu(0,0)[| > lvll, Vv € 0Ky, [[Bu(0,v)[l <o, VvedKg,.
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Thus by Lemma 3.5, we have
i(By(0,-), K, K) =0, Vr; € (0,7), (3.4)
i(Bu(0,~),KRl,K):1, VR, >R0. 35)
By Lemma 3.4, Lemma 3.6 and (3.2)-(3.5), we have
i(To, (Kr \ Kr) x (Kp, \ K;,), K x K)
:i(Av(Oa ')a Kpg \ FT? K) . Z(BU(Oa ')7 KRl \FH ) K) (36)
Finally, we show that
i(T/\7 (KR2 \FTz) X (KRS \KT3)7K X K)
= i(TO’ (KRQ \KT’Q) X (KR3 \KT3)7K X K)?
where ro € (0,70), Ry > R, 73 € (0,7) and Rz > Ry will be determined later.
By Lemma 3.2, Lemma 3.4 and Remark 3.1, we will verify that
(u,v) 7£ TA(U,’U), (U‘?U) € a[(KPm \?Tz) X (KRs \Fr3)} (37)

Now we show that it is valid.

(i) We can prove that (u,v) # Th(u,v) for all A € [0,1] and (u,v) € 0K, x K.
In fact, if there exist Ag € [0, 1] and (ug, vg) € K, x K, such that (ug,v9) =

T, (w0, vo), then (ug,vo) satisfies the following equation

Dsuo(t) = (1= Xo)ug(t) + Mo fi(t, uo(t)) + Aoha(uo(t), vo(t)),

(3.8)
uo(0) + up(0) = 0,uo(1) + up(1) = 0.
By (H;) and (Hj), we choose € € (0,4L) and 0 < r» < min{rg, \; — €} such
that
filt,u) < (A1 —28)u, for0<t<10<u<ry, (3.9)
hi(u,v) <eu, for 0 <u<ry,v€ RT. (3.10)

Hence, by (3.8)-(3.10), we get

up(t) = /0 G1(t, 8)[(1 = No)ug(s) + Ao fi(s, uo(s)) + Aohi(uo(s), vo(s))]ds

< /0 Gy(t,s)[(1 — )\O)ug(s) + Xo( A1 — 2e)up(s) + Aocug(s)]ds
< /0 Gt 5)[(1 = Mo)ratio(s) + Ao(A — &)uo(s)]ds

</0 G1(t,8) (A1 — &)up(s)ds
= ()\1 - €)AUO(t>, te [O, 1].

Moreover, uo < (A1 —¢)" A"uo < (A1 —&)"||A”||||luo||. Thus r(A)= lim /|| A"||>
n—oo

1 1
> —, which is a contradiction.
)\1 — & )\1
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3
& i M(s)ds

sl Mw

M(s)ds

(ii) By conditions (H;) and (Hg), we have ¢ > , when 0 < A\ <

1
——%— (or else £ > 0, when \; > ;L) nd N > 0 such that
fg M(s)ds fg M(s)d

filt,u) = (M +e)u, tel, wu>=N.
Let C' = (A +¢)? + maxser o<uscn f1(t, u), it is obvious that

fittbu) =z (M +e)u—-C, Vtel, uz=0,
> M+e)u— M +e)? >\ +e)u—C, Yu > 0.

If there exist Ag € I and (ug,v9) € 0K x K such that (ug,vo) = T, (%0, Vo),
then (ug, vo) satisfies (3.8). Then we can show that

ug(t) = /0 G1(t,8)[(1 = Xo)ud(s) + Nofi(s,uo(s)) + Aok (uo(s),vo(s))]ds
é /; M(s)[(A1 + €)uo(s) — Clds

1[4 1
5 [ MO+ gl - Clds, teT.

Hence, we have

< [3 M(s)ds B
o] € ————— 2R
= f%“ M(s)(M +e)ds—1

Taking Ry > max{Ro, R}, (u,v) # T\(u,v) for any (u,v) € 0Kg, x K, A € I.
(iii) By conditions (Hg) and (Hy), there exist € > 0 and 0 < n < m such that
folt,v) = (M +e)v, 0<v<. (3.11)

ByO<n< m, it is not difficult to show that

Vo= (A +ev, 0<v<n. (3.12)

Taking 0 < 73 < min(rg,7n), by (3.11)-(3.12) and the proof in the same way
as (i), we have (u,v) # Th(u,v) for any (u,v) € 0K x K, A€ I.

A fg M(s)ds—1 x;
Jg M(s)ds 2

(or else € € (0, ’\71)) and N > 0 such that

(iv) By conditions (Hs) and (Hy), there exist e€( ), when <

1

JoM (s)ds
2

A< fol M(s)ds

fa(t, v) (A —2e)v, ha(u,v) <ev, Vtel, ue Rt v>N.

Let C' = —— +max;cs yer+ 0<o<n (f2(t,v) + ha(u,v)), then it is not difficult
to get that

fa(t,v) + ho(u,v) K (A —e)v+C, Vtel, ueRY v >0,
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and
Vo< (A —e)v+C, v=0.

If there have A\g € I and (ug,vg) € K x OK such that (ug,v9) = T, (%0, Vo),
then

vo(t) = /0 Ga(t, s)[(1 = Xo)v/vo(s) + Ao(f2(s,u0(s)) + ha(uo(s),vo(s)))]ds
< /O M(s)[(\ = )vols) + Clds
< [ MO -l + Cs, tel
0

Hence, we have

1
CJp Ms)ds LR
. fo

Taking Rz > max{Rg, R'}, (u,v) # T\ (u,v) for any (u,v) € Kx0Kpg,, A € I.
In this way, through the above four steps it is not difficult to get (3.7). By
Remark 3.2 and the homotopy invariance of fixed point index and (3.6), we
obtain

[[ol| <

(T, (KR, \Frz) X (Kp, \Frz)aK x K)=—
Hence, T} has a fixed point in (Kg, \ K,,) x (Kg, \ K,,), and system (1.4) has

at least one positive solution namely. O

3.2. An example

Example 3.1. To illustrate the usefulness of the above result, we discuss the fol-
lowing system

u(t) = (2 + t)u(t) sinu(t ) +ud(t)cosv(t), 0<t<1,
2 _ 1 Ug(t)
Lo(t) = (1 tvz(t) + exp(u(t))’ (3.13)
(0) +'(0) = 0,u(1) + /(1) =0,
0(0) +/(0) = 0,0(1) + /(1) = 0,

Let fi(t,u) = 2+ usinu, fo(t,v) = (1 + )7, hy(u,v) = u? cosv, hylu,v) =
exp u) Obviously, fi, h;(i = 1,2) satisfy the conditions of Theorem 3.1. Therefore,
system (3.13) has at least one positive solution.
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