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1. Introduction
Establishing the existence of equlibria arises naturally when examining various eco-
nomic models [14] and in this paper we use recent fixed point theory of the author
to present a unified approach to establishing very general existence results for equi-
libria to N–person games (indeed the theory also holds if {1, ..., N} is replaced by
an index set I if one uses the results in [9] in their full generality). The multival-
ued maps considered are either majorized coercive type maps or majorized compact
(or condensing) type maps and our theory improves and complement results in the
literature; see [1–3,6–8,12–17] and the references therein.

First we recall a result from [10] for majorized coercive type maps.

Theorem 1.1. Let {Xi}Ni=1 be a family of convex sets each in a Hausdorff topolog-
ical vector space with X =

∏N
i=1 Xi paracompact. For each i ∈ {1, ..., N} suppose

Fi : X → Xi and in addition there exists a map Si : X → Xi with Si(w) ⊆ Fi(w)
for w ∈ X, Si(x) has convex values for x ∈ X and S−1

i (w) is open (in X) for
each w ∈ Xi. In addition assume there is a compact subset K of X and for each
i ∈ {1, .., N} a convex compact subset Yi of Xi such that for each x ∈ X\K there
exists a j ∈ {1, .., N} with Sj(x) ∩ Yj ̸= ∅. Also suppose for all i ∈ {1, ..., N} that
zi /∈ Fi(z) for each z ∈ X (here zi denotes the projection of z on Xi). Then there
exists a x ∈ X with Si(x) = ∅ for all i ∈ {1, ..., N}.

Remark 1.1. In Theorem 1.1 one could replace {Xi}Ni=1 with {Xi}i∈I where I is
an index set if we use a result in [9]. This is true for other theorems in this paper
(in Section 1 and Section 2) but we will not refer to it again.

Next we consider majorized compact type maps [11].
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Theorem 1.2. Let {Xi}Ni=1 be a family of convex sets each in a Hausdorff topolog-
ical vector space with X =

∏N
i=1 Xi paracompact. For each i ∈ {1, ..., N} suppose

Fi : X → Xi and there exists a map Ti : X → Xi with Ti(x) ⊆ Fi(x) for x ∈ X,
Ti(x) has convex values for x ∈ X and T−1

i (w) is open (in X) for each w ∈ Xi.
Also suppose for each i ∈ {1, .., N} there exists a convex compact set Ki with
Fi(X) ⊆ Ki ⊆ Xi. Finally assume for all i ∈ {1, ..., N} that zi /∈ Fi(z) for each
z ∈ X. Then there exists a x ∈ X with Ti(x) = ∅ for all i ∈ {1, ..., N}.

Finally in this section we recall a result [10] for majorized condensing type maps.

Theorem 1.3. Let {Xi}Ni=1 be a family of convex sets each in a Hausdorff topolog-
ical vector space. For each i ∈ {1, ..., N} suppose Fi : X ≡

∏N
i=1 Xi → Xi and there

exists a map Si : X → Xi with Si(z) ⊆ Fi(z) for z ∈ X, Si(x) has convex values
for each x ∈ X and S−1

i (w) is open (in X) for each w ∈ Xi. Also assume there
is a compact convex subset K of X with F (K) ⊆ K where F (x) =

∏N
i=1 Fi(x) for

x ∈ X. Finally suppose for each x ∈ X there exists a i ∈ {1, ...N} with xi /∈ Fi(x).
Then there exists a y ∈ X with Si0(y) = ∅ for some i0 ∈ {1, ..., N}.

2. Generalized games
A generalized game (or abstract economy) is given by Γ = (Xi, Ai, Bi, Pi)i∈I where
I is a set of players (agents), Xi is a nonempty subset of a Hausdorff topological
vector space, Ai, Bi : X ≡

∏
i∈I Xi → Xi are constraint correspondences and

Pi : X → Xi is a preference correspondence. An equilibrium of Γ is a point x ∈ X
such that for each i ∈ I we have xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅.

We begin with the coercive situation and we will use a maximal element result
(Theorem 1.1) to establish the existence of an equilibrium point of Γ.

Theorem 2.1. Let Γ = (Xi, Ai, Bi, Pi)
N
i=1 be a N -person game i.e. {Xi}Ni=1 is

a family of convex sets each in a Hausdorff topological vector space Ei with X =∏N
i=1 Xi paracompact, and for each i ∈ {1, ..., N} the constraint correspondences

Ai, Bi : X → Ei and the preference correspondence Pi : X → Ei. Also for each
i ∈ {1, ...., N} suppose cl Bi (≡ Bi) : X → CK(Xi) is upper semicontinuous (here
CK(Xi) denotes the family of nonempty convex compact subsets of Xi) and assume
the following conditions hold for each i ∈ {1, ..., N}:Ai : X → Xi has nonempty convex values and

A−1
i (x) is open (in X) for each x ∈ Xi,

(2.1)

Ai(x) ⊆ Bi(x) for x ∈ X, (2.2)
there exists a map Si : X → Xi with Si(z) ⊆ (Ai ∩ Pi)(z) for z ∈ X,

Si(x) is convex valued for each x ∈ X, S−1
i (z) is open (in X)

for each z ∈ Xi and xi /∈ (Ai ∩ Pi)(x) for x ∈ X

(2.3)

and  if x ∈ X with xi ∈ Bi(x) and Si(x) = ∅ for

a i ∈ {1, ..., N}, then Ai(x) ∩ Pi(x) = ∅.
(2.4)
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Finally suppose there exists a compact subset K of X and for each i ∈ {1, ..., N} a
convex compact set Yi of Xi such that for each x ∈ X\K there exists a j ∈ {1, ...., N}
with Sj(x) ∩ Yj ̸= ∅. Then there exists an equilibrium point of Γ i.e. there exists a
x ∈ X with xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅ for all i ∈ {1, ..., N}.

Proof. For each i ∈ {1, ..., N} let

Mi = {x ∈ X : xi /∈ Bi(x)}

and note Mi is open in X since Bi : X → CK(Xi) is upper semicontinuous. Let
Fi : X → Xi and Ti : X → Xi be given by

Fi(x) =

Ai(x) ∩ Pi(x), x /∈ Mi

Ai(x), x ∈ Mi

and

Ti(x) =

Si(x), x /∈ Mi

Ai(x), x ∈ Mi.

For each i ∈ {1, ..., N} note Ti(w) ⊆ Fi(w) for w ∈ X, Ti(x) has convex values for
each x ∈ X and for each y ∈ Xi note

T−1
i (y) = {z ∈ X : y ∈ Ti(z)}

= {z ∈ Mi : y ∈ Ai(z)} ∪ {z ∈ X\Mi : y ∈ Si(z)}
= [Mi ∩ {z ∈ X : y ∈ Ai(z)}] ∪ [(X\Mi) ∩ {z ∈ X : y ∈ Si(z)}]
=

[
Mi ∩A−1

i (y)
]
∪
[
(X\Mi) ∩ S−1

i (y)
]

=
[
Mi ∪ S−1

i (y)
]
∩A−1

i (y)

(note S−1
i (y) ⊆ A−1

i (y) since Si(z) ⊆ (Ai ∩ Pi)(z) for z ∈ X) which is open in
X. Next we claim for i ∈ {1, ..., N} that xi /∈ Fi(x) for x ∈ X. To see this fix
i ∈ {1, .., N} and x ∈ X. First consider x ∈ Mi. Then xi /∈ Bi(x) so xi /∈ Ai(x) from
(2.2) i.e. xi /∈ Fi(x) if x ∈ Mi. Next suppose x /∈ Mi. Then xi /∈ (Ai∩Pi)(x) = Fi(x)
from (2.3). Consequently xi /∈ Fi(x) for x ∈ X and i ∈ {1, ...., N}.

Now let K and Yi be as in the statement of Theorem 2.1. Note if x ∈ X\K then
there exists a j ∈ {1, ..., N} with Sj(x) ∩ Yj ̸= ∅, so if x ∈ X\K and x /∈ Mj then
Tj(x)∩Yj = Sj(x)∩Yj ̸= ∅ whereas if x ∈ X\K and x ∈ Mj then ∅ ̸= Sj(x)∩Yj ⊆
(Aj ∩ Pj)(x) ∩ Yj ⊆ Aj(x) ∩ Yj = Tj(x) ∩ Yj .

Then all the conditions in Theorem 1.1 are satisfied so there exists a x ∈ X with
Ti(x) = ∅ for all i ∈ {1, ..., N}. Note for each i ∈ {1, ..., N} that Ai has nonempty
values (see (2.1)) so as a result we have x /∈ Mi. Thus x /∈ Mi with Ti(x) = ∅ for
all i ∈ {1, ..., N} i.e. xi ∈ Bi(x) and Si(x) = ∅ for i ∈ {1, ..., N}. Now this together
with (2.4) will yield xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅ for all i ∈ {1, ..., N}.

Remark 2.1. (i). If {x ∈ X : Si(x) ̸= ∅} = {x ∈ X : (Ai ∩ Pi)(x) ̸= ∅} for a
i ∈ {1, ..., N} then (2.4) holds. Of course in Theorem 2.1 one could have (2.4) as if x ∈ X with xi ∈ Bi(x) and Si(x) = ∅ for all i ∈ {1, ..., N},

then Aj(x) ∩ Pj(x) = ∅ for all j ∈ {1, ..., N}.
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(ii). Note in the proof of Theorem 2.1 the assumption ”xi /∈ (Ai ∩ Pi)(x) for
x ∈ X” in (2.3) can be replaced by ”xi /∈ (Ai ∩ Pi)(x) for x /∈ Mi”.

(iii). In (2.1) we assumed Ai has convex values but this can easily be removed
if we replace Ai (in the appropriate places in the statement and proof) with coAi.

This Remark is also true in the other results in this paper but we will not refer
to it again. Next we consider the compact situation and we will use Theorem 1.2
to establish the existence of an equilibrium point of Γ.

Theorem 2.2. Let Γ = (Xi, Ai, Bi, Pi)
N
i=1 be a N -person game i.e. {Xi}Ni=1 is

a family of convex sets each in a Hausdorff topological vector space Ei with X =∏N
i=1 Xi paracompact, and for each i ∈ {1, ..., N} the constraint correspondences

Ai, Bi : X → Ei, the preference correspondence Pi : X → Ei and cl Bi (≡ Bi) :
X → CK(Xi) is upper semicontinuous. Also for each i ∈ {1, ..., N} suppose (2.1),
(2.2), (2.3) and (2.4) hold and in addition there is a compact convex subset Ki with
Ai(X) ⊆ Ki ⊆ Xi. Then there exists an equilibrium point of Γ i.e. there exists a
x ∈ X with xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅ for all i ∈ {1, ..., N}.

Proof. For i ∈ {1, ..., N} let Mi, Fi and Ti be as in Theorem 2.1 and note Ti(w) ⊆
Fi(w) for w ∈ X, Ti(x) has convex values for each x ∈ X, T−1

i (y) is open (in X)
for each y ∈ Xi and xi /∈ Fi(x) for x ∈ X. Let i ∈ {1, ...., N} and let Ki be
as in Theorem 2.2 and note Fi(X) ⊆ Ai(X) ⊆ Ki ⊆ Xi (note if x /∈ Mi then
Fi(x) = Ai(x) ∩ Pi(x) ⊆ Ai(x) whereas if x ∈ Mi then Fi(x) = Ai(x)). Thus all
the conditions in Theorem 1.2 are satisfied so there exists a x ∈ X with Ti(x) = ∅
for all i ∈ {1, ..., N} and as in Theorem 2.1 (Ai has nonempty values) note x /∈ Mi.
Thus x /∈ Mi with Ti(x) = ∅ for all i ∈ {1, ..., N} i.e. xi ∈ Bi(x) and Si(x) = ∅
for i ∈ {1, ..., N} so from (2.4) we have xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅ for all
i ∈ {1, ..., N}.

Next we consider the condensing map situation where we will use Theorem 1.3.

Theorem 2.3. Let Γ = (Xi, Ai, Bi, Pi)
N
i=1 be a N -person game i.e. {Xi}Ni=1 is a

family of convex sets each in a Hausdorff topological vector space Ei and for each
i ∈ {1, ..., N} the constraint correspondences Ai, Bi : X → Ei, the preference cor-
respondence Pi : X → Ei and cl Bi (≡ Bi) : X → CK(Xi) is upper semicontinuous.
Also for each i ∈ {1, ..., N} suppose (2.1), (2.2), (2.3) and (2.4) hold and in addition
there is a compact convex subset K of X with A(K) ⊆ K where A(x) =

∏N
i=1 Ai(x)

for x ∈ X. Then there exists a x ∈ X with xi0 ∈ Bi0(x) and Ai0(x) ∩ Pi0(x) = ∅
for some i0 ∈ {1, ..., N}.

Proof. For i ∈ {1, ..., N} let Mi, Fi and Ti be as in Theorem 2.1 and note Ti(w) ⊆
Fi(w) for w ∈ X, Ti(x) has convex values for each x ∈ X, T−1

i (y) is open (in X)
for each y ∈ Xi and xi /∈ Fi(x) for x ∈ X. Let F (x) =

∏N
i=1 Fi(x) for x ∈ X and

since Fi(x) ⊆ Ai(x) for x ∈ X then F (K) ⊆ A(K) ⊆ K. Thus all the conditions
in Theorem 1.3 are satisfied so there exists a x ∈ X with Ti0(x) = ∅ for some
i0 ∈ {1, ..., N}. Note x /∈ Mi0 (Ai0 has nonempty values) and Ti0(x) = ∅ i.e.
xi0 ∈ Bi0(x) and (see (2.4)) Ai0(x) ∩ Pi0(x) = ∅.

For Theorem 2.3 note in (2.3) we could replace ”for each i ∈ {1, ..., N} and
for each x ∈ X we have xi /∈ (Ai ∩ Pi)(x)” with ”for each x ∈ X there exists a
i ∈ {1, ..., N} with xi /∈ (Ai ∩Pi)(x)” and this would guarantee that for each x ∈ X
there exists a i ∈ {1, ..., N} with xi /∈ Fi(x), which is all that is needed to apply
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Theorem 1.3.
Next we generalize Theorem 2.1 by introducing another map. Before we present

our result we first discuss a generalization of majorized type maps [3,6,8,14–17]. Let
Z and W be convex sets in a Hausdorff topological vector space with Z paracompact.
Suppose for each y ∈ Z there exist maps Ay : Z → W , By : Z → W and an open
set Uy containing y with By(z) ⊆ Ay(z) for every z ∈ Uy, By is convex valued
and (By)

−1(x) is open (in Z) for each x ∈ W . We claim that there exist maps
S : Z → W , ϕ : Z → W with S(z) ⊆ ϕ(z) for z ∈ Z, S is convex valued and S−1(x)
is open (in Z) for each x ∈ W . To see this note {Uy}y∈Z is an open covering of Z
and since Z is paracompact there exists [4,5] a locally finite open covering {Vy}y∈Z

of Z with y ∈ Vy and Ωy = Vy ⊆ Uy for each y ∈ Z. Now for each y ∈ Z let

Qy(z) =

Ay(z), z ∈ Ωy

W, z ∈ Z\Ωy

and Ry(z) =

By(z), z ∈ Ωy

W, z ∈ Z\Ωy.

Now Ry is convex valued and for any x ∈ W note

(Ry)
−1(x)

= {z ∈ Z : x ∈ Ry(z)}
= {z ∈ Z\Ωy : x ∈ Ry(z) = W} ∪ {z ∈ Ωy : x ∈ Ry(z) = By(z)}
= (Z\Ωy) ∪ {z ∈ Ωy : x ∈ By(z)} = (Z\Ωy) ∪ [Ωy ∩ {z ∈ Z : x ∈ By(z)}]
= (Z\Ωy) ∪

[
Ωy ∩B−1

y (x)
]
= Z ∩

[
(Z\Ωy) ∪B−1

y (x)
]
= (Z\Ωy) ∪B−1

y (x)

which is open in Z. Also for each z ∈ Z note Ry(z) ⊆ Qy(z) (to see this note if
z ∈ Ωy then it is immediate since Ωy ⊆ Uy whereas if z ∈ Z\Ωy then it is also
immediate since Qy(z) = W = Ry(z)). Let S : Z → W and ϕ : Z → W be given by

ϕ(z) =
∩
y∈Z

Qy(z) and S(z) =
∩
y∈Z

Ry(z) for z ∈ Z.

Now S is convex valued and S(z) ⊆ ϕ(z) for every z ∈ Z. It remains to show S−1(x)
is open for each x ∈ W . Fix x ∈ W and let u ∈ S−1(x). We now claim there exists
an open set Wu containing u with u ∈ Wu ⊆ S−1(x), so then as a result S−1(x) is
open. To prove our claim note since {Vy}y∈Z is locally finite there exists an open
neighborhood Nu of u (in Z) such that {y ∈ Z : Nu ∩ Vy ̸= ∅} = {y1, ...., ym} (a
finite set). Now if y /∈ {y1, ...., ym} then ∅ = Vy ∩ Nu = Vy ∩ Nu = Ωy ∩ Nu so
Ry(z) = W for all z ∈ Nu, and as a result

S(z) =
∩
y∈Z

Ry(z) =

m∩
i=1

Ryi(z) for all z ∈ Nu.

Now S−1(x) = {z ∈ Z : x ∈ S(z)} whereas

{z ∈ Nu : x ∈ S(z)} =

{
z ∈ Nu : x ∈

m∩
i=1

Ryi
(z)

}
= Nu ∩

[
∩m
i=1 (Ryi

)−1(x)
]

so
u ∈ Nu ∩

[
∩m
i=1 (Ryi

)−1(x)
]
⊆ S−1(x)

and our claim is true (note Nu ∩
[
∩m
i=1 (Ryi

)−1(x)
]

is an open neighborhood of u).
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Theorem 2.4. Let Γ = (Xi, Ai, Bi, Pi)
N
i=1 be a N -person game i.e. {Xi}Ni=1 is

a family of convex sets each in a Hausdorff topological vector space Ei with X =∏N
i=1 Xi paracompact, and for each i ∈ {1, ..., N} the constraint correspondences

Ai, Bi : X → Ei and the preference correspondence Pi : X → Ei. For each
i ∈ {1, ...., N} suppose cl Bi (≡ Bi) : X → CK(Xi) is upper semicontinuous, (2.1),
(2.2) hold and also suppose the following:

there exist maps Si, ϕi : X → Xi with Si(z) ⊆ ϕi(z) for z ∈ X,

Si(x) is convex valued for each x ∈ X, S−1
i (z) is open (in X)

for each z ∈ Xi and xi /∈ ϕi(x) for x ∈ X,

(2.5)

Si(x) ⊆ Ai(x) for x ∈ X (2.6)

and  if x ∈ X with xi ∈ Bi(x) and Si(x) = ∅ for

a i ∈ {1, ..., N}, then Ai(x) ∩ Pi(x) = ∅.
(2.7)

Finally suppose there exists a compact subset K of X and for each i ∈ {1, ..., N} a
convex compact set Yi of Xi such that for each x ∈ X\K there exists a j ∈ {1, ...., N}
with Sj(x) ∩ Yj ̸= ∅. Then there exists an equilibrium point of Γ i.e. there exists a
x ∈ X with xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅ for all i ∈ {1, ..., N}.

Proof. For i ∈ {1, ..., N} let Mi be as in Theorem 2.1 and let Φi : X → Xi and
Ti : X → Xi be given by

Φi(x) =

ϕi(x), x /∈ Mi

Ai(x), x ∈ Mi

and Ti(x) =

Si(x), x /∈ Mi

Ai(x), x ∈ Mi.

For each i ∈ {1, ..., N} note Ti(w) ⊆ Φi(w) for w ∈ X (see (2.5)), Ti(x) has convex
values for each x ∈ X and for each y ∈ Xi note

T−1
i (y) = {z ∈ Mi : y ∈ Ai(z)} ∪ {z ∈ X\Mi : y ∈ Si(z)}

= [Mi ∩ {z ∈ X : y ∈ Ai(z)}] ∪ [(X\Mi) ∩ {z ∈ X : y ∈ Si(z)}]
=

[
Mi ∩A−1

i (y)
]
∪
[
(X\Mi) ∩ S−1

i (y)
]

=
[
Mi ∪ S−1

i (y)
]
∩A−1

i (y)

(note, see (2.6), S−1
i (y) ⊆ A−1

i (y)) which is open in X. Next we claim for i ∈
{1, ..., N} that xi /∈ Φi(x) for x ∈ X. To see this fix i ∈ {1, .., N} and x ∈ X.
First consider x ∈ Mi and then xi /∈ Bi(x) so xi /∈ Ai(x) from (2.2) i.e. xi /∈
Φi(x) if x ∈ Mi. Next suppose x /∈ Mi and then xi /∈ ϕi(x) = Φi(x) from (2.5).
Consequently xi /∈ Φi(x) for x ∈ X and i ∈ {1, ...., N}. Now let K and Yi be as in
the statement of Theorem 2.4. Note if x ∈ X\K then there exists a j ∈ {1, ..., N}
with Sj(x) ∩ Yj ̸= ∅, so if x ∈ X\K and x /∈ Mj then Tj(x) ∩ Yj = Sj(x) ∩ Yj ̸= ∅
whereas if x ∈ X\K and x ∈ Mj then ∅ ̸= Sj(x) ∩ Yj ⊆ Aj(x) ∩ Yj = Tj(x) ∩ Yj

from (2.6).
Then all the conditions in Theorem 1.1 are satisfied so there exists a x ∈ X

with Ti(x) = ∅ for all i ∈ {1, ..., N}. Note as in Theorem 2.1 (Ai has nonempty
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values) for each i ∈ {1, ..., N} we have x /∈ Mi so x /∈ Mi with Ti(x) = ∅ for all
i ∈ {1, ..., N} i.e. xi ∈ Bi(x) and Si(x) = ∅ for i ∈ {1, ..., N}. Now from (2.7) we
have xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅ for all i ∈ {1, ..., N}.

Remark 2.2. Suppose for each i ∈ {1, ..., N} and for each x ∈ X there exist maps
Ai,x, Bi,x : X → Xi and an open set Ui,x containing x with Bi,x(z) ⊆ Ai,x(z) for
every z ∈ Ui,x, Bi,x is convex valued, (Bi,x)

−1(z) is open (in X) for each z ∈ Xi

and wi /∈ Ai,x(w) for each w ∈ Ui,x. From the discussion before Theorem 2.4
(with Z = X, W = Xi) there exist maps Si : X → Xi and ϕi : X → Xi with
Si(w) ⊆ ϕi(w) for w ∈ X, Si is convex valued and (Si)

−1(z) is open for each
z ∈ Xi; here

Qi,x(z) =

Ai,x(z), z ∈ Ωi,x

Xi, z ∈ X\Ωi,x

and Ri,x(z) =

Bi,x(z), z ∈ Ωi,x

Xi, z ∈ X\Ωi,x

and
ϕi(z) =

∩
x∈X

Qi,x(z) and Si(z) =
∩
x∈X

Ri,x(z) for z ∈ X

where {Vi,x}x∈X is a locally finite open covering of X with x ∈ Vi,x and Ωi,x =
Vi,x ⊆ Ui,x for each x ∈ X. Now let i ∈ {1, ..., N} and w ∈ X. Note there exists
a y ∈ X with w ∈ Ωi,y (recall {Vi,x}x∈X is a locally finite open covering of X)
so ϕi(w) =

∩
x∈X Qi,x(w) ⊆ Qi,y(w) = Ai,y(w) and since wi /∈ Ai,y(w) for each

w ∈ Ui,y we have wi /∈ ϕi(w) for w ∈ X. Thus (2.5) holds in this situation.
In the above we additionally assume for each i ∈ {1, ...., N} that Bi,x(z) ⊆ Ai(z)

for every z ∈ Ui,x. Now let i ∈ {1, ..., N} and w ∈ X. Note there exists a y ∈ X
with w ∈ Ωi,y so Si(w) =

∩
x∈X Ri,x(w) ⊆ Ri,y(w) = Bi,y(w) ⊆ Ai(w). Thus (2.6)

holds in this situation.

Theorem 2.5. Let Γ = (Xi, Ai, Bi, Pi)
N
i=1 be a N -person game i.e. {Xi}Ni=1 is

a family of convex sets each in a Hausdorff topological vector space Ei with X =∏N
i=1 Xi paracompact, and for each i ∈ {1, ..., N} the constraint correspondences

Ai, Bi : X → Ei and the preference correspondence Pi : X → Ei. For each
i ∈ {1, ...., N} suppose cl Bi (≡ Bi) : X → CK(Xi) is upper semicontinuous, (2.1),
(2.2), (2.5), (2.6), (2.7) hold and also assume there is a compact convex subset Ki

with Ai(X) ⊆ Ki ⊆ Xi and ϕi(X) ⊆ Ki. Then there exists an equilibrium point
of Γ i.e. there exists a x ∈ X with xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅ for all
i ∈ {1, ..., N}.

Proof. For i ∈ {1, ..., N} let Mi, Φi and Ti be as in Theorem 2.4 and note Ti(w) ⊆
Φi(w) for w ∈ X, Ti(x) has convex values for each x ∈ X, T−1

i (y) is open (in X) for
each y ∈ Xi and xi /∈ Φi(x) for x ∈ X. Let i ∈ {1, ...., N} and Φi(X) ⊆ Ki (note
if x /∈ Mi then Φi(x) = ϕi(x) whereas if x ∈ Mi then Φi(x) = Ai(x)). Thus all
the conditions in Theorem 1.2 are satisfied so there exists a x ∈ X with Ti(x) = ∅
for all i ∈ {1, ..., N} and as in Theorem 2.1 (Ai has nonempty values) note x /∈ Mi

i.e. x /∈ Mi with Ti(x) = ∅ for all i ∈ {1, ..., N} i.e. xi ∈ Bi(x) and Si(x) = ∅
for i ∈ {1, ..., N} so from (2.7) we have xi ∈ Bi(x) and Ai(x) ∩ Pi(x) = ∅ for all
i ∈ {1, ..., N}.

Theorem 2.6. Let Γ = (Xi, Ai, Bi, Pi)
N
i=1 be a N -person game i.e. {Xi}Ni=1 is

a family of convex sets each in a Hausdorff topological vector space Ei with X =
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i=1 Xi paracompact, and for each i ∈ {1, ..., N} the constraint correspondences

Ai, Bi : X → Ei and the preference correspondence Pi : X → Ei. For each
i ∈ {1, ...., N} suppose cl Bi (≡ Bi) : X → CK(Xi) is upper semicontinuous, (2.1),
(2.2), (2.5), (2.6), (2.7) hold and also assume there is a compact convex subset
K of X with A(K) ⊆ K and ϕ(K) ⊆ K where A(x) =

∏N
i=1 Ai(x) and ϕ(x) =∏N

i=1 ϕi(x) for x ∈ X. Then there exists a x ∈ X with xi0 ∈ Bi0(x) and Ai0(x) ∩
Pi0(x) = ∅ for some i0 ∈ {1, ..., N}.

Proof. For i ∈ {1, ..., N} let Mi, Φi and Ti be as in Theorem 2.4 and note Ti(w) ⊆
Φi(w) for w ∈ X, Ti(x) has convex values for each x ∈ X, T−1

i (y) is open (in X)
for each y ∈ Xi and xi /∈ Φi(x) for x ∈ X. Also note Φ(K) ⊆ K where Φ(x) =∏N

i=1 Φi(x) for x ∈ X (note if x /∈ Mi then Φi(x) = ϕi(x) whereas if x ∈ Mi then
Φi(x) = Ai(x)). Thus all the conditions in Theorem 1.3 are satisfied so there exists
a x ∈ X with Ti0(x) = ∅ for some i0 ∈ {1, ..., N}. Note x /∈ Mi0 (Ai0 has nonempty
values) and Ti0(x) = ∅ i.e. xi0 ∈ Bi0(x) and (see (2.7)) Ai0(x) ∩ Pi0(x) = ∅.

For Theorem 2.6 note in (2.5) we could replace ”for each i ∈ {1, ..., N} and for
each x ∈ X we have xi /∈ ϕi(x)” with ”for each x ∈ X there exists a i ∈ {1, ..., N}
with xi /∈ ϕi(x)” and this would guarantee that for each x ∈ X there exists a
i ∈ {1, ..., N} with xi /∈ Φi(x), which is all that is needed to apply Theorem 1.3.

Remark 2.3. It is also possible to first prove Theorem 2.3 and Theorem 2.6 when
N = 1 (we call these Corollary 2.1 and Corollary 2.2) and then the case of general
N can be established by considering

A(x) =

N∏
i=1

Ai(x), B(x) =

N∏
i=1

Bi(x) and P (x) =

N∏
i=1

Pi(x) for x ∈ X

and using Corollary 2.1 and Corollary 2.2 (we refer the reader to [11] to illuminate
this strategy).
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