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TRAVELING WAVE SOLUTIONS, POWER

SERIES SOLUTIONS AND CONSERVATION

LAWS OF THE NONLINEAR DISPERSION
EQUATION

Yanzhi Ma! and Zenggui Wang!

Abstract In this paper, the nonlinear dispersive equation is investigated by
Lie symmetry analysis theory and bifurcation theory. The infinitesimal gener-
ators of the equation are obtained by Lie symmetry analysis. Periodic peakon
solutions, single period solutions and power series solutions of the equation are
acquired. And the conservation laws are obtained by the Ibragimov’s method.
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1. Introduction

In 1993, Rosenau and Hyman [22] investigated the effect of nonlinear dispersion on
patterns formation in liquid drops by introducing the following nonlinear dispersion
K (m,n) equation

P+ (W")x + (wn)xmc =0. (Ll)

Thereafter, many scholars studied the exact solution of Eq. (1.1). In addition
to studying Eq. (1.1) and its generalized equations [4, 6, 23], the solution of the
following K(2,2) equation

as the classical solution for the K (m,n) equation also deserves to be studied. In
1998, Ismail and Taha [10] obtained the numerical solution of Eq. (1.2) by the
finite element and the finite difference method. Subsequently, in 2002, Wazwaz [24]
acquired new soliton solutions of Eq.(1.2) by means of the Adomian decomposi-
tion method. In 2007, the Adomian method was optimized in [5,9]. In [9], by the
variational iteration method, the approximate numerical solutions of the K(2,2)
equation and the compacton solutions with initial conditions were obtained. Do-
mairry [5] investigated the exact numerical solutions of the K(2,2) equation by
means of the homogeneous perturbation method. The above two methods can get
the solutions of Eq. (1.2) without calculating the Adomian polynomial. Zhang and
Li [28] gave the implicit loop soliton and periodic solutions of Eq. (1.2) by applying
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dynamical system theory and studied the asymptotic properties of the solutions. Li
and Tang [11] used the same method to obtain the implicit analytical and loop solu-
tions of Eq. (1.2) and discussed the convergence of the solutions. Yin and Tian [27]
investigated more traveling wave solutions of the following K(2,2) equation

by the qualitative analysis of Lenells, giving for the first time periodic compact
solutions of Eq. (1.3). And they pointed out that the parameter o has an important
influence on the solutions of Eq. (1.3).

Many methods are used to study exact solutions of nonlinear dispersion equation,
such as Riemann-Hilbert method [13, 16, 26], bifurcation method [14, 25], Jacobi
elliptic function method [21], extend tanh method [2], Lie symmetry method [1,3,12]
and so on [7,17-20]. In this paper, explicit periodic peakon solutions, single period
solutions and power series solutions of Eq. (1.3) are studied by the Lie symmetry
analysis method and the bifurcation method.

This article is structured as follows. Section 2, the generators are obtained by
Lie symmetric analysis method. Section 3, we obtained the phase portraits and the
explicit traveling wave solutions by using the dynamical system method. Section
4, the power series solutions are constructed and the convergence of the solution
is proved. Section 5, it is proven that Eq. (1.3) is nonlinearly self-adjoint and
conservation laws [8,15] are constructed.

2. Lie symmetrical analysis

In this section, Lie symmetry analysis is performed to obtain the generators. Eq.
(1.3) also be written in the following form

¢t + qu'(/}x + 6¢zwzx + 2"/’¢xmx =0. (2‘1)

Consider the Lie group transformation of Eq. (2.1)

T=u+e((x,t,0) + 0(62),
t=1t+ ez t,1h) + O(€2), (2.2)
¥ =1 +c(z,t,9) + O(?),

in which (., (;, ¢ are infinitesimal generators, € is one-parameter. The corresponding
vector field is

X = (02 + G10¢ + <0y (2.3)

The third-order prolongation of X is

0 0 0 0 0
@y 102 9 aan . 2.4
P e T T T 8 T O 4
The infinitesimal generators of (2.4) are represented as
wZ:Dxm — SV — + CaVzaa + rxt)
S (¢ — Cothe — Gethe) + Gt Gt (2.5)

T = Dwzx(g - C;zwz - tht) + Cxwx:cxaf + Ct¢z:cxt~
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In addition, (., (;, ¢ satisfy the invariance condition
pr@ (L)l a=0 =0, (2.6)

where A = ¢y + BYhy + 69Yuthes + 20000
Substituting (2.5) into (2.6) yields infinitesimal generators as following form

(z = c3, Gt = cit + ca, S = —c1v, (2.7)

in which ¢;(i=1, 2, 3) are arbitrary constants. Then vector field of Eq. (2.1) is
obtained

0 0 0 0]
X1—t*—¢%a X2—§, X3—%-

ot
Solving the system of equation for an initial value problem with the following
form

(2.8)

d * gk kN * kg
dif-:(x 7t aw )—IU(Z' 7t aw )7

(x*vt*7¢*) |6=0 = (%tﬂm

Then we acquire the corresponding invariant groups Gp; (i = 1,2,3).

(2.9)

G[l] : (l’,tﬂ/}) = (m,tes,—wee),
G[Z] : (xataw) = (‘r?t+5,¢)7
G[3] : (Jﬂ,t,¢) = (I+€at7¢)'

If ¢ = g(z,t) is a solution of Eq. (2.1), then the following functions are also the
group-invariant solutions

3. Traveling wave solutions of Eq. (2.1)

To study the traveling wave solution of the equation, consider the linear combination
Xy + cX5. For this linear combination, we give the traveling wave transform

E=x—ct, (3.1)

in which c¢ is the traveling wave speed. Substituting (3.1) into Eq. (2.1), we have

— e + B’ + 69" + 29" =0, (3:2)
where 8 #0, c# 0, ¢ = % Integrating Eq. (3.2) we get

S8 — e+ 200+ 20" = K, (33)
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in which k is a integral constant. Then, letting y = ¢’, Eq. (3.3) can be written as
a singular system of the following form

dyp

dif =Y, .

@ - k — 561#2 + C’(/) — 2y2 (34)
¢ 2 '

It is obvious that there is a singular line ¥ = 0, so perform the transformation
d¢ = 2¢dp. Eq. (3.4) can be rewritten as

d
dj = 24y,
P (3.5)
Wk 007 + et 2y
dp 2 ’
with the first integral
2 2 1 2 2
H(,y) =472y~ + Zﬂw - 501/) — k) =m, (3.6)

in which m is a Hamiltonian constant.
In order to study the distribution of the equilibrium points of the system (3.5),
let

F) = e — 5B + b (37)
Thus we can derive - -
(i) When k£ =0, f(¢) = 0 has two zero points ¢y = 0, 1) = 35
(ii) When k = f%, f (%) = 0 has two zero points 13 = by = %;
(iii) When 8>0, k>—% (B<0,k< —%), f(®) = 0 has two zero points

" et/ + 28k " c— /2 + 2Pk
5 — ﬁ ) 6 — ﬂ .

Let _/\/l(zj_Je,ye) be the coefficient matrix of the system (3.5) at the equilibrium
point (e, ye),
_ 2ye 2&6
M&bea ye) = _ . (38)
—Bve + ¢ —4y.

This results in the determinant of the coefficient at the point (1., 0) as

_ 0 2, _ _
j(¢ea O) = _ = 26¢§ — 2ctpe. (3'9)
_ﬁwe +c 0

From the dynamical system theory, when J > 0, (¢¢, %) is a central point; when
the Poincaré index is 0 and J =0 , (¢, ¥.) is a cusp; when J < 0, (¥e,y.) is a
saddle point.

In the following, part of phase portraits of the system (3.5) are given.
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() (d)

Figure 1. phase portraits of (3.5) for k =0. (a) ¢ >0, 83> 0; (b) ¢c<0, 8>0; (¢c) ¢>0, B<O0; (d)
c<0,p<0.

(2) (b) (c)

402
Figure 2. phase portraits of (3.5) for k # 0. (a) ¢ > 0, 8 > 0, —% <k<0;()B<0c>0,

2 4(;2

k=2 () B>0,¢>0 k>
=—— (c , C s -
98 98

In the following, we study the traveling wave solution corresponding to the habit
of the H(v,y)=0. From(3.6), we get

1 1 k
2 lpo L K
Yo = 851/} +3C¢+2. (3.10)
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Thus, according to (3.4) and (3.10), we have
" ,(/}4 + 3ﬂw3 + B ¢2
\/> §= dip

?l)o
/ \/ (3.11)
0
Casel £k=0.

(i) When 8 > 0, ¢ > 0or 8 > 0, ¢ < 0 (Fig.1(a)—(b)), considering the
H(3,y) = 0 orbit, it follows that

1 1
2___ 2 -
y° = Sﬂw +3C¢

) (3.12)
= Bl — o).
From y = %, the periodic peakon solution of Eq. (2.1) is obtained
1 V2 2 1
Y(x,t) = :|:§ tan <Tﬂ (x — ct)) mdjl + 51/)1, (3.13)
tan? (T (z — ct)) +1

where ¢ = ??_ﬁ'

(a) (b) ()

Figure 3. (a) The 3D plot of ¢ via (3.13) for 8 > 0, ¢ > 0; (b) Wave propagation along the x-axis; (c)
Wave propagation along the t-axis.

(ii) When 8 < 0,¢c>0o0r 8 <0, ¢ <0 (Fig. 1(c) (d)), the orbit determined
H(¢y,y) = 0 yields K(¢) = ¢>(1 — 1), 1 = 5. Therefore, we get from (3.11)

that \/»g /

Thus, we get the solution of Eq. (

d¢ (3.14)

4662 +4edYy + (1/}1)2
8ed ’

U(a,t) = (3.15)
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in which § = —Vwiz_t).
Case 2 k#0

(i) Whenec> 0,8 >0, —-%5 < k <0 (Fig.2(a)), from the orbit defined by
H(y,y) = 0, we obtain

vy \/7 3.16
VU (W — 1) (2 — o & (3.16)

Integrating the above equation, we have single period wave solution

2
P(x,t) = %5 ("/}32 +¢12)_ + % (1 +12), 0<hy <t <hg, (3.17)
where 6 = tan(*3* (z — ct)), ¢1 = _2(_20+3ﬂ9ﬂk+462) ;o = 2(26+W).

() (d)

Figure 4. (a) The 3D plot of v via (3.17) for 8 > 0, ¢ > 0; (b)Wave propagation along the x-axis; (c)
Wave propagation along the t-axis; (d) Density plot.

(ii) When ¢ > 0, 5 < 0, k = ——(Flg 2(b)), considering the H (v, y) = 0 orbit,

it follows that
+o00o
\[5 / it ‘/’ O g <0< (3.18)

Solving Eq. (3.18), we acquire the solution of Eq.(2.1):

Y(z,t) = e + 1y, (3.19)
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/_Zﬁiz—ct)’ wl _ 4c

where § = 35"

(iii) When ¢ > 0, 8 > 0, k > —%(Fig.2(c))7 from the orbit defined by

3 G
Pae = , 0 < iy 3.20
R ey e MG (3:20)

Integrating Eq. (3.20), we obtain the periodic solution of Eq. (2.1)

(1 — 12)*
tan? (01 + arctan (d2)) + 1 (3.21)

Y(x,t) = —% tan | d; + arctan (d2) \/

+%(¢1+¢2)7

VIBla—ct) 5 _ i+
2T s

where 61 =

4. Power series solutions

In this section, we consider linear combinations of generators and reduce Eq. (2.1) to
ordinary differential equations by symmetric reduction, thereby constructing power
series solutions of Eq. (2.1).

4.1. Symmetric reductions

4.1.1 Considering the linear combination X; + X3 = (1 + t)% - w%, the corre-
sponding characteristic equation is

de  dt  dy

i ) 4.1
0 1+t —4 (4.1)
Solving Eq. (4.1), we get
¢(v)

= —= 4.2
vl = 20, (42)

where v = x. Substituting (4.2) into Eq. (2.1), we obtain
Bo®' + 260" + 668" — ¢ = 0. (4.3)

4.1.2 For the linear combination X; + X3 = 8%, + t% — w%, the corresponding
characteristic equation is

de _dt _ dv

T=7° s (4.4)
Then we get

v = A, (45

in which v = L. Substituting (4.5) into Eq. (2.1), we have

er”

64'¢" + 209" +6(¢))* + 660" + (2+ B)pd' — ¢’ + ¢ = 0. (4.6)
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4.2. Power series solutions

In the following we first consider Eq. (4.3). Suppose that the power series solution
of Eq. (4.3) takes the form

$(v) =D gnv", (4.7)
n=0

in which g¢,, are the coefficients to be determined. Substituting (4.7) into Eq. (4.3),
we get

BY Y (n+1—k)grgnsyr—rv™ +6 3 > (k+1)(n—k+1)
n=0 k=0 ~ %:0 k=0
X(n—k+2)0"@i1Gn-tr+2+2> > (n+1—-k)(n+2—k) (4.8)
n=0 k=0

X (n4+3—k) qenis—r0™ — > ¢guv™ =0.
n=0

Comparing coefficients for Eq. (4.8), gn+3 (n > 0) is obtained as follows:
-1
n+1)(n+2)(n+3)q
X (n+2) qugnyz — g + 20 [B(n+1 = k) qednsi—k
k=1

Gn+3 = 2( {5(n+1)(I0qn+1+6(n+1)

(4.9)
+6(k+1)(n+1—k)(n+2—Fk)qrdnia—rk
o0
+2> (n+1k')(n+2k)(n+3k)qkqn+3_k}}.
k=0
According to (4.8), we get
90 — Baoq
= 4.10
g3 240 (4.10)

If g0 # 0 and ¢1, ¢o are arbitrary constants, g,+3 are determined by (4.9). In this
way, we obtain all the coefficients of (4.7). Next, the convergence of the power
series solution (4.7) is proved for Eq. (4.3). According to (4.9), we have following
inequality

n

lgn+3] < M{ > [\Qk| |@ng1—k] + (k4 1) |qes1] [gns2—k] + |ax] ‘QnJrka:‘]
k=1 (4.11)

Flgn] + [gnsa] + |qn+2},

3 1
whereM:max{ é , oq ,‘ }
21 1 q | |29
Defining a power series
R:R(U):Zrnvn,riz\qi|,i:0,1,2,~-~ , (4.12)
n=0

and

n
Tnys =M { > [(k+ 1) regarnyo—k + TePnsi—k + "eTnts—k)
k=1 (4.13)

Tn + Tn41 + rn+2}a
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in which n =0,1,2,---, |g,| < ry. Therefore, R = R(v) = Z rpU™ is a majorant
series of (4.7). Then, we prove R = R(v) has a positive radlus of convergence.

oo
R(v) =ro+rv+ rov? + Z Fpysv" T3
n=0

=17rg+ 7m0+ r2U2

oo oo oo
+ M E rouo™ T3+ E rn+1vn+3+ E rn+2U”+3
n=0 n=0 n=0

- (4.14)

YD [+ 1) regarngo—k + ThFng1—k + T”krn+2k]vn+3}
n=0k=1

=rg+rv+r0’ + M{v*R+ (R —r)v* + (R —1ro — riv)v
+ (R =719 —7110) (R =719 —rv) v+ v(R — 1)
+ (R —r0) (R—19—r1v—1r20%) }.
Considering the implicit functional equation about v,
F(v,R) =R — 1y — 110 — 190> — M|v3R + (R — ro) v?
+(R—ro—riv)v+ (R—719—rv) (R—ro—rv)v (4.15)

+u(R —10)> 4 (R — rg) (R—ro—riv—r0)|.

Since F'(0,79) = 0, F;Q(O, ro) = 1 # 0, by the implicit function theorem, the series
(4.7) is convergent.
Hence, the explicit power series solution of Eq. (2.1) is

) 7(x)n+3
P(x T Dt er *;0 2(n+1)(n+2)(n +3)qo

t
{5(” +1)q0Gn+1 — Gn +6(n 4+ 1)(n + 2)q1Gn42
+

2

k=1

6 (k (n—14+k)(n+2—k)qrqnia—k (4.16)

1

n
Bm+1—k)qpqnii— k—I—QZ (n+1—k)
k=0

(n+2—k)(n+3— k)Qan+3—k] }}

+

Using the same method we acquire the power series solution of Eq. (4.6) as
follows
,Un+3

d(v) =qo + q1v + gav +Z 2+ 1 )(n+2)(n+3)q0{(”+1)%+1

76(n+1)(n+2)q1qn+2—6(n+1)q1qn+1—qn—ﬁ(n+1)(n+2)

n

X oinsa =22 0) (14 Dot — Y- 65+ 1) (n—k+1)
k=1
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-600 5

-800 \ 8

(2) (b) (c)

Figure 5. (a) The 3D plot of ¢ via (4.16); (b)The plot of ¢ via (4.16) for t = 1, t =5, t = 10; (c) The
plot of ¢ via (4.16) for x =1, z = 5, z = 10;.

Xn—k+2)qgr1gn-ki2+2n—k+1)(n—k+2)(n—k+3)
X qkGniz—k +6(k+1)(n —k+1)grr1qn—kt1+6(n—k+1)
X (n—k+2)XqGn-r+2+ 2+ 06)(n+1-k) Qan+1—k:| } (4.17)

Substituting (4.17) into (4.5), we have
¢(v)

'l/}(xat) = Ta (418)
in which v = eLw
4
(a) (b) (c)

Figure 6. (a) The 3D plot of 9 via (4.18); (b)Contour plot ; (c¢) Density plot.

5. Conservation laws

In this section, we give the conservation laws of the K(2,2) equation by Ibragimov’s
method.
Firstly, considering the K(2,2) equation
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Defining the Lagrangian function of Eq. (5.1)

L =0F = 0[py + BYiby + 40ptun + (20002)a),s (5.2)

where 6(z,t,1) is dependent variable.
The adjoint equation of Eq. (5.1) has the following form

. oL
Fr=5,=0 (5.3)

in which % = % = Dy (55 ) = Do (58 )+D (52) - D" (52 )-
Because 9(21#@[111) = (291#1/13”) — 0, (2¢,s), Eq. (5.2) is equivalent to the

second-order form

L= 0 + 08¢y + 400,000 — 0z (2000s) - (5.4)
Therefore, the adjoint equation to Eq. (2.1) is
F* = =0, — pvl, — 200,4,. (5.5)
If the adjoint equation satisfies
F* = AF, (5.6)
in which A is an undetermined coefficient, solving Eq. (5.6) yields

V2B
2

O(z,t,0) =c1 + CQSin(@x) + czcos( x), (5.7)

where ¢1, co, c3 are arbitrary constants. Therefore, according to [8], Eq. (2.1) is
nonlinearly self-adjoint.
Next, we give the definition and theorem related to the conservation laws.

Definition 5.1. A vector filed C(x, t,%, 1,1, - - - ) has two components,
Cc=c(ct,c?). (5.8)
If each solution ¢ = ¢ (x,t) of Eq. (2.1) satisfies
D;(C") = D,C" + D,C* = 0, (5.9)

then the vector field C(z,t, 1,95, ¢, - -+ ) is a conserved vector. Eq. (5.9) is said to
be a conservation law of Eq. (2.1).

Theorem 5.1. For the generator

8

X = Car + Ct (5.10)

the conservation law of Eq. (2.1) is expressed as

D,C* + D,Ct =0, (5.11)
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the conserved vector C = C(C*,C*) is given by

oL oL oL oL
x —Dy—— +Dypp—— D
C* =L+ W 3, ~ Doy, + Dos awm) + (DaW) [awm

oL oL
¢ _ oc oL )
C Ct'c + W <a¢t Dt a'(/)tt + (DtW) awttv

in which

W=¢- le/Jm - thtv

L= {cl + ¢o sin <\/22761') + ¢3 cos (\/?xﬂ (e + By + 692000 + 200000s) -

Then, by applying Theorem 5.1 to the conserved vector C = C(C%,C?), the
conservation laws are obtained.

(I) For the generator x = t% — w%, we have W = —1 — ta);. According to
(5.11), we obtain

c* :\/ﬁ(ﬁl)xwt + 1/J¢mt + 21#1/}1) |:CQ COS <\/2276x) —cC3 sin <\/227ﬁ1.):|
— 2t (wtha: + wadjact + ’l/Jng;t) |:CQ sin (\/22?33> + €3 COS (\/22;61‘)]
— 4 (1%2 + '(/)wwm) |:Cl + c2 sin (\/2276.];) + ¢3 cos <\/227ﬂl'):|

(5.13)
—cit (5¢¢t + 2'¢th$ + 41%1%& + 2w¢w1t) - Clﬁ¢2a
Ch = (thwwmx + 6“/}901/}3” + ﬁtlﬂ% - ’(/}) |:Cl + ¢z sin (\/2276,%)
—+c3 cos (J?x)] .
(II) For the generator y = % From (5.11) we get
C*=-2 (wtwrx + 2¢xw9¢t + 1/)1/136361‘) |:Cl + co sin <\/227ﬂx>
+c3 cos (éﬁxﬂ + V2B (Yathr + Pthar) {62 cos <\/22T3x>
—c3 sin (?x)} — 1 8Yy, (5.14)

Ct = (6t¢T¢TT + 2tw/l/}7-7-ft + ﬂh/n/)z + t¢t — d)f) |:Cl + co sin <mx>

2
7))

—+c3 cos <
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0
(III) For the generator x = —. In the same way as above, we obtain

Ox
V28 V23
2

Cr = -9 (31%1/;“ + wwmm) {01 + o sin (2x> + c3 cos (m)]

C

6.

+m (d}wz + wwmx) |:C2 COS (\/227637> —cg sin <\/227ﬂ37):| — 1Yy,

/I8 ) (5.15)

v (Y222)]

Conclusions

In this paper, the nonlinear dispersion equation is considered. We obtain the gener-
ators using the Lie symmetry analysis method. Then we give partial phase portraits
to obtain exact periodic peakon solutions, single period solutions and other forms
of traveling wave solutions. In addition, the analytic power series solutions of the
equation are given. Finally, we prove that the equation is nonlinearly self-adjoint
and construct the conservation laws.
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