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TIME-DEPENDENT ASYMPTOTIC
BEHAVIOR OF THE WAVE EQUATION WITH
STRONG DAMPING ON RM*

Xudong Luo' and Qiaozhen Mal'

Abstract We study the longtime dynamics of non-autonomous wave equa-
tions with strong damping in the case of critical nonlinearity. First of all,

when 1 <p <p* = T ]\],V_"'22)+ , we get the well-posedness of strong damped equa-

tion with dime-dependent decay coefficient in H; = H'(R™) x L*(R"), and
prove the quasi-stability of weak solution in Hy,—1 = H*(RY)x H™*(RY). Then
the time-dependent attractor is proved in H:. Finally, by using the quasi-
stability of weak solution, we establish the existence the pullback exponential
attractor for non-autonomous dynamical system (U(t,7), H¢, He,—1).
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1. Introduction

We consider the time-dependent attractor of the wave equation with strong damping
on RY, that is,

e(tug — Au— Aug + du+ f(u) =g(z), zeRN t>r7 7R, (L1)

u(z,7) = uo(x), u(z,7) =ui(z), * € RN,

where the unknown variable v = u(z,t) : RN x [r,00) — R, A > 0. We assume
that £(-) € C*(R), and

lim &(t) — 0, igﬂgus(m + ") + [€"(1)]] < L, (1.2)

t——+oo

here L is a proper constant.
The nonlinear term f € C%(R), f(0) =0, and

liminf@ > —Aq, (1.3)

|s]—o0
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where A\; > 0 is the first eigenvalue of the operator —A\, and the following conditions
hold:

(H1) if N =1, then the growth of f is arbitrary;

(H2) if N =2, then

If'(u) < C(1+ |ulP™") for some p > 1; (1.4)

(H3) if N > 3, then

N +2

[f'(w)] < CA+ [uP~)  with some 1 < p <p* = (N —2)+

(1.5)

where C is a positive constant and sy = (s + |s])/2.

(1.1) is found a possible application within the theory of type III proposed by
Green and Naghdi in the last two decades [13-15, 17, 24]. For more details about
the derivation of the physical model we refer the reader to [10].

When (%) is a positive constant independent of time ¢, the system is a classical
autonomous strongly damped wave equation. In particular, for the IBVP of the
type of equation (1.1) on a bounded domain 2 C RY| there have been a lot of well-
posedness results in the literatures (see for instance[5, 6, 9, 22]). The existence
of regular global attractor for the nonlinear strongly damped wave equation (1.1)
within the critical growth condition (1.5) on f(u) was well known in the literatures
such as [3, 7, 16]. In [25] the authors investigated non-autonomous Kirchhoff wave
model with strong damping in a bounded domain € in RN (N > 3), in which they
showed that when the growth exponent p of the nonlinearity f(u) is up to the
critical range: 1 < p < p* = % (N > 3), the related non-autonomous dynamical
system possessed a pullback attractor A. = {A.(¢)}1er for each ¢ > 0, and then
they proved the upper-semicontinuity of pullback attractor. But under the same
growth of nonlinearity f(u) as [25] and coeflicients is dependent on time, there are
no any results of asymptotic behavior for the wave equation with strong damping
on RV,

When £(t) is a positive decreasing function and vanishes at positive infinity,
the problem (1.1) becomes more complex and interesting. One of the reason is
that the dynamical system associated with (1.1) is still understood under the non-
autonomous framework even through the forcing term is not dependent on time ¢. In
order to deal with these problems, in [8], Conti, Pata and Temam presented a notion
of time-dependent global attractor exploiting the minimality with respect to the
pullback attraction property, and gave a sufficient condition proving the existence
of time-dependent attractor based on the theory established by Plinio, Duane and
Temam ([11]); besides, they applied the abstract results into the following weak
damped wave equations with time-dependent speed of propagation

e()uy + auy — Au+ f(u) = g(x).

After that, this method was applied to the damped wave equation with linear mem-
ory(see for instance[20]). But, when the domains are unbounded, such attractors
are not yet well understood. The reason is that when 2 is unbounded, the compact-
ness of the Sobolev embedding which is indispensable for constructing the global
attractor is lost. In order to move this obstacle, several remedies for the evolution
equation on an unbounded domain have been found. Babin and Vishik in [1] first



Time-dependent asymptotic behavior of the wave equation 2389

showed the existence of attractors to the equations of parabolic type in weighted
Sobolev spaces. In 1999, Wang introduced the method of ;°tail estimatej+ to scruti-
nize the existence of global attractor for reaction-diffusion equations on unbounded
domains([26]). It is worthy mentioned that the tail estimate method has been ex-
tensively used in dealing with case of unbounded domains. For example, Yang and
Ding [28] studied the longtime dynamics of Kirchhoff equation with strong damping
and critical nonlinearity. Liu and Ma [18] achieved the existence of time-dependent
attractor for the plate equation on H?(RY) x L?(RY) by using the tail estimate
along with the asymptotic contractive process on the time-dependent entire space.
Inspired by the idea of [18, 19, 28], we are interested in existence of time-dependent
global attractor and pullback exponential attractor for equation (1.1) in RY.

The main purpose of this paper is to solve the following questions. Firstly,
we will show that problem (1.1) has a unique weak solution in natural energy
space H; when the growth exponent p of the nonlinearity f(u) is up to the critical
range: 1 < p < p*. Secondly, we need to overcome some difficulties caused by
time dependent coefficient in the calculus process to obtain the quasi-stability in
weaker space H;,—1 as well as the regularity of u;. Thirdly, we will prove that the
process U(t,T) is pullback asymptotically compact in H;. Therefore, we can show
that it has a time-dependent attractor A = { A(t) };+cr. Finally, based on the criterion
of pullback exponential attractor developed in [27], and by using the quasi-stability
of weak solution, we investigate the existence of pullback exponential attractor M =
{M(t)}+er about the non-autonomous dynamical system (U(t,7), He, He,—1).

The paper is organized as follows. In Section 2, we make some preparations
for our consideration. In Section 3, when 1 < p < p*, we give some results on
the well-posedness of problem (1.1). In Section 4, we obtain the existence of time-
dependent attractor in phase space H;. Finally, we establish the existence of pull-
back exponential attractor M = {M (t)}+cr about the non-autonomous dynamical
system (U(t,7), Hy, He,—1) in Section 5.

2. Preliminaries

In this section, we iterate some notations and abstract results.

Without loss of generality, set H = L?(R"), equipped with the inner prod-
uct (-,-) and norm || - ||. LP = LP(RYN), WP = WeP(RY), [ = IRN’ -, =
I llee, -1l = 1 llz2. We define the time-dependent space

Hi=H'xL?, Hy 1 =H' xH ' H;y=H x H
endowed with norm

BlI%, llaliFn = [Vall® + [la*.

I{a,0}l13, = llallf +<(t)
For every t € R, we introduce the R-ball of Banach space X
Bi(R) = {z € X¢ : ||z[|x, < R}.

For any given § > 0, the § — neighborhood of a set B C X; is defined as

O)(B) = |J{ye Xe:llz—ylx, <6} = [J {z +B:(9)}.

r€EB z€B
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We denote the Hausdorff semidistance of two (nonempty) sets B,C C X; by

distx,(B,C) = sup distx, (z,C) = sup inf ||z —y||x,-
z€B z€BYEC

Finally, given any set B C X, the symbol B stands for the closure of B in Xj;.

In this paper any positive constant denoted by C (or ¢ )which may be different
from line to line and even in the same line and @ is a generic positive increasing
function.

Definition 2.1 ([4]). A function u(t) is said to be a weak solution to (1.1) on an
interval [0, T if
we L0, T; HY(RY)), wu; € L°°(0,T; L*(RY)) N L*(0, T; H*(RY)) (2.1)

and (1.1) is satisfied in the sense of distributions.

Definition 2.2 ([8]). Let {X;}:cr be a family of normed spaces. A process is a two
parameter family of mappings U(t,7) : X, — Xy, t > 7, t,7 € R with properties

(i) U(r,7) = Id is the identity operator on X, 7 € R,
(i) U(t,s)U(s,7)=U(t, 1), Vt>s>1,7T €R.
Definition 2.3 ([8]). A family C = {C}}ier of bounded sets C; C H; is called
uniformly bounded if there exists R > 0 such that
CtC{CGHt: ||C||Hf SR}, vt € R.

Definition 2.4 ([8]). A family B = {B;}icr is called pullback absorbing if it is
uniformly bounded and, for every R > 0 ,there exists to = to(t, R) < ¢ such that

T <ty =U(t,7)B.(R) C By, (2.2)
the process U(t, ) is called dissipative whenever it admits a pullback absorbing
family.

Definition 2.5 ([8]). A(uniformly bounded)family K = {k:}+cr is called pullback
attracting if for all € > 0 the family {Of (K})}+er is pullback absorbing.

Corollary 2.1. The attracting property can be equivalently stated in terms of the
Hausdorff semidistance: K = {K;}er s pullback attracting if and only if it is
uniformly bounded and the limit

liI_n diSth(U(taT)C‘rv Kt) = 0,

T—>—00

holds for every uniformly bounded family C = {Ci}icr and every fized t € R.

Definition 2.6 ([8]). A time-dependent absorbing set for the process U(t,7) is a
uniformly bounded family B = {B;}:cp with the following property: for every R >
0 there exists 6, = 6,(R) > 0 such that

T<t—0,=U(t,7)B.(R) C Bs.

Definition 2.7. ([8]) The time-dependent global attractor for U (¢, 7) is the smallest
family U = {A;}+er such that
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(i) each Ay is compact in H;

(ii) A is pullback attracting. i.e.,it is uniformly bounded and the limit

lim disty, (U(t,7)Cr, Ar) =0

T——00
holds for every uniformly bounded family C = {C}}+cr and every fixed t € R.

Definition 2.8 ([8]). A family of uniformly bounded sets C = {C}}ier is called
invariant if

U, 7)Cr=C, Vt>T1, TER.
Definition 2.9. ([22]) A function z : ¢ — u(t) € H, is a complete bounded trajec-
tory(CBT)of U(t, 7) if and only if
sup [[u(t)]|2, < oo
teR
and
u(t) =U(t, T)u(r), Vt>1, T€R.

Lemma 2.1 ([22]). Let ® be an absolutely continuous positive function on R, which
satisfies for some € > 0 the differential inequality:

%@(t) +2e®(t) < g()®(t) + h(t), teRT,

where h € L}, (RT), f: g(s)ds <e(t—7)+m fort > and some m > 0. Then

loc

t
B(t) < ™ (B(0)e=" + / Ih(s)le==¢7ds),t > 0.

Lemma 2.2 ([22]). Let X be a Banach space, and let Z C C(RT, X), Let ® : X —
R be a function such that

sup ®(2(1)) = —n, 2(2(0)) < K,

for some n, K > 0 and every z € Z. In addition, assume that for every z € Z the
function t — ®(z(t)) is continuously differentiable, and satisfies the differential
inequality
d
2 2(0) + Sll=®)% <k
for some 6 > 0, and k > 0 independent of z € Z. Then, for every v > 0 there
exists tyg = # > 0 such that

O(2(t)) < sup{@(C) : 9[I¢[I% < k+}, t = to
eXx

Lemma 2.3 ([23]). Let X, B and Y be Banach spaces, X —— B <Y,
W ={ueLP(0,T;X) | u € L'(0,T;Y)},1 < p < o0,
Wy ={ue L*0,T;X) |us € L"(0,T;Y) },r > 1.

Then
W —— LP(0,T; B), W, —= C([0,T]; B).



2392 X. Luo & Q. Ma

Lemma 2.4 ([24]). Let X, Y be two Banach spaces such that X — Y. If ¢ €
L2(0,T; X) N Cu([0, T]Y), then ¢ € Cu([0,T]; X).

Lemma 2.5 ([25]). Let the family D = {D(t) }+er be a pullback D-absorbing family
of the process U(t, 7). And assume that for any § > 0 and t € R, there exist a 7 =
7(t,0,D) > 0 and a contractive functional ¥, (-, -) defined on D(t—7)x D(t—T) such
that

Ut —71)e —U(t,t — 7)yllx <0V, (x,y),YVe,y € D(t — 7).

Then the process U (t,T) is pullback D-asymptotically compact in X.

3. Well-posedness

Theorem 3.1. Let assumptions (1.2)-(1.5) be in force and (ug,u1) € H,. Then for
every T € R, and T < t, problem (1.1) has a unique weak solution u(t). This solution
possesses the following propertries:

(i) The function t — (u(t);us(t)) is continuous in Hy and

uy € L2(r,t; HY) + L (7, t; L' 7). (3.1)

Moreover, there exists a constant C(p) > 0 such that

e(®luell® + llu() |7 +/ [ue ()72 dr < C(p), (3-2)

for initial data ||(ug, u1)||u,. < p. We also have the following additional regularity:
Ut € LOO(T7 tv Hl)’ Ut € LOO(Ta ta Hﬁl) N LQ(Ta ta L2)a

for every T < t, we have

C(p, T
(Ol + el < 20, (33
where as above || (ug, u1)|lx,. < p.
(ii) The following energy identity
t !
Be®) + [ (1Vu@)? - S )P = Beuls). (.4

holds for every t > s > 7, where &,(t) = (u,u;) and
E(&u(t)) = e(®)llus)l? + [IVul® + Nul® + 2(F (), 1) — 2(g(x), u). (3.5)

) -
(iii) If ut(t) and u*(t) are two weak solutions such that ||(u®(7),ui(7))||ln, < R, i =
1,2, then there exists b(p) > 0 such that the difference z(t) = ul(t) — u?(t) satisfies
the relation

1C(8), ze (D), _, / lze(r)[Pdr < b(p)([I(2(7), ze (T3, ), (3.6)
for all T < t, and quasi-stability

1C=(0), 26D, _, <e™N((7), 2e(7))1Fe,
+b(p)/ (lz()I* + e (@)l e(s)II-2)ds,

where k > 0 is a small constant.

(3.7)
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Proof. Let Q= Qg beaball in RY with radius R. We first consider problem (1.1)
on

e(Wuy — Au— Dug +Au+ f(u) =g(z), x€Q, t>1, 7€R,
u o= 0, t >, (3.8)

u(z, 7) = ul(x), w(z,7) =uf(z), v €Q,

where functions @l*(i = 0,1) are the forms: 4l (z) = 6(|z|)ui(x), and O(x) is a
smooth function:

1, |z|<R-1, zeRV,

)

O(x) =

0, |z|>R, z€eRN,

and
0<0(x) <1, |VO(=)<C, zeRN.

Now, we formally give some a priori estimates to the solutions of problem (3.8).
Multiplying (3.8) by wu; + du, we obtain

d
A1 (&u(t) + K(&u(t)) =0, (3.9)
where
1 1 , 1,
Aa(6u(t)) = 520 el 3oy + (5 +0) g @y + M Iul3ace + ()30,
= 2(g(x), u) + 2(F(u), 1),
1
K(u(t) =~((5 - )e' (1) + e () luell 22y + lluell 7 ) — 0¢'(8) (u, ue)
T 6||u\|zm T Nl + (), 6u) — (g(), 6u),
and &,(t) = (u,ut), fo r)dr. Obviously, A; : H:(Q2) — R is a continous
function. Making use of (1 2)-(1. 5) we can infer that
Ar(€u(t)) 2 k(e llwellzz@) + lullz ) — Cllgllzz (), L), (3.10)

K(6a(t)) 2 el + M@l + luld @) — Cliglz@. L), (3.11)

for § > 0 suitably small, where and in the fllowing %k stands for a small positive
constant. Obviously,

A1 (&u(0)) < C(llaft]|F2 () + ”ﬂ(IJ%H%Ié(Q)) < C(p,ll9llr2(e). L) (3.12)

Inserting (3.11) into (3.9) we have

A1(&u(t) + KllEa )3, @) < Clllgllz2@), L)- (3.13)
Applying Lemma 2.2 to (3.13) we have

Clgllr2, L) +1
M(6u) < sup (2(0) <] < (gl @ )+,
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t > to=C(lgllr2(). L. p),

the above estimate is established with n = C(||g|lz2(0). L), k = C(llgll2 (o). L), K =
C(lgll2(0), L, p), 6 =k, v = 1. Therefore,

5(t)\|ut||i2(§z) + ||UH§{3(Q) < Clgllz2e), L p), t > to = C(llgllz2 ), L, p). (3.14)
Integrating (3.13) on (7,¢) with ¢ < tg, we get
20 url3 gy + Il ) < CClglluea L. o). (3.15)

Letting 6 = 0 in (3.9) then integrating it over (7,t), together with (3.14)-(3.15) we
have

t
[ 1y < CClglioon: L) (3.16)

We infer from (1.1) and (3.14)-(3.16) that

[ OOl oyt < gl L), (317

Formal differentiation gives that v(t) = u;(t) solves the equation
e(t)ve + &' (t)ve(t) — Av — Avg + v + f'(u)v = 0. (3.18)

Multiplying (3.18) by v¢ + dv, we arrive that

Z[ (Ollvell72(0) + 20e(B) (v, ve) + (A + 06" (O)) [Vl 72 () + (1 + ) VUllZ2 ()]
+[e'(t) — 20e(®)][lvellZ2 () — 206" (1) (v, vr) + (=0" () + 20\) [V 720
+ 26||Vv||L2 @+ 2||Vvt||L2 @+ 2(f"(u)v, vy + dv) = 0.
We introduce now the functional
Aa(t) = e(®) vl () + 20e(t) (v, ve) + (A + 0" (t) vl () + (1 + O VolZ2(q),
if 0 is small enough we have

56( )

20e(t)(v, ve) < 20e(t)||v]1 22 () + —5 [vell72 (0, (3.19)

hence, we can choose proper constants a,,b, such that
apdle®)[|vell72 0y + ||UH§{3(Q)] < Aa(t) < bple(®)||vell72() + HU”%I(}(Q)]'
By (1.5), we have

[(f (w)v, ve + 6v)|
<C(llvllz2@llvellzz() + 8llvlZ2 o
[l oty ) GlvlIZo 10y + 0l oss oy [or] osse)

<0]|vel|Za 0y + CllollZa 0y + Cllullfyy (o) 01017 ) + Iollag @ lvell o)
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<20|[vell7p o) + Cllvlln o)

in the above formula, we have used the embedding ||ul| r+1(q) < Cl|ul| g1 () and C'is
a positive constant. Similar to the estimate of (3.19), we have

52
—20¢'(t) (v, v) 2 —2L|vl[72(0) — 7 ll0ellZe )

from the above estimates, we obtain
d 2
aAl(t) + kAq (t) + 2||Vvt||L2(Q)

<[—€'(t) + 20¢' () + e(®)][|vel[F ) + [AL — 6" (2)
+ (20 4+ DA+ 0’ O] [[v]1 720y + 2+ O)IVolZ2q)

By (1.2) and § > 0 suitably small, we can easily get —¢’(t) + 15¢/(t) + e(t) >
0,4L? — 6" (t) + (20 + 1)A + 6¢'(t) > 0. So,

1
LMD+ BAa0) + V0l ey < OM (D) + OVl (3:20)

When 7 < t < 1, multiplying (3.20) by (t — 7)2, we get
d 2 1 2
e = TPAsO] + (= T (1) + 5t = )oel g o
<C(t—7)*Ai(t) + Ot - T)HUH%{[}(Q) + Ot =) ([lvell720) + HU”i{(}(Q)) (3.21)
1
<CE=7)M(t) + 5= 7Nl o) + CUvelirr o) + 013 0):
here, we use the interpolation inequality
C(t —7)|vell72(qy < Ot - T)H”t”?{l(g) o310

1
§(t—7) ||Ut||H1(Q)+C||”t”H L)

Because of
t ) t ) 1 N k
C [ IV s < O IVu()aods)t + (¢ =)} < St =) +m
for ¢ > 7 and some m > 0, using Lemma 2.1 to (3.21), we obtain
C(L
(t = 1PMa(0) < Clp. ). [un(0)lFygay + Oy < G oobyr <t <1
(3.22)
When t > 1, applying Lemma 2.1 to (3.20) on (1,t), we have
||Ut(t)||?{3(g) +e()[[un(B)l|72(0) < Clp, L)e™™ < C(p, L, ). (3.23)
Therefore, together with (3.22) and (3.23), we get
Clp, L)1+ (t—7)%)
||Ut(t)\|fqg(9) +e(t)|Jure (B) |72 0 < 2i— 1) s t>T (3.24)
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Now, we look for the approximate solutions of (3.8) with the form
u"(t) = ng(t)ek, n=12...,
k=1

where —Aey, = Ager, k=1,2,..., ex |ao= 0, satisfying

e(t)ul, en)+ (AU, en)+ AUl e+ M, e+ (f(u™), en) = (9(2), ex), t>T,

Un (0) = ’L_Lon, U;ﬂ (0) = 1_1,17“

where (tgn, t1,) — (ad,al?) in H,(Q). Obviously, the estimates (3.3), (3.15) and
(3.17) hold for u™. So we can extract a subsequence, still denoted by {u"}, such
that

u = u weakly™ in L>(7,t; Hy(Q)); (3.25)
uy — ug weakly” in L>(7,t; L?(Q)) N L*(1,t; Hy (Q)); (3.26)
Uy — Ut weakly in L%(7,t; H1(Q)). (3.27)

Due to Lemma 2.3 it’s easy to know that (u™,u}) is compact in
C(r,t; H' () x [C(r, t; H°(Q)) N L (r,8; H'°(Q))],
for every 0 < § < 1. Moreover, we also have
F(u™) = f(u) weakly in L (7, t; L'7(Q)). (3.28)

Letting n — oo we get that the limiting function u € L (7, t; Hi(£2)) solves (3.8).
Now, we show the existence of solutions for the cauchy problem (1.1). For
brevity, in the following, we use the abbreviations as is shown in the beginning
of this section.
Let u®® € L°°(7,t; H (2)) be the solution of (3.8). Define the natural extension
of u® on RN

R
O lz| < R, o= g, |z <R, Ual —

0, |z| > R, 0, |z| >R, 0, |z| > R,

Vul, |2 < R,

and for any ¢ € C5°(RY), noticing that uf |so= 0, we have

/ a'Vodr = /Q ufVodr = — /Q Vullpdr = — / Vil pdz.

Hence, u® € L>°(r,t; H') solves the following problem

e(t)ull — Auf — Aul + \af* + f(af') = gr(x), z € RN, t > 7, T €R, (3.29)
alft(r) = alt, ul(r) =u

and the estimates (3.2)-(3.3) and (3.17) hold for @' Since

F@") = (f (ka') = £/0)a” + f(0)a" = f"(koua")kla"™* + f'(0)a™,  (3.30)
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where 0 < k,d < 1, from assumption (H3) and Sobolev embedding: LY <
H™', H? — H~! we have

(@) = £1(0)a"] = £ (kou™)kla"[*] < C(1 + [a™P~2) "],
1£ @) = £ (0)a" | -2 < C|I " (koa")ka"? 111 2 <C1a"|3pen +la(I} 1) <C,

p

1f@H -1 < | f0)a" -1 +C < O(llul| +1) < Ot > 7.

Hence, there exists a limiting function defined on R¥, still denoted by u, such that

af* - u weakly™ in L>(r,t; H');
alt — weakly™ in L>(7,t; L*) N L*(r,t; H');
alt — uy weakly in L?(r,t; H™1);
f@? —¢ weakly in L>(7,t; H™1).

So, we can easily get that

alt — uo||% + |le(t)al — e(t)ur]]® + lgr — g/|> = 0 as R — oc. (3.31)

Let @% be weak solutions to (3.29) with different initial data (ah",@i") € H; such
that ||a," |2+ || Vu® ()| < R? forall t > 7, and z(t) = af"* —af® solves the equation

e(t)zee — DNz — Nz + Az + f(a™) — f(af2) = 0. (3.32)

Since f(a't) € L*(r,t; H') + LOO(T,t;L1+%) and z € L*(7,t; H') for any cou-
ple af* and af2. Hence, multiplying (3.32) by A~1z; + 62, we get
d
%[E(t)”ZtHHfl+||Z||2+>‘||Z”H*1+5(25(t)<z>Zt>+||vz‘|2)}75/(75)”275“?{—1
— 26e(t) 2|2 — 266’ (£) (2, 2¢) + 20] V2|2 + 2l| 22| + 28] 22 (333)
+{(f(a — f(a"?), A7 % + 62) = 0.
We set
As(t) = e@)llzellmr—1 + 112012 + A2l -1 +8(2e() (2, 2) + [|V2]|?),
for § > 0 small enough, we get

apdle(| AT 2% + ||2l20] < As(t) < ble(® | AT 2] + 12131, (3.34)

by (1.2), we have

52
—20¢'(t)(z, 20) = 207|211 — < [l

we note that in the non-supercritical case by the embedding H' « L" for r = oo in
the case N = 1, for arbitrary 1 < r < oo when N = 2 and for r = 2 in the

N—2
case N > 3 we have that

I f(@™) — (@) | g2 < Clp)| V(@ —al2)|, a, afe e B, |Val| s( R, |
3.35
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which implies that |((f(af*)— f(a’2)),2)| < C(p)||Vz|?, by (1.5) and interpolation
formula,

[17@™) = p@)ja-taldo
< [(tfa® P @) e Ok [(1+am Pt e A s e
< [ fa Pt P

+ C(k)[/(l [ (@B P de) B AT 2

<kllz|l* + C k)2l -

(3.36)
Combining with (3.33)-(3.36), we get
D Aslt) + kAs(1) < Ozl + 12l ), (337
G0, 2D By, < (), 2,
+800) [ () + Ol fds, (339)

next, multiplying (3.32) by z; + dz we get

%[E(t)lli/rtll2 +20e(t)(z, 2¢) + (1+0)||V2l” + All2]1?] — ['(t) + 20 (£)] 12|

— 206" (t) (2, 2¢) +2|| V2 |2 28| V2|2 4200 2] |2 +-2(f (@) — f (@), 24 +62) =0,
3.39)
and set

Hiy(t) = e()|l2e]] + 20e(t)(z, 2) + (1L + O)[V2]* + Ml2ll* ~ [l F + (@)l

obviously,

62
= 206" (8)(2, 20) = —2L2|2]1* = [l

[(f@™) = f(a"2), 2z + 62)]
SC/(l +f@™)P = 1 f @) P2 (|2t + 62])de
<Ollzll(zll + =) + Clla™ s + 1= 5 ) zlpra (lzelpa + 8ll2llp+1)

1
§§||Zt||2 + || V2|
Hence, we have

aHl(t) + [—€'(t) — 20e(t)

1
<(2L% = 200)|2|* = 28] V21 + gllzl® + ell V2|,

d 52
= Sl + 2 vz
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from (1.2), we can see the following estimate

) 52 52
min{2, 5}||Zt\|ip < 2||Vae|? + [ (t) — 20e(t) — 5H|Zt||2

52
<max{2,(1+0)L + E}Hthiﬂ

Then, we choose a proper constant L such that —e’(t) —2de(t) — % > 0,202 20\ >
0 and use the equivalent norm theorem

t
2@l + @)l (D] +/ 22 (8) 7 ds < Ce**(lzoll 7 + [lal®).  (3.40)

Like in [28], we also have f(uf*) = (, therefore, together with (3.31) we ob-
tain u € L°(1,t; H'), with u, € L (7,t; L2)NL?(,t; H') is the solution of Cauchy
problem (1.1). By the lower semi-continuity of the norm of the weak* limit, the es-
timates (3.2)-(3.3) hold for w. An argument similar to the one used in [4](Appendix
A) show that the function ¢ — (u(t);us(t)) is (strong) continuous in H;.

Finally, we establish estimate (3.4). In space [H~! + LH%}, one can see that
estimate (3.3) is satisfied on any interval [a,b], 7 < a < b < ¢, furthermore we note
that f(u)u; € L*([a,b] x RY), which implies that we can multiply (1.1) by u; and
prove (3.4) for t > s > 7. Next, we prove energy equation (3.4) holds for s = 7, the
limit E(&,(s)) as s — 7 exists and

B. = lim B6u(s) = B@ul) + [ Tuetly — S o) P

Because u(t) is continuous in H! on [r,t], we can find a sequence {s,, }, s, — 0, such
that u(z,s,) — u-(x) almost surely. Due to F(u) > —C, by Fatows lemma we
obtain

/ Flu(z))dz < liminf / (F(z, s))da.

s—T
The weak continuity of u;(¢) at time 7 means that

Jlua]|* < lim inf [Ju, (s)]]*.
I

Hence, we have the relation E(&,(7)) < E,. Therefore from the energy inequality
for weak solutions we have (3.4) for all t > s > 7.
The proof Theorem 3.1 is complete. O

4. Existnece of time-dependent attractor
By Theorem 3.1 the problem (1.1) generates a process U(t,7) in the space H; :

U(t7 T)Z(T) = {u(t)v ut(t)}7

where z(7) = {uo,u1} € H,. Moreover, we can easily get the following result.

Theorem 4.1. Under the assumptions (1.2)-(1.5), the process U(t,T) is continuous
in phase space Hy.
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Proposition 4.1. Let assumptions (1.2)-(1.5) be valid, then there exists pg > 0 such
that

Ut 7)2(7) I3, < po, VE> 1.

Proof. Estimate (3.2) shows that the dynamical system (U(¢,7),H;) is dissipa-
tive. Hence, we can get the time-dependent absorbing set

B, = | JU(t,7)By,

t>T

where, By = {(ug,u1) € Hr : |Juol|3: +e(7)||ur|* < po}- O

Next, we prove asymptotic compactness of the process U(t,7) using method
introduced in [19]. It is worth noting that the space discussed in this paper is not
only dependent on time but also unbounded. To this end, we need to use the tail
estimate method in order to obtain the corresponding results. One of main results
is as follows.

Theorem 4.2. In addition to assumption (1.2)-(1.5), if also f'(u) > —I for some
constant I > 0. Then the dynamical system (U(t,7),H;) possesses time-dependent
attractors, moreover, for each T <t, A(t) is bounded in Hy 1.

In order to prove this theorem, we need the following preparations.
Define the functions

Mo(s) =< s —1, 1<s<2,

1, 5> 2,
MM$ZQ%*MME%:AXM&*MMMMM,

where xs(s) is the standard mollifier on R with suppys C [—9, §]. Obviously,

Ms e C*®(R), 0 < Ms(s) <1,
Ms(s) =0 as0<s<1; Ms(s)=1 ass> 2,
with 0 < 0 <« 1. Let (z) = M5(%), with R > 9. We have the following results

z e RN,
(4.1)

C
o(r)=0as |z| <R, 0 < (x) <1and |Ve(z)| < 1and |Ve(z)> < 2

Lemma 4.1 ([28]). Let assumption (1.2)-(1.5) be in force and f'(u) > —I. Then
C
[ rds = Sleul?
[ ¢t - kFP@)ds = klpul?

fork:0<k§%(<1).
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Lemma 4.2. Under the assumptions (1.2)-(1.5), let U(t,7)(ug,u1) = (u(t), ue(t))
holds true, with (ug,u1) € Bi. Then for any § > 0, there exist positive con-
stants R1 = R1(po) > 7 and Ty = To(po) such that

/ lul? + |Vul|? + e(t)|ug|*de < § as R> Ry, 7 < Ty < t,
3

where and the following Qp is a ball in RN with radius R, Q% = {z € RN : |z| > R}.
Proof. Multiplying (1.1) by ¢?(u; + du), together with (3.15) and (4.1), we have

.l

dt 2
1

— (g(@), p*u)] — 56’(t)|\<put||2 — (&' (tyus, p*0u) — e(t)d]| pue||®

+ oV + dllVull? + Al pull® + 6(f (u), p*u) — 5{g(x), ¢*u)

=-2 / oVo(us + du)Vudr — 2 / ©Vo(up + du)Vude

146 A
=0l + (e(Oun, ¢*50) + 3 e Vull + S loul? + [ P Fudo

1 C
<5 (ol + o Vudll?) + 0%l Vul* +

ﬁ.
(4.2)
Set
1 1496 A
Ks(t) =5e@llpudl? + (e, ue, $700) + 2 [ Vul + 2 oull
+ / GEF(u)dz — (g(x), o%u),
5 d C
SAS(0)+ BAs(0) + N(1) < Olllow|"As() + . (4.3)
where
1 1
N(t) =[5/ (6) — gllpudl? — 5 (6)(u, %) — (O lpuel + [T
oe(t
+ = oVl 4+ Adllgul? + a{f(w). %) — D pu (4.4)
o(1+06 YY)
- et ) — LD vl = D lul? =5 [ e

By (1.2), (4.1) Young and Holder inequality, we have
oL oL
=0 () (we, %) > ==~ pwl|* = = llpull?,

hence, combining with the above estimate and Lemma 4.1, we choose the proper
positive constants A, L(L > 1) and §(6 < 1) small enough such that
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after, inserting (4.5) to (4.3), we obtain

D As(0) + A5(1) < Cllou|*As(r) + . (4.6)
Since 0 < p(z) < 1 and
[{e(t)ue, p*0u)| < %5(7f)||ut||2 +2L6%||ul?,
combining with (1.2)-(1.5) we can easily get that
As() > 6(llouel* + loull® + e Vull®) = C(llegll?)-
Applying Lemma 2.1 to (4.6), we conclude
As(t) < CAs(T)e ™) 4 Cl g + llpg ),
1utt), () g < O 4+ Clag + lealaagy) (47)
Lemma 4.1 is proved. O

Proof of Theorem 4.2. For any fixed ¢t; € R, let sequences 7,,, — 0o as m —
oo, and &, € B(t1 — 7n), we set

() = (Wm(t), u(t)) = U(t,ty — Tn)ém, t > t1 — Ty, m>1.  (4.8)

One can see that for any T' € N, it satisfies (3.2) and (3.3), when m > N, there
exists a constant N > 0 such that
§f () =U(t,ty =T = 1)Uty =T = 1,t1 = Tin)m
cUtty—T—1)B(ty —T —1), t € [t — T, 1],
{(u™, u™)}yu>n is bounded in L™ (¢, — T, ty; H' x HY),
{uf"} >N is bounded in L (t; — T, ty; H™?).

By Lemma 2.3, one can see that &, = (u,us) € L>(t1 — T, t1; 1) such that

& — & weakly™ in Lty — T, t1; He 1), (4.9)
€M &, in Oty — T ty; H 2 x H'7?), 6 € (0,1), (4.10)
& — &, weakly in Hyq,t € [t1 — T, 1] (4.11)

It follows from (3.7) that, for every 7 > 0 and z,y € B(t — 1),
Ut =)z = U(t,t —7)yll3, _,

—kT 2 ' 2 (4.12)
e Vlz =yly, ., +C | UGt =)z =Uls,t = 1)yll12x g-2ds.
t—T1

According to (3.2) and Lemma 2.3 we have

U(-,t — 7)B(t — 7) is precompact in L2(t — 1,t; L* x H™?).
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Hence, we can define a contractive functional
t
Vi (z,y) = [U(s,t = 7)a = U(s,t = 7)yl 72y y-2ds]?
t—1
on B(t —7) x B(t — 7) such that
||U(t7t - T)‘T - U(tat - T)yHHt,—l < 0 + qpt,’r(xvy>7 Vx,y € B(t - T)>

where 6 > 0,7 > 0. From Lemma 2.5, one can see that the process U(t,7) is
pullback D-asymptotically compact in the topology of H; ;1. So

El )t —T)=U(ts = Tyt1 — 7)™ — §u(ts = T) in Hy, 1. (4.13)

u

Next, by Lemma 4.1 and the interpolation between H~! and H' we obtain that
U(t, ) is pullback D-asymptotically compact in H;.
Combining with (4.9)-(4.11) and (4.13) we get

f;n(tl — T) — fu(tl — T) in Ht.
From the continuity of the operator U(¢,7) in H; and the uniqueness of limit,

EM)=Ut,t1 —T) (61 —T) = Ut t1 —T)éu(t1 = T)

4.14
=&, (t) in H, (4.14)

for every ¢ € [t; — T, t1]. Hence,
EM(t) =U(t,t1 — To)éu — &u(t1) in H' x L*. (4.15)

That is to say that U(t,7) is pullback D-asymptotically compact in H;. We now
see the process U (¢, ) has a time-dependent attractor A = {A(t) }+er, and by the
boundedness of B; in H; 1, A(t) C H,1 is bounded.

5. Existnece of pullback exponential attractors

In this section, we show the existence of pullback exponential attractor under the
non-autonomous case, contrary to the general non-autonomous situation, our ex-
ternal force term is independent of time but the coeflicient (¢) depends on time.
Hence, we obtain the existence of pullback exponential attractor without additional
boundedness assumptions for the external force term in time-dependent space.

Definition 5.1 ([19]). Let E be a Banach space, M be a subset of E, which is a
metric space equipped with the distance d(z,y) = ||z — y||g, and {U(t,7)}i>, be a
process acting on M. Then the triple (U (¢, 7), M, E) is said to be a non-autonomous
dynamical system, M and F are said to be the phase space and the universal space,
respectively.

Definition 5.2 ([19]). A family of subsets {M(¢)}:er of M is said to be a pullback
exponential attractor of the non-autonomous dynamical system (U (t,7), M, E), if
(i) it is semi-invariant, i.e., U(t, 7)M(7) C M(¢) for all ¢t > 7, 7 € R;

(ii) each section M(t) is a compact subset of E and its fractal dimension in E is
uniformly bounded, i.e.,

sup dim(M(t), E) < +oo;
teR
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(iii) it pullback attracts every bounded subset B of M at an exponential rate, i.e.,

supdistp{U(t,t — s)B, M(t)} < C(B)e "%, s > T(B),
teR

for some 3 > 0.

Remark 5.1. In particular, when M = E, Definition 5.2 coincides with the stan-
dard definition of pullback exponential attractor.

Lemma 5.1 ([27]). Let (U(t,7), M, E) be a non-autonomous dynamical system.
Assume that
(i) there exist positive constants T and Lt such for any 7 € R and x1,29 € M,

Ut+r, 1) MCM, t>T,

sup (|[Ut+7,7)x1 — Ut + 7,7)x2||p < Lr||z1 — 22| B;
t€[0,T]

(ii) there exist a Banach space Z and a compact seminorm nz(-) on Z, and there
exists a mapping K, : M — Z and n € Z such that for any x1,x2 € M,

sup HKnxl - KHIQHZ S LHxl - :C2||E7
nez

lU((n+ DT, nT)xy —U((n+ DT, nT)z2|g < n|lz1 — z2||g + nz(K,z1 — Kpx2),

where n€[0,1], L>0 are constants independent of n. Then the non-autonomous dy-
namical system (U(t,7), M, E) has a pullback exponential attractor M ={M(t)}+cr.

Theorem 5.1. Let assumption (1.2)-(1.5) be valid, then the non-autonomous dy-
namical system (U(t, ), H¢, He,—1) related to problem (1.1) has a pullback exponen-
tial attractor M = {M(t) }1er.

Proof. We set By as follows
Bo={¢ €M | €l%, < Ro} with Ry = C(|lg]1*), (5.1)

by Theorem 3.1, it is easy to see that By is a uniform pullback absorbing set
of U(t, 7) and there exists a Ty > 1 such that

J Ut +7,7)Bo € By, fort > Ty — 1. (5.2)
TER
Then, we construct
B, = [U U U(t +7,7)Bolau, C Bo. (5.3)
TERt>T,

So, B; is also a uniform pullback absorbing set and
Jut+rnB.c |JUE+7.7)By C By, vt =Ty, (5.4)
TER TER

By Theorem 4.2, we know that B; is bounded in H, ;. Taking account of (3.7), we
have

S[up ] ”U(t + 7, 7_)51 - U(t + 7_’7_)62”7'&,—1 < LT”gl - 52”7'&,—17 VT €R, (55)
te[o,T
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where Ly = C(t, B;). We construct the following space

N
Y = {(u,us) € L*(0,T;Hy 1) | we € L*(0,T; H™")}, with r > max{5,3}, (5.6)

equipped with the norm

T
1, ue) || = [/0 (@) + (@)l -1+ (@)l @)l )dt]7.
Clearly, 3 is a Banach space, and
ns(u,u) = [|(u, ut)||L2(0,7:12 x -2 15 @ compact seminorm on 3.
After, we define the mapping
K, : B — %, K,& = (u(-+nT),u(- +nT)), £ € By,n € NT, (5.7)

where (u(-+nT),us(-+nT)) = U(-+nT,nT)E, and u(-+nT) means u(s+nT), s €
[0,T]. For every n € Nt &1 &, € By, let

(2(t + nT), z:(t + nT))
=U(t+nT,nT)& — Ut +nT,nT)é
=(ul(t +nT),u; (t +nT)) — (u*(t +nT),uZ(t +nT)), Vt € [0,T].
Then z solves the following equation
)z — DNz — Nzp + Az + f(ub) — f(u?) = g(2), (5.8)
(2(nT), z(nT)) = & — L.

By estimate (3.7), (5.5), (5.8) and the fact: r > max{%,3}, which implies H 1 <
H?7" and L'— H~", we obtain

(n+1)T
/ () | 2te sr—rds
nT

(n+1)T
SC(L)/T () zr2=r + 12() 17 + llze(8) G + [ (') = F(w?) 13- )ds

(n+1)T
<o(r) / @+ Bl + b / (P~ + 2P 2 ) de

<C(D)||&r — &l -
(5.9)
In bine with (5.5) and (5.9), we have

T
1Enér = Kn&all3 =/0 (It +nD) 3 + 2t + )72 + llzee(t + D)7 )dt

< Lillé - &I, (5.10)

where L; = C(By, L) is a constant. Choosing 7' > Tp such that n? = e *T < 1 and
combining with (3.7) and (5.7), it follows that

NU((n+1)T,nT)s —U((n+ 1)T, nT)€2HHt,4
<nllér — &l _, + ne(Knéy — Knéa), &,&2 € By, ne NT.

Theretore, the non-autonomous dynamical system (U(t,7), H¢, He,—1)) has a pull-
back exponential attractor M = {M () }ser. O

(5.11)
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