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DYNAMIC ANALYSIS OF A DISCRETE
AMENSALISM MODEL WITH ALLEE EFFECT
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Abstract This paper concerns with a discretization of a continuous-time
amensalism model with Allee effect on the first species. Compared with the
continuous analog, the discrete system has different and quite rich dynamical
behavior. First, we obtain the existence of fixed points and their local stabili-
ties. Then we confirm the occurrence of fold bifurcation and period doubling
bifurcation by using the center manifold theorem and bifurcation theory. Fol-
lowed is a hybrid control strategy to control the period-doubling bifurcation
and stabilize unstable periodic orbits embedded in the complex attractor. Nu-
merical simulations indicate that Allee effect is beneficial to the stability of the
first species to a certain extent. Moreover, when the first species is affected
by Allee effect, solutions can quickly approach the corresponding fixed point.

Keywords Amensalism model, Allee effect, fold bifurcation, period-doubling
bifurcation, hybrid control strategy.
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1. Introduction
In Nature, species are always interacting with each other. A lot of works have been
done for predation, competition, and mutualism. However, amensalism has just
got the attention of researchers in the last few decades. Amensalism is a biological
interaction where one species causes harm to another organism without any cost
or benefit to itself. There are two modes of amensalism, antibiosis and competi-
tion. An example of antibiosis amensalism is that in the African savannah, where
large herbivores such as elephants inadvertently injure and even kill small ground-
dwelling arthropods by trampling and compacting the soils and incurring no cost to
themselves [20]. An example of competition amensalism is that grasshoppers signif-
icantly suppressed caterpillar feeding, growth rate, survival, reproductive effort and
delayed metamorphosis in Tibetan alpine meadows. In contrast, the performance
of grasshoppers was unaffected by caterpillars [27].

Based on the classic Lotka-Volterra model, Sun [24] firstly proposed the following
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amensalism model of two species,
dx

dt
= r1x

(
k1 − x− cy

k1

)
,

dy

dt
= r2y

(
k2 − y

k2

)
,

(1.1)

where x(t) and y(t) represent the densities of the first and second species at time t,
respectively; r1 and r2 stand for the intrinsic growth rates of x and y, respectively;
k1 and k2 are the environmental capacities of x and y, respectively; c > 0 reflects the
impact exerted by the second species on the first species. Here y is harmful to x but
x has no effect on y. Since then, the model has been modified by many researchers
to incorporate other factors such as nonlinear functional responses [5, 15, 17], Allee
effect [10,25,31], and refuge [14,26,28].

In 1931, Allee [1] observed that when the population density is too sparse or
crowded, it will affect the reproduction rate of the population, which is not con-
ducive to the growth of the species. When the population density is too low, individ-
uals will face significant challenges in finding spouses and resisting natural enemies.
This will lead to the decline of population birth rate and the increase of mortality.
Such a phenomenon is called the Allee effect. In general, population models with
Allee effect tend to exhibit very complex dynamical behavior because Allee effect
may change the stability of equilibrium points to make a formerly stable system
no longer stable. Recently, Guan and Chen [10] considered the Allee effect on the
second species in an amensalism model with the Beddington-DeAngelis functional
response. Their results show that the system with an Allee effect takes longer time
to reach a stable steady-state solution than that without Allee effect. Wei et al. [25]
found that the dynamic behaviors of an amensalism system become complicated by
introducing weak Allee effect. Inspired by the above, Zhao and Du [31] proposed
the following amensalism system with weak Allee effect on the first species,

dx

dt
= x

(
r1x

m+ x
− a11x− a12y

)
,

dy

dt
= y(r2 − a22y),

(1.2)

where all parameters r1, r2, a11, a12, a22, and m are positive constants. The term
x

m+x denotes the weak Allee effect, where m describes the intensity of Allee effect
on the first species. Their findings indicated that the dynamical properties of the
amensalism model become complex when the first species is subject to the Allee
effect. On the one hand, compared with the model without Allee effect, the number
of equilibrium points of system (1.2) increases; On the other hand, when selecting
coefficients α as a bifurcation parameter, authors proved the existence of saddle-
node bifurcation.

As we know, data from biological samples are collected at discrete or specific
times. Therefore, it is reasonable to assume that the use of discrete-time models is
more realistic than continuous-time models. Moreover, existing studies have shown
that discrete-time models can produce much richer dynamical behaviors than their
continuous-time counterparts. Recently, Zhou et al. [33] systematically studied the
discrete version of model (1.1). They found that the local stability property of the
fixed points becomes complicated and the discrete version of model (1.1) would gen-
erate flip bifurcation at the only positive fixed point. Interestingly, many scholars
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have explored the consequences and different ways of incorporating Allee effects into
discrete-time population models. Bifurcation and stability are examined in detail
in [4, 6, 8, 12, 13, 19, 21, 21, 23, 29, 30, 32]. For example, Yan et al. [29] proposed a
discrete-time predator-prey model with linear functional response and Allee effect.
It is found that the prey species with Allee effect would increase the extinction risk
of both prey and predator. The bifurcations and chaos control of a discrete-time
model with strong Allee effect on the prey are studied by Zhang and Zou [30].
They analyzed all possible codimension-two bifurcations at fixed points. Eskandari
et al. [8] discussed a discrete-time predator-prey model with Allee effect on the
prey population, whose results show that the model may generate various bifurca-
tions such as transcritical, flip (period-doubling), and Neimark-Sacker bifurcations.
However, not much has been done for the stability analysis of discrete amensalism
systems subject to Allee effect.

Motivated by the above discussions, in this work we study the discretized version
of the continuous model (1.2). We first nondimensionalize (1.2) by letting x̄ = a11x

r2
,

ȳ = a22y
r2

, and t̄ = r2t. After dropping the bars, system (1.2) becomes
dx

dt
= x

(
αx

mγ + x
− x− βy

)
,

dy

dt
= y(1− y),

(1.3)

where α = r1
r2

, β = a12

a22
, and γ = a11

r2
. According to [2, 7], the piecewise constant

argument method is a better choice for discretization of continuous models. This
leads to the modification of system (1.3) as

1

x(t)

dx(t)

dt
=

αx([t])

mγ + x([t])
− x([t])− βy([t]),

1

y(t)

dy(t)

dt
= 1− y([t]),

(1.4)

where [t] denotes the integer part of t. Then integrating (1.4) gives
x(t) = x(n) exp

([
αx(n)

mγ + x(n)
− x(n)− βy(n)

]
(t− n)

)
,

y(t) = y(n) exp
([

1− y(n)
]
(t− n)

)
for t ∈ [n, n + 1) and n = 0, 1, 2, . . .. Letting t → (n + 1)− gives the discrete
amensalism model to be studied,xn+1 = xn exp

[
αxn

mγ + xn
− xn − βyn

]
,

yn+1 = yn exp[1− yn],

(1.5)

where we have denoted x(n) and y(n) respectively by xn and yn as usual. Clearly,
the parameters α, β, and γ are all positive. Also from the point view of biology, we
assume that the initial values (x0, y0) of system (1.5) are positive, that is, x0 > 0
and y0 > 0.
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The aim of this paper is to understand the dynamical behavior of (1.5). We first
investigate the existence and local stability of fixed points in Section 2. These results
indicate possible occurrences of bifurcations. Then we analyze the fold bifurcation
and period-doubling bifurcation in Section 3 and Section 4, respectively. Followed
is a hybrid control method in Section 5 to stablize the chaotic behavior due to
period-doubling bifurcation. These theoretical findings are supported by numerical
simulations in Section 6. The paper ends with a brief summary and comparison.

2. Stability analysis of system (1.5)
A fixed point (x, y) of (1.5) satisfies

x = x exp
( αx

mγ + x
− x− βy

)
, y = y exp

(
1− y

)
. (2.1)

Obviously, (1.5) always has the boundary fixed points E0(0, 0) and E1(0, 1). More-
over, if α > mγ then it also has a boundary fixed point E2(α −mγ, 0). These are
the possible boundary fixed points of (1.5). For possible positive fixed points, we
must have y = 1. Substituting it into the first equation of (2.1), we see that x
satisfies

x2 + (β +mγ − α)x+ βmγ = 0. (2.2)
Since we require x > 0, it is necessary that α > β + mγ. Let ∆ denote the
discriminant of the quadratic in (2.2),

∆ = α2 − 2(β +mγ)α+ (β −mγ)2.

Then

∆


> 0 if α > α2

def
= β +mγ + 2

√
βmγ,

= 0 if α = α2,
< 0 if β +mγ < α < α2,

which implies that (2.2) has two positive roots x∗
1 = α−β−mγ−

√
∆

2 and x∗
2 =

α−β−mγ+
√
∆

2 if α > α2 while it has a unique positive root x∗
3 =

√
βmγ if α = α2.

The discussion is summarized in the following result.

Theorem 2.1. The following statements on fixed points of (1.5) are true.
(i) It only has the two boundary fixed points E0 and E1 if 0 < α ≤ mγ.
(ii) It has three boundary fixed points E0, E1, E2 if mγ < α ≤ α2.
(iii) It has three boundary fixed points E0, E1, E2, and a positive fixed point E∗

3 =
(x∗

3, 1) if α = α2.
(iv) It has three boundary fixed points E0, E1, E2, and two positive fixed points

E∗
1 (x

∗
1, 1) and E∗

2 (x
∗
2, 1) if α > α2.

Note that the Jacobian matrix of system (1.5) at a fixed point E(x, y) is

J(E) =

(1− x+ αmγx
(mγ+x)2

)
M −βxM

0
(
1− y

)
N

 (2.3)

where M = exp( αx
mγ+x − x − βy) and N = exp

(
1 − y

)
. Let λ1 and λ2 be the two

eigenvalues of J(E). Then E can be classified as follows [16].
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Definition 2.1. The fixed point E(x, y) of (1.5) is called

(i) a sink if |λ1| < 1 and |λ2| < 1 and it is locally asymptotically stable;
(ii) a source if |λ1| > 1 and |λ2| > 1, and it is unstable;
(iii) a saddle if max{|λ1|, |λ2|} > 1 and min{|λ1|, |λ2|} < 1;
(iv) non-hyperbolic if either |λ1| = 1 or |λ2| = 1.

Now we discuss the types of the fixed points of (1.5) obtained in Theorem 2.1.
We start with the boundary fixed points.

Theorem 2.2. The following statements on the boundary fixed points of (1.5) hold.

(i) E0(0, 0) is a non-hyperbolic point.

(ii) E1(0, 1) is always a sink.

(iii) When α > mγ, the fixed point E2(α−mγ, 0) is

(a) a saddle if mγ < α < α∗ def
= 1 +mγ +

√
1 + 2mγ;

(b) a source (repeller) if α > α∗;
(c) non-hyperbolic if α = α∗.

Proof. It follows from (2.3) that

J(E0) =

1 0

0 e

 , J(E1) =

e−β 0

0 0

 , J(E2) =

1− (α−mγ)2

α −β(α−mγ)

0 e

 .

Clearly, the eigenvalues of J(E0) are 1 and e (> 1), those of J(E1) are e−β (∈
(−1, 1)) and 0; and those of J(E2) are 1− (α−mγ)2

α and e. Note that when α > mγ,

1− (α−mγ)2

α


∈ (−1, 1) if mγ < α < α∗,
= −1 if α = α∗,
< −1 if α > α∗.

Thus the results immediately follow according to Definition 2.1.
Next we consider the positive fixed points of (1.5).

Theorem 2.3. The following statements on positive fixed points of (1.5) are valid.

(i) Suppose that α = α2. Then the unique positive fixed point E∗
3 (x

∗
3, 1) of (1.5) is

always non-hyperbolic.

(ii) Suppose that α > α2. Then E∗
1 (x

∗
1, 1) is a saddle.

(iii) Suppose that α > α2. Then E∗
2 (x

∗
2, 1) is

(a) a sink if α2 < α < α∗∗ def
=

β2+βmγ+2β+2mγ+2+2(β+1)
√

1+(2+β)mγ

2+β ;
(b) non-hyperbolic if α = α∗∗;
(c) a saddle if α > α∗∗.
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Proof. The Jacobian matrix of system (1.5) at a positive fixed point E∗
i (x

∗
i , 1)

(i = 1, 2, 3) is

J(E∗
i ) =

1− x∗
i +

αmγx∗
i

(mγ+x∗
i )

2 −βx∗
i

0 0

 , (2.4)

whose eigenvalues are 0 and 1− x∗
i +

αmγx∗
i

(mγ+x∗
i )

2 . Noting αx∗
i

mγ+x∗
i
= x∗

i + β, we get

1− x∗
i +

αmγx∗
i

(mγ + x∗
i )

2
= 1− x∗

i +
mγ

mγ + x∗
i

(x∗
i + β) = 1 +

βmγ − x∗2
i

mγ + x∗
i

.

Since x∗
1 < x∗

3 =
√
βmγ < x∗

2, we have

1− x∗
2 +

αmγx∗
2

(mγ + x∗
2)

2
< 1 = 1− x∗

3 +
αmγx∗

3

(mγ + x∗
3)

2
< 1− x∗

1 +
αmγx∗

1

(mγ + x∗
1)

2
,

which immediately gives (i) and (ii). For E∗
2 , we further have

1− x∗
2 +

αmγx∗
2

(mγ + x∗
2)

2
= 1 +

βmγ − x∗2
2

mγ + x∗
2


∈ (−1, 1) if x∗

2 > 1 +
√

1 + (2 + β)mγ,
= −1 if x∗

2 = 1 +
√
1 + (2 + β)mγ,

< −1 if x∗
2 < 1 +

√
1 + (2 + β)mγ,

or equivalently by using the expression of x∗
2,

1− x∗
2 +

αmγx∗
2

(mγ + x∗
2)

2


∈ (−1, 1) if α2 < α < α∗∗,
= −1 if α = α∗∗,
< −1 if α > α∗∗.

Then (iii) follows and this completes the proof.

Remark 2.1. Assume that m = 0 and α > β. Then system (1.5) has only one
positive fixed point E∗(α−β, 1). Especially, if β < α < β+2 holds, then E∗(α−β, 1)
is asymptotically stable (see Fig. 1).

Figure 1. When (α,m, β) = (2.2, 0, 0.8), the unique positive fixed point E∗(1.4, 1) of (1.5) is asymp-
totically stable. Here (x0, y0) = (0.5, 0.6).

It is easy to see from the proofs of Theorem 2.2 and Theorem 2.3 that fold
bifurcation may occur at E∗

3 (the Jacobian matrix has an eigenvalue 1) and period-
doubling bifurcation may occur at E2 or E∗

2 (the Jacobian matrix has an eigen-
value −1). Note that it can be inferred from (2.4) that model (1.5) does not show
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Neimark-Sacker bifurcation and codimension-2 bifurcations by using Jury’s crite-
rion [9]. Hence we would use the bifurcation theory of normal forms and center
manifold theorem [11, 22] to analyze all possible codimension-one bifurcations in
the next two sections.

3. Fold bifurcation at E∗
3

Given β and mγ, when α = α2 = β+mγ+2
√
βmγ, there is a unique fixed point E∗

3

and the eigenvalues of J(E∗
3 ) are 1 and 0. Now, we investigate the fold bifurcation

at the positive fixed point E∗
3 (x

∗
3, 1) by treating α as the bifurcation parameter.

Let ζ be a small perturbation of α around α2, that is, α = α2 + ζ. Then
system (1.5) is rewritten asxn+1 = xn exp

(
(α2 + ζ)xn

mγ + xn
− xn − βyn

)
,

yn+1 = yn exp(1− yn).

(3.1)

First, we use the transform Un = xn − x∗
3, Vn = yn − 1 to transform the fixed

point E∗
3 into the origin and system (3.1) into
Un+1 =Un + a1ζ + b1Vn + w200U

2
n + w110Unζ + w101UnVn

+ w020ζ
2 + w011ζVn + w002V

2
n +O

((
|Un|+ |ζ|+ |Vn|

)3)
,

Vn+1 =− 1

2
V 2
n +O

((
|Un|+ |ζ|+ |Vn|

)3)
,

(3.2)

where

a1 =
β
√
mγ

√
β +

√
mγ

, b1 = −β
√
βmγ,

w200 = −
√
β√

β +
√
mγ

, w110 =
2
√
βmγ + β

(
√
β +

√
mγ)2

, w101 = −β,

w020 =
β
√
βmγ

2(
√
β +

√
mγ)2

, w011 = −
β2√mγ

√
β +

√
mγ

, w002 =
β2

√
βmγ

2
.

Next, with the non-singular change of variablesUn

Vn

 =

a1 −b1

0 1

x̃n

ỹn

 ,

system (3.2) becomes
x̃n+1 =x̃n + f2(x̃n, ζ, ỹn) +O

((
|x̃n|+ |ζ|+ |ỹn|

)3)
,

ỹn+1 =− 1

2
ỹ2n +O

((
|x̃n|+ |ζ|+ |ỹn|

)3)
,

(3.3)

where

f2(x̃n, ζ, ỹn) = ζ + c200x̃
2
n + c110x̃nζ + c101x̃nỹn + c020ζ

2 + c011ζỹn + c002ỹ
2
n
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with

c200 = − 1√
βmγ

, c110 =
2√
βmγ

− 1√
βmγ +mγ

,

c101 = −
√
β +

√
mγ

√
mγ

, c020 =

√
β

2(
√
β +

√
mγ)

,

c011 = −β, c002 =

√
β(

√
β +

√
mγ)(1 + β)

2
.

Finally, express the center manifold Wc(0, 0) of (3.3) at the fixed point (0, 0) in
a small neighborhood of ζ = 0 as

Wc(0, 0) =

{
(x̃n, ỹn) : ỹn = z1x̃

2
n + z2x̃nζ + z3ζ

2 +O
((

|x̃n|+ ζ|
)3)}

.

A simple calculation produces z1 = z2 = z3 = 0. Thus the restricted system of (1.5)
on the center manifold is

x̃n+1 = F1(x̃n)
def
= x̃n + ζ + d1x̃

2
n + d2x̃ζ + d3ζ

2 +O
((

|x̃|+ |ζ|
)3)

,

where d1 = c200a
2
1, d2 = c110a1, d3 = c020. Since

F1(0, 0) = 0,
∂F1

∂x̃
(0, 0) = 1,

∂F1

∂ζ̃
(0, 0) = 1,

∂2F1

∂x̃2
(0, 0) = 2d1 < 0,

∂2F1

∂x̃∂ζ̃
(0, 0) = d2 > 0,

we have the following result.

Theorem 3.1. System (1.5) undergoes a fold bifurcation at E∗
3 (x

∗
3, 1) when α = α2

holds. The fixed points E∗
1 (x

∗
1, 1) and E∗

2 (x
∗
2, 1) bifurcate from E∗

3 (x
∗
3, 1) for α > α2,

coalesce at E∗
3 (x

∗
3, 1) for α = α2, and disappear for α < α2.

4. Period-doubling bifurcation
We start with period-doubling bifurcation at E2. From Theorem 2.2 (iii)(c), we
know that if α = α∗ = 1+mγ+

√
1 + 2mγ holds then E2 exists and the eigenvalues

of J(E2) are −1 and e. With α as the bifurcation parameter, it is easy to see that
the central manifold of system (1.5) at E2(α − mγ, 0) with α = α∗ is y = 0 and
hence the restricted system of (1.5) on it is

xn+1 = f(xn) = xn exp
( αxn

mγ + xn
− xn

)
.

As f ′(xn)|xn=α−mγ = −1, we know that E2(α − mγ, 0) can experience period-
doubling bifurcation when α is varied around α∗ for given m and γ (see Fig. 3
(a)).

Now we discuss period-doubling bifurcation at E∗
2 (x

∗
2, 1). Recall that J(E∗

2 )
has an eigenvalue −1 when α = α∗∗ > α2. Again α is chosen as the bifurcation
parameter.
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First, with α = α∗∗ + ξ, system (1.5) is reexpressed asxn+1 = xn exp

(
(α∗∗ + ξ)xn

mγ + xn
− xn − βyn

)
,

yn+1 = yn exp(1− yn).

(4.1)

We use the transformation un = xn − x∗
2 and vn = yn − 1 to transform the fixed

point E∗
2 (x

∗
2, 1) of (4.1) into the origin and (4.1) into

un+1 =a100un + a010vn + a001ξ + a200u
2
n + a110unvn + a101unξ

+ a020v
2
n + a011vnξ + a002ξ

2 +O
((

|un|+ |vn|+ |ξ|
)3)

,

vn+1 =− 1

2
v2n +O

((
|un|+ |vn|+ |ξ|

)3)
,

(4.2)

where

a100 = 1− x∗
2[(x

∗
2 +mγ)2 − α∗∗mγ]

(x∗
2 +mγ)2

, a010 = −βx∗
2,

a001 =
x∗2
2

x∗
2 +mγ

, a002 =
x∗3
2

2(x∗
2 +mγ)2

,

a200 =
x∗
2

2
+

α∗∗mγ(1− x∗
2)

(x∗
2 +mγ)2

− 1− α∗∗x∗
2mγ[2(x∗

2 +mγ)− α∗∗mγ]

(x∗
2 +mγ)4

,

a011 = − βx∗2
2

x∗
2 +mγ

, a110 = β
[
x∗
2 − 1− α∗∗x∗

2mγ

(x∗
2 +mγ)2

]
,

a101 =
mγx∗

2

x∗
2 +mγ

+
mγx∗

2[α
∗∗x∗

2 +mγ + x∗
2]

(x∗
2 +mγ)3

, a020 =
β2x∗

2

2
.

Next, the non-singular change of variablesun

vn

 =

 a010 a010

−1− a100 −a100

Xn

Yn


changes (4.2) into

Xn+1 = −Xn + F (un, vn, ξ) +O
((

|un|+ |vn|+ |ξ|
)3)

,

Yn+1 = G(un, vn, ξ) +O
((

|un|+ |vn|+ |ξ|
)3)

,
(4.3)

where

F (un, vn, ξ) = S1ξ + S2u
2
n + S3v

2
n + S4ξ

2 + S5unvn + S6unξ + S7vnξ,

G(un, vn, ξ) = B1ξ +B2u
2
n +B3v

2
n +B4ξ

2 +B5unvn +B6unξ +B7vnξ

with

S1 = −a100a001
a010

, S2 = −a100a200
a010

, S3 = −a100a020
a010

+
1

2
,

S4 = −a100a002
a010

, S5 = −a100a110
a010

, S6 = −a100a101
a010

,
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S7 = −a100a011
a010

, B1 =
(1 + a100)a001

a010
, B2 =

(1 + a100)a200
a010

,

B3 =
(1 + a100)a020

a010
− 1

2
, B4 =

(1 + a100)a002
a010

, B5 =
(1 + a100)a110

a010
,

B6 =
(1 + a100)a101

a010
, B7 =

(1 + a100)a011
a010

.

Let W c(0, 0) be the center manifold of (4.3) evaluated at (0, 0) in a small neigh-
borhood of ξ = 0. Then

W c(0, 0) =
{
(Xn, Yn) : Yn = t1ξ + t2X

2
n + t3Xnξ + t4ξ

2 +O
((

|Xn|+ |ξ|
)3)}

,

where

t1 = B1,

t2 = B2a
2
010 +B3(1 + a100)

2 −B5a010(1 + a100),

t3 = −2t2S1 −B6a010 +B7(1 + a100)− 2t1B2a
2
010

−2t1B3a100(1 + a100) + t1B5a100a010,

t4 = t21B2a
2
010 + t21B3a

2
100 − t21B5a010a100 + t1B6a010

−t1B7a100 − t2S
2
1 +B4 − t3S1.

Therefore, the restricted difference equation of (4.3) on W c(0, 0) is given by

Xn+1 = G∗(Xn)
def
= −Xn + h0ξ + h1X

2
n + h2Xnξ + h3ξ

2 + h4Xn
2ξ

+h5Xnξ
2 + h6Xn

3 + h7ξ
3 +O

((
|Xn|+ |ξ|

)4)
,

where

h0 = S1,

h1 = S2a
2
010 + S3(1 + a100)

2 − S5a010(1 + a100),

h2 = 2t1S2a
2
010 + 2t1S3a100(1 + a100)− t1S5a100a010 + S6a010 − S7(1 + a100),

h3 = t21S2a
2
010 + t21S3a

2
100 + S4 − t21S5a010a100 + t1S6a010 − t1S7a100,

h4 = 2t3S2a
2
010 + 2t1t2S2a

2
010 + 2t3S3(1 + a100)a100 + 2t1t2S3a

2
100

−t3t5a100a010 − 2t1t2S5a100a010 + t2S6a010 − t2S7a100,

h5 = 2t4S2a
2
010 + 2t1t3S2a

2
010 + 2t4S3(1 + a100)a100 + 2t1t3S3a

2
100

−t4S5a100a010 − 2t1t3S5a100a010 + t3S6a010 − t3S7a100,

h6 = 2t2S2a
2
010 + 2t2S3(1 + a100)a100 − t2S5a100a010,

h7 = 2t1t4S2a
2
010 + 2t1t4S3a

2
100 − 2t1t4S5a010a100 + t4t6a010 − t4S7a100.

Define

η1 =
(
G∗

Xnξ +
1

2
G∗

ξH
∗
XnXn

)∣∣∣
(Xn,ξ)=(0,0)

= h2 + h0h1,

η2 =
(1
6
G∗

XnXnXn
+
(1
2
G∗

XnXn

)2)∣∣∣
(Xn,ξ)=(0,0)

= h6 + h2
1.

Then we have the following result.
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Theorem 4.1. Given β, m, and γ, if η1 ̸= 0 and η2 ̸= 0, then system (1.5)
undergoes period-doubling bifurcation at the fixed point E∗

2 (x
∗
2, 1) when the parameter

α varies in a small neighborhood of α∗∗. Moreover, if η2 > 0 (resp., η2 < 0) then
the periodic-2 orbit is attracting (resp., repelling).

5. Chaos control
Period-doubling bifurcation may lead to chaos. Chaos control and bifurcation the-
ory is one of the most important and developed fields. In this section, we implement
a hybrid control strategy of state feedback and parameter perturbation to control
the period-doubling bifurcation at E∗

2 [18].
To apply the hybrid control method, the corresponding controlled system isxn+1 = ϖxn exp

( αxn

mγ + xn
− xn − βyn

)
+ (1−ϖ)xn,

yn+1 = ϖyn exp
(
1− yn) + (1−ϖ

)
yn,

(5.1)

where ϖ ∈ (0, 1) denotes the external control parameter. Note that (5.1) has the
same structure of fixed points as (1.5). When α > α2, the Jacobian matrix of the
controlled system (5.1) evaluated at the positive fixed point E∗

2 (x
∗
2, 1) is

J(E∗
2 ) =

1 +
(

αmγ
(mγ+x∗

2)
2 − 1

)
ϖx∗

2 −βϖx∗
2

0 1−ϖ

 .

The eigenvalues of J(E∗
2 ) are 1−ϖ ∈ (0, 1) and 1 + ( αmγ

(mγ+x∗
2)

2 − 1)ϖx∗
2. We claim

that αmγ
(mγ+x∗

2)
2 − 1 < 0. In fact,

αmγ − (mγ + x∗
2)

2 = − (α− β +mγ)
√
∆

2
− H(α)

2
,

where H(α) = α2 − 2(β +mγ)α+ (β −mγ)2. Note that H is strictly increasing on
[β+mγ,∞). Then H(α) > H(α2) = 0 for α > α2. This shows αmγ−(mγ+x∗

2)
2 < 0

and hence the claim is proved. Thus we have the following result.

Theorem 5.1. Suppose that α > α2. Then the positive fixed point E∗
2 (x

∗
2, 1) of

the controlled system (5.1) is locally asymptotically stable if and only if ϖx∗
2(1 −

αmγ
(mγ+x∗

2)
2 ) < 2.

We mention that chaos control at E2 cannot be achieved.

6. Numerical examples
In this section, we present some numerical simulations to show the bifurcation
diagrams and to demonstrate fascinating and complex dynamic behaviors of (1.5).

Example 6.1. In this example, we give the fold bifurcation diagram of system (1.5)
at the fixed point E∗

3 (x
∗
3, 1). Fix m = 0.4, γ = 0.5, and β = 0.8. Then α2 = 1.8 and

there is a unique positive fixed point E∗
3 (0.4, 1). Fig. 2 gives the fold bifurcation

diagram to support Theorem 3.1. We see from Fig. 2 that there are two positive
fixed points if α > α2, only one positive fixed point E∗

3 (0.4, 1) if α = α2, and no
positive fixed points if α < α2 = 1.8.
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Figure 2. The fold bifurcation diagram of system (1.5) at the fixed point E∗
3 (x

∗
3 , 1) around the critical

value α = α2 = 1.8 when m = 0.4, β = 0.8 and γ = 0.5.

Example 6.2. In this example, we demonstrate the period-doubling bifurcation
diagram of system (1.5) at E∗

2 (x
∗
2, 1). We take (β,m, γ) = (0.8, 0.5, 0.4) and α ∈

[2, 4.5]. One can calculate that α∗∗ ≈ 3.32. By Theorem 4.1, there is a period-
doubling bifurcation at E∗

2 (2.25, 1) around α = α∗∗ (see Fig. 3(a) for the bifurcation
diagram). The maximum Lyapunov exponent (MLE) is shown in Fig. 3(b). We

(a) The bifurcation diagram

2 2.5 3 3.5 4 4.5

-2

-1.5

-1

-0.5

0

0.5

1

M
L

E

(b) The MLE

Figure 3. The period-doubling bifurcation diagram of (1.5) at E∗
2 (2.25, 1) with α as the bifurcation

parameter. Here (β,m, γ) = (0.8, 0.5, 0.4), which gives the critical value α = α∗∗ ≈ 3.32.

observe that the increase in the ratio of internal growth rate α makes system (1.5)
chaotic starting from stable dynamics. However, being a planar system of ordinary
differential equations, model (1.2) cannot possess chaotic dynamics.

For a more intuitive view of periodic orbits and chaotic sets, we plot the phase
diagrams corresponding to each stage of Fig. 3 for six different values α = 3, 3.32,
3.5, 3.8, 3.9 and 4.4 as examples in Fig. 4.

Example 6.3. To explore the impact of Allee effect on system (1.5), we can do the
bifurcation analysis with m being a bifurcation parameter. To avoid repetition, we
provide the simulations for period-doubling bifurcation at the positive fixed point
E∗

2 (x
∗
2, 1) by taking (γ, β) = (0.4, 0.8). Fig. 5 (a) and (b) show the bifurcation

diagrams for α = 3 and 3.6, respectively. On the one hand, the numerical result
supports the claim in Example 6.2 that chaotic behavior occurs when α becomes
larger. One the other hand, the larger the Allee effect constant m is, to a certain
extent, the more beneficial to the stable coexistence of the population, but the level
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Figure 4. Phase portraits for various values of α corresponding to Fig. 3.

(a) α=3 (b) α=3.6

Figure 5. The bifurcation diagram with m being a bifurcation parameter

of the fixed point will be reduced. The concern is that too large Alllee effect will
force the first species to be extinct.

Example 6.4. In [3], Celik and Duman investigated the stability of discrete-time
systems with and without Allee effect on the prey population. Through numerical
simulations, they concluded that Allee effect can stabilize the prey population. In
Example 6.3, we saw the stabilizing effect of Allee constant on the first species.
We now further illustrate this by taking three different Allee constants (m = 0,
0.5, 1.5). The values of the other parameters for Fig. 6 (a) and (b) are the same
as those for Fig. 5 (a) and (b), respectively. We further plot some trajectories in
Fig. 7. Here γ = 0.4 and β = 0.8 for all figures, for Fig. 7(a), α = 3 and m = 0, for
Fig. 7(b), α = 3 and m = 1, for Fig. 7(c), α = 3.6 and m = 0, and for Fig. 7(d),
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(a) α = 3 (b) α = 3.6

Figure 6. Time series of solutions of system (1.5) with different values of m.
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(c) α = 3.6, m = 0
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(d) α = 3.6, m = 1

Figure 7. Trajectories of the densities of the first and second species with (x0, y0) = (0.5, 0.6).

α = 3.6 and m = 1. One can see from Fig. 7 (a) and (b) (or Fig. 7 (c) and (d)) that
when the first species is subject to Allee effect, the corresponding solution spends
short time to reach the positive fixed point. Moreover, we also observe that under
Allee effect, the corresponding fixed point turns from unstable to stable.

Example 6.5. For chaos control, consider system (5.1) with α = 4.2, β = 0.8,
m = 0.5, and γ = 0.4. Then x∗

2 ≈ 3.15 and hence ϖx∗
2(1 − αmγ

(mγ+x∗
2)

2 ) < 2 if
0 < ϖ < 0.686. Thus, according to Theorem 5.1, (x∗

2, 1) = (3.15, 1) is locally
asymptotically stable when 0 < ϖ < 0.686. Moreover, (x∗

2, 1) = (3.15, 1) is unstable
when ϖ ∈ (0.686, 1). Fig. 8 agrees with this, where ϖ = 0.68 in Fig. 8(a) and
ϖ = 0.69 in Fig. 8(b). Note that the solution in Fig. 8(b) tends to a periodic-2
orbit.
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Figure 8. Time series of the first species for the controlled system (5.1) with different ϖ. Here α = 4.2,
β = 0.8, m = 0.5, γ = 0.4, and the initial condition is (x0, y0) = (0.5, 0.6).

7. Summary and discussion
Though it is common, amensalism has not attracted enough attention of researchers
as other interactions among species. In this paper, we studied a discrete amensal-
ism model with Allee effect in the harmed species. This model is a discretization
of a continuous-time one described by a system of two ordinary differential equa-
tions. The reason is that discrete models are more appropriate for species with
non-overlapping generations and they have complicated dynamics compared with
the continuous counterparts. The latter is also illustrated by this work. These find-
ings suggest some strategies on species conservation and management by choosing
appropriate intrinsic growth rates and Allee effect.

Compared with the discrete version of model (1.1) studied by Zhou et al. [33],
system (1.5) has up to five fixed points and the dynamical properties become more
complex. For example, a fold bifurcation occurs at the positive fixed point E∗

3 (x
∗
3, 1)

for system (1.5). Though the structure of fixed points of (1.5) is the same as that of
the continuous counterpart (1.3), there are some differences in the local stabilities
of fixed points. It is shown in [31] that E0(0, 0) may be a saddle=node or a non-
hyperbolic saddle, E2(α−mγ, 0) is a hyperbolic saddle, and E∗

2 (x
∗
2, 1) is a hyperbolic

stable node. Here we found that E0(0, 0) is always a non-hyperbolic point, and the
types of E2(α−mγ, 0) and E∗

2 (x
∗
2, 1) depend on the value of α for given β, m, and

γ (see Theorems 2.2 and 2.3). Furthermore, the proposed model has much rich
dynamics including period-doubling bifurcation and even chaotic behavior.

It should also be pointed out that, based on Zhao and Du’s work, we have
demonstrated the stabilizing effect of Allee effect on the first species. In addition,
the fixed point could be changed from chaos to stable or otherwise, and will spend
short time to reach it when it is stable (see Example 6.3 and 6.4).
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