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ATTRACTORS FOR RANDOM LATTICE
DYNAMICAL SYSTEMS WITH INFINITE
MULTIPLICATIVE COLORED NOISE

Meng Gao! and Anhui Gu"f

Abstract In this paper, we establish the existence and uniqueness of random
attractor for the first-order random lattice differential equation with a non-
linear colored noise at each node. We first rewrite the equation as a random
evolution system and then prove the existence of a unique weak solution. Fi-
nally, we obtain the existence of a unique random attractor for the underlying
random dynamical system.
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1. Introduction

Lattice systems can be considered as the spatial discretation of partial differential
equations or be coupled of infinite ordinary differential equations or difference equa-
tions. These lattice models have been applied in many fields, such as image process-
ing, pattern recognition, neural pulse and material science, see, e.g., [10,11,15,17,18].
There are many related studies of the deterministic lattice dynamical systems, see,
e.g., [3,9,24] and the references therein. Also, lattice systems are often subject
to random influences, see e.g., [4,5,7,8,13,23] and the references therein for the
stochastic (random) lattice dynamical systems.

In this paper, we consider the long-term behavior for the following random lat-
tice differential equation with a diffusive nearest neighbor interaction, a dissipative
nonlinear reaction term and a different multiplicative colored noise at each node:

dui (t)
dt

= (ui—1 — 2u; +uiy1) — filwi) + n(Oww)gi + 0i(wi)Cs(Orwi), i €7Z, (1.1)

where Z denotes the integer set, u; € R, g; € R, n is a random variable, f; and o;
are smooth nonlinear functions that satisfy some growth and dissipative conditions,
(s is the colored noise with correlation time & > 0.

There are two features involved in system (1.1). One is that the nonlinear func-
tions o; appear in the diffusion term. As we all know that the studying of the
long-term dynamics for It6-type stochastic partial differential equations driven by
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a nonlinear noise term is still open. The main reason is that Kolmogorov’s test the-
orem fails for random fields parameterized by infinite-dimensional Hilbert spaces.
Recently, several methods such as replacing the white noise by the additive frac-
tional noise [5] or by some smooth approximations [13,23] are implemented to partly
give an answer to the counterpart problem in lattice differential equations. Here,
we use the colored noise, which was originally constructed in [21,22] to approxi-
mately describe the stochastic behavior of the velocity and hence it can be further
used to determine the position of the particle. The other feature is that there are
different multiplicative noises at each node, which is different from the stochastic
models first considered in [4], [8] and even in [5] and [13]. Only when lattice system
perturbed by additive white noise, there should be different noises at each node.
When the system driven by the multiplicative one, the problem was first proposed
in [8] and then was solved in [7]. In [7], due to the linear diffusion term, the classical
Doss-Sussmann-type transformation relied on Ornstein-Uhlenbeck (OU) process are
used to transform the stochastic lattice differential equations into a random lattice
system, which can be reformulated as an abstract random evolution equation over
a Gelfand evolution triplet.

In order to study the long-term dynamics of the lattice differential equations
driven by the nonlinear noise term, we introduce the colored noise (see [14,19, 21,
22]). Let s : © — R be a random variable given by (5(w) = %fi)oo esdW (Yw €
Q), then (s5(0;w) is a special stationary Gaussian OU process, which satisfies the
stochastic differential equation d(s + %C(; = %dW. Here W is a two-sided real-
valued Wiener process defined on the classical Wiener space (92, #,P) with Q =
{w € C(R,R) : w(0) = 0}. The Wiener shift 6; : & — Q for ¢ € R is given by
Oiw(-) = w(- +1) —w(t), Yw € Q. Note that (s(6,w) € C1(R,R), we can release the
nonlinear functions o; to be global Lipschitz continuous with small enough Lipschitz
constants. Based on [7] and [13], we first reformulate the random system (1.1) as
an abstract evolution equation, and then use its abstract theory on the existence of
weak solutions of general random differential equations defined in Gelfand triples
in Hilbert spaces to prove that the system possesses a global random attractor.

The structure of this paper is as follows. In Section 2, we introduce some basic
concepts related to random dynamical systems and global random attractors. We
also deal with the noise term and give some properties of the colored noise. In
Section 3, we recall the theorem on the existence and uniqueness of weak solutions
for general abstract random evolution equations. Later, we prove that system (1.1)
generates a continuous random dynamic system, and then the existence of the global
random attractor for (1.1) is obtained in Section 4.

2. Random Dynamical Systems and Preliminaries

In this section, we first recall some basic concepts related to random attractors for
random dynamical systems (see more in [2,6,12]). Let (H,| - ||z) be a separable
Banach space and (€2,.7,P) be a probability space.

Definition 2.1. We call (Q,.7,P, (0;)ter) a metric dynamical system if
(i) 0:Rx Q— Qis (B(R)® .#,.Z)-measurable,
(ii) 6y = id,
(111) 9t+s = Ht o 98, VS,t S R,
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(iv) 6,P =P, Vt € R.

Let (Q,%,P) = (Cy, B(Cy),P), where @ = Cp = {w € C(R,R) : w(0) = 0}
with the open compact topology, P is the Wiener measure on B(Cp). Consider
the measure-preserving transformation 6; on Q by 6;w(-) = w(- +t) — w(t) for
(w,t) € Q xR, then (Co, B(Cy), P, (0;)ier) is a metric dynamical system.

Definition 2.2. A stochastic process ®(t) is called a continuous random dynamical
system over (2, Z,P, (0;)er) if @ is (B([0,00)) x .F x B(H), B(H))-measurable, and
for all w € Q,
(i) the mapping ®(t,w, ) : H — H is continuous for (t,w) € RT x Q,
(ii) ®(0,w,-) is the identity on H,
(iii) ®(s+t,w, ) = ®(t, 5w, ) o P(s,w,-) for all s,t >0 (cocycle property).
Definition 2.3. A set-valued map A : Q — 27\, w +— A(w), where A(w) is closed

for all w € Q, is called a random set if for each z € H the map w — dist(z, A(w))
is measurable.

Definition 2.4. A random bounded set B(w) € H is called tempered with respect
to (Ht)teR if for w € O
log™* d(B(0-
i 8T dBO_) _
t—+oo |t‘
where d(B) = sup,cp ||z a-
Now let D denote the collection of random tempered sets in H.

Definition 2.5. A random set K € D is called an absorbing set in D if for B € D
and w € Q there exists tp(w) > 0 such that

O(t,0_4w, B(0_w)) C K(w) for all t > tp(w).

Definition 2.6. A random set &7 is called a global D random attractor for ¢ if
the following conditions hold:

(I1) o € D is compact set for w € €;
(I12) & is strictly invariant, i.e. for w € Q and all ¢ > 0 it holds
O(t,w, () = A (6:w);
(I3) < attracts all sets in D, i.e., for all B € D and a.e. w € Q it holds
tlg(r)lo d(P(t, 01w, B(O_w)), o (w)) =0,

where d(X,Y) = sup,¢x infyey ||z — y[|x is the Hausdorff semi-metric (here
X CH)YY CH).

Now we give the abstract result of the existence of global random attractors for
continuous random dynamical systems.

Proposition 2.1 (see [12]). Let ®(t) be a continuous random dynamical system
over (0, F,P, (0¢)ier). Suppose that ®(t) has a random absorbing set K € D, K (w)
compact for w € §, then ® possesses unique a D-random attractor o = {of (W) }wen
with its element given by

A (w) = J Ot 01w, K(0_4w).

T>0t>T
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Next, we give some properties of colored noise. Let P = (Co, B(Cy),P) be a
Wiener space. Define the product space (Q2,.#,P) := [[, P in a usual way. Since
Cy is a Polish space, % can also be generated by the product topology of Cy
(see e.g. [16]). Also, Q is a Fréchet-space, the convergence is understood in the
component-wise sense. Now we expand the Wiener-shift from R x Cy to R x Q by

Orw=_(...,0uw;,...), w=(wi)iez € Q.
Note that

t — By;w; is continuous for any w; € Cy,

w; — Byw; is continuous for any t € R,

we obtain that the continuity of the mappings 6;- on {2 with respect to the metric
of the Fréchet-space and 6.w on R. By [1] we get the measurability of

0:(RxQBRxQ)=(RxQBR)®F) = (7).

The measures P obtained by the projections of P to B(Cy) are still f-ergodic.
Now we introduce the noise terms used in this paper. For § > 0 and each ¢ € Z,
denote

s

0
G(ws) = Csi(w) = L / esw;(s)ds, w e .

52 J_ o
Then the process (s(0iw;) := (s5,i(04w) satisfies the one-dimensional stochastic equa-
tion:

1 1

where w; (t)(w) = w;(t,w) = w;(t) for any w € Q and ¢ € R.
In addition, the colored noise (5 has the following properties.

Lemma 2.1 (see [14]). Let 0 < 0 < 1. Then there exists a (6;)icr-tnvariant subset
of full measure (still denoted by ), such that for any w € §,

(1) for each i € Z,

(ii) for each i € Z, the mapping (t,w) — (s(0rw;) is a stationary solution of (2.1)
with continuous trajectories satisfying

hm ‘C(S(etwl)‘

=0 for every 0 < 0 <1,
t—+oo t
1 t
lim — Cs5(Bswi)ds =0 uniformly for 0 < § < 1;
t—+oo t 0

(iii) for each i € Z and arbitrary T > 0, € > 0, there exists ég = do(w,T,e) > 0
such that for all0 < 6 < g and t € [0,T],

t
/ Cs(Oswi)ds — wi(t)| < e.
0
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3. Abstract Theory on Weak Solutions to General
Random Evolution Equations

In this section, we recall the framework of the existence and uniqueness of weak
solutions for general random evolution equations with specific types of operators
in [7].

Let H be a separable Hilbert space with the inner product (-,-) and the norm
Il - 1|- Let V' be a dense subspace of H with the inner product (-,-)y and the norm
Il - [[v, and assume that V' has a topological vector space structure, which includes
continuous mappings. And V” is the dual space of V' with the norm || - |y+. Define
(-, a duality map between V and V' by

w,v) = (u,v), YuecVCH, veEH=H cCcV'.
(u,v) = (u,v)

Let (¢F)ren € H be a complete orthonormal basis of #, and consider a sequence of
finite dimensional linear subspaces H,, C H, 11 C V C H given by

H,, =spanfey,...,en}.
Define the projection P, : V — H, by
n
P, = Z(v ej)ej’
j=1
then P, : H — H is an orthonormal projection. We assume that

UHHH =", UM, =V

n

where 7" and " denote the closures in the norm topology of H and V, respec-
tively. Obviously, P, can be extended to V.
Define a linear continuous operator A : V' — V' which satisfies

(Au,u) > aluly,  (JAullys < oJlull, VueV.
We will study the following evolution system in a weak sense:

dl;it) 4 Au(t) = F(Ouw, u(t)) + G0w), u(0) = up € H. (3.1)

Definition 3.1. The element u€ L?(0,T; V) has a weak derivative % € L2(0,T; V")
and is called a weak solution of (3.1) if for every £€V and ¢ € C5°(0,T),

- / (u(t), €6 (t)dt = / (Ault), €)¢(t)dt + / (F(Biw, u(t)) + C(0w), £) S (1)t
0 0 0

In order to prove the existence of a weak solution to (3.1), we impose the fol-
lowing assumptions on the mappings F': Q xV = V' and G: Q — V"

(F1) (w,t) — (F(w,u(t)),€) is measurable for all u € L?(0,T;V) and £ € V, and
for every w € Q, ¢ € C(0,T), € € UpenMH™, and any sequence u(™ such
that

u™ — u strongly in L?(0,T;H),
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we have

T T
lim [ (F(0,u™(t)), €)d(t)dt = /0 (F (0w, u(t)), §)o(t)dt.

n—oQ 0
(F2) Linear boundedness with respect to the V’'-norm: for any u € V,

1(w) + Ma(w)[|ull, + Ms|ullf,
- @
(@) + Ks(@)l[ulfz + S llulfi,

1 (w0, )|

<M
(F(w,u),u> < K,

where ¢ M;(0;w), t — K;(Ow) € LL (R), j = 1,2, for all w in a (6;)¢cr-

loc
invariant set of full measure, and Mz > 0.

(F3) F is semi-Lipschitz continuous: there exists a positive random variable M (w)
such that

(—A(x —y) + F(w,2) — F(w,y),z —y) < M(w)|lz — y|l3, for any z,y €V,

where t > M (0,w) € LL (R) for all w in a () cp-invariant set of full measure.

(F4) G takes values in V', w > (G(w), &) is measurable and satisfies
t = [|GOw)IIFr € Lie(R),
for all w in a (6;):ecr-invariant set of full measure.

The above conditions ensure that u € L?(0,7;V) with its weak derivative in
L?(0,T;V'). Now, we give the main theorems of this section.

Theorem 3.1 (see [7]). Let A € L(V,V') be the linear operator defined in (3.1),
and assume that F and G satisfy assumptions (F1)-(F4). Then

(i) For any w in a (0;)icr-invariant set of full measure and ug € H, system
(3.1) possesses a unique global solution u such that, for any T > 0, we have u €
C([0,T); H) N L*(0,T; V) and its weak derivative %% € L*(0,T;V").

(ii) The solution of (3.1) generates a continuous random dynamical system.

4. Existence of Global Random Attractors for the
Random Lattice Dynamical Systems

In this section, we reformulate (1.1) to an evolution equation, and prove that it

generates a random dynamic system and hence possesses a unique global random

attractor.
Denote

M=% = {u = (ui)iez : ZUg = ||“H3—L < oo}
i€L
with inner product

(u,v) := Zu,ﬁu,;, for any u,v € H.
i€z
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Let (A;)iez be a sequence of positive numbers. Moreover, we assume that

i€Z't+— \; is increasing,

1t €Z +— \; is decreasing,

and in addition that ), , /\Z._H"€ < oo for some positive £ € (0,1), which implies
that 3., A < 0.

Denote
V= {u eEH: Z)\zuf =l < oo},
i€Z
where || - || is associated with the inner product given by
(u,v)y = Z)\iuivi, for any u,v € V.
€T
Denote

V' = {u €EH: Z)\i_lu? = |||z < oo},

i€Z
which is exactly the dual space of V. Then (V,H, V") is a Gelfand triple.
Define Ay : V — V' by

(Agu)z = \Nu;, 1€Z7Z,
then system (1.1) can be rewrite as

du(t)
dt

+ Au(t) = F(frw, u(t)) + G(6sw), (4.1)
where

A= Al + Ag, A1 = 2id7.[, (AQU) = ()\iui)iez,
F(w,u) = (wir1 +wi—1 + Awi — fi(ug) + 0i(ui) (s (i) ez 5 (4.2)
G(w) = (n(w)gi)iez - (4.3)

In order to prove that these operators F' and G satisfy the assumptions (F1)-(F4)
with a = %7 we assume that f;, o; and g; satisfy the following conditions:

(A0) f; : R — R is continuous for each i € Z.

(A1) There exists 8 = (B;)icz € H such that

fi(s) < Nis®+ 37, VseR.
(A2) There exists v = (7i)icz € V such that

3\
sfi(s) > -2 + 7827 Vs € R.

(A3) For each i € Z, there exists Ly > 0 such that

fl(s)>—L;, VseR.
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(A4) For each i € Z, o, is a global Lipschitz continuous function with small
enough Lipschitz constant L, ; and L, = (Ls,i)icz € €°°. This further means that
there exist ¥ = (¥;)iez € €°° with ||[¥]|e < 1* and ¢ = (¢;)iez € Vit (C H) such
that

o2(s) < is® + 7, VseR.
(A5) g = (gi)icz € H, and n(w) € L'(Q) such that n(6;w) € L (R).

Theorem 4.1. Suppose the assumptions (A1)-(A5) hold. Then for any ug € H
and T > 0, there exists a (6;)ier-invariant set of full measure such that system
(4.1) has a unique weak solution u = (u;);ez € C([0,T);H) N L?(0,T; V) on [0,T],
with initial condition u(0) = ug and its weak derivative % € L*(0,T;V").

Proof. In order to check (F1)-(F4) in Theorem 3.1, we divide the proof into four
steps.
Step 1: For any v € V, we have

IF(w,uw)|[} = Z )\%[(Uz‘ﬂ i) + g — fi(wi) + oi(ui) s (wi)]?

i€z
4
< X - (wim1 + uig1)? +4Z/\iu?
ZGZ 1€EZL
+Z fzz Uz +Z uz C& wz) (44)
€7 l Z
Now, we estimate each term in (4.4). First, we have
1
42 (i1 + uig1)? < 8flulf3, - sup —, (4.5)
icz i
€L
S Aiu? = 4ful?. (4.6)
i€l
By (A1) and (A4), we obtain
S ) <43+ Y 8 < aful + dsup A1 (4.7)
ZEZ €L ZEZ
Z )\ P (i) (wi) < Z (sl + 03 (wi)
i€Z i€Z Ai
G5 (wi) G (wi)
< asup S ol + asup S ol (0
€L % 1€Z i
Let 2( )
(5 (w;
2
Ms(w) = SSup )\— +4+ 4||w||oosup C E\wi)

Since (s5(w;) is an N(0, 35 )-distributed Guassian random variable and Y, , /\% <

0o, we have that > S(wn) w‘) € L'(Q). Then by ergodic theorem we obtain ¢

i€Z

*We should remark here that the constant 1 is optional, which depends on the coefficient of
the Young inequality used in (4.31).
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M;(0,w) € LL (R),i = 1,2, on a (0;)cr-invariant set of full measure. Collecting
(4.5)-(4.8), we obtain the first inequality in (F'2), that is,

1F (w, w)[[}r < Mi(w) + Ma(w)Jull3, + 4lullf-
Let u € L?(0,T;V), due to the continuity of f;,

is measurable. Then the sum of measurable mappings

Zfi(ui(t))fia §=(&)icz €V,
i€z
is measurable. Also
(t,wi) — Ui(ui)c(;(9twi) eR

is measurable, and hence

Zai(ui)<6(9twi)§ia §=(&)icz €V,

1€Z

is measurable. Similarly, the other terms in (F(6iw, u(t)), &) are measurable. Thus
(w,t) = (F(0;w,u(t)),£) is measurable for all u € L2(0,T;V) and £ € V. We get
that ||F(0yw,w)|y is finite for almost all ¢ and ¢ — F(6,w,u(t)) € L?(0,T; V') for
all w e Q.

For our purpose, we choose R™,m € N, as the finite-dimensional spaces H™.
The complete orthonormal basis of H generating H™ is by

es if k£ is even,
€k = _k—1, .
e~z , if kis odd,
where ¢ (i € Z) denotes the vector in H, whose i-th element is 1 and 0 otherwise.

Let (u(™),cn be a sequence, and u(™ — wu strongly in L(0,T;H) as n — oco. Since
fi is continuous, we have that

Fiu{™ (8)) = filui(2)),

for all 4, and almost all ¢. Let £ € Up,enH™. For some m € N, it is obvious that
& € H™. And without loss of generality, we can choose that m is even. According
to (Al), we get

2

Yo nwPmel < Y e Y e
i=—T41 i=—TF41 i=—TF41
< 3 nPor+ > s Y &
i=—T 41 i=—Z 41 i=— 41
2
<Cim (Hu(”)(t)H + 1)7
H

for almost all ¢ € [0,7] and all n.
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Since u(™ is convergent in L? (0, T;H), by the Lebesgue theorem, we obtain for
every ¢ € C3°(0,T) that

T 3 T 3
lim ST fiu{™)e | otydt = / ST filug | oty
n—oo Jo = 0 =
1:—7"1‘1 Z:—7+1
Similarly, we have

o; (u(ﬁ,)

i () = oi(ui(t)),

for all 4 and almost all ¢. Since (s5(f:w;) is continuous with respect to t € [0,T7, it
holds

z:—%+l
%z 7
< sup o Glw) Y ey Y. &
16{—1?&1‘%] Y i=— 41 i=—T 41
<

sup Glown) [0l Y. @M@+ S 2| Y &
,Le{f%JrL...,%} i:—E-i-l m . —
te[0,T] 2 2

< cum (i, +1)

for almost all ¢ € [0,T] and all n. Then, we have

7
T

Jim [l e 06O | ol

T El
:/0 > oi(uil)Gs (Bwi)éi | d(t)at,
i=— 41

for every ¢ € C5°(0,T).

In the same way, we have

ul™, (1) 4+ ul (8) = wimr () + wiga (1),

for all 4, and almost all ¢ € [0,T], and hence
2
1+1

_ Z (w0 + ) &

i+1

< zm: (% (8) + uy) (t))2 z";:
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: ™ 1) z ™ 1) z
n n 2
> (@no) + Y (o) | Y €
i=—T 41 i=—T 41 i=—
2
< om0

z .

<2

This indicates that

T z
i [ £ oo

i | o(t)dt
Tl

T 5

[ X @@ uam | s
0 177%+1
for every ¢ € C5°(0,T).
Finally, for every ¢ € C5°(0,T) we have
T Ei . T -
Jim | _;ﬂm (¢ | o = Tim | (u0).6) o)t

T
| .6y o
0
Now, collecting all these terms of F' we have
T
lim
n—oo

O <F(0tw,u(")(t)),§> o(1)dt = / '

; (F (0w, u(t)), §) p(t)dt, (4.9)
for every ¢ € C§°(0,T) and & € UpenH™. Thus, (F1) holds.

Step 2: We first prove the second inequality in (F2). For any u € V, we have
Z(ui—l + i1+ Niwg)ug = 2[|ull3; + [lullf,
€L

€L

(4.10)
= filuus <32 3\,

i 3
Sorf -3 <l =l @)
€L iE€L
By (A4), we have
1
> oilus)Gs(wi)ui < 3 D 1Gs(wi) (07 (ui) + )
i€Z i€Z
< g sup [Ga(wi)| ([lullf + D oF (ui))
= i€Z
< g sw |G (wi) [ (lullFe + 11 lloo lull3 + llllF)- (4.12)
Let

1
Ky (w) = |75 +

> sup |G (wi)l ol
1€EZL

1
Kay(w) =2+ 5 sup [Go(@i) [(T+ 4]l o)
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Since [(s(w)| € L'(£2), by the ergodic theorem again we know that ¢ — K;(fw) €
Li . (R) for j = 1,2 on a (0;)er-invariant set of full measure. Collecting (4.10)-

loc

(4.12), we have
1
(P (o, 0), ) < () + Ko(@)lull3 + 2luly, Yuev.  (413)

Now, (F2) holds.
Step 3: We need to prove (F3). For any x,y € V we note that

D @i+ wir) = (gimr + yirn) (@i — i) < 2llz = yll3, (4.14)

1€EZ

= > (filws) = fily)) (@i — i) < Lylle = yll3,, (4.15)
iez

D lloi(@) = os)lI* < Lo 3llz — wll3,- (4.16)

1€EZ

Then we have
> Cs(wi)(oni(w:) = oni (i) (@i — i) < [ Lolloo sup IGswilllz —yll3,.  (417)
i€Z v
Collecting (4.14)-(4.17), we obtain
(—A(z —y) + F(w,z) = F(w,y),z —y)
< - Z (@ —yi)? + Z ([(901'71 + xit1) — (Wim1 + it )] (@ — i)

1€EL 1EZ
+ Xilwi —yi)? = (filme) = fily) (@i — i) + (04(i) — 04(ys)) (s — yi)Cé(%))
< Ms(w)llz —yllF, Yo,y eV,

where
Mj(w) =2+ Ly + || Lol sup |Cs (wi)]-
ie

By the ergodic theorem again, we have that ¢ — M3(fiw) € L (R) on a (0;):er-
invariant set of full measure.
Step 4: Obviously,

1 1
1G@IE =) Y 1-0f <w@lallisup - = Kalw) € L@, (418)
iez ~" ¢ ¢

which implies that G satisfies (F4).
Now, by Theorem 3.1, we get the results. O

In the rest of the section, we need the properties of the random variables K3
and K3.

Lemma 4.1. The random variables K1(w) and K3(w) are tempered.

Proof. In order to obtain the temperedness of K; (i = 1,3), we have to prove

E sup log* K;(biw) <E sup K;(f;w) < oo for i =1,3.
te[0,1] te[0,1]
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First we note that

1
B sup K1(0) =5 sup (11l + g sup cawnl ol
t€[0,1] t€[0,1] i€Z

1
= IR + 5B sup [Gs(0wi)]lloll3-
t€(0,1]

We know that 0
]. s
G(Owi) = —= es (wi(s+1t) —w;(t))ds

— 00

10 . 1
= %5 _Ooeéwi(s—i—t)ds—l—gwi(t).

Then

E sup |<5<6twi>|SE<sup = / |wzs+t>|ds> <sup 5@())
t€[0,1] te(0,1 te(0,1]

<25 [ e+ E(é‘é"u 5@()).

Since f_ooo e’ |s|ds < oo,

0
S

Due to the properties of w;(t) we have

wi(5)|ds> < 00

E ( sup |wz( )) <E ( sup 1w2(t)> < sup 1t2 < 00, (4.19)

t€(0,1] 5 t€(0,1] 5" te(0,1] o

which shows that

E sup K;(f:w) < oc.
te(0,1]

Next, we know that > A\;' < oo and n(fw) € L} (R), then we have
i€Z

E sup K3(f:w) < oc.
te[0,1]

The proof is complete. O
Furthermore, we obtain some useful estimates for the solution u for later purpose.

Lemma 4.2. Suppose (A1)-(A5) hold. For any w €  and T > 0, the solution u
satisfies

T
lullc(o,r),2) < Ma([|uollw, T, w), / [ul[{-dt < Ms([|uolls, T, w),
0

where My(B,T,w) and M5(B,T,w) are bounded functions for any (B, T) in bounded
sets.
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Proof. For i € Z, we have

d%p + Au;(t) = F(Oiw, ui(t)) + G(6iw).

Now, due to (Aju,u) = 2||ul?,, (Asu,u) = [Jul|¥, (G(Ow),u) < K3(Ow) + 1|ull?
and the estimate of (F(w, u),u) in (4.13) we have

1 t t
glulBe2 [ (o) s+ [ fu(s) s

t
< IIuoHiJr/ (K1(0sw) + K3(0sw)ds
0

DN | =

t 1 t
+ [ a0l + 5 [ IR

that is

t t
lu(t) 2, + 4 / lu(s)|Zds + / lu(s) |2 ds
t t
< ||u0|\§_[ + 2/ (K4 (fsw) + K3(0sw)ds + 2/ Kg(@sw)Hu(s)H?_[ds.
0 0

Notice that

t t
lut)[2, < — 4 / () |Z,dls — / lu(s)|2ds + [uollZ
t

+2 /0 (K1 (0sw) + K3(0,w))ds + 2 /0 (Ka(0w)|[u(s)|2ds.  (4.20)

Let
j(W) = —)\0 — 4+ 2K2(w)

Obviously, the mapping ¢ — J(f:w) is locally integrable for any w € Q. Then, by
the Gronwall Lemma, we get

t
()3, < efo IO |lyq |3, + 2 / els IO ([ (0,w) + Ks(0aw))ds.  (4.21)
0
Define
T T T
My(|Juollpe, T, w) :=elo |~7<9rw)‘dr||u0u§{+2/ el 1T@rldr (g0 (0,0) 4 K3 (0sw))ds.
0

Then, we have
lulleqo,ry7) < Ma(lluolla, T, w).
By (4.20), we have that

T
/0 lu(®)[2-dt < Ms(|Juoll3. T, ),

where

T
Ms(|[uollse, Ty w) = ||U0||%¢+2/ (K1(0sw)+K3(0sw)+C1([Juo |3, T, w) K2(0sw))ds.
0
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The proof is complete. O

So far, we prove the global existence and uniqueness solution of system (4.1).
Let u(t,w,up) be the solution of system (4.1) at time ¢ > 0 with initial condition
ug € H.

Theorem 4.2. (i) Suppose (A1)-(A5) hold. For all w € Q, the solution of system
(4.1) generates a continuous random dynamical system ®(t,w,ug) in H given by

O(t,w,up) = u(t,w,up), up € H,t>0,w el

(ii) A family K(w) := By (0, R(w)) is a closed positively invariant tempered pullback
absorbing set in H for ®, centered at 0 with radius

Nl

R(w) := (1 +2 /OOO el? T () (9gw) + K3(93w))d5>

Proof. (i) It obviously follows from Theorem 3.1.
(ii) According to (4.21) we have

t
[®(t,w, uo)|[3, < efo T [y |3, 4 2 / el 70 () (0,w) + Ks(0.w))ds.

Replacing w by 0_;w in & we obtain
H‘b(t’ G*twv uO)”%—[

t
< elo IOy )12, 4 2/ els IO (¢ (0, _yw) + K3(0u_yw))ds
0

0
= eJ2 IOy 2 2/ el IO (K (9,0) + K3(0w))ds.

—t

Since EJ < 0, then for any ug € B(0_w),
0

. I, T (0rw)dr 2 7 SO, T(0rw)dr 2 _
Jlim e luol3, < lim e d(B(0-w))* = 0.

Then by the temperedness of K7 and K3 we have
0 0
/ ele TOr)dr (1) (0,w) + Ks(fsw))ds < oo.

Define 0
R (w)=1+2 / 3 T (B (9,0) + K3(0,w))ds.

Then the ball K(w) := By/(0, R(w)) is a pullback absorbing set in H. Since EJ < 0

and K7 and K3 are tempered, we obtain that the temperedness of R(w). It is easy

to prove that C(w) is positive invariant. O
Now consider some « € (0, 1) satisfying

Z )\f_l < 0.

€7
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Introduce the space

V. = {u_ (u;)icz Z)\“ 7= ull}. <oo}

i€Z
with the inner product
(u, )y, = Z Afuvi,  w = (Ui)iez, v = (Vi)iez.
=
Then we obtain the compact embedding V,, C H (see [20, page 94]). Next, we need
to prove the compactness of the random dynamic system ®.

Lemma 4.3. There exists a full 8-invariant set (still denoted by Q) of Q0 such that
for any w € Q, and there exists a function Mg(K,w), which is bounded for K > 0
in a bounded set such that

12(1, 0, u0) 3, < Mo(||uollae, w)-

Proof. Notice that

L (™ @I, = [ @R, + 2 u™ @),

= u™ @)1 + 2t <(§ltu(") (t), u™ (t)> . (4.22)

K

Integrating (4.22) over the interval [0, 1], we have

1 1 d
[l = [ @R de [ (a0 0000) @)
; o o\t v

K

The first term on the right-hand side of (4.23) satisfies

/ ™ @17, dt < X5~ 1/ lu™ @)1t < X5~ Co(lluoll. 1,w).

To estimate the second term on the right-hand side (4.23), we first have

(jtu(") (t), u™ (t)) . (—Alu(”) — Apu™ + F(u™) + G, u<">) Lo a2
where

(F1 ™)) = 2R, (4.25)

(—Ao(u™)u™) = ™R, (4.26)

K

By (4.2) we obtain

(Flu),u) = 5N (@) + i)™ + xiwl™)?)

€L

+ Z)\N ( (n) En) + Ji(uz(-TL))ugn)C5(wi)) . (4.27)

€L
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Now, we estimate each term in the right hand-side of (4.27). By (A2), (A4) and
Young’s inequality, we have

S (™ + ulPul™) = 203, (4.28)
1E€EL
DoA™ = I, (4.29)
1EL
-3 () £ v (0 - )
1€L i1€L (4.30)
< sup ez 1l — 51 <”>||2
= ilelp )\1_,{ Yiv U Vigwo
St (o) < 30 U 1 35T
2 )\1 K 4
1EL 1EZL 1E€Z
Cg(e 2 1 2 1 2
< sup Hu||H+f||w||oo||quM+1||so||vm
H
< sup &0z f||u||2vl+n+f||so||2vw
1€ )\1 4
(4.31)
2 1 K (n
wow <00 Y A S T
i€ 1€Z (4.32)
]' n
0 sup 5ol + 5\|u< B,

Collecting (4.24)-(4.32), we have

(FUOAM0) < Kib)ulf + Kol
Ve

< Ky (0pw) My([luoll#, 1, w) + Ks(0iw),

where 2( )
Cé Wi
Ky(w) = sup ,
( ) i€EZ )\1 r
Ks(w) = P31 Kllvllv +1(w )sup P ,g”g”H *II@HQVM-

Since the » ., M1 < 00 and (5(w;) is Gaussian random variable, we have that
EK; < oo for j = 4,5. Then, we obtain that there exists a function Mg(||uollx,w)
such that

™ (D)l < Mo([luoll,w)- (4.33)
Note that the right-hand side of (4.33) is independent of n, so we have
lu(Dlv,, < Me([[uoll3,w)-

The proof is complete. O
Finally, we obtain the following main result.
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Theorem 4.3. Let ® be the continuous random dynamical system generated by
(4.1), then ® has a unique random attractor.

Proof. From Theorem 4.2, we know that ® is a continuous random dynamical
system with positive invariant absorbing set K € D. Define

B(w) == 3(L, 010, K(0_10)) - € K(w).

This inclusion relationship ensures that B € D. Then by Lemma 4.3, we obtain the
set B is a compact absorbing set. From Proposition 2.1, we know that ® possesses
a random global attractor. O
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