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ON RESONANT FRACTIONAL
Q-DIFFERENCE SCHRÖDINGER EQUATIONS
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Abstract The research of fractional q-difference Schrödinger equations has
attracted the attention of scholars and abundant results have been obtained
in recent years. However, as far as we know, there are no results on resonant
fractional q-difference Schrödinger equations. In this paper, we investigate the
boundary value problems for fractional q-difference Schrödinger equations at
resonance. By virtue of fixed point index theorem and spectral theory of linear
operators, we obtain the multiplicity of positive solutions. In addition, we
get different stability results, including Ulam-Hyres stability and generalized
Ulam-Hyres stability. Give relevant examples to prove the main results.
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1. Introduction
The q-difference operator proposed by Jackson [11] in 1910 is a bridge between
mathematics and physics, which plays an important role in quantum physics, spec-
tral analysis and dynamical systems [5, 7]. The study of fractional q-difference was
started by Al-Salam [2] and Agarwal [1]. Fractional q-difference theory combines
the advantages of discrete mathematics and fractional calculus, and it has been
widely concerned by scholars [14,16,17].

The Schrödinger equation was first proposed by Schrödinger [18] in 1926, which
describes the motion state of microscopic particles by wave function. It can be
applied to quantum semiconductor, electromagnetic wave propagation, seismic mi-
gration and many other practical problems [6, 19].

We consider the following space-independent fractional q-difference Schrödinger
equations

Dα
q u(t) +

m

ℏ
(E − v(t))u(t) = 0, (1.1)

where m is the mass of the particle, ℏ is the Planck constant, E is the total energy
of the particle, v(t) is the potential energy of particle. Let τ = m

ℏ , h(t) = E − v(t),
we obtain the following fractional q-difference equations

Dα
q u(t) + τh(t)f(u(t)) = 0, t ∈ (0, 1). (1.2)
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Li [13] studies the existence of positive solutions for (1.1) and (1.2) by using the
fixed point theorem in cones under the following boundary value conditions

u(0) = Dqu(0) = Dqu(1) = 0.

As far as we know, the existing results of fractional q-difference Schrödinger
equation are obtained under non-resonant boundary value conditions [13,15,20], the
case of resonance has not been considered at present. Resonance is a phenomenon
in which a physical system vibrates at a maximum amplitude at a given frequency.
The scattering of the Schrödinger system at resonance is equivalent to that of the
Schrödinger equation on the corresponding waveguide manifold [10]. Therefore, it
is important to study Schrödinger equation at resonance. Inspired by the above
work, we study the multiplicity of positive solutions of boundary value problems for
fractional q-difference Schrödinger equation at resonance.

In this paper, we consider boundary value problems for (1.2) satisfying the
following boundary value conditions

u(0) = 0, u(1) = ηu(ξ), (1.3)

where 1 < α ≤ 2, τ > 0, 0 < ξ < 1, ηξα−1 = 1, Dα
q is fractional q-derivative

of Riemann-Liouville type, h : (0, 1) → (0,+∞) and f : [0,+∞) → (0,+∞) are
continuous and h permits singularity.

When 0 < ηξα−1 < 1, boundary value problem (1.2) and (1.3) is non-resonant.
In this case, we can use Green function to get the expression of the solution, and then
use the fixed point theorem to study the existence of solutions. Many scholars have
carried out relevant researches in this situation [4, 9]. However, when ηξα−1 = 1,
boundary value problem (1.2) and (1.3) is resonant. Methods commonly used in
the case of non-resonance, such as fixed point theorem, upper and lower solutions,
etc., fail in the case of resonance. Therefore, in this paper we need to find other
methods to study the positive solutions of resonant boundary value problems.

In addition to the multiplicity of positive solutions, we also study the stability of
solutions for boundary value problem (1.2) and (1.3), the stability is an important
index for the safe operation of the system. On the premise of the existence of the
solution, the condition of stable operation of the system is studied by mathematical
method, which can provide theoretical guarantee for the safe operation of the actual
system. Therefore, in this paper, we consider different stability results, including
Ulam-Hyres stability and generalized Ulam-Hyres stability.

The structure of this paper is as follows. In Section 2, we give the definitions
and lemmas of fractional q-derivative and q-integral. In Section 3, by using fixed
point index theorem and spectral theory of linear operators, we investigate the
multiplicity of positive solutions. In Section 4, we give different stability results,
including Ulam-Hyers stability and generalised Ulam-Hyers stability. In Section 5,
relevant examples are used to demonstrate the main results.

2. Preliminaries
Let q ∈ (0, 1) and define

[a]q =
1− qa

1− q
, a ∈ R.
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The q-analogue of the power function is given by

(a− b)(0) = 1, (a− b)(n) =

n−1∏
k=0

(a− bqk), n ∈ N+,

(a− b)(α) = aα
+∞∏
k=0

a− bqk

a− bqα+k
, α ∈ R.

If b = 0, then a(α) = aα.
We can get the following properties

[a(t− s)](α) = aα(t− s)(α),

tDq(t− s)(α) = [α]q(t− s)(α−1),

sDq(t− s)(α) = −[α]q(t− qs)(α−1),∫ b

a

Dqf(t)dqt = f(b)− f(a).

The q-Gamma function is given by

Γq(x) =
(1− q)(x−1)

(1− q)x−1
, x ∈ R \ {0,−1,−2, · · · },

and satisfies Γq(x+ 1) = [x]qΓq(x).
The q-Beta function is given by

Bq(x, y) =

∫ 1

0

tx−1(1− qt)(y−1)dqt, x, y ∈ R+,

and satisfies Bq(x, y) =
Γq(x)Γq(y)
Γq(x+y) .

Definition 2.1 ( [3]). The fractional q-integral of Riemann-Liouville type of order
α > 0 of a function u : (0,+∞) → R is given by

Iαq u(t) =

∫ t

0

(t− qs)(α−1)

Γq(α)
u(s)dqs.

Definition 2.2 ( [3]). The fractional q-derivative of Riemann-Liouville type of
order α > 0 of a function u : (0,+∞) → R is given by

Dα
q u(t) = Dn

q (I
n−α
q u)(t),

where n is the smallest integer greater than or equal to α.

Lemma 2.1 ( [3]). Let α > 0. If u ∈ L1
q[0, 1] such that In−α

q u ∈ ACn
q [0, 1]. Then

Iαq D
α
q u(t) = u(t)− c1t

α−1 − · · · − cnt
α−n,

where ci ∈ R, i = 1, · · · , n and n is the smallest integer greater than or equal to α.

Lemma 2.2 ( [3]). Let α > 0. If u ∈ L1
q[0, 1]. Then

Dα
q I

α
q u(t) = u(t).
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Lemma 2.3 ( [3]). Let α > 0, β > −1. Then

Iαq t
β =

Γq(β + 1)

Γq(α+ β + 1)
tα+β ,

Dα
q t

α−1 = 0.

Let

g(λ) =

+∞∑
k=0

λk

Γq(kα+ α− 2)
=

α− 2

Γq(α− 1)
+

+∞∑
k=1

λk

Γq(kα+ α− 2)
.

It is easy to get that g′(λ) > 0 on (0,+∞) and

g(0) =
α− 2

Γq(α− 1)
< 0, lim

λ→+∞
g(λ) = +∞.

Therefore, there exists a unique root λ∗ > 0 such that

g(λ∗) = 0.

Let λ ∈ (0, λ∗]. The following boundary value problem is equivalent to (1.2) and
(1.3) {

−Dα
q u(t) + λu(t) = τh(t)f(u(t)) + λu(t), t ∈ (0, 1),

u(0) = 0, u(1) = ηu(ξ).
(2.1)

Definition 2.3. Function u ∈ C[0, 1] satisfying (1.2) and (1.3) is called the solution
of (2.2).

Theorem 2.1. If y ∈ C[0, 1]. Then the unique solution of problem{
−Dα

q u(t) + λu(t) = y(t), t ∈ (0, 1),

u(0) = 0, u(1) = ηu(ξ),
(2.2)

is
u(t) =

∫ 1

0

K(t, s)y(s)dqs, (2.3)

where

K(t, s) = H(t, s) +B(t)w(s),

H(t, s) =
1

B(1)

{
G(1− qs)B(t)−G(t− qs)B(1), 0 ≤ qs < t ≤ 1,

G(1− qs)B(t), 0 ≤ t ≤ qs ≤ 1,

G(t− qs) =

+∞∑
k=0

λk(t− qs)(kα+α−1)

Γq(kα+ α)
,

B(t) =

+∞∑
k=0

λktkα+α−1

Γq(kα+ α)
,

w(s) =
ηH(ξ, s)

B(1)− ηB(ξ)
.
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Proof. (i) We show that if u(t) is the solution of(2.2), it can be expressed as (2.3).
By Lemma 2.1, we obtain

−u(t) + c1t
α−1 + c2t

α−2 + λIαq u(t) = Iαq y(t).

From the boundary condition u(0) = 0, we get c2 = 0. Therefore

(I − λIαq )u(t) = −Iαq y(t) + c1t
α−1.

From Lemma 2.3, we get

u(t) =(I − λIαq )
−1(−Iαq y(t) + c1t

α−1)

=

+∞∑
k=0

λkIkαq (−Iαq y(t) + c1t
α−1)

=−
+∞∑
k=0

λkIkα+α
q y(t) +

+∞∑
k=0

c1λ
kIkαq tα−1

=−
∫ t

0

+∞∑
k=0

λk(t− qs)(kα+α−1)

Γq(kα+ α)
y(s)dqs+

+∞∑
k=0

c1λ
kΓq(α)t

kα+α−1

Γq(kα+ α)

=−
∫ t

0

G(t− qs)y(s)dqs+ cB(t), c = c1Γq(α).

Therefore
u(1) = −

∫ 1

0

G(1− qs)y(s)dqs+ cB(1),

u(ξ) = −
∫ ξ

0

G(ξ − qs)y(s)dqs+ cB(ξ).

By the boundary condition u(1) = ηu(ξ), we have

c =

∫ 1

0
G(1− qs)y(s)dqs− η

∫ ξ

0
G(ξ − qs)y(s)dqs

B(1)− ηB(ξ)
.

Then u(t) can be expressed as follows

u(t) =−
∫ t

0

G(t−qs)y(s)dqs+
∫ 1

0
G(1−qs)y(s)dqs−η

∫ ξ

0
G(ξ−qs)y(s)dqs

B(1)−ηB(ξ)
B(t)

=
−
∫ t

0
G(t− qs)B(1)y(s)dqs+

∫ 1

0
G(1−qs)B(t)y(s)dqs

B(1)

−
∫ 1

0
G(1−qs)B(t)y(s)dqs

B(1)
+

∫ 1

0
G(1−qs)y(s)dqs−η

∫ ξ

0
G(ξ−qs)y(s)dqs

B(1)−ηB(ξ)
B(t)

=

∫ 1

0

H(t, s)y(s)dqs

+
ηB(t)[

∫ 1

0
G(1− qs)B(ξ)y(s)dqs−

∫ ξ

0
G(ξ − qs)B(1)y(s)dqs]

B(1)[B(1)− ηB(ξ)]

=

∫ 1

0

H(t, s)y(s)dqs+

∫ 1

0

ηB(t)H(ξ, s)

B(1)− ηB(ξ)
y(s)dqs
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=

∫ 1

0

K(t, s)y(s)dqs.

(ii) We present that if u(t) can be expressed as (2.3), then it is the solution of
(2.2). In fact,

u(t) =(I − λIαq )
−1(−Iαq y(t) + c1t

α−1)

=−
∫ t

0

G(t− qs)y(s)dqs+ cB(t),

where

c = c1Γq(α), c =

∫ 1

0
G(1− qs)y(s)dqs− η

∫ ξ

0
G(ξ − qs)y(s)dqs

B(1)− ηB(ξ)
.

Then, we have
(I − λIαq )u(t) = −Iαq y(t) + c1t

α−1.

By Lemmas 2.2 and 2.3, we obtain

Dα
q u(t)− λu(t) = −y(t).

This completes the proof.

Lemma 2.4. The following properties hold
(1) K(t, s) is continuous on [0, 1]× [0, 1].
(2) K(t, s) > 0, ∀t, s ∈ (0, 1).
(3) m2(s)t

α−1 ≤ K(t, s) ≤ m1(s), ∀t, s ∈ (0, 1), where

m1(s) = G(1− qs) +B(1)w(s), m2(s) =
w(s)

Γq(α)
.

Proof. By the definition of B(t) and properties, we get

tα−1

Γq(α)
≤ B(t) =

+∞∑
k=0

λktkα+α−1

Γq(kα+ α)
≤ B(1)tα−1,

and

B′(t) =

+∞∑
k=0

(kα+ α− 1)λktkα+α−2

Γq(kα+ α)
> 0, t ∈ (0, 1].

Since B(t) is continuous at t = 0 and increasing on (0, 1], monotonicity can be
extended to endpoints. Then B(t) is increasing on [0, 1] and B(t) > 0 on (0, 1].

By the definition of G(t− qs) and properties, we have

(t− qs)(α−1)

Γq(α)
≤ G(t− qs) =

+∞∑
k=0

λk(t− qs)(kα+α−1)

Γq(kα+ α)
,

and

tDq[G(t− qs)] =

+∞∑
k=0

λk(t− qs)(kα+α−2)

Γq(kα+ α− 1)
> 0, t ∈ (0, 1].
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Therefore G(t − qs) is increasing with respect to t on [0, 1] and G(t − qs) > 0 on
(0, 1].

(i) When 0 ≤ t ≤ qs ≤ 1, we get

K(t, s) =
G(1− qs)B(t)

B(1)
+B(t)w(s)

≤G(1− qs)tα−1 +B(1)w(s)tα−1

≤G(1− qs) +B(1)w(s) = m1(s).

When 0 ≤ qs < t ≤ 1, we have

K(t, s) =
G(1− qs)B(t)−G(t− qs)B(1)

B(1)
+B(t)w(s)

≤G(1− qs)B(t)

B(1)
+B(t)w(s)

≤m1(s).

(ii) When 0 ≤ t ≤ qs ≤ 1, we get

H(t, s) =
G(1− qs)B(t)

B(1)
≥ 0.

Thus,

K(t, s) = H(t, s) +B(t)w(s) ≥ B(t)w(s)

≥ tα−1

Γq(α)
w(s) = m2(s)t

α−1.

When 0 ≤ qs < t ≤ 1, we obtain

G(1− qs)B(t)−G(t− qs)B(1)

=

+∞∑
k=0

λk(1− qs)(kα+α−1)

Γq(kα+ α)
B(t)−

+∞∑
k=0

λk(t− qs)(kα+α−1)

Γq(kα+ α)
B(1).

Therefore,

sDq

[
G(1− qs)B(t)−G(t− qs)B(1)

]
=

+∞∑
k=0

−λkq(1− q2s)(kα+α−2)

Γq(kα+ α− 1)
B(t) +

+∞∑
k=0

λkq(t− q2s)(kα+α−2)

Γq(kα+ α− 1)
B(1)

≥
+∞∑
k=0

λkq(1− q2s)(kα+α−2)

Γq(kα+ α− 1)

[
B(1)−B(t)

]
.

(2.4)

In fact, denote

c(t, s) =

+∞∑
k=0

λkq(t− q2s)(kα+α−2)

Γq(kα+ α− 1)
.

Then,

tDq[c(t, s)] =

+∞∑
k=0

λkq(t− q2s)(kα+α−3)

Γq(kα+ α− 2)
< 0.
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Integrating (2.4) from 0 to s, we notice

G(1− q · 0)B(t) = G(t− q · 0)B(1).

Then we obtain
G(1− qs)B(t)−G(t− qs)B(1)

≥
∫ s

0

+∞∑
k=0

λkq(1− q2τ)(kα+α−2)

Γq(kα+ α− 1)

[
B(1)−B(t)

]
dτ

=
[ +∞∑
k=0

λk

Γq(kα+ α)
−

+∞∑
k=0

λk(1− qs)(kα+α−1)

Γq(kα+ α)

][
B(1)−B(t)

]
> 0.

Consequently,

H(t, s) =
G(1− qs)B(t)−G(t− qs)B(1)

B(1)
≥ 0.

Hence,
K(t, s) = H(t, s) +B(t)w(s) ≥ m2(s)t

α−1.

(iii) By ηξα−1 = 1, we have

B(1)− ηB(ξ) =

+∞∑
k=0

λk[1− ηξkα+α−1]

Γq(kα+ α)
>

+∞∑
k=0

λk[1− ηξα−1]

Γq(kα+ α)
= 0.

Combining with H(t, s) ≥ 0, we obtain

w(s) =
ηH(ξ, s)

B(1)− ηB(ξ)
> 0.

From (ii), we get

K(t, s) ≥ tα−1

Γq(α)
w(s) > 0.

(iiii) From the continuity of B(t) and G(t − qs), it can see that K(t, s) is con-
tinuous on [0, 1]× [0, 1]. This completes the proof.

Let E = C[0, 1] with ∥x∥ = max
t∈[0,1]

|x(t)|, then E is a Banach space. Denote

χ(t, s) =
m2(s)

m1(s)
tα−1, χ(t) = min

s∈[0,1]
χ(t, s).

Define a cone
P = {x ∈ E : x(t) ≥ χ(t)∥x∥, t ∈ [0, 1]}.

Let 0 < a < 1, denote

ζ = min
t∈[a,1]

χ(t), ν(x) = min
t∈[a,1]

x(t), x ∈ P.

For ∀R ≥ r > 0, let

Pr = {x ∈ P : ∥x∥ < r},
P r = {x ∈ P : ∥x∥ ≤ r},
P (ν, r,R) = {x ∈ P : r < ν(x), ∥x∥ ≤ R},
P (ν, r,R) = {x ∈ P : r ≤ ν(x), ∥x∥ ≤ R}.
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Define functions as follows

Φ1(t, r, R) = max{τh(t)f(u(t)) + λu(t) : rχ(t) ≤ u(t) ≤ R},
Φ2(t, r, R) = min{τh(t)f(u(t)) + λu(t) : rχ(t) ≤ u(t) ≤ R}.

Define the following two operators

Lu(t) =

∫ 1

0

K(t, s)u(s)dqs. (2.5)

Au(t) =

∫ 1

0

K(t, s)
[
τh(s)f(u(s)) + λu(s)

]
dqs. (2.6)

In view of Krein-Rutmann theorem and Lemma 2.4, we have the spectral radius
r(L) > 0 and L has a positive eigenfunction corresponding to its first eigenvalue
b1 = (r(L))−1. Then we have the following lemmas.

Lemma 2.5 ( [21]). If λ ∈ (0, λ∗] holds and L is defined as (2.5). Then the first
eigenvalue of L is b1 = λ and u(t) = tα−1 is the positive eigenfunction corresponding
to b1, that is, u = λLu.

Lemma 2.6 ( [8]). Let E be a Banach space. P is a cone and Pr is a bounded
open set in E. A : P r ∩ P → P is a completely continuous operator.

(1) If ∃u0 ∈ P \ {θ} such that u − Au ̸= µu0, ∀µ ≥ 0, u ∈ ∂Pr ∩ P , then
i(A,Pr ∩ P, P ) = 0.

(2) If Au ̸= µu, ∀µ ≥ 1, u ∈ ∂Pr ∩ P , then i(A,Pr ∩ P, P ) = 1.

Lemma 2.7 ( [12]). Let A : P r3 → P be a completely continuous operator. If there
exists a concave positive functional ν(x) ≤ ∥u∥ (u ∈ P ) and numbers r3 ≥ r2 >
r1 > 0 satisfying the following conditions

(1) P (ν, r1, r2) ̸= ∅ and ϑ(Au) > r1, if u ∈ P (ν, r1, r2).
(2) Au ∈ P r3 , if u ∈ P (ν, r1, r3).
(3) ν(Au) > r1, if u ∈ P (ν, r1, r3) with ∥Au∥ > r2.
Then, i(A,P (ν, r1, r3), P r3) = 1.

3. The solvability of fractional q-difference equation
Theorem 3.1. Assume that there exists numbers r5 ≥ r4 > r3 > r2 > r1 > 0 with
ζr4 ≥ r3 such that

(A1) Φ1(t, r1, r5) ∈ L[0, 1].
(A2)

∫ 1

0
m1(s)Φ1(s, r2, r2)dqs < r2.

(A3)
∫ 1

0
m1(s)Φ1(s, r3, r5)dqs < r5.

(A4)
∫ 1

0
m1(s)Φ2(s, r3, r4)dqs > r3ζ

−1.
Then boundary value problem (1.2) and (1.3) has at least three positive solutions.

Proof. Operator L is defined as (2.6). Firstly, we prove that A : P r5 → P is a
completely continuous operator. Obviously, for any u ∈ P r5 , Au ∈ E.
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(i) For any u ∈ P r5 , t ∈ [0, 1], from Lemma 2.4, we get

Au(t) =

∫ 1

0

K(t, s)
[
τh(s)f(u(s)) + λu(s)

]
dqs

≥
∫ 1

0

m2(s)t
α−1

[
τh(s)f(u(s)) + λu(s)

]
dqs

=

∫ 1

0

χ(t, s)m1(s)
[
τh(s)f(u(s)) + λu(s)

]
dqs

≥ χ(t)

∫ 1

0

m1(s)
[
τh(s)f(u(s)) + λu(s)

]
dqs

= χ(t) ∥ Au ∥ .

Then A(P r5) ⊂ P .
(ii) For any u ∈ P r5 , t ∈ [0, 1], by Lemma 2.4, we have

|Au(t)| =
∣∣∣ ∫ 1

0

K(t, s)[τh(s)f(u(s)) + λu(s)]dqs
∣∣∣

≤
∫ 1

0

m1(s)
∣∣τh(s)f(u(s)) + λu(s)

∣∣dqs
≤

∫ 1

0

m1(s)Φ1(s, r1, r5)dqs.

Then A is uniformly bounded.
(iii) Since K(t, s) is continuous on [0, 1]× [0, 1], for any ε > 0, exists δ > 0 such

that for any t1, t2 ∈ [0, 1], |t1 − t2| < δ, we obtain∣∣K(t1, s)−K(t2, s)
∣∣ < ε∫ 1

0
Φ1(s, r1, r5)dqs

.

Therefore,

|Au(t1)−Au(t2)| ≤
∫ 1

0

∣∣K(t1, s)−K(t2, s)
∣∣[τh(s)f(u(s)) + λu(s)

]
dqs

≤
∫ 1

0

ε∫ 1

0
Φ1(s, r1, r5)dqs

Φ1(s, r1, r5)dqs = ε.

Then A is equicontinuous. From Arzela-Ascoli theorem, we know that A is compact.
(iiii) Assume that {un} ⊂ P r5 and ∥ un − u0 ∥→ 0(n → +∞). For ∀ε > 0,

∃δ ∈ (0, 12 ) such that ∫ δ

0

m1(s)Φ1(s, r1, r5)dqs <
ε

6
,∫ 1

1−δ

m1(s)Φ1(s, r1, r5)dqs <
ε

6
.

Function h(t) is continuous on [δ, 1 − δ], f is continuous and ∥ un − u0 ∥→ 0(n →
+∞), exists N > 0 such that for any n > N , we get∣∣τh(t)f(un(t))− τh(t)f(u0(t))

∣∣ < ε

3
∫ 1

0
m1(s)dqs

, t ∈ [δ, 1− δ].
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Therefore,

∥Aun −Au0∥ ≤ max
t∈[0,1]

∫ 1

0

K(t, s)
∣∣τh(s)f(un(s))− τh(s)f(u0(s))

∣∣dqs
≤
∫ 1

0

m1(s)
∣∣τh(s)f(un(s))− τh(s)f(u0(s))

∣∣dqs
≤2

∫ δ

0

m1(s)Φ1(s, r1, r5)dqs+ 2

∫ 1

1−δ

m1(s)Φ1(s, r1, r5)dqs

+

∫ 1−δ

δ

m1(s)
∣∣τh(s)f(un(s))− τh(s)f(u0(s))

∣∣dqs
<
ε

3
+
ε

3
+
ε

3
= ε.

Then A is continuous. Thus A : P r5 → P is a completely continuous operator.
Next, we present that A has three fixed points.
For any u ∈ ∂Pr2 , t ∈ [0, 1], we have r2χ(t) ≤ u(t) ≤ r2. By Lemma 2.4 and

(A2), we obtain

Au(t) ≤
∫ 1

0

m1(s)Φ1(s, r2, r2)dqs < r2,

which implies that Au ̸= µu, ∀µ ≥ 1, u ∈ ∂Pr2 . From Lemma 2.6, we get

i(A,Pr2 , P ) = 1. (3.1)

Thus we show that A has a positive fixed point on Pr2 .
Then we present A has no fixed point on Pr1 . We just need to prove exists

u0 ∈ P \ {θ} such that

u−Au ̸= µu0, ∀µ ≥ 0, u ∈ ∂Pr1 .

Otherwise, suppose that exists µ1 > 0 and u1 ∈ ∂Pr1 such that

u1 −Au1 = µ1u0.

Thus, u1 ≥ µ1u0. Let µ∗ = sup{µ : u1 ≥ µu0}.

Au1(t) =

∫ 1

0

K(t, s)
[
τh(s)f(u1(s))+λu1(s)

]
dqs ≥

∫ 1

0

K(t, s)λu1(s)dqs = λLu1(t).

From Lemma 2.5, we know that the spectral radius of L is r(L) = λ−1 and the
corresponding eigenfunction is u(t) = tα−1. That is, Lu = λ−1u. Therefore,

u1 = Au1 + µ1u0 ≥ λLu1 + µ1u0 ≥ λL(µ∗u0) + µ1u0 = (µ∗ + µ1)u0,

which contradicts the definition of µ∗. By Lemma 2.6, we obtain

i(A,Pr1 , P ) = 0. (3.2)

From (3.1) and (3.2), we get A has a fixed point u1 ∈ Pr2 \ Pr1 .
For any u ∈ ∂Pr5 , t ∈ [0, 1], we obtain r3χ(t) ≤ u(t) ≤ r5. From Lemma 2.4 and

(A3), we have

Au(t) ≤
∫ 1

0

m1(s)Φ1(s, r3, r5)dqs < r5.
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Therefore,
i(A,Pr5 , P ) = 1. (3.3)

Finally, we present that i(A,P (ν, r3, r5), P r5) = 1.
(i) It is obvious that P (ν, r3, r4) ̸= ∅. For any u ∈ P (ν, r3, r4), we get r3 ≤

u(t) ≤ r4, t ∈ [a, 1]. By Lemma 2.6 and (A4), we have

ν(Au) = min
t∈[a,1]

Au(t) = min
t∈[a,1]

∫ 1

0

K(t, s)
[
τh(s)f(u(s)) + λu(s)

]
dqs

≥ min
t∈[a,1]

∫ 1

0

m2(s)t
α−1

[
τh(s)f(u(s)) + λu(s)

]
dqs

= min
t∈[a,1]

∫ 1

0

χ(t, s)m1(s)
[
τh(s)f(u(s)) + λu(s)

]
dqs

≥ min
t∈[a,1]

∫ 1

0

χ(t)m1(s)
[
τh(s)f(u(s)) + λu(s)

]
dqs

≥ ζ

∫ 1

0

m1(s)Φ2(s, r3, r4)dqs > r3.

(ii) For any u ∈ P (ν, r3, r5), we obtain r3 ≤ u(t) ≤ r5, t ∈ [0, 1]. By Lemma 2.6
and (A3), we get

Au(t) =

∫ 1

0

K(t, s)
[
τh(s)f(u(s)) + λu(s)

]
dqs

≤
∫ 1

0

m1(s)
[
τh(s)f(u(s)) + λu(s)

]
dqs

≤
∫ 1

0

m1(s)Φ1(s, r3, r5)dqs ≤ r5.

Therefore Au ∈ P r5 .
(iii) For any u ∈ P (ν, r3, r5) with ∥Au∥ > r4, ζr4 ≥ r3, t ∈ [a, 1], we have

ν(Au) = min
t∈[a,1]

Au(t) ≥ min
t∈[a,1]

χ(t)∥Au∥ = ζ∥Au∥ > ζr4 ≥ r3.

By Lemma 2.7, we obtain

i(A,P (ν, r3, r5), P r5) = 1. (3.4)

From (3.1), (3.3) and (3.4), we get

i(A,Pr5 \ (P (ν, r3, r5) ∪ Pr2), P r5) = −1. (3.5)

By (3.4) and (3.5), A has two fixed points u2 ∈ P (ν, r3, r5) and u3 ∈ Pr5 \
(P (ν, r3, r5) ∪ Pr2). Therefore these fixed points are three positive solutions for
(1.2) and (1.3). This completes the proof.

4. The stability of fractional q-difference equation
Definition 4.1. The solution is Ulam-Hyers (UH) stable, if there exist a constant
M1 ≥ 0 and ε > 0, for each solution u ∈ C([0, 1],R),∣∣Dα

q u(t) + τh(t)f(u(t))
∣∣ ≤ ε, t ∈ [0, 1], (4.1)
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and a solution u∗ ∈ C([0, 1],R), such that |u−u∗| ≤M1ε. The solution is generalised
Ulam-Hyers (GUH) stable, if there exists ψ ∈ C(R+,R+) with ψ(0) = 0, such that
|u− u∗| ≤M1ψ(ε).

Remark 4.1. Function u ∈ C([0, 1],R) is the solution of (4.1), iff there exists a
function ϖ ∈ C([0, 1],R) depends on u, such that

(i)
∣∣ϖ(t)

∣∣ ≤ ε, t ∈ [0, 1].
(ii) Dα

q u(t) + τh(t)f(u(t))−ϖ(t) = 0.

Proof. If (i) and (ii) hold, we obtain,∣∣Dα
q u(t) + τh(t)f(u(t))

∣∣ = ∣∣ϖ(t)
∣∣ ≤ ε.

If u ∈ C([0, 1],R) is the solution of (4.1), we get,

−ε ≤ Dα
q u(t) + τh(t)f(u(t)) ≤ ε.

Hence, there exists ϖ(t) ∈ [−ε, ε], such that

Dα
q u(t) + τh(t)f(u(t)) = ϖ(t).

This completes the proof.

Lemma 4.1. If u ∈ C([0, 1],R) is the solution of{
Dα

q u(t) + τh(t)f(u(t)) = ϖ(t), t ∈ (0, 1),

u(0) = 0, u(1) = ηu(ξ).
(4.2)

Then, u satisfies the following inequality∣∣u(t)−Au(t)
∣∣ ≤ w1ε,

where
w1 =

∫ 1

0

m1(s)dqs.

Proof. If u ∈ C([0, 1],R) is the solution of (4.2), then

u(t) =Au(t)−
∫ 1

0

K(t, s)ϖ(s)dqs.

In view of Lemma 2.4 and Remark 4.1, we obtain∣∣u(t)−Au(t)
∣∣ ≤∫ 1

0

K(t, s)
∣∣ϖ(s)

∣∣dqs
≤ε

∫ 1

0

m1(s)dqs

=w1ε.

This completes the proof.

Theorem 4.1. If the following conditions hold.
(B1) f : [0,+∞) → (0,+∞) is continuous.
(B2)

∣∣f(u1)− f(u2)
∣∣ ≤ l

∣∣u1 − u2
∣∣, t ∈ [0, 1], u1, u2 ∈ R, l > 0.

(B3)
∫ 1

0
m1(s)

(
lτh(s) + λ

)
dqs < 1.

Then boundary value problem (1.2) and (1.3) is UH stable and GUH stable.
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Proof. For each solution u ∈ C([0, 1],R) of (4.2) and solution u∗ of (1.2) and
(1.3), by Lemmas 2.4 and 4.1, we get∥∥u− u∗

∥∥ =
∥∥u−Au∗

∥∥ =
∥∥u−Au+Au−Au∗

∥∥
≤

∥∥u−Au
∥∥+

∥∥Au−Au∗
∥∥

≤ w1ε+

∫ 1

0

K(t, s)
[
τh(s)

∣∣f(u(s))− f(u∗(s))
∣∣+ λ

∣∣u(s)− u∗(s)
∣∣]dqs

≤ w1ε+

∫ 1

0

m1(s)
[
lτh(s)

∣∣u(s)− u∗(s)
∣∣+ λ

∣∣u(s)− u∗(s)
∣∣]dqs

≤ w1ε+
∥∥u− u∗

∥∥∫ 1

0

m1(s)
(
lτh(s) + λ

)
dqs

:= w1ε+ k
∥∥u− u∗

∥∥.
Therefore, ∥∥u− u∗

∥∥ ≤ w1

1− k
ε :=M1ε.

Then boundary value problem (1.2) and (1.3) is UH stable. For ψ(ε) = ε, boundary
value problem (1.2) and (1.3) is GUH stable, which can be seen in Figure 1.

Figure 1. Illustration of proof.

5. Example
Example 5.1. Consider the following boundary value problem:{

D
5
2
1
2

u(t) + 1
5 t sinu = 0, t ∈ (0, 1),

u(0) = D 1
2
u(0) = 0, u(1) = 8u( 14 ),

(5.1)

where q = 1
2 , α = 5

2 , τ = 1
5 , h(t) = t, f(u(t)) = sinu, η = 8, ξ = 1

4 , ηξα−1 = 1.
In Theorem 3.1, let λ = 1

5 and a = 1
2 . Therefore, we obtain G(1) = 0.7076,

B(ξ) = 0.0885, χ(t) = 0.9583t1.5,
∫ 1

0
m1(s)dqs = 2.6425, ζ−1 = 0.3388.

Let r1 = 0.8, r2 = 1.5, r3 = 3.2, r4 = 12, r5 = 20. Then∫ 1

0

m1(s)Φ1(s, r2, r2)dqs ≈ 1.3213 < r2,
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0

m1(s)Φ1(s, r3, r5)dqs ≈ 11.0985 < r5,∫ 1

0

m1(s)Φ2(s, r3, r4)dqs ≈ 1.1627 > r3ζ
−1.

From Theorem 3.1, we get (5.1) has at least three positive solutions.
In Theorem 4.1, we have,∣∣f(u1)− f(u2)

∣∣ = ∣∣ sinu1 − sinu2
∣∣ ≤ ∣∣u1 − u2

∣∣,∫ 1

0

m1(s)
(
lτh(s) + λ

)
dqs ≈ 0.78 < 1.

From Theorem 4.1, we obtain (5.1) is UH stable and GUH stable.

Figure 2. Illustration of proof.

6. Conclusion
In this paper, we investigate the boundary value problems for fractional q-difference
Schrödinger equations at resonance. In view of fixed point index theorem and
spectral theory of linear operators, we obtain the multiplicity of positive solutions.
In addition, we give different stability results, including UH stability and GUH
stability. The results of solvability and stability of solutions obtained in this paper
can also be applied to other types of equations, for example, fractional delay q-
difference equations and fractional advanced q-difference equations. Moreover, we
can further consider the fractional q-difference equations under different boundary
value conditions, such as multi-point boundary value problems, integral boundary
value problems and so on.

Acknowledgements
The authors sincerely thank the reviewers for their valuable suggestions and useful
comments that have led to the present improved version of the original manuscript.



2502 Z. Liu & Z. Han

References
[1] R. P. Agarwal, Certain fractional q-integrals and q-derivatives, Mathematical

Proceedings of Cambridge Philosophical Society, 1969, 66(2), 365–370.
[2] W. Al-Salam, Some fractional q-integrals and q-derivatives, Proceedings of the

Edinburgh Mathematical Society, 1966, 15(2), 135–140.
[3] M. H. Annaby and Z. S. Mansour, q-Fractional Calculus and Equations,

Springer, Berlin, 2012.
[4] Z. Bai, On positive solutions of a nonlocal fractional boundary value problem,

Nonlinear Analysis Theory Methods and Applications, 2010, 72(2), 916–924.
[5] M. B. Bekker, M. J. Bohner, A. N. Herega and H. Voulov, Spectral analysis of

a q-difference operator, Journal of Physics A: Mathematical and Theoretical,
2010, 43(14), 145207.

[6] C. Dai and H. Zhu, Superposed Akhmediev breather of the (3+1)-dimensional
generalized nonlinear Schröinger equation with external potentials, Annals of
Physics, 2014, 341, 142–152.

[7] A. Dobrogowska, The q-deformation of the Morse potential, Applied Mathe-
matics Letters, 2013, 26(7), 769–773.

[8] D. Guo, Nonlinear Functional Analysis, Shandong Science and Technology
Press, Jinan, 1985.

[9] L. Guo, L. Liu and Y. Wu, Existence of positive solutions for singular frac-
tional differential equations with infinite-point boundary conditions, Nonlinear
Analysis: Modelling and Control, 2016, 21(5), 635–650.

[10] Z. Hani and B. Pausader, On Scattering for the Quintic Defocusing Nonlin-
ear Schrödinger Equation on R × T 2, Communications on Pure and Applied
Mathematics, 2014, 67(9), 1466-1542.

[11] F. H. Jackson, On q-difference equations, American Journal of Mathematics,
1910, 32(4), 305–314.

[12] R. W. Leggett and L. R. Williams, Multiple positive positive fixed point of
nonlinear operator on ordered Banach spaces, Indiana University Mathematics
Journal, 1979, 28(4), 673–688.

[13] X. Li, Z. Han and X. Li, Boundary value problems of fractional q-difference
Schröinger equations, Applied Mathematics Letters, 2015, 46, 100–105.

[14] X. Li, Z. Han and S. Sun, Eigenvalue problems of fractional q-difference equa-
tions with generalized p-Laplacian, Applied Mathematics Letters, 2016, 57,
46–53.

[15] K. Ma, Z. Han and S. Sun, Existence and uniqueness of solutions for frac-
tional q-difference Schrödinger equations, Journal of Applied Mathematics and
Computing, 2020, 62, 611–620.

[16] K. Ma and S. Sun, Finite-time stability of linear fractional time-delay q-
difference dynamical system, Journal of Applied Mathematics and Computing,
2018, 57, 591–604.

[17] J. Mao, Z. Zhao and C. Wang, The unique iterative positive solution of frac-
tional boundary value problem with q-difference, Applied Mathematics Letters,
2020, 100, 106002.



On Resonant fractional q-difference Schrödinger equations 2503

[18] E. Schrödinger, An Undulatory Theory of the Mechanics of Atoms and
Molecules, Physical Review, 1926, 28(6), 1049–1070.

[19] S. Tian, T. Zhang and H. Zhang, Darboux transformation and new periodic
wave solutions of generalized derivative nonlinear Schrödinger equation, Physica
Scripta, 2009, 80(6), 065013.

[20] G. Wang, Twin iterative positive solutions of fractional q-difference Schröinger
equations, Applied Mathematics Letters, 2018, 76, 103–109.

[21] Y. Wang and L. Liu, Positive solutions for a class of fractional 3-point boundary
value problems at resonance, Advances in Difference Equations, 2017. DOI:
10.1186/s13662-016-1062-5.


	Introduction
	Preliminaries
	The solvability of fractional q-difference equation
	The stability of fractional q-difference equation
	Example
	Conclusion

