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HOPF BIFURCATION IN THE DELAYED
FRACTIONAL LESLIE-GOWER MODEL WITH
HOLLING TYPE II FUNCTIONAL RESPONSE*

Xiaoping Chen'?', Chengdai Huang?, Jinde Cao?, Xueying Shi!
and An Luo?

Abstract In this paper the fractional-order Leslie-Gower model with Holling
type II functional response and a single time delay is firstly considered. The
stability interval and bifurcation points of developed model are derived via
analytic extrapolation by regarding time delay as a bifurcation parameter.
Besides, a delayed feedback control is successfully designed to put off the
onset of Hopf bifurcation, extend the stability domain, and then the system
possesses the stability in a larger parameter range. Some numerical simulations
are shown in order to check the availability of the theoretical results.
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1. Introduction

It is widely known that predator-prey models are typical and important models in
the sphere of ecological systems. In the past few years predator-prey models have
been studied extensively in virtue of their theoretical and practical significance.
One of the famous predator-prey models is Leslie-Gower model. Because of its
significant practical background Leslie-Gower model has attracted lots of applied
mathematicians, economists and engineers to study and got many interesting and
meaningful results, see, e.g., [1,2,4,13-18,24,27,28].
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In general, biological systems can be described by traditional calculus and frac-
tional calculus. However, Petras [19] pointed out that fractional calculus allows
greater degrees of freedom in modeling dynamical systems compared with con-
ventional descriptions of the above systems. Besides, fractional modeling for bio-
logical systems can exceedingly boost the capability of discrimination, design and
control for dynamic systems since fractional calculus possesses illimitable mem-
ory [12,30,31]. Therefore, modeling and control of fractional-order biological sys-
tems have currently become a research hotspot, and large amounts of significant
results have been achieved [7-10,26,32]. Recently, the study of fractional-order dy-
namic systems mainly involves the properties of fractional-order dynamics system,
such as stability analysis, undamped oscillations, bifurcations, chaos and so on.

It should be noted that delicate stability results of nonlinear systems can be
acquired in the light of puissant bifurcation analysis. Especially, Hopf bifurcation
analysis for a nonlinear system is a very effective approach, and has attracted many
researchers from various disciplines. At present, bifurcation control is an impor-
tant research content of bifurcation analysis. We know that the general goal of
bifurcation control is to design a controller which is capable of modifying the bi-
furcation characteristics, thereby to achieve some desirable dynamical behaviors.
It is indicated that bifurcation properties of a system can be modified via feed-
back control methods. Various approaches have been proposed to control bifurca-
tion [3,5,21-23,29].

Based on upwards discussions, we firstly extend the delayed Leslie-Gower model
to the fractional case. Then we will study the bifurcation and control of the pro-
posed system. Our contributions of this paper are listed as follows. (1) The first
extension of the Leslie-Gower model with time delay to fractional-order case by
Caputo fractional derivative. (2) The precise bifurcation conditions of the delayed
fractional Leslie-Gower model are shown by taking time delay as bifurcation pa-
rameter. (3) A delayed feedback controller which can put off the onset of the Hopf
bifurcation is devised for the proposed model.

The structure of this paper is organized as follows. In Section 2, we present some
definitions of fractional calculus and the fractional-order Leslie-Gower model with
Holling type II functional response. In Section 3, we investigate the linear stability
of the positive equilibrium and also give the occurrence of Hopf bifurcation at the
positive equilibrium. In Section 4, we establish the essential bifurcation control
results via enhancing feedback control method. Some numerical experiments are
given in Section 5 to check our theoretical results. Finally, a brief discussion is
given to conclude this work.

2. Preliminaries

In this section, we will introduce some results about the fractional-order derivatives
and the fractional Leslie-Gower model with Holling type II functional response.

It is well known that there are several common definitions of fractional-order
derivatives, such as the Grinwald-Letnikov fractional derivative, Riemann-Liouville
fractional derivative, the Caputo fractional derivative and so on. Generally speak-
ing, the Caputo derivative is used more at present since the Caputo derivative can
represent well-understood features of physical situation and make it more applicable
to real world problems. Therefore, in this paper the Caputo derivative is taken into
account.
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The Caputo derivative for one function g(x) is defined as

1 ! —s n—a—1_(n) $)ds
e [ s

to

CD%,tg(t) =

where « is the value of fractional order, n — 1 < a < n € Z*, I'(-) is the
Gamma function and I'(s) = fooo t*~'e~'ds. As a special case, we have ¢ D§ ,g(t) =
ﬁ fot(t —7)% (7)dr when 0 < o < 1.

As we know, the Laplace transform of the fractional Caputo derivative is given

as follows.
n—1

L{cD§ ()i s} = s“F (s) = 3 5275 1g®) (0),
k=0

wheren —1l<a<neZTt.

It is easy to see that L {cDgg(t);s} = s*F(s) when g*) (0) = 0 for k =
1,2,...,n.

For convenience, we use the notation D*g(t) to represent the Caputo derivative
operator ¢ D' ;g(t).

Next we will introduce the fractional Leslie-Gower model with Holling type II
functional response and non-identical orders which is shown by

DTy (t) = <a1 —ba(t) — W) (1),

(t—T) +]€1
- (2.1)
Doy(t) = (a2 - 2D o,

where ¢; € (0,1] for ¢ = 1 and 2, z(t) and y(t) stand for the prey population size
and the predator population size, respectively, 7 > 0 represents time delay and
all of the parameters are positive with the ecology meaning as follows. a; is the
growth rate of prey, as is the growth rate of predator. b; measures the strength of
competition among individuals of species z(t). ¢; is the maximum value which per
capita reduction rate of z(t) can attain. ¢y is the maximum value which per capita
reduction rate of y(t) can attain. ki measures the extent to which environment
provides protection to prey z(t) and ko measures the extent to which environment
provides protection to predator y(t).

To facilitate the theoretical analysis and further obtain the main results, we
assume that the following condition holds.

(1) 222 @k

Co C1

It is obvious that system (2.1) has a unique positive equilibrium point E*(z*, y*)

under the assumption (H1), which is defined by:

= - (Clag —aicy + Cgblk‘l) + \/Z
- 262b1 ’
«_ a2 (2" + bo)

Yy = )
C2

where A = (010,2 —aic + 62b1k1)2 — 462b1 (Clagk‘g — Cgalk‘l).
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When g1 = g2 = 1, system (2.1) turns into the following integer-order system

i) = (a — o) - D) a0,

0= (a2 - 2D )y,

P a(t—1)+ ko

(2.3)

Through Hopf bifurcation technique, Cao and Yuan [4] observed the existence of
Hopf bifurcation phenomena at the positive equilibrium of the above system (2.3).
And the analysis indicated that Hopf bifurcation occurs when time delay passes
through a certain critical value.

In this paper, our main goal is to seek for the conditions of Hopf bifurcation
for system (2.1) by time delay as the bifurcation parameter from the approach
of stability analysis [6], and the impact of each order on bifurcation is revealed.
Moreover, we intend to design a delayed feedback controller to control the creation
of bifurcation and further study the effects of feedback gain on bifurcation control
for the proposed system.

3. Stability and bifurcation of system (2.1)

In this section, we will discuss the conditions of local stability and Hopf bifurcation
for system (2.1) considering time delay 7 as the bifurcation parameter.
Let u(t) = x(t) — z*, v(t) = y(t) — y*. Then system (2.1) can be transformed
into
a@t—r1)+y")
(u(t—7)+az*)+ ki

D% y(t) = <a1 — by (u(t) + %) — ) (u(t) + %),

(3.1)
(v (t—7)+y")
D=y(t) = (ay — t) +y%).
olt) = (a2 = 20 o) )
Hence, the linearizing system of Eq. (3.1) at (0,0) is
DBu(t) = aqu(t) +asv (t —7) +asu (t —7), (3.2)
D%2y(t) = fru(t — 1) + Pav (t — 7), ’
where
a1 = —blx*,
o = 1T
2 — z* + k17
3= 3,
(2% + ki)
2
a
61 = i7
C2
P2 = —as.

Therefore, the corresponding characteristic equation of system (3.2) is as follows.

s — oy —aze™T —age™ T
det =0. 3.3
_ﬁle—s‘r qu _ ﬁ2e—3‘r ( )
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Then it follows from Eq. (3.3) that
P1(s) +Pa(s) e + Py (s)e™>7 =0, (3-4)
where

Pi(s) = s11H92 — 522,
Pa(s) = —Pas? — azs® + o B,
Ps(s) = —azfitasfs.
We know that Eq. (3.4) can be written as the following form
P (S) e+ Py (S) +Ps (S) e °T=0. (35)

Assume that s = iw is one root of Eq. (3.5) where w > 0 and i denotes the
imaginary unit of a complex number. Substituting s into Eq. (3.5), we have

{(.A1 + As) coswt — (B — Bs) sinwr = — Ay, (3.6)

(By + Bs) coswt — (A1 — A3z) sinwt = —Ba,
where A;, B; are the real part and the imaginary part of P;(s) (I = 1 and 2),

respectively, which are shown as follows.

1+q2)m 2
Ay = wBT92 cog (@ +ae)r 1w cos %w,

2
s

B, = w2 gin M _ alqu sin q—;ﬂ',

s ™
As = —Bow? cos q17 — azw? cos % + a2,

T T
By = —fow? sin % — azw? sin q277
Az = —agf + asfa,
Bs = 0.

It follows from Eq. (3.6) that

BaBs — BBy + As Az — A1 Ay
(A% + B1?) — (As° + B3?)
AoBy + AgBs — Bo Ay — BaAs
(A* +B1?) — (As® + B5%)

COSWT =

- gl (U}) )
(3.7)

sinwrt =

== g2 (w)

Taking square on both sides of Eq. (3.7) and summing them up, we have
Gi(w) + G5 (w) = 1. (3.8)

The following assumption is addressed for ensuring the existence of the roots of
Eq. (3.8).

(H2) There exist positive roots for Eq. (3.8).

By the fact coswr = G (w) we easily have

1
0 = E[arccos Gi(w) +2In], 1=0,1,2,.... (3.9
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Define the bifurcation point

7o =min{r"}, 1=0,1,2,.... (3.10)
To obtain the bifurcation conditions, we elaborate the following useful hypoth-
esis.
MiN7 + MoN-
(m3) 2L TR g
NT + N3

where M; and N are described by Appendix A where [ = 1 and 2.

Lemma 3.1. Assume that s(7) = ~(7) + iw(7) is the root of Eq. (38.5) near
T = 710 satisfying v(170) = 0 and w(79) = wo. Then the transversality condition

Re[%} |(r=r0,w=wo) # 0 holds.
Proof. Differentiating both sides of Eq. (3.5) with respect to 7, we have

ds ds ds ds
!/ sT 77 ST ) !/ - ! —sT 7
P T 4 P (1 4 5) + ) 4 Py (o) e

d
+Ps(s)e” " (—78 — s) =0,
T

where P/(s) are the derivatives of P;(s) with [ = 1,2 and 3.

Therefore,
ds _ M(s)
- = 3.11
dr  N(s)’ (3.11)
where
M(s) = [(_a251 + a352) e 5T — (SQ1+¢Z2 _ a15q2) esr] s,
N(S) — [((h + qz) gite—1 _ oququ*l 4 ogntaz _ a15q2] ST
+ (=Boqrs™ 7! — azqas® ) — (—aafBy + asBy) Te .
It follows from Eq. (3.11) that
ds M1N1 + MQNQ
Re [E} | (r=r0 w=wn) = W, (3.12)

where M1, Ma, N7 and N5 are the real and imaginary parts of M(s), the real and
imaginary parts of N (s), respectively.

Clearly, the hypothesis (H3) shows that transversality condition holds. Thus,
we have proved Lemma 3.1. O

Next we further give the following hypotheses to establish the stability of system
(2.1) with 7 = 0.

(H4) a1 +az+ B2 <0,

(H5) asfy — a1 + 182 > 0.

Lemma 3.2. Assume that (H4)-(H5) hold. Then the positive equilibrium point
E*(x*,y*) of system (2.1) with 7 = 0 is asymptotically stable.

Proof. If 7 =0, then Eq. (3.4) turns to be

A — (a1 + as + B2) A+ @3By — aafi + a1 By = 0. (3.13)
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Since the assumptions (H4)-(H5) hold, by Routh-Hurwitz criteria we have that the
two roots of the above equation (3.13) have negative real parts. This completes the
proof. O

From the above results and notations, we can easily get the following conclusion.

Theorem 3.1. Assume that (H1)-(HS5) are satisfied, the following results are avail-
able for system (2.1).

(1) When 7 € [0,79), the positive equilibrium point E* of system (2.1) is asymp-
totically stable.

(2) When T = 19 system (2.1) undergoes a Hopf bifurcation at E*. Namely, sys-
tem (2.1) has a branch of periodic solutions bifurcating from the positive equilibrium
point E* near T = 1.

4. Stability and bifurcation of the controlled system

We know that various feedback controllers have been designed to control the Hopf
bifurcation of fractional-order systems recently, see, e.g., [11,20,25]. But the feed-
back controller has not been carried over into fractional-order Leslie-Gower model
with Holling type II functional response to meet the control of the Hopf bifurcation.
In this paper a time-delayed force m[y(t) — y(t — 7)] is introduced to the second
equation of system (2.1). Therefore, the delayed feedback control system can be
written as

D‘h.’I,‘(t) = (al - bll‘(t) - .’E(ctly—(i)——:)]i}l) Jf(t), (4 1)

coy(t —7)
D22qy(t) = _ t t) —y(t —
)= (a2 = 22D o0+ mlyte) — e - 7
where m stands for the feedback gain parameter.

Considering time delay 7 as a bifurcation parameter in the above system (4.1),
we discuss the conditions under which Hopf bifurcation occurs. Let u(t) = z(t) —z*
and v(t) = y(t) — y*, for system (4.1) we have

a(v(t—1)+y")
(u(t—7)+a*)+ k

Du(t) = <a1 — by (u(t) + 27) — > (ult) + %),

. . (4.2)
Then it gains from system (4.2) that the linearized form is
DU y(t) = aqu(t) + agv(t — 1) + agu(t — 1), (4.3)
D%y(t) = ru(t — 1) + Bov(t — 7) + mo(t) — mo(t — 1), )

where a1, ag, as, 51 and (2 are shown as Eq. (3.2).
Hence, the characteristic equation of system (4.3) is as follows.

st —ap —aze™ 7 —pe 57

det = 0. (4.4)
—p1e” 5T s —m+ (m — Ba) e 57
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It follows from Eq. (4.4) that
Qi1(s5) + Qa(s)e ™ + Qa(s)e” > =0, (4.5)
where

Ql(s) = gN1taz _ o0t _ Oélslh + may,
Qs(s) = s™ (m — f2) — azs?™ —may + mas + oy B,
Qs(s) = —mag — asfi + azfs.

Assume that C; and D; are the real and imaginary parts of Q;(s) for { = 1,2 and
3, respectively, which are given as follows.

Cy = wh T cos (th + q2>

q1 q2
T — mw? cos 577 — ajw? cos EW + maq,
. (Gt . Q1 . Q2
D = w2 sin [ =—2 | 7 — mw? sin—m — aqw® sin —,
2 2 2
q1 q2
Co = (m — B2) w? cos ST asw?? cos T man + masg + a1 52,

Dy = (m — B2) w sin %71 — asw? sin (]2—277,

Cs = —masz — a1 + azfo,
D3 = 0.

It follows from Eq. (4.5) that
Q1(s)e’™ + Qa(s) + Qs(s)e™*" = 0. (4.6)

Assumed that s = iw is one root of Eq. (4.6) and w > 0. According to Eq. (4.6)
we have

(C1 4 C3) coswt — (D1 — Ds3) sinwr = —Ca, (47
(D1 + Ds3) coswt — (C; — C3) sinwr = —Ds. '
According to the above equation, it is easy to get
DoD3 — D1 Dy + CoC3 — C1Co
coswT = 5 5 3 o = Hi(w),
(Cl +D1)*(C3 +D3) (4.8)
sinwr — CaD1 +CoD3 — Doy — Dol Ho (w) '
(€12 +Di?) — (C3% + Ds?)
From Eq. (4.8), we can easily have
H3(w) + Hi(w) = 1. (4.9)

Based on coswt = H;(w), we have

1
Ty = —larccos Hy(w) +2In], 1=0,1,2,.... (4.10)
w



Hopf bifurcation in the delayed fractional Leslie-Gower model 2563

To establish the fundamental results of this section, the following assumption is
beneficial.

(H6) Eq. (4.9) has at least one positive real root.

Now we define the following bifurcation point

m=min{r{})}, 1=0,1,2,.... (4.11)
To capture the bifurcation conditions, the following assumption is addressed.
XV + XVs
H7) ———— #0,
(H7) ERY #

where X; and ) are shown by Appendix B with [ = 1 and 2.

Lemma 4.1. Assume that s(t) = 6(7) + iw(7) is the root of FEq. (4.6) near
T = 71§ satisfying 0(75) = 0 and w(7l) = wo. Then the transversality condition
Re[dSN(T s o) 7 0 holds.

Proof. Differentiating Eq. (4.6) with respect to 7, we have

, d o [ d , d _.d
Q) (s) e di+gl() (de+s>+92(>ds+gg() ch-
—ST dS _
+Qs(s)e (Td7_5> =0,

where Q)(s) stands for the derivatives of Q;(s) with { =1,2 and 3.
Thus,

ds  X(s)
where
X(s) = (Q3(s)e™" — Qi (s)e™) s,
V(s) =91 (s) e+ Q1 (s) e’ + Qo' (s) 4+ Qs (s) e ™ — Q3 (s) e °".
It follows from (4.12) that
ds AN+ X)),
RG[E] |(T:TO*,w:w5) = W7 (4.13)

where X7, Xs, V1 and ) are the real and imaginary parts of X(s) and the real and
imaginary parts of )(s), respectively.
Hence, the transversality condition is true through the hypothesis (H7). Then
we have proved Lemma 4.1. O
Based on Lemma 3.1, Lemma 3.2 and Lemma 4.1, we establish the following
theorem.

Theorem 4.1. Assume that (H1) and (H4)-(H7) are met. Then the following
statements are true for system (4.1).

(1) When 7 € [0,75), the positive equilibrium point E* of system (4.1) is asymp-
totically stable.

(2) When T = 7§, system (4.1) undergoes a Hopf bifurcation at E*. Namely, sys-
tem (4.1) has a branch of periodic solutions bifurcating from the positive equilibrium
point E* near 7 = 717
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5. Numerical results

This section provides two numerical examples to demonstrate the effectiveness and
feasibility of our theoretical results.

5.1. Example 1

In this example we choose time delay as the bifurcation parameter to examine the
stability and bifurcation of system (2.1). For easy to compare, we consider system
(2.1) with a; = 1.5, by = 10, ¢; = 1.5, as = 0.5, ¢ = 1.5 and ks = 10, which is
from the literature [4]. Then system (2.1) becomes the following form.

DTy (t) = (1.5 — 102(t) — 15y(t_7)> (),

X (t — T) =+ kl
- (5.1)
D) = (0-5 - M) (o)

Obviously, the positive equilibrium point of system (5.1) is E* = (0.1,3.36). To
study the impact of time delay on the dynamic characteristics of system (5.1), we
should establish the bifurcation point. Then we set ¢; = 0.92 and ¢ = 0.95. It is
easy to find that the critical frequency wg and the bifurcation point 7y are 0.4838
and 3.4387, respectively. Besides, we can easily check that (H1)-(H5) are true.
According to Theorem 3.1, when 7 = 3 < 7y the positive equilibrium point E* is
asymptotically stable, as shown in Figs. 1-3. On the other hand, as 7 is increased
to pass 79, E* loses its stability and a Hopf bifurcation occurs. For instance, when
7 =4 > 73 the positive equilibrium point E* is unstable, which is shown in Figs. 4—
6. When ¢; = g2 = 1, system (5.1) turns to be the integer-order system. Then
we have wy = 0.4990 and 79 = 3.1398. Therefore, we can see that fractional-order
system can put off the onset of Hopf bifurcation and the stability interval of the
corresponding system can be amplified.

Next we will present the different effects of each order on bifurcation for system
(5.1). Here, we first set one order, and then we discuss the effects of the second
order on the bifurcation of system (5.1).

To be specific, we set go = 0.95 to discuss the effects of ¢; on bifurcation for
system (5.1). From Fig. 7 we observe that the bifurcation happens in advance when
q1 decreases.

Besides, to explore the impact of g2 on bifurcation for system (5.1) we set g1 =
0.92. As shown in Fig. 8 we see that the bifurcation takes place prematurely when
¢o increases.

In summary, Hopf bifurcation happens in advance for system (5.1) supposing
that ¢ is firstly fixed as ¢o increases. However, the changes of ¢; when ¢ is fixed
have little effect on the occurrence of Hopf bifurcation in advance.

5.2. Example 2

In this part, we will design a linear delayed feedback controller to delay the onset
of Hopf bifurcation of system (2.1). To better illustrate the effects of bifurcation
control through the above proposed controller, all parameters of the system are
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0 50 100 150 200 250 300

Figure 1. The positive equilibrium point E*
of system (5.1) is asymptotically stable with
initial values (0.5,0.5), ¢1 = 0.92, g2 = 0.95
and 7 = 3 < 19 = 3.4387.

02 03 04 05 06 07 08 09 1
(1)

Figure 3. The positive equilibrium point E*
of system (5.1) is asymptotically stable with
initial values (0.5,0.5), ¢1 = 0.92, g2 = 0.95
and 7 = 3 < 19 = 3.4387.

0 50 100 150 200 250 300

Figure 5. The positive equilibrium point E*
of system (5.1) is unstable and a periodic os-
cillation bifurcates from the positive equilib-
rium point E* with initial values (0.5,0.5),
q1 =0.92, go = 0.95 and 7 = 4 > 7o = 3.4387.

Figure 2. The positive equilibrium point E*
of system (5.1) is asymptotically stable with
initial values (0.5,0.5), ¢1 = 0.92, g2 = 0.95
and 7 = 3 < 19 = 3.4387.

12

1

Sos
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50 20

50 100 1
t

0 250 300

Figure 4. The positive equilibrium point E*
of system (5.1) is unstable and a periodic os-
cillation bifurcates from the positive equilib-
rium point E* with initial values (0.5,0.5),
g1 =0.92, go = 0.95 and T = 4 > 70 = 3.4387.

8 i
, i
s i
HS i
=
4 i
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H S ]

02 04 06 08 1 1.2 14
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Figure 6. The positive equilibrium point E*
of system (5.1) is unstable and a periodic os-
cillation bifurcates from the positive equilib-
rium point E* with initial values (0.5,0.5),
g1 = 0.92, go = 0.95 and 7 = 4 > 7 = 3.4387.

same as those in Example 1. That is, we consinder the following system.

DU x(t)

D%M0:<05—

1.5y (t —7) ) 2(8),

Gﬁ—muo—xu_ﬂ+h
1.5y (t —7)

z(t—7)+10

(5.2)
) y(t) + mly(t) — y(t — 7).
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Fractional order q, Fractional order q,

Figure 7. Illustration of bifurcation point 79 Figure 8. Illustration of bifurcation point 7o
versus the order ¢; for system (5.1) with g2 = versus the order g2 for system (5.1) with q; =
0.95. 0.92.

According to Example 1 we know that system (5.1) loses its stability and Hopf
bifurcation occurs if 7 > 3.4387. In the following, we will discuss the impact of
feedback gain m on the bifurcation for system (5.2). To control bifurcation of sys-
tem (5.2) and achieve desirable dynamic characteristics, we set the feedback gain
m = —0.1. Then we have the critical frequency wj = 0.3614 and the bifurcation
point 75 = 5.2428. As shown in Fig.9 we can see that the stability domain be-
comes smaller when the feedback gain m increases. Thus, the proposed system
is controlled, but the corresponding integer order one is not controlled under the
determined system parameters and feedback gain as shown in Figs. 10-11. Besides,
according to Figs. 12-13 we observe that the effects of bifurcation control are much
better when feedback gain decreases.

13 9
12 1
8
mp q
\\ ,
\ 4
10
© \ 6
£ 9 ]
8 gs
g ¢ 1 z
2 X4
S 7 ]
2
6 ] 3
~
5 ~__ B 2
T~
4 — 1 1

3
-02 -0.18 -0.16 -0.14 -0.12 -0.1 -0.08 -0.06 -0.04 -0.02 0O 0 100 200 300 400 500 600 700
Feedback gain m t

Figure 9. Illustration of bifurcation point 7
versus gain m for controlled system (5.2) with
q1 = 0.92 and g2 = 0.95. The bifurcation
points are gradually getting smaller and smaller
as feedback gain increases, which shows that
the Hopf bifurcation occurs in advance.

Figure 10. The positive equilibrium point of
controlled system (5.2) is unstable with initial
value (0.5,0.5), m = —0.1, 7 = 5.24, ¢; = 1
and g2 = 1.

6. Conclusion

We have discussed the dynamic characteristics of the delayed fractional Leslie-Gower
model with Holling type II functional response. We have firstly studied the stability
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0 100 200 300 400 500 600 700

Figure 11. Controlled system (5.2) converges Figure 12. The effect of bifurcation control for
to the positive equilibrium point with initial system (5.2) becomes better as feedback gain
value (0.5,0.5), m = —0.1, 7 = 5.24, ¢; = 0.92 decreases with initial value (0.5,0.5), g1 = 0.92,
and g2 = 0.95. g2 = 0.95, 7 = 5.24 and feedback gain m =

—0.2, m = —0.15, m = —0.08.

=

Figure 13. The effect of bifurcation control for system (5.2) becomes better as feedback gain decreases
with initial value (0.5,0.5), g1 = 0.92, g2 = 0.95, 7 = 5.24 and feedback gain m = —0.2, m = —0.15,
m = —0.08.

of the proposed Leslie-Gower model, and some sufficient conditions for the existence
of Hopf bifurcation are derived by means of analyzing the corresponding character-
istic equation. The results obtained show that time delay has a significant impact
on the stability. Furthermore, we have found that the onset of bifurcation can be
put off as the other order decreases when one order is fixed. Secondly, a delayed
feedback controller has been devised for system (2.1) to defer the Hopf bifurcation.
We find that the feedback gain is excellent for controlling the dynamical behaviors.
In addition, we can easily see that the obtained conditions of the control method
proposed in this paper are accurate, simple and apt to be verified. Some numer-
ical examples have been provided to confirm the validity and effectiveness of the
developed results.

Appendix A

Computation of the expressions M, My, N7 and N in Eq. (3.12)

M1 = wo |[(—a2p1 + azfa) + (quJqu cos (@ 5

+q2) 4 . 22 )] .
" - aw®cos ow | | sinwoo
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Appendix B

Computation of the expressions X, Xo, V4 and Vs in Eq. (4.13)

X = wo*{ [(—mag —agf1 + azfa) + (wq1+q2 coS <(]1';'QQ> T
— mw? cos %1” — ajw?® cos %QW + mal)] sinwo* 70"

. + ) '
+ {w(“Jqu sin <q12q2) T — muw? sin %ﬂ' — oqw? sin q;ﬂ] }7

XQ = wo*{ [(—mo& — Oé2ﬂl + a3l82) _ <wa+q2 coS (‘]1‘;%) -
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