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ANTI-PERIODIC SYNCHRONIZATION OF
CLIFFORD-VALUED NEUTRAL-TYPE
CELLULAR NEURAL NETWORKS WITH D
OPERATOR*

Jin Gao! and Lihua Dai?f

Abstract This paper explores a class of delayed Clifford-valued neutral-type
cellular neural networks with D operator. Considering that the multipli-
cation of Clifford algebras does not satisfy the commutativity, by applying
the non-decomposition method, Krasnoselskii’s Fixed Point Theorem and the
proof by contradiction, we obtain several sufficient conditions for the existence
and global exponential synchronization of anti-periodic solutions for Clifford-
valued neutral-type cellular neural networks with D operator. Finally, we give
one example to illustrate the feasibility and effectiveness of the main results.
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1. Introduction

The neural network model, which is a cellular neural network model, has attracted
the interest of many scholars and has been extensively researched in the past
decades. The dynamics for different types of cellular neural networks have been
discussed by many scholars, such as the existence, periodic properties, antiperiodic
properties and stability, and so on (see [7,18,27,28,31,33,40,43]). In recent years,
the existence and stability of periodic (and anti-periodic) solutions for cellular neu-
ral networks have been discussed by some authors (see [13,19, 20,34, 45]).

Due to the limit for the switching speed of neurons and amplifiers, time-delay
factors are generated in the implementation of neural networks and are inevitable.
Because of this fact, in many practical applications for delayed neural networks
model, neutral-type neural networks can be described as non-operator-based neutral
neural networks and D-operator-based neutral neural networks. However, through
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the comparison between the non-operator-based neutral model and D-operator-
based neutral model, we can get that the neutral model with D operator has more
general significance than non-operator-based ones, and there are many good results
for neutral-type neural networks with D operator (see [1-3,8,10,14-17, 35, 36, 38,
39,44)).

A new multidimensional neural networks model, which is Clifford-valued neu-
ral networks, represents a generalization of the real-valued, complex-valued, and
quaternion-valued neural networks. We know that the multiplication of Clifford
algebras does not satisfy the commutativity, it does not need to decompose the
Clifford-valued neural networks into real-valued neural networks, thus reducing the
complexity of the calculation. Recently, the theoretical and applied research of the
Clifford-valued neural networks model has become a hot and new topic. A great
number of research results have been made by many scholars (see [4,9,21-23, 29,
30,42]).

As well known, anti-periodic synchronization, which is an important dynamic
property for differential equations, has played a key role in network control. In re-
cent years, the synchronization for neural networks model has become a new topic
and is received many scholars’ favor. There’s been a lot of research such as exponen-
tial synchronization, almost periodic synchronization, anti-periodic synchronization,
and so on (see [5,11,12,24-26,32,37,41]).

With the inspiration from the previous research, to fill the gap in the research
field of delayed Clifford-valued neutral-type cellular neural networks with D oper-
ator, the work of this article comes from three main motivations. (1) Recently,
neutral-type neural networks with D operator have been discussed by some au-
thors, but there is little research about Clifford-valued neutral-type cellular neu-
ral networks with D operator. (2) Some authors have discussed the anti-periodic
synchronization for neural networks with delays. However, there has been no pa-
per about the anti-periodic synchronization for Clifford-valued cellular neural net-
works. (3) Up to now, in practical applications for neural networks, there has
been no paper about the anti-periodic synchronization for delayed Clifford-valued
neutral-type cellular neural networks with D operator. Therefore, we will study the
anti-periodic synchronization of delayed Clifford-valued neutral-type cellular neural
networks with D operator in this paper by using the non-decomposition method,
Krasnoselskii’s Fixed Point Theorem, and the proof by contradiction.

Compared with the previous kinds of literature, the main contributions of this
paper are listed as follows. (1) Firstly, to the best of our knowledge, the introduction
of the delayed Clifford-valued neutral-type cellular neural networks with D operator.
(2) Secondly, this is the first time to study the anti-periodic synchronization for
Clifford-valued neutral-type cellular neural networks with D operator. (3) Thirdly,
to avoid the complexity of the calculation, without separating the Clifford-valued
neural networks into real-valued neural networks. (4) Fourthly, our method in this
paper can be used to discuss the synchronization for other types of Clifford-valued
systems with D operator. (5) Finally, we give one example to verify the effectiveness
of the conclusion.

Notations: R denotes the set of real numbers, R} = [0, +00) denotes the set of
non-negative real numbers, A denotes the set of Clifford numbers, A™ denotes the
set of n dimensional Clifford numbers, ||-||.4 represents the vector Clifford norm. For
A1

r=> 2%, € A, we define ||z]| 4 = mlelx{ | x and for x = (21,72, ,2,)T €
A
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A", we define ||z]| 4» = max {H%HA} Moreover,
1<i<n

T 1222 [%)I,lj] ri(t),r" = max. [s(,)ui)] ri(t),
~ = min inf ¢;(t),ct = (¢

c 121;1” [glw] ci(t), c 1211;2(“ [SE)UB ci(t),
+_ B _ |

o" = 23y, e @lla T = pmax IOl

+ — - + = -
b = max Ibij(t)lla,d” = max lldi;(t)]l4.
Above all, we will study the solutions of Clifford-valued neutral-type cellular
neural networks with delays and D operator:

[2:(t) = ri(t)wi(t — (1))

= —ci(t)ei(t) + 3 aig(6)f; (25(6)) + 3 bis (t)g; (5t = 75(1)))

j=1

+Zdij(t) /O+Oo kU(G)hJ(x](t—9))d9+11(t), (1.1)

wherei =1,2,--- ,n, z;(t) € Ais the state vector of the ith unit at time ¢, ¢;(¢) > 0
represents the rate with which the ¢th unit will reset its potential to the resting state
in isolation when disconnected from the network and external inputs, a;;, b;;,d;; € A
denote the strength of connectivity, the activation functions f;, g;, h; € A show how
the jth neuron reacts to input, delay factors satisfy that 7;(t),~i;(t) € Ry, k;;(0)
corresponds to the transmission delay kernel, I; € A denotes the ith component of
an external input source introduced from outside the network to the unit 7 at time
t, r;(t) is a continuous function with respect to t.
The initial value of system (1.1) is the following

-rz<5) = Qpi(s)’ s € [_77’0]’ (12)

where cpi(s)EC([—n,OLA),i:l,Z-~- ,n,n:max{7,7}77'= max { sup Ti(t)},

1<isn L ye(o,w)
7= s s w0}

This paper is organized as follows: In Section 2, we introduce some definitions
and preliminary lemmas. In Section 3, we establish some sufficient conditions for the
existence anti-periodic solutions of system (1.1), global exponential synchronization
for system (1.1) and system (3.5). In Section 4, some numerical examples are
provided to verify the effectiveness of the theoretical results. Finally, we draw a
conclusion in Section 5.

2. Preliminaries

The real Clifford algebra over R™ is defined as

.Az{ Z uAeA,uAER},

Ae{l1,2,---,m}
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where eq4 = ep, ---ep, with A = {hy---h,}, 1 hi < hy < -+ < h, < m
and 1 < v < m. Moreover, eg = ey = 1 and ep,h = 1,2,--- ;m are said to be
Clifford generators and satisfy 612) =-1,p=12---,m, and eyeq + eqe, = 0,
p#qpq=12-- m Let Q={0,1,2,...., A4, ...,12- - -m}, then it is easy to see
that A = {3, ues,u? € R}, where 3, is short for > acq and dim A = 2",

To study the existence of ¢-anti-periodic solution of system (1.1), we need the
following assumptions:

<
h

(Hy) Fori,j=1,2,---,n,w >0, r;c¢, 7,75 : R = Ry are §-periodic, agj, bi;, dij,
fir9i by i R = A, and ag;(t+ 5) f5(u) = —ai(8) f;(—w), bij(t+ F)g;(u) =
—bij(t)gj(—u), dij(t + 5)hj(v) = —dij(O)h;(—w),Li(t + F) = —Li(t).

(Hz) For j =1,2,--- ,n, there exist positive constants Ly, Ly, Lj, such that
1£5(uw) = f5(v

)
llgj(u) — g;(v)
17 (u) = hj(v)[la < Lnllu = vl|.a-

la < Lyllu—v| a4,
la < Lyllu— vl 4,

(H3) There exist positive constants r+, ¢, My, My, M), such that

“+o0
0<T+<1, / kw(ﬁ)dﬁgg,
0
[ fj(u)lla < My, |lgj(u)lla < Mg, [[hj(u)lla < Mp.

Lemma 2.1 (Krasnoselskii’s Fixed Point Theorem [6]). Let E be a closed convex
and nonempty subset of a Banach space X. Let ®, U be the operators such that

(1) @z + Ty € E for every pair x,y € E;

(it) @ is compact and continuous;

(#i1) ¥ is a contraction mapping.

Then there exists x € E such that ®x + Vx =z .
Definition 2.1. A continuous function x = (xl,xg e ,xn)T : [0, 400] = A" is
said to be a solution of system (1.1), if

(Z) .1?1(8) = @1(5)7 for s € [_7770]7 pi € C([_n70]a-’4)7 1= 1727' 5,1

(#4) x(t) satisfies system (1.1) for t > 0.

Definition 2.2. A solution x of system (1.1) is said to be %-anti-periodic solution
of system (1.1), if there exists w > 0 such that

x(t + %) = —z(t).

3. Main results

In this section, we will investigate the existence and global exponential synchro-
nization of anti-periodic solutions of delayed Clifford-valued neutral-type cellular
neural networks with D operator (1.1), based on the non-decomposition method,
Krasnoselskii’s Fixed Point Theorem, the proof by contradiction.
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Denote

X = {ac c C([Qw],A”) Lzt + %’) = —a(t)te R}

be a Banach spaces equipped with the norm

lzlle = mev Jl(8)[]an-

Let F C Xis a closed subset, £ = {;1: ca(t) € O(R,A"), z(t+%) = —x(t), ||z|lx <

13 }, where

1 ” . -
&= = [cr+ +ctrt + Za+Lf + Zb+Lg + ZtﬁLhC] Ea

j=1 j=1 j=1
1 n n n
+— {Z atMp+ > 0T M+ Y dY M+ I} :
j=1 j=1 j=1
and
ot o= max {2 (0)] .

Theorem 3.1. Assume that assumptions (Hy)-(Hs) hold. Then system (1.1) has
at least an % -anti-periodic solution.

Proof. Let u;(t) = x;(t) — ri(t)x;(t — 7:(t)) € A, then x;(t) = u;(t) + ri(t)x; (t —
7;(t)) and system (1.1) can be described as following differential equations

wi(t) = —ci(t)ui(t) — ci(t)ri(t)z;(t — 7(t)) + Z aij(t) £ (x;(t))
=1

n

+ Z bij (t)g; (25 (t — 7i5(1))) + Z dij(t)

+oo !
y / ey () (2t — 6))d6 + T,(2), (3.1)
0

where i =1,2,--- ,n.
It is well known that an §-anti-periodic solution of system (3.1) is equivalent to
find an §-anti-periodic solution of the integral equation

t+% efts Ci(.u)d.u
wlt = [ ol - o)
t 1 + efo® cilpw)du

+ Z aij(s)fj(z;(s)) + Z bij(s)g; (5 (s =i (s)))
J; . J=
+ Z di]‘(S) /0 k‘ij (9)]7,] (xj(s - 9))d9 + Il(s)} dS7 (32)

that is,

s ewdn
£ilt) = ri(t)a(t — (1)) + / - [— ci(s)

1 + er% ci(p)dp
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xri(s)zi(s — 7i(s)) + > aij(s)f5(5(5)) + D bij(s)
j=1 j=1
n +00
ng(fﬂj(s—’)/ij(S))) +Zd”(8)/ k”(G)hj(x](s—0))d0+[z(s)] dS,
=1 0

where i =1,2,---,
Let ECXis a closed subset, = {x cx(t) eC(R, A™), z(H5) = —x(1), Hx||X§§},
we define one mapping T=® + ¥ as follows

n.

(T2)(t) = (@ + Wa) (1), -, (®z + W), (1),
where (®x + Vz);(t) € A,

efts ci(p)dp

[ — ci(s)ri(s)ails — mi(s))

—~
B
8
=
S
—~
~
=
Il
—
i
NI

_M—u
+zn;am ) fi(25(s)) + szg $)g; (x5 (s — 7i5(s)))
+ z"; dij(s) /;Oo kij(0)hj (x;(s — 0))do + I;(s) | ds, (3.3)
and
(Tx);(t) = ri(t)xi (t — 7(1)). (3.4)

Steep 1: For any = € F and t > 0, by (H;), from (3.3) and (3.4), we have that

/t+§+g iy cimdn

E):

(Px)(t + 5

|~ alor(s)ails - nls)

" 1+ elo? eilmdn

+Zaw s)fi(;(s)) + Z%‘(S)gj (25(s = i3 (s)))

o0
3 diy(s) /O i (0 (5 (s — 9))d9—|—1¢(s)]ds

j=

t+3 S ei(p)d

-/ _M[_Ci(wg)n(wg)
(o =nloe )+ Sl s)
(oo 5)) St )

oo+ %< >>> §< B
o)
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- G [cxu)n(u)xi(u )

1+ efo ci(p)dp

n

- Z aij() £ (2 (V) = bij(w)gi (25 (v — 7i; (1))
j=1

_ ;dw(l/) -/0 klj(e)hj (ZL']‘(I/ — 9))d9 — 11(1/) dv
—(Px)i(t),

and
(Wa)ilt +5) = rilt+ 5)walt + 5 —7ilt + 5))
= —7“1( )z 1(t+7'z( ))
—(Wa)i(t),
which show that (T'z)(t) is §-anti-periodic.

Steep 2: We show that ||®z + Px|x < ¢ Forany z € E, i = 1,2,---
have

, N, We

(@2 +Wa)()Lan = max {[|(@ +Wa)i(t) .4}

eJi ci(wdu

i+

= max
1<i<n

<[ s +Zam (s

1+ efoﬂ ci(p)dp

+ Y bi(9)g; (w5 (s — i (5))) + Z dij(s
j=1

x /;OO kij (0)h; (z(s — 6))d6 + Ii(s)] ds A}

s o f ci(w)dp
max {rﬂm(t —nlat [
t

1<i<n 14+ efoi ci(p)dp

[ (s — 7o(s) ||A+Z||a” LAl (z5(5))

IN

—f;(0 ||A+Z||aw ($)ll.all £5(0 ||A+Z”bm )l.a

x|lgj (;(s = i5(s))) — g5 (0 HAJrZwa A
—+oo

<lg;(0 ||A+Z||d” M [ k@)l (5= )

“+oo
HAd9+ZIIdu IIA/0 kij (0) 117 (0)]] adf + [[1i(s)]|.4 | ds

}
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t+% efts ci(p)dp
< max < rH||zil|a + / ———c"r?
t 1+ efo2 ci(p)dp

1<i<n

n n
x [nxinA S Lfgla S Lyl L

Jj=1 Jj=1

+oo n
+Zd+Lh||x]||A/ kij(0)d0 + > at My

Jj=1 Jj=1

n 400
+Zb+MQ+Zd+Mh/ ki;(6)do + ||I¢(s)||A} ds}
j=1 j=1 0

1 S - -
< = {c‘r"r +ctrt + Za"’Lf + Zb+L9 + Zd+LhC:| A

¢ j=1 j=1 =1
1 n n n
= + + +
+— [Za My+3 6" My+3 d MhC+I]
j=1 j=1 j=1
<é&.
Hence, we have ®x + Uz € F.
Steep 3: We show WV is a contraction mapping. Forany x, 2* € E,i=1,2,--- ,n,
we have
[Pz — Uz*||x = max |[(Tz — V™) (t)]| an
te[0,w]
_ )i — (W2");)(0)]a }
e max {1((W)i — ("):)(0)].
= max max {[ra(t)ai(t = 7i() — ra(0)d (¢ = 7(0) |4}
<l — a2k,
where ;" € (0,1). Thus, ¥ is a contraction mapping.

Steep 4: We show & is compact and continuous. First, we shall show & is
continuous. Let {zx} € E be a convergent sequence of functions such that x(t) —
x(t) as k — oo. Since E is closed, then x € E. for t € [0, %], we have that

(@) () — (@) (D)l = max max {[(@re):(t) — (2)i(t)]4}

/twg W[()( ) (@n)i(s - 7i(s))

14+ eff ci(p)dp

+Zaw (5).f5 (1) +wa $)9; ((x1);(s — i (5)))

= max max
tel0,w] 1<i<n

+ Z dij(s) /O N kij (0)h; ((ax);(s — 0))do + Iz‘(S)} ds

t+g eli cilm)dp
_/ =% { —ci(s)ri(s)zi(s — 7i(s))
t

]_ + €f02 Ci(/‘)d,“'

+Z% s)fj (5 (s +wa $)g; (x5 (s = 7i5(5)))
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“+0o0
+ Z dij(s) / kij (0)h; (z;(s — 0))do + Ii(s)} ds
0

j=1 A}

t+4 eff ci(pn)dp
< max max {/ W[C+7‘+H( k)i(s —7i(s))
t

te[0,w] 1<i<n 1 + efo” cilw)dp

—zi(s — 7i(s)) H +Za+LfH xg);(s) —x;( )HA

38 L)y o = s (6) = 25— 2500
j=1

A

+j§_:1d+L”<H(xk)j(S —0) (s - H)HA} ds}

1 n n n
< —|etpt +L btrL dtL — .
< Lforr e Soat e vt + S nad] o - ol

Jj=1 Jj=1 Jj=1

Since xy(t) — z(t) as k — oo, thus klim lxx — z||x = 0, that is
—00

Jim [(Ba)(t) — (B2)(1) | = 0.

Therefore @z is continuous.
Second, we show ® is compact. On the one hand, we prove the family of functions
{®zx : z € E} is uniformly bounded. From (3.3), we can get

l@allx = max max {[(@2):(t)]4}

tel0,w] 1<i<n

/tt+“ _M { —¢;(8)ri(s)xi(s — 7i(s))

te[0,w] 1sisn 1+ ef02 ci(p)dp

= Imax max {
+z% (8)fi(25(5)) + > bij(s)g (w(s — 7i5(s)))
j=1
+oo
+j§_jldij<s>/0 iy (O)h; (s — 0))d6 + I(s >]d A}

t+4 eff ci(p)dp
< max max { [ [m*nxi(s ()l
t

te[0,w] 1<i<n 1+ eJo? ci(w)du

+3 atLyllzi(s)la+ Y b Lyllai (s — i5(5))) 1l

j=1 j=1
+ A LiCllay(s = 0)|a+ D _a My + ) 0t M,
j=1 j=1 j=1

+ Zn:d+MhC + |Ii(5)||,4] ds}

j=1
1

< —letrt L b L d"L
_[+g EOSOED T
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+ci_ {Zaﬂwf +Y b M+ dT ML+ I}.

Jj=1 Jj=1 Jj=1

On the other hand, we prove ® is equicontinuous on [0, ¥]. For t1,t2 € [0, 5], € E,
we obtain

[(@2)(0) — (@2)(t2)]lx = max {[|(@2)ilt) — (@2)i(t2)]la }

o [ [T T et - n(s)
T

1<i<n 14 efo ci(u)dp

+Z aij(s)f; (i(s)) + Zbij(s)gj ((s = i5(s)))
+ Z d”(s) /0 h ku((g)hj (.’I?j (8 — 9))d9 + Ii(S):l ds

tat+ oIy ciwdn
S [ ~e(s)ra(s)a(s — mi(s))
ta

1+ efo® cilwdn

Z“w s)f(;(s)) + Zbij(s)gj (25(s — i (s)))

“+oo
+ Z dij(s) /0 kij((g)hj (.’L‘j (8 — 9))d9 + Ii(S):| ds

J

j=1
{/“5 < AR o ey )
< max - _ _
t=i=n Lo 14 elo” cilwdn 1 4 efo? cilwdn

X [c*rJr

+ Z b+LgHCCj(S - ’Y@'(S))HA + Z d+Lh<
Jj=1 j=1

‘ZE(S — Ti(S))HA + En:aJrLfoj(s)HA

n

xij(s - O)HA + Z(ﬁMf + Zb+M9

j=1 j=1

Fji:ﬁMhC*HIi(S)HA}dS}

Jj=1

+ n n n
< 62“’{ [c+r+ +3 Ly + 3 0L, + dehg}g
j=1 j=1 j=1
+[§:a+bq—+§:b+A@+—§:d+N&C+I}}~tl—tgy

j=1 j=1 j=1
Therefore, by Lemma 2.1, system (1.1) has at least an 4-anti-periodic solution.
The proof is completed. O

Remark 3.1. In this paper, we show that system (1.1) has an %-anti-periodic so-
lution by applying the different way as that in Theorem 3.1 of [11,26], namely, by
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applying the non-decomposition method and Krasnoselskii’s Fixed Point Theorem.
Compared with Banach fixed point theorem, our proof process of proving the exis-
tence of anti-periodic solutions by applying Krasnoselskii’s Fixed Point Theorem is
very complicated.

Next, to investigate drive-response synchronization, we will consider the neural
network system (1.1) as the drive system, and the response system is given by

lyi(t) = ri(t)yi(t — (1))

)+ aig ()£ (i (0) + D bij (£)g (ws(t = 7i (1))

j=1 j=1

+ z": d;;(¢) /0%0 kij (0)h; (y;(t — 0))dO + I;(t) + &(2), (3.5)

where i = 1,2,--- ,n, y;(t) : R — A denotes the state of the response system,
gi(t) € A is a state-feedback controller, other notations are the same as those in
system (1.1).

System (3.5) is supplemented with initial values given by

yi(s) = ¥i(s), s € [-n,0],

where 1); GC([—n,O],A),i: 1,2,---,n.

To realize synchronization between (1.1) and (3.5), the controller ¢; is designed

as
eilt) = —ou(D)zi(t) + > vis (D9 (2(1) + ZMU )pi(z;(t — ij(t))),  (3.6)
j=1
where i =1,2,--- ,n, 05,055 : R — Ry, v45, 4z, 95, pj € A.

We are now in a position to discuss the problem of systems (1.1) and (3.5). Let
i =Y — x4y, 1=1,2,...,n, Z;i(t) = z;(t) — ri(¢)z(t — 7;(t)), then the error system
is given by

Z;(t) —cit )+ Zau (f7 y] )) = fj <x7(t)))

+ Z bi; (1) (9] (y] (t — i (t))) gj (xj (t — i (t))))
n 1o
#3040 [ k) (s~ 0)) = s (¢ - ) )

—oi(t)zi(t) + Z vij(£)0;(25(t)) + Z pij () pj (25 (t — ij(t))). (3.7)

System (3.7) is supplemented with initial values given by

zi(s) = ¥i(s) — wi(s), s € [-n,0]. (3.8)
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Definition 3.1. The drive system (1.1) and the response system (3.5) are said to
be globally exponentially synchronized, if there exist constants A > 0 and M > 0
such that

ly — @llx < Ml — ¢lxe™, vt >0,
where z = (21,72, -+ ,2,)T is a solution of system (1.1) with the initial value
p= (gol, P, ,gan)T and y = (yl, Yo, ,yn)T is a solution of system (3.5) with
the initial value o = (b1, P, -+ , ) -
Theorem 3.2. Assume that (Hy)-(Hs) hold. If the following conditions are satis-
fied:

(Hy) For i,j5 = 1,2,---,n, 0,(t),a;;(t) € CR,Ry), v4j, 1ij,95,p; € A, there

exists positive constant w such that o;(t + %) = oi(t), i (t + %) = ay;(t),

vij(t + 5)0;5(u) = v ()0 (—u), pij(t + F)pi(w) = —pij(t)p;(—u).
(Hs) For j =1,2,---,n, 9;(0) = p;(0) = 0, there exist positive constants Ly and
L, such that

195 (u) = 95 (v)lla < Loflu = v,
llpj () = pi(W)lla < Lyllu = v]| a-

(Hg) There exist positive constants A and § such that

+oo
1—r+el >0, / kij(0)erdo < 6,
0

and
1 n
0< ————|(ct Fyrter atL
T LGRS AR
n n n
+ b LM+ dTLys+ Y vTLy
j=1 j=1 j=1
. 1
+ Ao
+D_ntLye }1_#6” <L
j=1
where
+
= St
vt = mas Js(0)]a
- . . ) + _ )
o = min [})r}uf)} oi(t),o Jax [SOqu)] o;(t),
+ = . - -
= s (Ol = max { o o

Then the drive system (1.1) and the response system (3.5) are globally exponentially
synchronized.

Proof. Let Z;(t) = z;(t) — ri(t)z;(t — 7;(t)), we have that

Mlzi()lla = e Mzit) = rit)zi(t — (1) + ri(O)zi(t = 7i(t))]|a
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< eM|zi(t) = ri(t)zit — mi())]la + rF e eN|zi(8)] 4
Hence, we have

At
e Zi(t)]|
eAt”Zi(t)”.A < ﬁ.

By (Hﬁ)a let

M:=(c+07) |:(C+ +ot)rte + Za+Lf

Jj=1

+ zn: b LyeM + zn: dT Ly + zn: v Ly
j=1 j=1 j=1

n -1
S S e,

j=1
then

1 1

M - C_—i—ia'_ |:(CJr + O'+)T+6)\T + ZG+LJC
j*l

+ ZHL eM 4 Zd*Lha + Z vt Ly
j=1
N 1
Z +L 6/\ :| T+e)\‘r

1 .
< [ e e
j=1

+ f: bt Ly + f: d*Lpé + i vt Ly
Jj=1 j=1 j=1

~ 1
+ A
+j;” Lpe ]Hw

From (3.7), For i = 1,2--- ,n, we can have that
Zi(t) = Z;(0)e~ Jo(e(©+en(@)ae /0 = f:(ci@)m(s))ds{ (ci(s)
Foils))rils)zils —mils) + Za” ) (43 05()) = £ (a5(5)))
+wa ) (93 (s = 715(5D)) = 93 (35 = 55(9))) )
+; dij(t)/o ki;(0) (hj (y;(t —0)) — hj(a;(t — 9)))d9

—|—Zl/ij(8)19 —i—ZM” $)p;(z;(s Oéij(S)))} ds.
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When t € [—n,0], it is easy to see that there exist two constants ¢ > 0 and M > 1
such

1Z:(0)]|a < l|Pllx + €

and
120l = masx {IZ0lLa} < MUl + e,
that is,
M Y
l2@®)llx < T— 357 (I0llx + €)e™™,

where ||¢|lx = ||¢ — ¢|lx. We claim that
1Z(t)|lx < M(||$]lx + e)e™, ¢ € [0, +00). (3.9)

If it is not true, then there must be some ¢ > 0 such that
1Z(@)llx = max ux {1 Z:( Dlla} = M(|lo]lx + e)e™ (3.10)

and
1Z(®)llx < M(l|¢]lx + €)™, t e [-n,1).

Hence, we have

AGIVES HZZ-(O)e— Jites©+ou©)de | / fe— Jiei(©)+oi(€))de [ ~ (eils)
0
i(s))ra(s)zils - +Zam (53 (9) = i (25(9)))
+me ) (93 (3 (s = 23(5)) = 3 (255 = 75(5))) )

+ Z dij(t) /0 kij () (hj (4 (t = 0)) = hy(; (¢ — 9)))d9

A

+Zl/ij(3) +Z/“L” s)p;(zi(s aij(s))):|d8

< (1 Z5(0) || ge— Jates(©+au(de / o (O (©)de {((ﬁ +ob)
0

A

xrt|zi(s — 75(s))||la + i ”aij(S)H_AH (fj (v;(s)) = f; (xj(s))) H
+ Zi: Hbij(S)HAH <9j (Wi (s = ij(s))) — g (a5(s — %j(s)))) HA

+Z||dm Mt [ s (s st = 0) = s 0 - ) | 0

+Z||Vu )lall?;(z;(s HA+ZHMW )lallp; (2 (s aij(S)))A}dS
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A P
< (lollx+ 9™ Mg+ [ e @O
0

j=1

X [(c+ + oM )rter + Z at L+ Z b Lye + Z dt Lo

=1 =1
n n 67)\8
§ + § : + A
+ 14 L19 + 1% Lpe :| st
i=1 i=1

1

N e(/\fc_ —o7)i
< Mol + e e |

M

xe M + Zn: at Ly + Zn: bt Ly + Zn: d*Lpé + Zn: vtLy
j=1 j=1 j=1 j=1

S L
P

1 —rterr
=1

1

[ + +

M c‘—i—o_—)\[(c +o7)

xrter £ T L+ b LM+ dYLys+ ) vTLy
j=1 j=1

j=1 j=1
- 1
+L Ao
+ E phLye }1 )

< M(”¢|X+E)6)\f{e(/\c_a_)£( 1

1
j=1

— pteXT

xe 7 + Zn: atLy+ Zn: b Lyer + Zn: dTLys + zn: vt Ly
j=1 j=1 j=1 j=1

= 1
+ Z M+LP€)\OL:| }

, 1—rter
=1
; 1
SMmmx+aeM{f+ﬁ-_Aﬂﬁ+oﬂr%”
+> at L+ ) b LM+ dTLy+ Y vTLy
j=1 j=1 j=1 j=1

i 1
+L A
M

‘ — rteAT
j=1

< M(|[¢]lx + e)e™.
Hence,

1Z(@) 1% < M(llgllx + e)e ™,
which contradicts the equality (3.10), and so (3.9) holds. Letting ¢ — 0, then
1Z(®)llx < M||d]lxe™™,
that is,

M
lo(e)lx < —

e llglle ™,
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where
8llx = Il — el
Therefore, the drive system (1.1) and the response system (3.5) are globally
exponentially synchronized. The proof is complete. O

Remark 3.2. Compared with Theorem 3.2 of [11], we show the synchronization
of anti-periodic solutions for system (1.1) by applying the same way. Unlike the
method in literature [12], we gain the synchronization of anti-periodic solutions for
system (1.1) by applying the proof by contradiction.

4. Illustrative example

In this section, we give one example to illustrate the feasibility and effectiveness of
main results.

Example 4.1. Consider the following delayed Clifford-valued neutral-type cellular
neural networks with two neurons as the drive system:

[2:(t) = ri(t)wi(t — (1))
= —ci(t)wi(t) + Z aij(t) f (;(t)) + Z bij (t)g; (2 (t — 7i5(t)))

+ Xn: di; (1) /O+oo kij(0)h; (2 (t — 6))do + I;(t). (4.1)

The corresponding response system is given by
lyi(t) = ri(t)yi(t — (1))
n

= —ci()yi(t) + Z ai; () f5 (y; (1)) + Z bij ()5 (y; (t — 75 (1))

Jj=1

n 400
j=1 0
and the controller is as follows:

ei(t) = —oi(D)zi(t) + Y vij(1)9;(z (1))
j=1

+ 3 ig (00 (z(t = s (1)), (4.3)
j=1

where n =m =2, i=1,2, ¢;(t) = 3.2 + 0.1sin2¢, c2(t) = 3.5+ 0.3sin2¢, r;(¢) =
5 4 15sin2t, Ti(t) = & + f£sin2t, vi; = {5 + $£sin2t, a; = 15 + 35sin2t,
o1(t) = 1.5+ 0.2sin 2, 02(t) = 1.3+ 0.1sin2¢, k;;(0) = ¢ °7 and

a11 = 0.13egsint + 0.2e; sint + 0.15eg sint + 0.16e12 sin ¢,

a12 = 0.2egsint 4+ 0.12e; sint 4+ 0.14eg sint + 0.18e15 sin ¢,

as1 = 0.2egsint 4+ 0.2eq sint + 0.11ea sint + 0.13e15 sin ¢,
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age = 0.14eg sint + 0.15eq sint + 0.17es sint + 0.3e12 sin ¢,
b11 = 0.11legsint + 0.14e sint + 0.17eq sint + 0.2e15 sin ¢,
b1 = 0.22¢gsint + 0.15eq sint + 0.2es sint + 0.1eyo sint,
bo1 = 0.21egsint + 0.3ey sint + 0.15e5 sint + 0.17eqo sin t,
bao = 0.2egsint 4 0.18¢1 sint + 0.16eg sint + 0.14e15 sint,
di1 = 0.12egsint + 0.14eq sint + 0.15eo sint + 0.2e15 sin ¢,
dio = 0.2egsint 4+ 0.13eq sint 4+ 0.16eg sint + 0.18e15 sin t,
do1 = 0.21egsint + 0.2e1 sint 4+ 0.15eg sint + 0.14e1o sint,
dao = 0.2egsint 4 0.15e1 sint + 0.18es sint + 0.13e15 sin ¢,
v11 = 0.15¢egsint + 0.16€e1 sint + 0.2e5 sint + 0.2e15 sin ¢,
v1o = 0.13egsint + 0.14e1 sint + 0.18ey sint + 0.21eq5 sin ¢,
vo1 = 0.21egsint + 0.12e1 sint 4 0.2egsint + 0.11eq12 sint,
Voo = 0.12¢gsint + 0.2e1 sint + 0.13e2 sint + 0.15e15 sin t,
w11 = 0.15egsint + 0.17ey sint 4 0.18eg sint + 0.2e15 sin ¢,
w12 = 0.22egsint + 0.13e; sint 4 0.14eqsint 4+ 0.17e12 sin ¢,
o1 = 0.18egsint + 0.19e; sint + 0.2eg sint + 0.18e12 sin ¢,
oo = 0.2egsint + 0.22e; sint + 0.15e5 sint + 0.18e15 sin ¢,
I; = 0.3egsint + 0.2eq sint + 0.2eg sint 4+ 0.1eqg sin t,

_ L .9 Lo s 2 [T
f] =5 SInT;eq + 25 siInr;e; + 25 sinr;es + 25 sinx;~eq2,
g; = i sinxoeo + i sinxl-el + i Sinx2-62 + i Sin£E1-2612,
30 J 30 J 30 J 30 J
1 1 1
h; = — sina%eg + — sina! ina2es + — sinziZe;s,
j 4051119%60—}—4051nm]61—|—4051nxj62+40s1nxj €12
1 1 1
¥ = 5 SiDZ?@O + gisinz}el + I sinzjzeg + = sin 2}2612,

1
s 2 12
Sin 2ieg + ——=sin z:“eq2.
50 J

1 1.
Pi —smzjeo—&——zsmzjel—i- 50 3

- 50 50
Let A = 0.5, and by calculating, we have

1
¢ =31 " =38 rt=2 o =12 ot =17,

at =03, bt =0.21, dt =0.22, vT =021, put =022,

1 1 1 1 1
Li=—, Ly=—,. Lj=—, Ly=—, L,=——, w=2
F=ag T3 PhTqy T as e T pp YT
1—rtel ~0.7862 > 0,
and
1 n n n
+ )t AT + +7 A +
0<C+J_>\{(C +o)rte —|—jE:1a Lf—l—jE:lb Lge '7_|_j§:1d Lpd

n n
1
+ + A
+§ Lg+;u Lye L—rw

~ 04221 < 1,
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It is not difficult to verify that all conditions (H;)-(Hg) are satisfied. Therefore,
by Theorem 3.1, from Figures 1-4, we have that system (4.1) has a unique =-
anti-periodic solution, which is globally exponentially stable. From Figures 5-8,
we have that system (4.2) has a unique m-anti-periodic solution, which is globally
exponentially stable.

When applying a nonlinear controller (4.3), Theorem 3.2 implies that system
(4.1) and system (4.2) are globally exponentially synchronized, namely, from Fig-
ures 9, we can see the drive and response system can reach globally exponentially
synchronized.

0.4

Q)

———x0

0.4 L L L L
0 5 10 15 20 25

Figure 1. Transient states of the solutions z0,i=1,2.

i

=1,2.

xc(l).\

[
02| R

-0.4

Figure 2. Transient states of the solutions z%, i=1,2.

Remark 4.1. When m = 2, the considered Clifford-valued neural network is a
quaternion-valued neural network. Compared with [11,12,26], by applying the non-
decomposition method, Krasnoselskiij”s Fixed Point Theorem and the proof by
contradiction, we get the main result. By using the Simulink toolbox in MATLAB,
from Figures 1-9, we get the effectiveness and efficiency of the proposed method.
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Figure 3.

20

25

20

25

Figure 4. Transient states of the solutions 91}2, i=1,2.

0.4

0.2

1.2,

v, i

-0.2

Ny

——=F ==

-0.4

NN

20

25

Figure 5. Transient states of the solutions y?, i=1,2.

5. Conclusion

This paper discusses a class of Clifford-valued neutral-type cellular neural networks
with D operator and delays. To overcome the complexity of the calculation, we
obtain several sufficient conditions for the existence of anti-periodic solutions for
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I
-0.2 -

04 \ \ \ \
0 5 10 15 20 25
t
Figure 6. Transient states of the solutions yil, i=1,2.
0.5
| a0l
I va()
I
0.25 [+ 4
|
\

Figure 7. Transient states of the solutions y?, i=1,2.

Figure 8. Transient states of the solutions y,}z, i=1,2.

Clifford-valued neutral-type cellular neural networks with D operator and delays by
using the non-decomposition method and the Krasnoselskii’s Fixed Point Theorem.
We obtain the anti-periodic synchronization for Clifford-valued neutral-type cellular
neural networks with D operator by using the proof by contradiction, one example is
given. Our method can be extended to discuss the existence and synchronization (or
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=1,2.

z‘(t)‘ i

-0.3 A

c0.4afh 4

05 L L L L L L L L
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

Figure 9. State response curve of four parts of synchronization error.

stability) of periodic (or anti-periodic) solutions for other types of Clifford-valued
neural networks.
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