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HYPERSTABILITY RESULTS FOR
GENERALIZED QUADRATIC FUNCTIONAL
EQUATIONS IN (2,«)-BANACH SPACES

Iz-iddine EL-Fassi!, El-sayed El-hady®?

and Wutiphol Sintunavarat®°t

Abstract In this article, we utilize a special version of some recent fixed
point theorem to investigate the hyperstability of the following generalized
quadratic functional equation with F' is the unknown function from a special
subset X of a (2,8)-normed space over the field F into a (2,a)-Banach space
over the field K:

F(az1 + bz2) + F(cx1 + dx2) = rF(z1) + sF(z2)

for all z1,z2 € X, where a,b,c,d € F and r,s € K. In this way, we generalize
several earlier outcomes.

Keywords Functional equations, hyperstability, fixed point theory.
MSC(2010) 97170, 37C25, 39B52, 39B8S.

1. Introduction

Stability of functional equations (see e.g. [20,26]) popped up as a result of a famous
question posed by Ulam in 1940 in his celebrated talk at Wisconsin University. The
stability problem presented by Ulam can be rewritten as follows (see e.g. [22]):

o Ulam’s Problem in 1940: If (G*, ;) is a group and (G**, *2) is a metric
group with the metric d. Is it true that for any ¢ > 0, there exists a § > 0
such that if H : G* — G** satisfies

d(H (21 %1 x2), H(21) x2 H(x2)) <0
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for all x1, 2 € G*, then a homomorphism F': G* — G** exists such that
d(H(z1), F(21)) <e
for all z1 € G*?

Many mathematicians interacted with the question of Ulam. For instance, in
1941, Hyers introduced a partial answer to Ulam’s question (see, e.g., [11] for some
details and references therein). It is well-known that the following result is the
most classical result concerning the Hyers-Ulam stability, which is due to Aoki,
1950 (see [2] for more details).

Theorem 1.1. Assume that Ni is a normed space, No is a complete normed space,
ny € [0,00) and q is a real number with ¢ # 1. Let g : Ny — Ny be an operator
such that

lg(x1 + x2) — g(21) — g(w2)[| < ma(llza]|? + [[22])

for all x1,xo € N1\ {0}. Then there exists a unique addtive function h : Ny — No
with
nillz[|?

llg(z1) — h(z1)|| < =201

for all z1 € N1\ {0}.

It should be noted that Gajda (see [20]) proved the above theorem for ¢ > 1
and Rassias proved it for ¢ < 0 (see [28]). Nowadays, it is known that, for ¢ < 0,
every solution to the first inequality in Theorem 1.1 must be additive (see. e.g., [7]).
Moreover, very recently, much more precise results than Theorem 1.1, but only for
functions taking real values, have been obtained (by applying the Banach limit
technique) in [4, 16].

Hyperstability and superstability are strongly related to the notion of stability
mentioned above (see, e.g., [11]). In fact, they are considered as particular kinds
of stability (see, e.g., [26]). It should be noted that a functional equation D is said
to be hyperstable if, roughly speaking, any function f satisfying D approximately
(in some sense) must be actually a true solution of D (see e.g. [11,21]). It should
be remarked that Maksa and Péles in [25] seems to be the first who used the term
hyperstability, and the first hyperstability result was published in [13] and concerned
ring homomorphisms.

For given two vector spaces X and Y over fields F and K, respectively, the
following functional equation:

F(azy + bxy) + F(cxy + dxg) = rF(x1) + sF(x2) (1.1)

for all 1,22 € X, where F : X — Y is an unknow function, a,b,c,d € F and
r,s € K, is an interesting functional equation since it generalizes many well-known
equations as follows:

l.ForF=K=Randa=b=c=d=1,r =s =2, (1.1) becomes the most
famous functional equation, which is the Cauchy functional equation

F((El + 5172) = F(xl) + F(l’g)

for all x1,z2 € X.
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22ForF=K=Randa=b=c=d=1/2,r = s =1, (1.1) becomes the
well-known Jensen functional equation

P <x1 —;—x2> _ F(xl)—;F(xQ)

for all z1,2, € X.

3. For a fixed real number p with0 < p <1, F=K=Randa=d = p,b=
c=1-p,r=5=1, (1.1) becomes the well-known functional equation of the
p-Wright affine functions

F(pz1+ (1 —p)xa) + F((1 — p)z1 + pra) = F(x1) + F(x2)

for all z1,x5 € X.

4. ForF=K=Randa=b=c=1,d=-1,r = s =2, (1.1) becomes the
well-known quadratic functional equation

F(Il + IQ) + F(Il — Ig) = 2F(Z‘1) + QF(SCQ)

for all x1,x2 € X. For more details and results on the quadratic functional
equation the reader is referred to [14,23].

5. For F=Kand b=c,d = —a,7 = s = (a> +b?), (1.1) becomes the well-known
Euler-Lagrange functional equation

F(axy + bxs) + F(bxy — axy) = (a® + b*)(F(x1) + F(x2))

for all x1, x4 € X.

6. For F = R and ¢ = ¢ and b = d, (1.1) becomes some generalized linear
functional equation

F(azy + bxy) = AF(x1) + BF (22)
for all x1,z2 € X, where A =1r/2 and B = s/2.

Although the hyperstability results of a functional equation close to (1.1) on
Banach spaces have been studied in [12], the hyperstability results of (1.1) on (2, a)-
Banach spaces is still open to the researcher.

The goal of this paper is to investigate the hyperstability results for the inter-
esting functional equation (1.1) on (2, a)-Banach spaces. Our results can be seen
as some generalization of the exciting results obtained in [1]. In some sense, these
results also generalize the hyperstability results obtained in [3,7,8]. In addition,
in [29], the authors obtained hyperstability results of some Cauchy-Jensen func-
tional equations in 2-Banach spaces while our results are in (2, «)—Banach spaces.
So, our results can be seen as some improvements of the results in [29] for the gen-
eralized quadratic equation. Lastly, our results also generalize the hyperstability
results obtained in [15] for the general linear equation in quasi-Banach spaces.

In the rest of this current section, the organization of this paper is described.
Section 2 gives basic concepts needed in this paper such as several definitions related
to (2, a)-normed spaces and the fixed point theorem that is our main tool in the
proofs of main hyperstability results. In Section 3, we investigate the hyperstability
of the functional equation of interest, and in Section 4, we conclude our work.
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2. Preliminaries

Throughout the article, we will use R to denote the set of reals, R, the set of positive
reals, C to denote the set of complex numbers, N the set of integers, F,K € {R,C}.
We first recall some basic concepts as follows (see, e.g., [6,24]).

Definition 2.1. By a linear 2-normed space, we mean a pair (), |-, ||) such that
Y is an at least two-dimensional real linear space and

Y xY—=R
is a function satisfying the following conditions:
(C1) |ly,y*|| = 0 if and only if y and y* are linearly dependent;
(C2) |ly,y*|l = lly*,yll for all y,y* € Y

(C3) lly,y* +y™* | < lly, y* | + [ly, y™*| for all y,y*,y** € Y

(C4) llay,y*| = lallly, y*|| for all ¢ € R and y,y* € V.
More details on stability results of functional equations in linear 2-normed
spaces, which are closely related to main results in this paper, are found in [5,17].

Some generalized version of the linear 2-normed space is the (2, x)-normed space
defined in the following manner.

Definition 2.2. Let x be a fixed real number with 0 < y < 1, and let V be a linear
space over K with dim) > 1. A function

-5l VXV = Ry
is called a (2, x)-norm on V if and only if it satisfies the following conditions:

(C1) |jv1,v2|ly =0 if and only if v; and vy are linearly dependent;
(C2) |lv1,v2|lx = ||v2, v1] for all vy, vy €V

(C3) |Jv1,v2 +vslly < ||vi,v2llx + |lv1, v3]ly forall v; € V,i=1,2,3
(C4) [[Av1,vally = |AX]Jv1, v2|ly for all A € K and vq,v9 € V.

The pair (V, ||, -||y) is also called a (2, x)-normed space.

Definition 2.3. A sequence (v, )nen of elements of a (2, x)-normed space V is called
a Cauchy sequence if there are linearly independent vy, v2 € V such that
Jlim o v =0= T o~ v vl

whereas (v, )nen is said to be convergent if there exists an v; € V (called a limit of
this sequence and denoted by lim,,—, oo ) With

lim ||lv, —v1,0], =0 forall veV.
n,Mm— 00
A (2, x)-normed space in which every Cauchy sequence is convergent is called a
(2, x)-Banach space.
Let us also mention that in a (2, x)-normed space, every convergent sequence
has exactly one limit, and the standard properties of the limit of a sum and a scalar
product are valid. Next, it is easily seen that we have the following property.
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Lemma 2.1. If V is a (2, x)-normed space, v1,v2,v3 € V with vy, v3 are linearly
independent, and

[or, v2llx = 0 = [lvr, o3l

then v1 = 0.
Let us yet recall a lemma from [27] as follows.

Lemma 2.2 ( [27]). If V is a (2,x)-normed space and (vn)nen @S a convergent
sequence of elements of V, then

lim |Jvn,vily = | lim vy, vy for all v € V.
n—oo n—oo
We now give a simple example of a (2, x)-normed space as follows:

Example 2.1. For u = (uj,us), v = (vi,v2) € ¥V = R% A function ||-,-[| : VXV —
R defined by
[u, vlly = |urve — ugvy ¥

for all u,v € V, where x is a fixed real number with 0 < xy <1, is a (2, x)-norm on

V.

Next, we recall the fixed point theorem that is our main tool in the proofs.
Indeed, the main tool used in this article is Theorem 2.1, which is a special version
of Theorem 1 in [9]. In order to rewrite it, we need the following assumptions.

(A1) S is a nonempty set, (Y1,], ]la) is & (2, «)-Banach space, Y* is a subset of
Y] containing two linearly independent vectors, j € N,

fiZS—>S7 gZY*—>Y*, and LZ-:SXY*—>R+

are given mappings for all t = 1,2,3,...,7.

(A2) T : Y?® — Y7 is an operator satisfying the following inequality for each
EpeyYs:

1T€(s1) = Tuls1),ylla <Y Lilst,m)IECfi(s1) = ulfi(51)): 9i (W)l

i=1
for all s € S and y € Y*.
(A3) AR SR, is an operator defined for each § € Ry 9*Y" by

J
Ad(s1,y) ::ZLi(slay)(s(fi(sl)agi(y))
i=1
for all s € S and y € Y*.

Now, it is the position to present the above-mentioned fixed point theorem.

Theorem 2.1. Let hypotheses (A1)-(A3) hold and functions
e:SXY* >R andp:S— Y]
fulfill the following two conditions:

[T(s1) = ¢(s1), ylla < e(s1,9)
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and
oo

e*(s1,y) == Z(Aif)(sl,y) <o

i=1
for all sy € S and y € Y*. Then there exists a unique fixed point v of T for which

le(s1) = ¥(s1), ylla < €%(s1,9)

forall sy € S andy € Y*. Moreover,
d(s1) = lim (T'p)(51)
=00

forall sy € S.

We skip the proof as it can be easily proved analogously as in [6].

3. Hyperstability Results

In this section, we introduce some hyperstability results (see, e.g., [10,18,19]) for
the functional equation (1.1) in (2, «)-Banach spaces. The main tool in the analysis
is a fixed point theorem which is illustrated in the previous section.

In the rest of the paper, we will use (E, ||-,-||3) to denote a (2,3)-normed space,
X C E\ {0} is a nonempty set, (Y, |-, ||o) to denote a (2, a)-Banach space, Yj is a
subset of Y containing two linearly independent vectors. The next theorem is the
main hyperstability result in this paper and concerns the ¢;-hyperstability of the
equation (1.1). We show under some additional assumptions that equation (1.1) is
pi-hyperstable in class of functions g : X — Y for i € {1,2,3}, with the following
control functions @1, @2, p3 : X X X x X = R, defined by:

L 121,22, y) := Allz1,yl[Bllz2, yl|§ for all z1, 22,y € X, where A >0, p,g €R
with p+q # 0,

2. pa(x1,22,y) = Allz1,yl[j + Bllze, yl|} for all 21,22,y € X, where A, B > 0,
p,q € R with p,q <0,

3. @3(.’171,{1}2,y) = A|‘x17y||g||$27y”% + BH.Tl,y”g + C”(L’g,g”% for all T1,T2,Y €
X, where A,B,C >0, p,q € R with p,q < 0.

For some related results, see, e.g., [3,7].

Theorem 3.1. Let A >0, 0 < o, < 1, a,b,c,d € F\ {0}, r,s € K\ {0} and
p,q € R with p+ q < 0. Assume that there exists a positive integer mgy with

nz, (a +bn)z, (c+dn)z e X (3.1)

forallz € X, n € N withn > mg and g : X — Yy is a surjective mapping. If an
operator h : X —'Y satisfies

[h(az1 +bxo) + h(cwr + dwa) — rh(z1) — sh(z2), 9(y) o < Allz1, yllllze, yll§ (3-2)
for all x1,x2,y € X with axy + bxe, cx1 +dxe € X, then h satisfies (1.1) on X, i.e.,
h(axy 4 bxa) + h(cxy + dxs) = rh(zy) + sh(za)

for all x1,x2,y € X with axy + bxo,cr; + drs € X.
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Proof. We see that there exists ng € N such that

U, = la + bm|(p+q)/3 + |c + dm|(p+q)6 + ‘,|a (r+a)B 1

IIC“

for all m € Nwithm > ng. Fix m > max{mg,no}. Note that (3.2) gives
Ih((a+bm)z) + h((c + dm)z) —rh(z) = sh(mz), g(y)]la < Am® |z, |5 (3.3)

for all z,y € X with x, (a + bm)z, (c + dm)x,y € X. Define an operator 7 : Y¥ —
Y¥ for each £ € Y by

(TE)w) = ~€((a+ bm)a) + &((c +dm)e) — “€(ma)

for all z € X and let

e(x, z) := E |amq5||:r z||p+q

for all z € X and z := g(y) € Yy for all y € X. Then (3.3) takes the form
1(Th)(x) = h(x), 9(y)lla < €(z, 2)

forall z € X and 2z := g(y) € Yy for all y € X.
Define the operator A : Ry ¥*Y0 5 R, ¥*¥0 for each n € Ry in such a way
that

«

A, 2) = on((a+ bm)a, )+ (e + dmya, 2) + 2| ma, 2)

[ ||

for all x € X and 2z := g(y) € Yy for all y € X. Then it is easily seen that A has the
form described in (A3) with j = 3 and

fi(x) = (a+bdm)x, fo(x) = (c+ dm)x, f3(x) =mz

and

S|

L3(z,2) = ‘7

Li(z,2) = Lo(z, 2) = -

[r]e”

for all z € X and z := g(y) € Y for all y € X. Moreover, for every &, u € Y and
z,y € X, we have

7€) = Tha) o)l = &((a-+ b)) + (e + i) — Soma)

~ ~pl(at bm)a) = ~p((e -+ dm)a) + (), o(y)

[e3

= |a||(€ 1) (1)), 90)
+WI\(£—M)(fz(x)),g(y)|\a
+ \f\an@ — ) (f3(2)). 90)

3

=D Lz, )l — ) (fu(2)), 99

k=1
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3

=Y L(@, gD E(fr(@)) = n(fi()), 9(¥)lla-

k=1

Therefore, the assumption (A2) is valid.
Note yet that we have

SEED SYCEC REAE) Sl AR
n=0 n=0

m

for all z € X and z := g(y) € Y} for all y € X. Consequently, in view of Theorem
2.1, there exists a unique fixed point @,, : X — Y of an operator T, i.e.,

Qul@) = ~Quil(a+bm)a) + ~Quul(c+ dm)z) — *Quu(m)

for all x € X with

e(z, 2)

h(z) = Qu@).gWlla < T

for all z € X and z := g(y) € Yp for all y € X. Moreover, @, is given by the
formula

Qm(z) = lim (T"h)(z)

n—o0

for all z € X.
Now, we show that for every n € Ny := NU {0}, 21,22,y € X with azy +
bxs, cx1 + dxy € X, we have

IT"h(azy + bae) + T™h(cxy + dae) — rT"h(xz1) — sT"h(z2), 9(y)] o
<A X (Un)"™ x 21,9522,y (3.4)

Clearly, if n = 0, then (3.4) is simply (3.2). So, take k € Ny and suppose that
(3.4) holds for n = k and every 1,22,y € X with ax; + bxa, cx1+dxy € X. Then,

| 754 hawy + bwa) + T h(car + daz) = 1T h(21) = sT (), 9(0)]la
:H%T’“h((a + bm)(azy + bxa)) + %Tkh((c + dm)(azy + bxz))

- ;Tkh(m(axl +bxa)) + %T’“h((a +bm)(cxy + daz))

n %T’“h((c + dm)(cw1 +da)) = “ T h(m(ca, + drz))

- r(%T’“h((a +bm)z1) + %T’“h((c +dm)zy) — ;T’“h(mwl))

_ 5(%T’“h((a + bm)(x2)) + %Tkh((c + dm)zs) — ;T’“h(mxz)) :9(y)

[e}%

1
<AUL (sl o+ bm)as, gl o + bz, ol

1
- H@+deMMWMc+mmz%mm+]]\mmhmamw%M|)

]

— AUk (| | la + bm|(PTO8 ‘c+dm|(p+q)5+‘,‘ m(p+q)ﬁ)
* T

[r]*
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< Nz, yllGlze, vl
=AU |21yl w2, vl

for every x1,x2,axy + bra, cxy + dao,y € X.

Thus, by induction we have shown that (3.4) holds for every z1,z9 € X with
azy + bxa, cx1 +dre € X, and n € Ny. Letting n — oo in (3.4), we obtain that Q,,
satisfies

Qm(azi + bxa) + Qum(cx1 + dxg) = rQm(z1) + sQum (x2),

for every x1,x2,ax1 + bxs, cxy + drg € X.
In this way, for every m > max{ng, mo}, there exists a function @, such that
(3.4) holds on X and

@) — Q@) 9wl < 252

for all x € X and 2z := g(y) € Yy for all y € X. From the fact that p+ ¢ < 0, we get
that at least one of p and ¢ must be negative and so we may assume that g < 0.
Letting m — oo, it follows that h satisfies (1.1) on X, i.e.,

h(azy + bxa) + h(cxy + dxe) = rh(z1) + sh(xz)

for all x1, s, axy + bxo,cr1 + dzs € X. O

Theorem 3.2. For A, B>0, 0<a«, 8<1,a,bc,deF\{0}, r,s € K\ {0} and
p,q € R with p,q < 0. Assume that there exists a positive integer mq with
1—an cnb+d(1—an)
x
b ’ b
forallx € X,;n € N withn > mqg and g : X — Yy is a surjective mapping. If an
operator h : X —'Y satisfies

zEX (3.5)

nw,

|h(azy + bxa) + hiczy + dxg) — rh(zy) — sh(z2), 9(y)lla
<A|z1,yllz + Blla2, yllj (3.6)

for all x1, o, axy + bxg, cx1 + dxo,y € X, then h satisfies (1.1) on X, i.e.,
h(azy + bxa) + h(cxy + dze) = rh(z1) + sh(xz) (3.7)

for all x1, x5, ax1 + bro, cx1 + drg € X.

Proof. Setting z1 = ma, xo = ="z (with m € Ny, := {m € N:m > mg}) in
(3.6) to get

rh(mz) + sh(l 7bamx) - h(d)m i dl()l —am) I) — h(z),9(y)

l—am‘QB

b

for all z,y € X. Define an operator T, : Y* — Y% for each ¢ € Y¥ and define an
operator A, : RT*Y — RT* for each n € RT ™ by

e

<Am*|jz, yll} + B| Iyl (3.8)

(@) = re(ma) + sC(l - amx> B C(cbm + dl()l —am) m)
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for all z € X and

1 —bamm,z) n nh(Cbm + dl()l — am)x,z)

for all x € X and z := g(y) € Y} for all y € X. In addition, let

(. 2) = [r|n(ma, 2) + |s|"n(

1—am|b
iz, 2) = Am o,y ex(a.2) = Bl—" | 2.yl

for all z € X and z := g(y) € Yy for all y € X. Then, it is easily seen that A, has
the form described in (A3) with j = 3 and

fi(z) = mz, folx) = 1- amxy folz) = cbm + d(1 — am)z,

b b
L1(1‘7Z) = |T|a7 LQ(I,Z) = |5|a7 L3(‘T7Z) =1

for all x € X and z := g(y) € Yj for all y € X. Further, (3.8) can be written in the
form

[Tmh(z) = W), g(Y)llo < €1(,2) + €2(, 2) := e(x, 2)

for all » € X and z := g(y) € Y, for all y € X. Moreover, for each ,u € Y, we
have

[T € (@) = Timp(x), 9o <I7[* (€= ) (f1(2)), 9(W) [l
+ s (=) (f2(2)), 9l a + (€= ) (f3(2)), 9(¥) |

3
=Y Li(z.2)[[(¢ = w)(fi(2)), 9()lla

i=1
for all z € X and z := g(y) € Yj for all y € X and so the hypothesis (A2) holds.
By induction, we have
Aler(x,2) = (Un)e1(x,z) and Al ea(z, z) = (Vin)"ea(x, 2)
for all z € X with z := g(y) for every y € X and

_am‘pﬁ N |cbm+db1 —am) 8
—am 5 cbm+d(l—a
b "+ b

for all m > mg. As A,, is a linear operator, so A}, is also linear and then

1
Up = [r[*mP” + |s|]

1
Vi = [r[me® 1 |s]°] ™) g5

Ale(z,z) = Al er(z,2) + Al ea(x, 2)
= (Un)" (2, 2) + (Vin)"e2(2, 2)

forall z € X and 2z := g(y) € Yy for all y € X.
Next, we can find m; € N,,,, such that

Un,<1and V, <1, Vm>m;.

Therefore, we obtain

€ (x,2) := ZA:‘ne(x,z) = ?Ex’UZ) + ?(f;) (3.9)
n=0 m m
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for all m > my, x € X and z := g(y) € Y for all y € X. Thus, according to
Theorem 2.1, there exists a unique fixed point @,, : X — Y of an operator 7,,, i.e.,
T (Qum) = Qp for all m > my such that

17(2) = Qm(2), 9()llo < € (2, 2)

for all z € X and z := g(y) € Yy for all y € X. Moreover, Q,, is given by the
formula

Qm(z) := lim (Th)(x)

n—oo

for all x € X.
To prove that @, satisfies (3.7), we show that

| Th(axy + bxa) + Toth(cxy + dxa) — rT0h(z1) — ST h(x2), 9(Y) || o
<A x (U1, gl + B X (Vi) (3.10)

for all n € N and x1, 22,y € X with axy 4+ bxa,cx1 + dxo € X. Indeed, if n = 0,
then (3.10) is simply (3.6). So, fix n € N and suppose that (3.10) holds for n and
every x1,xs,y € X with axy + bxs, cry + dre € X. Then we have
[T hlazy + bwa) + T (e + dws) = 1T h(an) = sTit h(w2), 9(0) o
<|r|“|Tomh(m(axy + bxe)) + T h(m(czy + dxs)) — rT h(may)

T£h< (azq —|—bx2)>

1—am

— sTnh(mzz2), g(y)lla + [s]*

1—am 1—am 1—am
n — n _ n
—I—Tmh( 7 (cxq +d:v2)) rTmh( ; 331) S'Tmh( A m2)7g(y) .
1- b+d(1—
+ "T,Zh(cmb+ dl() am) (azq + b:vz)) + T,;Lh(cm + é am) (cxq + d:cg))
cmb+d(1 —am n, (Cmb+d(1 —am
- TT,:Zh( (() )xl) - S’Tmh< l() )xz),g(y)
<Jr|* (AU llmav, I + BY;zmaz, yll})
1—am p 1—am q
a n 7 BY™ ’ H
sl (v == e+ BV = )
b+d(1— b+ d(1—
+AUn emb + 2 am)xhy ;+BV,Z cmb + l() am)@’y Z

n o ol —am PP ecmb+d(1 —am) P8
=AU o,y (rlemn? + Jsj2 | == + | ( )] )

b
ap
)

B |emb+d(1 — am)

+|
b

for every x1, xo,y € X with axy + bxg, cx; + dxe € X. Thus, by induction, we have

shown that (3.10) holds for every z1,z2 € X with azy + bxo, cx; +dazy € X, n €N,

and m > my. Letting n — oo in (3.10), we obtain

1—am

b

+ B2 ez, (1r|m? + |3

=AU |zl + BV |z, il

Qm(axy + bxa) + Qum(cry + dxe) = 1Qm (1) + 5Qm (72) (3.11)

for every x1,xo € X with axy + bxs, cry + dro € X.
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In this way, for every m € N,,,,, we obtain a function @,, such that (3.11) holds
and

@) = Qu(@). gl < 52 4 22

for all z,y € X, m > m; with z := g(y) for all y € X'. Since

n}gnoo e1(z,2) = n}gnoo e(z,2) =0

for all z € X and z := g(y) € Yp for all y € X. It follows with m — oo that h
satisfies (3.7). This completes the proof. O

Remark 3.1. 1. It is clear that if p = ¢ in Theorem 3.2, the result of this
theorem remains true.

2. Similar to Theorem 3.2, we can prove that equation (1.1) is ¢3—hyperstable
on X if (with A, B,C > 0)
p3(z1,22,y) = Allz1, yllf x |22, ylI% + Blla1, yll + Clla2, yllf
for all x1,z9,y € X with p,q < 0.
Next, we derive two corollaries from Theorems 3.1 and 3.2.

Corollary 3.1. Let A >0, 0 < o,8 <1, a,b,c,d € F\ {0}, r;s € K\ {0} and
p,q € R withp+q <0, and let G : X% — Y such that G(ug,vo) # 0 for some
ug, Vg € X with aug + bvg, cug +dvg € X. Assume that (3.1) holds with mo € N and

1G(z1,22), g(W)lla < Allz1, yll5llw2, vl (3.12)

for all x1, 2, ax1 +bxo, cx1+dro,y € X, where g : X — Yy is a surjective mapping.
The functional equation

ho(azy + bxs) + ho(cxy + dxg) = rho(x1) + sho(x2) + G(a, x2) (3.13)

for all x1,x2,ax1 + bxo,cxy + dro € X has no solutions in the class of functions
hg: X =Y.

Proof. Suppose that hy : X — Y is a solution of (3.13). Define f : E — Y
by f(z) = ho(z) for all x € X and f(z) = 0 for x € E\ X. Then (3.2) is valid.
Consequently, according to Theorem 3.2, f is a solution of (1.1) on X, which means
that G(ug,vo) = 0. This is a contradiction. O

Corollary 3.2. Let A,B >0, 0 < o,8 < 1, a,b,c,d € F\ {0}, r,s € K\ {0}
and p,q € R with p,q < 0, and let H : X* =Y such that H(ug,vo) # 0 for some
ug, Vg € X with aug + bvg, cug +dvg € X. Assume that (3.5) holds with mg € N and

[H(x1,22), 9(¥)lla < Allz1,yl5 + Bllz, yl}

for all x1, x5, ax1 +bxo, cx1 +dze,y € X, where g : X — Yy is a surjective mapping.
The functional equation

ho(al‘1 + bﬂl‘g) + ho(C.Z‘l + daﬁz) = T]’Lo(l‘l) + Sho(xg) + H(J?l,JUQ)

for all x1,x2,ax1 + bra, cxy + dxe € X has no solutions in the class of functions
ho X =Y.
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Theorem 3.3. For A>0,0< «, <1, a,bc,d € F\ {0}, r,s € K\ {0} and
p,q € R with p+ q > 0. If there exist two sequences {em tmen, {fm}men of the
elements of F such that {em tmen s bounded, limy, o fm = 0, and there exists a
positive integer mqy with

for all x € X ;m € N with m > mg such that one of the conditions is satisfied

(C1) e, =1 and limy, 0o v}, < 1, where

1
1= o (10 Fbl 307 4 et 0 5[ ] 0707

C2) aey + bfm = cem + dfm, = 1 and lim, 00 2, < 1, where
( Y < 1,

1 e} e}
72 1= (Tl 407 4 (3] £ H07);

C3) aep +bfm =1, cem + df # 1 and limy, o0 72, < 1, where
( ; Yo < 1,
330 = leem + dfn| P08 + [ PFD2 1 [5]2) £ 00,
C4) aey +bfm # 1, cem + df, =1 and lim,—oo v2 < 1, where
( Vm
VA = |aem + bfm| PTOP 4 [1]¥]ep | PEDP 4 5| frn| PO,

and g : X = Yy is a surjective mapping. Then every operator h : X — Y fulfills
(3.2) is a solution of (1.1) on X, i.e.,

h(azy + bxa) + h(cxy + dze) = rh(z1) + sh(xz) (3.14)
for all x1, x5, ax1 + bro, cx1 + drg € X.
Proof. Replacing x1 by e, and xo by f,z in (3.2), for each
m e N, :={meN:m>mg},
we get

h((aem + bfum)x) + h((cem + dfm)x) = rhiemz) — sh(fnz), 9()|a
<Alem ") fin]?|l2, y| T+ (3.15)

for all x,y € X. Let the case (C;) holds, where i € {1,2,3,4}.
For 2,y € X, £ € Y™ and n € R} "™, we define:

(Ton)€(@) = KiE((aem + bfin)z) + KeE((cem + dfin)z) — Kir€(eme) — kis€(frm),
ez, 2) == ki Alem[P?| fin] 9% 2, y|| TF9,

Apn(, 2) == |k |*n((aem + bfm)x, 2) + k3| “n((cem + dfm), 2)
+ |k§r|an(emx, 2) + |ELs|“n(fm, 2), withz := g(y) for ally € X,

where
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k2 =k3=0, ki=ki=—=
k2 =0, ki=ki=k =-1
ky=0, ki =ki=ki=-1

1 1

ké:W, kg = ki =ky = 1.

270[7
It is easy to check that (3.15) takes the form

ITh(z) = h(z), 9(W)]la < €(z,2)

for all z,y € X, withz := g(y), and A,, has the form described in (A3) and (A2) is
valid for every &, € Y¥, 2 € X. Next, we can find ng € N such that ng > mg and
7L, < 1 for m € N,,,. Therefore,

e (x,2) = ZAZe(x,z) = f(f’;.),
n=0 m

for m > ng, © € X with z := g(y) for all y € X'. Hence, in view of Theorem 2.1, for
each m € N,,, there exists a unique solution G,, : X — Y of the equation

Gm(x) = kiGm((aem +bfm)x) +kéGm((cem +dfm)x) - kéer (emx) - kaSGm(fmx)
such that

17(z) = G (), 9()la < €¥(2, 2) (3.16)

for all z,y € X, with z := g(y). Moreover,
Gp(axy + bxo) + Gp(cxy + dxg) = rGo (1) + $G(22)

for all z1, x2, axy+bxs, cx1+dxo € X. In this way, we obtain a sequence (Gm)mGNnO
satisfying equation (3.14) such that (3.16) holds.

From the fact that p+¢q > 0, we get that at least one of p and ¢ must be positive
and so we may assume that ¢ < 0. So, with m — oo, we find h satisfies (3.2),
because

) kb Ale, PP
lim e (z,2) = [z, 2| P08 i |f,, 08 F0Alem
m— o0 m—o0 1— ’ﬂn
with z := g(y) for all y € X. This means that using (3.16) h satisfies (1.1) on X,
which completes the proof. O

Remark 3.2. Theorem 3.3 remains valid if we replaced “{e,,} is bounded and
lim, 00 frn = 07 by “{fmm} is bounded and lim,, . €, = 0” and (C1) by

(C1) fm =1and lim,, 500 7., < 1, where

1
o= W('aem + b|PHDB 4 ce,, + d|PTDP 4 \r|a|em\(1’+q)ﬁ).
s

Using Theorem 3.3, we deduce the following corollaries.
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Corollary 3.3. For A > 0,0 < o,8 <1, a,b,c,d € F\ {0}, r,s € K\ {0} and
p,q € R withp+q>0andqg>0. If

la|PFTD8 || PHDB < |p|

and there exists a positive integer ng with

a 1 ad
_%fl’, a(l — E).T, (C — %

)z

forall z € X m € Ny, and g : X — Yy is a surjective mapping. Then every
operator h : X — 'Y with (3.2) satisfies (1.1) on X.

Proof. Putting f,, = —;% and using Theorem 3.3 with condition (1), we have
1 1 ad a
1. _ (pt+a)B _ (pt+a)B a (p+q)ﬁ)
= 1
= o (la(t = 097 4o @7 oo
and hence

lim 4l = (a]#+09 4 [ef09).

m—o0 a |r|o‘
Therefore, the function h satisfies the equation (1.1) on X. O

Corollary 3.4. For A>0,0< a, 8 <1, a,b,c,d € F\ {0}, r,s € K\ {0} and
p,q € Rwithp+q>0andq>0. If

ce b=d, Ty
a=6 =4 2|al(Pta)s <
and there exists a positive integer ng with
1 1 1
T

forallz € X,m € Ny, and g : X — Y, is a surjective mapping. Then every
operator h : X =Y with (3.14) satisfies (1.1) on X.

Proof. Setting e, = £ — = f,, = 71~ and using Theorem 3.3 with condition (2),
we have

1 1 1 1
2 . a (p+q9)8 [ed (p+q)l3)
= 1 +
Tm Q(M |a( m>| |S| |bm|

and hence |
. 2 T
n}gnoo Tm = 2|a|(P+Q)ﬁ ’
Therefore, the function h satisfies the equation (1.1) on X. O

4. Conclusion

In this article, we used a version of some recent fixed point theory to investigate
the hyperstability of the generalized quadratic functional equation in (2,«)-Banach
spaces. In other words, we prove that under some weak assumptions, the functions
which satisfy the equation of interest approximately (in some sense) must be exact
solutions of the such equation. In this way, we generalize several earlier outcomes.
This work can be further extended as follows: one can obtain other hyperstability
results using different control functions, and one can investigate the hyperstability
of the functional equation of interest in (n,«)-Banach spaces for some n € N.
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