Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 13, Number 5, October 2023, 2809—-2826 DOI:10.11948/20230006

APPROXIMATE CONTROLLABILITY OF
RIEMANN-LIOUVILLE FRACTIONAL
STOCHASTIC EVOLUTION SYSTEMS*

He Yang"' and Yongxiang Li'

Abstract This paper deals with the existence as well as the approximate
controllability of Riemann-Liouville fractional stochastic evolution systems of
Sobolev type with nonlocal initial conditions in abstract spaces. When the
operator semigroup is noncompact and the nonlocal function is not Lipschitz
continuous and not compact, the existence as well as the approximate con-
trollability of the concerned problem are investigated. Finally, an application
example is given.
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1. Introduction

Fractional differential equations have got a lot of attention because they have
practical background in the fields of physics, chemistry, engineering and etc. A
growing number of notable research works have been gained on this topic. Par-
ticularly, the existence as well as the exact controllability results were obtained
in [1,2,6,20-22,24]. But in infinite dimensional spaces, the concept of approxi-
mate controllability is more suitable. Various approaches are employed to demon-
strate the approximate controllability of fractional evolution systems under the
assumption that the corresponding linear systems are approximately controllable,
see [12,15,17,26]. In particular, Liu et al [15] utilized a different method to prove
the approximate controllability of Riemann-Liouville fractional evolution systems
without the assumption of the approximate controllability of the associated linear
system. But in [15], the uniqueness of mild solutions is needed.

Stochastic evolution equations are important mathematical models to charac-
terize many phenomena in natural and social sciences. Controllability results of
stochastic evolution systems with fractional derivatives are reported by several re-
searches, see [3,7,8,16,23]. Sobolev type differential equations are valuable math-
ematical models with a wide rang of backgrounds in physical problems. They are

TThe corresponding author.

LGansu Provincial Research Center for Basic Disciplines of Mathematics and
Statistics, College of Mathematics and Statistics, Northwest Normal Univer-
sity, Lanzhou Gansu 730070, China

*The authors were supported by National Natural Science Foundation of China
(No. 12061062).

Email: yanghe@nwnu.edu.cn(H. Yang), liyx@nwnu.edu.cn(Y. Li)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20230006

2810 H. Yang & Y. Li

significant tools in dealing with the fluid flow through fissured rocks. Control-
lability theorems of Sobolev type fractional evolution equations are established
in [5,18,25]. But to the best of author’s knowledge, the research works on the
approximate controllability of Sobolev type stochastic evolution systems involving
Riemann-Liouville fractional derivatives are seldom.

In this article, we consider the Riemann-Liouville fractional stochastic evolution
system(FSES for short) of sobolev type

AW ()

EDX(Gz(t)) + Az(t) = H(t, 2(t)) + Le(t) + R(t, 2(t)) T

1,7 (G2(1)) =0 + 9(2) = 20,

t € (0,n], (1.1)

where o € (%, 1), D¢ represents the a-order fractional derivative of Riemann-
Liouville type, A : D(A) CV — V and G : D(G) C V — V are linear operators
in a Hilbert space V' and A is densely defined, ¢(¢) is the control for ¢ € J := [0, 7]
belonging to U which is another Hilbert space, zo € V. {W(t)}+>0 is a standard
@Q-Wiener process, H, R and g are given functions.

The main innovations are listed below.

1. The assumption of approximate controllability of the deterministic or stochas-
tic linear system corresponding to (1.1) is removed. To be more precise, we apply
a method, which is cited from [15,28], to prove that the deterministic linear system
corresponding to (1.1) is approximately controllable.

2. By employing the compactness of G~!, we remove the assumption of compact
semigroup and achieve the approximate controllability of the FSES (1.1). The
complete continuity and the Lipschitz continuity of ¢g are deleted in our work.

2. Preliminaries

Let (Y, F,{F; 1C F,t > 0}, P) be a complete probability space. Let {WW(t)}:>0 be
a standard @Q-Wiener process with a positive nuclear operator @) satisfying Tr@Q) <
+00. Let {e,, }r>1 be a completely orthogonal system of V and {x,, € [0,00) : n > 1}
a bounded sequence satisfying

Qen:’fnen7 n=123,---,

and {8, }n>1 a sequence satisfying

(W(t),2) = > Vrnlen, 2)alt),  z€V, t>0.

Let LY := Ly(Q2V, V). Then LY is a separable Hilbert space with
1 Loy
Ili2y = Tr{(xQ})(xQ})"]
for any m € LY. For p > 2, let L,(Y,V) consist of strongly J,-measurable random

variables satisfying E|z||” < +oo. Denote by L] (J,U) the Hilbert space of U-
valued F;-progressively measurable random processes satisfying

n
E/HWW%<+m
0
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where E- denotes the expectation. We suppose that ¢ € LZJ; (J,U0).
Let C(J, L,(T,V) be the Banach space of continuous mappings satisfying

sup E||z(¢)||” < +o0.
teJ

Denote by Ci_o(J,Ly(T,V)) := {z : -17%2(-) € C(J,L,(Y,V))}, whose norm is
defined by

1zl o = SugtlfaEHZ(t)llp, Vz € Croa(J, Ly(T,V)).
te

Let Hi_o(J, V) be a closed subspace of C1_(J, Lp(Y,V)), whose norm is defined
by

ol = (sugtlaEnz(tw) Vi Hio(V).
te

We first recall some definitions of fractional calculus, see [10,13] for more details.

Definition 2.1. Let u € L*(J). The Riemann-Liouville fractional integral of order
«a > 0 is defined by
JEu(t) = (go xu)(t), t>0,

where
tafl
— t>0,
0, t <0,

where I'(+) is the Gamma function and * means the finite convolution.

Definition 2.2. The Riemann-Liouville fractional derivative of order o« > 0 is
defined for all u € L*(J) satisfying g,—o * u € W™(J) by

EDu(t) = D™ (gm—a *u)(t), >0,

m _ d™
where D" = 7+
Q.

and m = [«] denote the smallest integer greater than or equal to

Let A and G satisfy the conditions below.

(C1) D(G) € D(A) and G is bijective;

(C?2) Linear operator G=! : V — D(G) is compact.

From (C1) and (C2), G~ is a bounded operator. Then —AG~! : V — V is
a bounded linear operator and generates a Cy-semigroup K(t) = e‘AG*lt,t >0
satisfying M := sup || K (t)]] < 4o0.

teJ

Let the function M, (), o € (0,1) is defined by

0 -0 n—1
Ma®0)=>. i _(1)!r)(1 “any €@

Then by [19], we have

0 _F(1+9)
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It is known that the FSES (1.1) is equivalent to the nonlocal problem

tal

IN())
I o

+ Le(s)]ds + F(a)/o (t—s)*"1R(s, 2(5))dW (s), te (0,1],

Iéja(Gz(t))\tzo =zp —g(2).

Lemma 2.1. If (2.1) holds, we have

G2(1) = Fray 7 (GElimo+ g [ (= 9)° 7 = As(9) + H(s.2(5)

(2.1)

2(t) = 71 Sa(t)[z0 — 9(2)] + /0 (t = )" Sa(t — s)[H (s, 2(s)) + Le(s)]ds
+/ (t —5)*1Sq(t — s)R(s,2(s))dW (s), t € (0,n)],
0

where

Sa(t) = G_lsj(t)
and

Sr(t) = /0oo at My (T)K (t%T)dr.

Proof. For each ¢ > 0, by using Laplace transforms

2(¢) = /000 e z(s)ds, H() = /OOO e S[H (s, 2(s)) + Lc(s)]ds

to the equation (2.1), we can acquire that

G2(C) = Cia[z —g(z)]—c—amc NGE(C)
O+ / e S R(s, 2(5))dW (s)

= (("I+AG™ > a0 — g(2)] + (CT + AGTY)TTH(C)
+(¢ T+ AG™H) ! /0 e “*R(s, z(s))dW (s)
= /00 e S K (s)[z0 — g(2)]ds + /OO e " K (s)H(C)ds
0 0
e <" K(s e TR(r, 2(T T)ds.
+ [ R [ e R )W
It infers from Lemma 3.3 of [29] that
- a/ 519 M., (8) K (+°6) [0 — g(2)]do
+a/ / 5t — $)= Moy (8)K ((t — 5)°0)[H{s, 2(s)) + Lc(s)|dods

—|—a// 5t — ) M (8)K((t — 5)°6) R(s, 2(5))d6dW (s)
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= 127181 (1)[z0 — 9(2)] + /0 (b= 5)7"S1(t = 5)[H (s, 2(5)) + Le(5)]ds
+ / (t = )" S1(t = 5)R(s, 2(5))dW (5).
0

Thus, the proof of Lemma 2.1 is completed. O

Definition 2.3. The mild solution of (1.1) we mean a stochastic process z : J — V
satisfying

() for t > 0, z(t) is Fy-adapted,;

(1) for t € (0,7], z(t) satisfies

2(t) = Sz — g(2)] + / (t = $)7 1 Sa(t — $)[H(s, 2(s)) + Le(s)]ds
—|—/ (t— s)’leg(t — 8)R(s, z(s))dW (s);

0
(#i1) Ié;o‘(Gz(t))h:O +g(2) = 2.
Lemma 2.2 ( [5,29]). Let assumptions (C1) and (C2) hold. Then {Sg(t) : t > 0}
has properties below:
(1) 1Sa(®)2ll < MGz, w20, zeV.
(2) ISc(t)z — Sa(s)z]] =0 ast—s—0, Vt,s>0, z€V.
(3) Sg(t) is compact for each t > 0.

Lemma 2.3 ( [9]). Assume that R:J x Y — LY is strongly measurable and
n
/ E||R(5)||1£3d5 < +o0.
0
Then, for p > 2, there is Lr > 0 satisfying

EH/ 5)dW (5 |T’<LR/ E|RO)[,d5,  te.

3. Existence of mild solutions

We first make the assumptions below.
(A1) H : J x V — V is continuous and there is ¢ € LP(J, [0, 00)) such that

BIH(t,2)|" < o®)@u ' E|2llP), V(t.2) € J x Ly(T, V),

where @ : [0,00) — [0,00) is continuous and nondecreasing with

1
ay :=liminf —® g (p) < +o0.
p—00 P

(A2) R:J x V — LY is continuous and there is ¢ € L(J,[0,00)) satisfying

t
/ (t — 5)P@=ap(s)ds < +o00
0
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such that

E|R(t,2)|[}g < ¢(O)Pr( ™ E|2]"), V(t,2) € J x Ly(T,V),
where ®p : [0,00) — [0, 00) is continuous and nondecreasing with

1
ag :=liminf —Pr(p) < +o0.
p—oo p

(A3) g: Hi_o(J,V) — V is continuous and there is M > 0 satisfying
lg(2)l <M, Vz€ D,
where D, = {z € Hi_o(J,V) : t!7*E||2(t)||? < p,t € J} for some p > 0.
(A4) L: L7 (J,U) — LP(J,V) is bounded, and let Mp := || L]
1/ p—1\P—1 pa—1 o 1-ppa1
(A5) 2P 1(57_11)]3 NP % ||p||Lrartas Lr ig};fg(t—s)p( 1)w(s)ds <W.
(@)

We define Q : D, — Hi_o(J, V) by

(Q2)(t) = t* 'Sa(t)[20 — g(2)] + /0 (t —s)* 'Sa(t — s)[H(s,2(s)) + Le(s)]ds
—|—/0t(t — ) 1S5t — s)R(s, 2(s))dW(s), t>0.

Lemma 3.1. If assumptions (C1),(C2) and (A1) —(A5) are fulfilled, Q : D, — D,
for some p > 0.

Proof. If this is not true, there would exist z € D, satisfying t'~*E||(Qz)(t)||? >
p. According to assumptions, we have

p< B|(Q2)(1)I
< 4P B||So(0)ll? + 47 Bl|Sa()g()|)?

+4p_1771_"‘E\|/0 (t— 5)* LS (t — ) [H(s, 2(s)) + Le(s)]ds]|?
+4P~ gt B /0 (t —s)* 'St — s)R(s, z(s)dW (s)||?

por (MIGN 1
o (MUY (ol + 377

IN

(MG p =1\ e 1
+8 1( I(a) pa—1 P vl Lo ®r (p) + MBlcllb,)

M -1 P t
+4riptTe L, ('GH) sup/ (t — )P VY (5)ds® p(p).
INGY) teJ Jo
This fact combining with (A5) yields that Q(D,) C D, for certain p > 0. O

Lemma 3.2. If assumptions (C1),(C2) and (A1) — (A4) hold, we can acquire the
equi-continuity of the set

[[={cCcVv):&()=-"""(Qz2)(),z € D,}. (3.1)
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Proof. Let & € [] and pu1, po € [0,n] with py < po. If uy = 0, we have

E|&(u2) — €(0)]|”
< 3P E||(Sa(p2) — I [20 — 9(2)] 1P

Syt (MIGTHN (=1 N7 (s
cotg (ML ) (el B to) + Mpel,

pa —
—a MG\ [*
+ 3p—1M12>(1 )LR< I ||) / (2 — s)p(o‘—l)w(s)dsd)R(p)
I'(a) 0
=0 (u2—0).
If g1 > 0, we can achieve that

Bll&(p2) = E(p)[?
< 9B [Se(p2) — Sa(p)][z0 — ()|

0 =Pl [ (- 97 S — 9 2(6) + L) dslP
OB [ = ) Sl ) = (= 9 Sz - 9]

X [H(s7 z(s)) + Ec(s)]dsHp

+ o L0 g / [ — )" 82 — ) — (1 — 5)* " S(pin — 9)]

X [H(s7 z(s)) + Ec(s)]dsHp

+or g / " (12— 5) G 2 — ) [H(s, 2(5) + Le(s)]ds]”
+ P — e / " (12 — 57186 (s — 5) R(s, 2(5))dW ()]

9B [ [ - 9782 = 9) (1 = ) Sl = )]
% R(s,=(5))dW (5) |

+ 971 | / " [ = 90 S — 8) — (1 — 5)* S — 9)]
X R(s,2(5))dW (5) "

1o OB [ (s = 5)27 186 (s — ) R(s, 2())dW ()]

M1
9

By Lemma 2.2(2), we get

I = E[[Sc(p2) — Sa(p)][z0 — g()]II” =0 (u2 — p1 — 0).

The equi-continuity of {S¢(t) : t > 0} yields

H1
Iy = M]f(lia)E”/ (11— )27 86 (12 — ) — (1 — 5)* " Se( — s)]
0
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x [H(s,z(s)) + Le(s)]ds||?
< sup (IS (pe — s) — Sa(pn — )P E||
s€[0,p1]
H1
<[ = 9 [H (s, 2(0) + L) aslP
0
1/ p—1 Pl
e ( ) sup |Sa(uz — ) — Sa(iu — )P
pa—1 s€[0,p1]
1—1
x (11 *lelor®u(p) + Mb|clb,)
— 0
and

Is = VB / " [ = 92 Salnz — 5) — (1 — $)* 1Sl — 5)]
x R(s,z(s))dW(s)||?
= 0= / (41 — )2 [Sa(uz — 5) — Sl — )] R(s, 2())dW (s)|]”

< Lp®r(p)pf Sup 1S (2 — s) — Sa (1 — s)||”
s€[0,pu1

M1
_ o\pla—1)
<[ =

— 0

as po — 1 — 0. A direct calculation shows that

= iy B [ (i 9 S [ (5 2(6) + L) dslP

ace e (MIGTUNT 2 =1\ e
p—1), 1—-a 1—a|p pa
< 2y e ( () pa—1 H
1—1
* (1y " lolle®rr(p) + MB]lc|2,)
— 0,
1231
b= O8] [ [ = )" Sz = 9) = (1 = 5)° Sl ~ )]
0
x [H(s,z(s)) + Le(s)]ds||?
H1
=tV E| / [(12—5)" " = (11— )] S (2 — ) [H{(s, 2(s)) +Le(s)] ds]|P

< 0= (M'G“) el a8 — (i — )2 [H (s, 2()) + Le(s)] ds ]

I'()

3 _ MHG71|| p M1 _ L p 1
<2plp(1a) / _ a—1 _O‘l—ldp
<2 (S ) (L e =) = G =) )

1—1
x (g "llellr®m(p) + Mgllcllfs)
— 0,

s = VB [ s = 9% Sl — ) [H(s.2(5) + Let)]as]]”
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1oty (MGTHINP L p—1 \P o
< 2P llulll(l )< I!(Q) ||> (pa_1> (2 — p1)? 1

< [ (51 2lp) + ABlcts) ) ds

1

— 0,
H2
Is = |pp " =y PE|| /O (12 — )% Sa(ua — s)R(s, z(5))dW (s)]|”

M Gfl p 2
< L) (ML) i = e [ - e s

— 0,

I = E| /Hl (2 = 5)* ' Sa(pz — 5) = (1 — 5)*" ' Sa (2 — 5)]
x R(s, z(s))dW (s)|”

“”En / = )" — (a1 — )] S (2 — $)R(s, 2(s))dWV ()]

< upt (M|r<i>|l) Lr®g(p) /0 (2 = 8) 71 = (1 = 9)° " [P (s)ds

-0

and
(1—a) H2
I = W VE] [ 2 = 9 So(ns — 9)R(s,2(s)aW ()]
M1
o (MG 4
< Lr®r(p)ry p1- )< / (2 — 5)P"Dp(s)ds
IN{))] 1
— 0
as pig — 1 — 0. Therefore, the set [] is equi-continuous. O

Lemma 3.3. Let conditions (C1),(C2) and (A1) — (A5) hold. Then [](t) = {£(¢) :
& €[} is relatively compact for every t € J.

Proof. By (A3) we can achieve that the set {z9 — g(2) : z € D,} is bounded.
Since {Sy(t) : t > 0} is linear and bounded, the set

{S1(t)[z0 — 9(2)] : z € Dy, t >0}
is bounded. Then we can infer the relative compactness of
{Sa)lz0— 9(2)] : 2 € Dput > 0}
because G~! is compact. That is, the set
{186 (D]z0 — 9(2)] : 2 € Dyut > 0}

is relatively compact. We denote by

(Q12)(¢) = /O (t— 5)* 1Sy (t — )[H (s, 2(s)) + Le(s)]ds
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+/0 (t = )% LSy (t — 5)R(s, 2(s))dW (s).

According to Lemma 3.1, {(Q12)(t) : z € D,,t > 0} is bounded. Hence we can
derive that
{G™H(Q12)(t) : z € D,,t > 0}

is relatively compact in view of the compactness of G~!. Therefore, we conclude
that {(Qz)(t) : z € D,,t > 0} is relatively compact. Consequently, the relative
compactness of [[(¢) = {£(¢) : £ € [} is achieved. O

Theorem 3.1. Let assumptions (C1),(C2) and (A1) — (A5) be fulfilled. Then the
FSES (1.1) has a mild solution.

Proof. Owing to Lemma 3.1, we get Q(D,) C D, for certain p > 0. We next
prove the continuity of Q@ on D,. Let {z,} be a sequence of D, with z, — z as
n — 00. According to the continuity of H, R and g, we have

H(t,z,(t)) = H(t,2(t)), t>0,

R(t,z,(t)) — R(t, 2(t)), t>0
and

g(zn) = g(2)

as n — 0o. On the other hand, since
M|GY|

E||Sc(t — s)[H(s,zn(s)) — H(s, z(s))][|” < 2°( )

)" ®r(p)p(s) € L'(J, RT)

and

E|[(t = 5)* 7' Sa(t — 8)[R(s, zn(s)) — R(s, 2(s))] 7,
MJIGH|

=1

)’ r(p)(t — s)P @ Dy(s) € L' (J, RY),

we can acquire that

tOE[(Qza)(t) — (Q2)(1)IIP
< 3E|Sa(t)lg(zn) — g(2)]IIP

+3r 1o / (t— )28t — ) [H(s, 2a(s)) — H(s, 2(s))] ds]]”

+3r~ e /o (t —s)* 'Sa(t — s)[R(s, zn(s)) — R(s,2(s))|dW (s)|”

1
< o (N Bigtan) - gta1e
p—1 p_l =1 pa—a ' p
(=) /O B|Sa(t — ) [H (s, 2a(s)) — H(s, 2(s))]||"ds

+3”’1771’QLR/0 E|[(t - 5)* 7' Sa(t — 8)[R(s, zn(s)) — R(s, 2(s))] |74 ds

— 0 (n— o0).
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This fact implies that

1Qzn — Qal,_, = jlelgtl_aEH(an)(t) — ()" =0

as n — oo. Therefore, @ : D, — D, is continuous.

This fact together with Lemmas 3.2 and 3.3, we deduce that Q : D, — D, is
completely continuous by the Ascoli-Arzela theorem. By applying Schauder’s fixed
point theorem, the FSES (1.1) possesses a mild solution. O

Remark 3.1. In Theorem 3.1, we remove the compactness and Lipschitz continuity
conditions of g, hence our result extends some existing conclusions of [4,11,27].

Remark 3.2. If a1 = a2 = 0 in (Al) and (A2), the assumption (A5) holds auto-
matically.

Let conditions (A1) and (A2) be replaced by
(A1) H :J xV — V is continuous and there is N7 > 0 such that

E|H(t,2)||”P < N1, V(t,z2) € Jx L,(YT,V).
(A2) R:J x V — LY is continuous and there is Ny > 0 satisfying
E||R(t7z)|\’£g < Ny, V(t,z)eJxLy(T,V).

By virtue of Theorem 3.1, we can acquire the conclusion below.

Theorem 3.2. Assume that conditions (C1), (C2), (A1), (A2), (A3) and (A4) are
satisfied. Then the FSES (1.1) possesses a mild solution.

Proof. Choosing p > 0 large enough such that

1 MG\ p —p
p—1 p
p> 4 () sl +3)
i, M||G™! P—1 \p-1 00
st (MGl (2= L yrt e (v 4+ Mg el

I'«) pa—1
pple e Ly MG
pla—1)+1 I'(a)

+4P~ )’ Na,

then Q(D,) C D,. We omit the remain proof because it is similar to the one of
Theorem 3.1. O

Remark 3.3. In our Theorem 3.2, we delete the assumption (A5). The uniform
boundedness conditions (A1), (A2)" are strong for existence results, but they are
useful in the controllability theorem.

4. Approximate controllability

Denoting by z(t;¢) the mild solution of (1.1) associated with ¢, we introduce the
reachable set of (1.1) by

K, (H) :={z(n;c) : c€ LI];(J7 U)}.
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Definition 4.1. Let K,(H) be the closure of K, (H). If K,(H) = L,(Y,V), the
FSES (1.1) is called approximately controllable.

We first investigate the fractional linear systems

AW (¢)
>
@ =0 (4.1)

LDe(Gz(t)) + Az(t) = Le(t) + R(1)
2(0) = 2o
and

{LD?(Gz(t)) + Az(t) = Lo(t), t>0, 12)

z(0) = 2z,

where ¢ € L7 (J,U) and v € LP(J,U).
The following conclusion is cited from [18].

Lemma 4.1. The linear system (4.1) is approzimately controllable iff fractional
deterministic system (4.2) is approximately controllable on each [w,n],0 < w <.

Thus, we first consider the approximate controllability of (4.2). Define a bounded
linear operator T': LP(J, V) — V by

Th = /f(n = )" 186 (1= 5)h(s)ds, h € LP(JV). (4.3)

(A6) For any € > 0 and h € LP(J, V), there is v € LP(J,U) satisfying
ITh — TLu:| < e

Lemma 4.2. Let (A6) hold. Then the fractional deterministic system (4.2) is
approzimately controllable.

Proof. Since K(t) = A% 't > 0, we infer that dlégt) = —-AG'K(t),t > 0
and for any zo € V, K(t)z9 € D(—AG™!). By the definition of S¢(t), we can acquire
that

n*"tSq(n)z0 € D(—AG™)
and
dS%(t)z dSq(t)
dt dt
Since D(—AG~1) =V, we will prove D(—AG~!) = K,)(0). That is, we are going
to find a control v, € LP(J,U) such that, for each w € D(—AG~1) and Ve > 0,

= 25¢(t) z, Vze V.

lw—n*"1Sa(n)z0 — TLy || < e.
For Vw € D(—AG™!), we can find a function h € LP(J, V) satisfying
Th = w — 1"~ 86(1)z0.

For instance, we can pick

[C(a)]*(n —t)'—*G? [Sg(n—t)—ztdSG(” —1)

ht) = n dt

] [w—no“lSc(n):vo], t e (0,m).
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In fact, from (4.3) we infer that

Th = /On(n —8)*"1Sq(n — s)h(s)ds

a 2 n — S

_ [F(n)]/o [S3(n — s) — 2551 (n — s)%]dé’ [w — 1" Sa(n)z]
a 2 n

- [F(n)]/o d(sS3(n — 8))[w — 1 Sc (1))

- e st - oyl 1= S6tmz0]

= [D()?S7(0) [w — n* "' Se(n)20]
= w—n"""Sa(n)z0,

where Sy (t) = [ afMq(0)K (t*0)d6,t > 0 and S¢(t) = G~1S;(t), ¢t > 0.
For this h € LP(J,V), the condition (A6) yields that there is v. € LP(J,U)
meeting

ITh — TLv.| < e.

So
[lw — n“_ls’g(n)zo —TLo| <e,

and the fractional deterministic system (4.2) is approximately controllable. O
Let

n
= / (n— )2V Sq(n — $)LLSE(n — s)ds.
0
Lemma 4.3 ( [17]). The fractional deterministic system (4.2) is approximately
controllable iff | NN +nl)~'z|| = 0 as A = 0T forall z € V.

Lemma 4.4 ( [18]). For every A € L,(T,V), there is ¢ € L] (T; L*(J, LY)) satis-
fying .
A=EA+ | ¢(8)dW(0).

0

For any A > 0 and h € L,(Y,V), let’s now choose a control ¢* by

Mtiz) = (n =)' B*S5(n — )(M +7g) TP (2),

P() = EA -1t 'Sa(m)lzo — 9(2)] - / (0= 8% Say — 8)H (5, (6))ds
- / ln— 8 Sl — BYR(5.2(5)) — 4(8))dW (5).

Theorem 4.1. Suppose that conditions (C1), (C2), (A1), (A2)’, (A3), (A4) and (A6)
hold. Then the FSES (1.1) is approximately controllable.

Proof. From Theorem 3.2 we know that the FSES (1.1) admits one mild solution
zx in D, for some p > 0 associated with ¢*(t; 2)). Then ||zx||m, . < p and

22 (t) = t* 7 1Sq(t)[z0 — g(22)] + /0 (t —8)* 1Sq(t — s)H(s, zx(s))ds
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+ /Ot(t —8)*1Sq(t — 8) LM (5520 )ds
+ /0 (t — 5)*"1Sq(t — 5)R(s, 2x(5))dW ().

Since AA +m)) ™t =1 — w (M + ), it follows that
() = A = XA+ 7)) 1P (z)). (4.4)
Assumptions (A1) and (A2)" imply that
E||H (s, 2x(s)[I” + Bl R(s, 2(s) [ g < N1 + Na.

Hence (H(s,zx(s)), R(s, zA(s))) possesses a subsequence, not relabeled, weakly con-
verging to some (H*(s), R*(s)) in V x LY. By virtue of the compactness of Sg(t),t >
0, we can acquire that

(=) S (n — s)H(s, 2x(s)) = (n — )" Sa(n — s)H"(s)
and
(n—8)*"1Sa(n — s)R(s, z2x(s)) = (n — 8)* *Sa(n — s)R*(s) a.e.on J x Y.

On the other hand, since

E|[(n—s)*"Sc(n — )[H(s, 2(s)) = H*(s)] [P < 2" Ny * ) (ﬂ'iﬂ)
and
El(n = )" Sc(n — ) [R(s, 2a(s)) = B*(s)] [}y < 2N~ (W) :

we derive that
E| /On(n — 8)°"1Sa(n — $)[H(s, 2x(s)) — H*(s)]ds||P — 0

and
7
E / (n—5)*"Sa(n — s)[R(s, 2x(5)) — R*(s)}dW (s) [P — 0
0
as A — 07. Since g maps bounded subset of H;_,(J,V) to bounded subset of V,

we infer that 7%~ 1Sg(n)[20 — g(2))] tends to some ¢g* in V as A — 0T owing to the
compactness of Si(t). Denote by

¥ :=FEA—g* — /On(n — )71 Sq(n — s)H*(s)ds
- / (0= 9" Se(n — )R () — o()|AW (s).

Then
E|P(zy) = 9P -0 (A—0T). (4.5)
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In view of (4.4), (4.5) and Lemmas 4.1-4.3, we have

Ellzx(n) = AllP = E|IXA +7g) "' P(2x)|I”
AL + 7)) THPE|P(20) = Il
+2P L BMA + mg) 1P

-0 (A—=0M).

IN

This fact yields the approximate controllability of the FSES (1.1). O

5. Application

Consider the Sobolev type fractional partial differential equation with stochastic
term

EDH(T - 5 )e(tw)] - 5 55(0.0)
_ e 3tsin z(t,y) N e Stcosz(t,y) dW(t) Fe(t), (ty) € (0,1]x [0, 7],

B0+t)(1+[2(t,y)]) -~ (60+8)(1+|2(t,y)])  dt
z(t,0) = z(t,m) =0, te€][0,1],
82

l—o
1510 = 55

)2(t yY)]le=0 + VI ¥|2(t, y)| + 2 = 20(y)-

(5.1)
Let V = U := L?[0, 7). Denote by D(A) = D(G) := {2 € V : z, 2 are absolutely
continuous, z”" € V and z(0) = z(7) = 0}. Define

2

AZ = _87y227

z € D(A)

and
2
Nz

By [5,14], A: D(A) CV =V, G: D(G) CV =V and

Gz=(I z € D(G).

Az = Zn2<z,en>en, z € D(A)
n=1

and
oo

Gz = Z(l +n?){(z,en)en, z€ D(C),

n=1

where e, (y) = \/g sin(ny),n € N are eigenvectors of A corresponding to eigenval-

ues ¢, = n2. For any z € V, one has

— 1
G_l = »=n ny
x ;1+n2<2 en)e

3
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and
77L2

00
K(t)Z = Z el+n2t<z7 67,,>6n == efAG_ltZ.
n=1

It is obvious that G~ is compact and [|G~!|| < 1 and ||K(t)|| < 1. Hence

Salt) = Z/m GTIOM3 (O)K (¢16)dp,
0
where 1
S o
M;(0) = ; (n— DIT(1 - 3n)
Obviously, 1
IS (t)2l < s el
Let
B e 3tsin z(t,y)
H(t,z(t)(y) = GO+ )1+ |zt y)])’
B e 5t cos z(t,y)
R(t,z(t))(y) = (60 + £)(1 + |2(t, v)])
and

9(2)(y) = Vir=elz(ty) + 2.
Then (5.1) can be rewritten as the abstract FSES (1.1). And conditions (A1),
(A2), (A3), (A4) are satisfied with N7 = ﬁ,]\fg = ﬁ where p > 2 is a fixed
constant. In addition, if for Ve > 0 and h € LP([0,1],V), there is v. € LP([0,1],U)
satisfying

||/O (1—3)—%5G(1—s)h(s)ds—/0 (1 )3 Se(1 — s)u(s)ds|| < e

according to Theorem 4.1, (5.1) is approximately controllable.

Conclusion

In this manuscript, the existence as well as the approximate controllability of the
Liouville-Riemann FSES (1.1) of sobolev type are considered. With the aid of
assumptions (C1) and (C2), the compactness and boundedness of {Sq(t)}i>0 are
achieved. By applying the compactness condition of linear operator G=! : V —
D(G), we easily acquire the relative compactness of the set II(¢) for ¢ € J without
any compactness assumptions on g and the operator semigroup K (¢)(see Lemma
3.3). Hence the achieved conclusions in our article extend and improve some existing
studies.
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