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ALMOST-PERIODIC BIFURCATIONS FOR
2-DIMENSIONAL DEGENERATE

HAMILTONIAN VECTOR FIELDS∗

Xinyu Guan1 and Wen Si2,†

Abstract In this paper, we develop almost-periodic tori bifurcation theory
for 2-dimensional degenerate Hamiltonian vector fields. With KAM theory
and singularity theory, we show that the universal unfolding of completely de-
generate Hamiltonian N(x, y) = x2y+yl and partially degenerate Hamiltonian
M(x, y) = x2 + yl, respectively, can persist under any small almost-periodic
time-dependent perturbation and some appropriate non-resonant conditions
on almost-periodic frequency ω = (· · · , ωi, · · · )i∈Z ∈ RZ. We extend the anal-
ysis about almost-periodic bifurcations of one-dimensional degenerate vector
fields considered in [21] to 2-dimensional degenerate vector fields. Our main
results (Theorem 2.1 and Theorem 2.2) imply infinite-dimensional degener-
ate umbilical tori or normally parabolic tori bifurcate according to a gen-
eralised umbilical catastrophe or generalised cuspoid catastrophe under any
small almost-periodic perturbation. For the proof in this paper we use the
overall strategy of [21], which however has to be substantially developed to
deal with the equations considered here.

Keywords Almost-periodic bifurcations, universal unfolding, singularity the-
ory, KAM theory, infinite-dimensional degenerate tori.
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1. Introduction

It is well known that the qualitative structure of a dynamical system can be charac-
terized by its invariant subsets, for example, the equilibria, periodic orbits, invariant
tori and the stable and unstable manifolds of all these. These invariant subsets form
the theoretical framework of the dynamics, and one is interested in the properties
that are persistent under small perturbations. If we assume that a dynamical system
depends on external parameters, then bifurcation theory describes changes in the
qualitative structure of the dynamical system with small changes in these parame-
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ters. In the early 1970s, Meyer [16,17] or Broer et al [3,4] established the theory of
bifurcations for equilibria and periodic solutions to some Hamiltonian systems and
dissipative systems. Subsequently, many authors have been devoted to studies of
quasi-periodic bifurcation for conservative and dissipative dynamical systems using
KAM skill, see ( [2, 7, 13]).

As we know, in quasi-periodic bifurcation theory, normally degenerate bifurca-
tion is difficult to handle because standard KAM theory is not directly applicable.
Generally speaking, it is necessary to establish a new KAM theory in order to study
quasi-periodic bifurcation of normally degenerate dynamical systems. In normally
one dimensional cases, Broer et al. ( [8]) considered the quasi-periodic saddle-node
bifurcation by investigating the perturbation of the vector field

Xω,λ
tr (x, y) = (ω + a(ω)y)

∂

∂x
+ (λ+ b(ω)y2)

∂

∂y
,

where (x, y) ∈ Tn × R, ω ∈ Rn and λ ∈ R is parameter. They proved an adapted
KAM-theorem, to obtain a conjugacy sending the above vector field to

X̄ω,λ
tr (x, y) = (ω + a(ω)y +O(|y|2 + |λ|2))

∂

∂x
+ (λ+ b(ω)y2 +O(|y|3 + |λ|3))

∂

∂y
,

when ω satisfies Diophantine condition. Later, Wagener ( [22]) considered the case
of diffeomorphisms. Furthermore, higher order degenerate quasi-periodic bifurca-
tion in one-dimensional systems can been seen in [20]. In the last years, the quasi-
periodic bifurcation theory has been extended to higher dimension and higher order
normally degenerate cases, and quasi-periodic analogues of cuspoid bifurcations of
equilibria are also developed in normally higher dimensional cases. In 1998, Hanß-
mann ( [12]) considered the quasi-periodic center-saddle bifurcation by investigating
the perturbation of following Hamiltonian

X(x, y, p, q, ω, λ) = 〈ω, y〉+ a(ω)p2 +
b(ω)

3
q3 − dλq, (1.1)

on (x, y, p, q) ∈ Tn×Rn×R2, and proved the persistence of universal unfolding (1.1)
under small perturbations provided that ω satisfies Diophantine condition. Broer
et al. ( [5, 6]) considered the following Hamiltonian universal unfolding

N(x, y, p, q, λ, ω) = 〈ω, y〉+
A(ω)

2
p2 +

B(ω)

l!
ql +

l−2∑
j=1

λj
j!
qj (1.2)

and

N(x, y, u, v, λ, ω) = 〈ω, y〉+
A(ω)

2
u2v +

B(ω)

l!
vl +

l−1∑
j=1

λj
j!
vj + λlu, (1.3)

where (x, y, p, q) ∈ Tn × Rn × R2, respectively. They proved universal unfolding
(1.2) and (1.3) can persist under any small quasi-periodic perturbation provided
that the frequencies satisfy Diophantine condition. Most direct results are the tori
in the unperturbed system bifurcate according to a generalized cuspoid catastrophe
and a generalised umbilical catastrophe, respectively.



3056 X. Guan & W. Si

We notice that many perturbations tend to be more irregular in nature, such
as almost-periodic perturbations. Recently, many works focus on the existence of
almost-periodic invariant tori for the finite-dimensional ( [14, 15, 24]) and infinite-
dimensional ( [1, 10, 18]) almost-periodic forced systems. Thus, the our aim is to
investigate the almost-periodic bifurcations phenomena. In 2020, W. Si, X. Xu and
J. Si ( [21]) studied the almost-periodic time-dependent perturbations of univer-
sal unfolding of one-dimensional vector field ẋ = xl. More precisely, the authors
considered

ẋ = M(x, λ) + f(t, x, λ, ε), x ∈ R, λ = (λ0, · · · , λl−2) ∈ Λ ⊂ Rl−1, (1.4)

where M(x, λ) =
∑l−2
j=0

λj
j! x

j + p
l!x

l, Λ is a compact neighbourhood of λ = 0,

f(t, x, λ, 0) = 0, f is real analytic in all variables and parameters and almost-
periodic in t with frequency vector ω = (. . . , ωi, . . .)i∈Z ∈ RZ, and proved that all
the bifurcation scenario in ẋ = M(x, λ) can persist under a small almost-periodic
perturbation when the almost-periodic frequency ω satisfies some non-resonant con-
ditions. This shows the infinite-dimensional tori bifurcate from the almost-periodic
perturbation.

In the present paper, we will develop almost-periodic bifurcation theory for
two-dimensional degenerate Hamiltonian systems. We consider the almost-periodic
time-dependent perturbations of universal unfolding of completely degenerate
Hamiltonian N(x, y) = x2y + yl and partially degenerate Hamiltonian M(x, y) =
x2 + yl, respectively∗. More concretely, we consider two classes of Hamiltonians

H = N(x, y, λ) + P (t, x, y, λ, ε), (x, y) ∈ R2

and

H = M(x, y, λ̄) + P (t, x, y, λ̄, ε), (x, y) ∈ R2,

where N(x, y, λ) = A
2 x

2y + B
l! y

l +
∑l−1
j=1

λj
j! y

j + λlx, M(x, y, λ̄) = a
2x

2 + b
l!y

l +∑l−2
j=1

λ̄j
j! y

j , λ = (λ1, . . . , λl) ∈ Λ̆ ⊂ Rl, λ̄ = (λ̄1, . . . , λ̄d−2) ∈ Λ̄ ⊂ Rl−2, Λ̆ and

Λ̄ are closed and bounded neighbourhood of origin, P (t, x, y, λ, 0) = 0, P is real
analytic in all variables and parameters, and almost-periodic in t with frequency
vector ω = (. . . , ωi, . . .)i∈Z ∈ RZ.

The perturbed tori are the most degenerate ones corresponding to the central
singularity at λ = 0 or λ̄ = 0, and the remaining part of our perturbation problem
asks what happens to the invariant tori of N and M that occur in the unfold-
ing for λ 6= 0. When it is quasi-periodic case and according to [5, 6], there are
(quasi-periodic) centre-saddle bifurcations, (quasi-perodic) Hamiltonian pitchfork
bifurcation in universal unfoldings N and M . Degenerate umbilical tori or nor-
mally parabolic tori bifurcate according to a generalised umbilical catastrophe or
generalised cuspoid catastrophe under any small quasi-periodic perturbation. Dif-
ferent from quasi-periodic case, the persistence of above universal unfolding becomes
more difficult to handle in almost-periodic case because it is not only necessary to
control the normal form with vanished linear part but also necessary to deal with
the small divisor produced by the integer combination of infinite many frequencies.

∗Let XH : Rn → Rn be the vector field corresponding to Hamiltonian H and XH(0) = 0. We
call Hamiltonian H is completely degenerate if Jacobi matrix DXH(0) = 0 and Hamiltonian H is
partially degenerate if Jacobi matrix DXH(0) 6= 0 and det(DXH(0)) = 0.
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In this paper, we will prove both infinite-dimensional invariant tori and the bifur-
cation scenario in H = N(x, y, λ) and H = M(x, y, λ̄) can persist under a small
almost-periodic perturbation when the almost-periodic frequency ω satisfies some
non-resonant conditions.

The method we adopt is first introduced by Pöschel( [19]), which deals with
small divisors with spatial structure in infinite dimensional Hamiltonian systems.
We generalize it to deal with normally degenerate problems. Although in our proof
we use the overall strategy of [17], however it has to be substantially developed to
deal with the equations considered here.

The rest of this paper is organized as follows. In Section 2, we introduce some
notations and definitions applied in the sequent and give the main results. In Section
3, we give the proof of Theorem 2.1. In section 4, we give an outline of proof of
Theorem 2.2.

2. Preliminary and main results

2.1. Some definitions and notations

Some of the notations and definitions given in this section are also given in [21].
For convenience of readers and the integrity of this paper, we restate them here.

Definition 2.1. Let X be a complex Banach space. A function f : U ⊂ X → C,
where U is an open subset of X, is called analytic if f is continuous on U , and
f |U∩X1

is analytic in the classical sense as a function of several complex variables
for each finite dimensional subspace X1 of X.

Definition 2.2 ( [9, 11]). A function f : R → R is called an almost periodic
function, if it is continuous and, for any ε > 0, the ε-translation set of f ,

T (f, ε) = {τ ∈ R; |f(t+ τ)− f(t)| < ε, t ∈ R}

is a relative dense set on R (i.e., there exists l > 0, such that for any a ∈ R,
[a, a+ l] ∩ T (f, ε) 6= 0).

We denote by AP the set of analytic almost periodic functions. If f ∈ AP , then
fexp(−il·) ∈ AP for any real number l. Define

a(l, f) = lim
T→∞

1

T

∫ T

0

f(t)e−iltdt.

The set
Λ(f) = {l ∈ R : a(l, f) 6= 0}

is called the set of Fourier exponents of f , the numbers a(l, f), l ∈ Λ(f), the Fourier
coefficients and Fourier series of f is designated by

f(t) ∼
∑
l∈Λ(f)

a(l, f)eilt.

Throughout the paper, we study a class of special Bohr almost periodic function
with the frequency ω = (· · · , ωi, · · · )i∈Z ∈ RZ, that is we always assume that the
analytic almost periodic function f has the Fourier exponents ∪i∈ZΩi, where each
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Ωi is a real number set which is expanded integrally by ωi := (ωi1 , · · · , ωij(i)) with

Elm(ω) ⊂ ∪i∈ZElm(ωi). Here Elm(·) represents the elements of set ·. Thus, almost
periodic function f can be expressed as

f(t) =
∑
i∈Z

∑
k∈Zj(i)

a(〈k, ωi〉, f)ei〈k,ωi〉t. (2.1)

Next, we will give more general definition of this kind of special almost-periodic
function. Let S is a family of finite subsets A of Z which has the following spatial
structure: Z ⊂ ∪A∈SA and the union of any two sets in S is again in S, i.e.,

∀A,B ∈ S, A ∩B 6= ∅ ⇒ A ∪B ∈ S. (2.2)

For infinite dimensional integer vector k = (· · · , ki, · · · )i∈Z, we denote its support

suppk = {i : ki 6= 0}.

Definition 2.3. A function f : R→ R is called real analytic almost periodic with
the frequency ω = (· · · , ωi, · · · )i∈Z ∈ RZ, if there exists a real analytic function

F : θ = (· · · , θi, · · · ) ∈ RZ/(2πZ)Z → R

which admits a uniformly converging Fourier series expansion

F (θ) =
∑
A∈S

FA(θ),

where S has spatial structure (2.2) and

FA(θ) =
∑

suppk⊂A

fA,ke
i〈k,θ〉,

with 〈k, θ〉 =
∑
i∈Z kiθi, such that f(t) = F (ωt) for all t ∈ R, where F is bounded

in a complex neighborhood

TZ
s :=

{
θ = (· · · , θλ, · · · ) ∈ CZ/(2πZ)Z, sup

λ∈Z
|Imθλ| ≤ s

}
for some s. Here F (θ) is called the shell function of f(t).

Thus, f(t) can be represented as f(t) =
∑
A∈S fA(t) with

fA(t) =
∑

suppk⊂A

fA,ke
i〈k,ω〉t.

According to Definition 2.3, we can observe that S = {(λ1, · · · , λj(i)) : i ∈ Z} in
Fourier series expansion (2.1).

From the definitions of the support suppk and the set A, we know that fA(t) is a
real analytic quasi-periodic function with the frequency ωA = {ωi : i ∈ A}. There-
fore, the almost periodic function f(t) can be represented as the sum of countably
many quasi-periodic functions fA(t) formally.

Actually, if an almost-periodic function satisfies Definition 2.3, then it must
satisfies Definition 2.2 introduced by Bohr( [9, 11]).
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Definition 2.4. A polynomial F (x, y, λ1, . . . , λk) is said to be quasi-homogeneous
of order d with weight (αx, αy, α1, . . . , αk) if

F (eαxζx, eαyζy, eα1ζλ1, . . . , e
αkζλk) ≡ edζF (x, y, λ1, . . . , λk),

where d is a positive integer and ζ is a real number.

Let λ = (λ1, . . . , λk) ∈ Ck and h = (h1, . . . , hk) ∈ Zk+. If F (x, y, λ) is a quasi-
homogeneous polynomial of order d with weight (αx, αy, α1, . . . , αk), then F can
write as

F (x, y, λ) =
∑

‖(i,j,h)‖=d

fijhx
iyjλh

and the definition of ‖(i, j, h)‖ is as follows:

‖(i, j, h)‖ := αxi+ αyj + α1h1 + . . .+ αkhk.

Let M be a compact set in Ck+2 and define D = TZ
s ×M . If F (θ, x, y, λ) is

an analytic function defined on D, then we can expand F (θ, x, y, λ) into a Fourier-
Taylor series

F (θ, x, y, λ) =
∑
A∈S

FA(θ, x, y, λ) =
∑
A∈S

∑
suppk⊂A

fA,k(x, y, λ)ei〈k,θ〉

with

fA,k(x, y, λ) =
∑
d≥0

fA,kd =
∑
d≥0

 ∑
‖(i,j,h)‖=d

fA,kijhx
iyjλh

 .

Furthermore, we write

<l{f} :=
∑
A∈S

∑
suppk⊂A

∑
0≤d≤l

fA,kde
i〈k,θ〉, >l{f} :=

∑
A∈S

∑
suppk⊂A

∑
d≥l+1

fA,kde
i〈k,θ〉

and denote the norm of F by

‖F‖mD =
∑
A∈S

∑
suppk⊂A

‖fA,k(x, λ)‖Me|k|se[A]m.

Here and below, ‖ · ‖M stands for the supremum norm on the set M. For all above
bounded real analytic functions, we can define a Banach space

Cωm(D) = {f : ‖f‖mD <∞}.

For F (θ, x, y, λ) ∈ Cωm(D), we denote the average of F (θ, x, y, λ) by [F (θ, x, y, λ)] =∑
A∈S [FA(θ, x, y, λ)] where [FA(θ, x, y, λ)] represents the average of quasi-periodic

function FA(θ, x, y, λ). Define a nonnegative weight function

[·] : A 7→ [A] = 1 +
∑
i∈A

logρ(1 + |i|),

where ρ > 2 is a constant. Next, we define the strongly non-resonant conditions of
the almost-periodic frequency ω = (· · · , ωi, · · · )i∈Z. Denote

ZZ
S = {k = (· · · , ki, · · · ) ∈ ZZ : suppk ⊂ A,A ∈ S}.



3060 X. Guan & W. Si

For k ∈ ZZ
S , we define the weight of its support

[[k]] = min
suppk⊂A∈S

[A].

Then the non-resonant conditions read

|〈k, ω〉| ≥ γ

∆([[k]])∆(|k|)
, 0 6= k ∈ ZZ

S , (2.3)

where γ > 0, |k| =
∑
i |ki| and ∆ is some fixed approximation function. A function

∆ : [1,∞)→ [1,∞) is called an approximation function, if ∆ is non-decreasing and
∆(1) = 1; ∫ ∞

1

ln ∆(t)

t2
dt <∞. (2.4)

In the following we will give a criterion for the existence of strongly non-resonant
frequencies. It is based on growth conditions on the distribution function

Ni(t) = card{A ∈ S : card(A) = i, [A] ≤ t},

for i ≥ 1 and t ≥ 0.

Lemma 2.1. There exist a constant N0 and an approximation function Φ such that

Ni(t) ≤

0, t < ti,

N0Φ(t), t ≥ ti

with a sequence of real numbers ti satisfying

i logρ−1 i ≤ ti ∼ i logρ i

for i large with some exponent ρ − 1 > 1. Here we say ai ∼ bi, if there are two
constants c, C such that cai ≤ bi ≤ Cai and c, C are independent of i.

For a rigorous proof of Lemma 2.1, the reader is referred to Pöschel ( [19]) and
Huang et al. ( [15]), we omit it here. According to Lemma 2.1, there exist an
approximation function ∆ and a probability measure U on the parameter space RZ

with support at any prescribed point such that the measure of the set of ω satisfying
the following inequalities

|〈k, ω〉| ≥ γ

∆([[k]])∆(|k|)
, γ > 0, for all k ∈ ZZ

S

is positive for a suitably small γ, the proof can be found in Pöschel ( [19]), we omit
it here.

Throughout this paper, we denote by c, C the universal positive constants if we
do not care their values, denote the absolute value (or norm of vector, or norm of
matrix) by | · |. In the sequel, we still denote the shell of a quasi-periodic function
h(t) by h(ωt), for the sake of simplicity.
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2.2. Main results

We work in extended phase space TZ ×RZ ×R2. The general question we focus on
is what remains of the integrable bifurcations when perturbing to nearly integrable
Hamiltonian families

H(θ, J, x, y, λ) = N(J, x, y, λ) + P (θ, x, y, λ, ε) (2.5)

and Hamiltonian families

H(θ, J, x, y, λ̄) = M(J, x, y, λ̄) + P (θ, x, y, λ̄, ε), (2.6)

where (θ, J, x, y) ∈ TZ × RZ × R2, symplectic form is
∑
i∈Z dθi ∧ dJi + dx ∧ dy,

λ = (λ1, . . . , λl) ∈ Λ̆ ⊂ Rl, λ̄ = (λ̄1, . . . , λ̄d−2) ∈ Λ̄ ⊂ Rl−2, Λ̆ and Λ are closed and
bounded neighbourhood of zero,

N(J, x, y, λ) = 〈ω, J〉+
A

2
x2y +

B

l!
yl +

l−1∑
j=1

λj
j!
yj + λlx

and

M(J, x, y, λ̄) = 〈ω, J〉+
a

2
x2 +

b

l!
yl +

l−2∑
j=1

λ̄j
j!
yj (2.7)

with A, B, a and b being fixed constants.
We have the following theorems.

Theorem 2.1. Consider the Hamiltonian system (2.5). Suppose that
(i) ω satisfies the non-resonant conditions (2.3);
(ii) P (θ, x, y, λ, ε) = O(ε);
Then for sufficiently small positive constant ε, there exists a close to identity trans-
formation Φ which transforms the Hamiltonian system (2.5) into the following form

H∞(θ, J, x̃, ỹ, λ̃) = N∞(J, x̃, ỹ, λ̃) + P∞(θ, x̃, ỹ, λ̃)

such that
(i) Φ is symplectic, real analytic for θ and C∞-smooth for (x̃, ỹ, λ̃);
(ii) The new normal form N∞(J, x̃, ỹ, λ̃) has the same form as N(J, x, y, λ);

(iii) ∂i+j+|h|P∞
∂x̃i∂ỹj∂λ̃h

(θ, 0, 0, 0) = 0 for all θ ∈ TZ and all i, j, h = (h1, · · · , hl) satisfy

(l − 1)i+ 2j + (2l − 2)h1 + (2l − 4)h2 + · · ·+ 2hl−1 + (l + 1)hl+ ≤ 2l.

Theorem 2.2. Consider the Hamiltonian system (2.6). Suppose that
(i) ω satisfies the non-resonant condition (2.3);
(ii) P (θ, x, y, λ̄, ε) = O(ε);
Then for sufficiently small positive constant ε, there exists a close to identity trans-
formation Φ which transforms the Hamiltonian system (2.6) into the following form

H∞(θ, J, x̃, ỹ, λ̃) = M∞(J, x̃, ỹ, λ̃) + P∞(θ, x̃, ỹ, λ̃)

such that
(i) Φ is symplectic, real analytic for θ and C∞-smooth for (x̃, ỹ, λ̃);
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(ii) The new normal form M∞(J, x̃, ỹ, λ̃) has the same form as M(J, x, y, λ̄);

(iii) ∂i+j+|h|P∞
∂x̃i∂ỹj∂λ̃h

(θ, 0, 0, 0) = 0 for all θ ∈ TZ and all i, j, h = (h1, · · · , hl−2) satisfy

li+ 2j + (2l − 2)h1 + (2l − 4)h2 + · · ·+ 4hl−2 ≤ 2l.

Remark 2.1. The formulations of Theorems 2.1 and 2.2 are based on KAM the-
ory on infinite dimensional invariant tori for almost-periodic forced Hamiltonian
systems. For the proofs we use the overall strategy of [21], which however has to
be substanially developed in techniques to deal with (2.5) and (2.6). In addition,
Theorem 2.1 can be regarded as a generalization of the work in [6] from the case of
quasi-periodic perturbations to the case of almost-periodic perturbations and The-
orem 2.2 can be regarded as a generalization of the work in [21] from 1-dimensional
almost-periodic systems to 2-dimensional almost-periodic systems.

Remark 2.2. According to the final normal form N∞(J, x̃, ỹ, λ̃) = 〈ω, J〉+ Ã
2 x

2y+
B̃
l! y

l +
∑l−1
j=1

λ̃j
j! y

j + λ̃lx in Theorem 2.1, we know that H∞ has infinite-dimensional

tori at (J, x, y, λ̃) = (0, 0, 0, 0). Furthermore, λ̃ = λ + eP (ε) where eP (ε) = O(ε)
depends on the perturbation P (θ, x, y, λ), and eP (ε) is given by (3.4). That is,
original Hamiltonian H also has infinite-dimensional tori if λ + eP (ε) = 0. The
same judgment also applies to M(J, x, y, λ̄) in Theorem 2.2.

Remark 2.3. A motivating example in practical application background besides its
mathematical interest is the almost-periodic forced Duffing-van der Pol oscillators.
For example, the nonlinear forced oscillator

ẍ+ xl = εf(t, x, ε), (2.8)

where x, t ∈ R and ε > 0 is a small parameter, f(t, x, ε) is real analytic with regard to
all variables and almost-periodic in t with frequency vector ω = (· · · , ωi, · · · )i∈Z ∈
RZ. Its Hamiltonian reads

H(θ, J, x, y, ε) = 〈ω, J〉+ y2

2
+
xl+1

l + 1
+ εP (θ, x, ε), (θ, J, x, y) ∈ TZ×RZ×R2, (2.9)

where P (θ, x, ε) = −
∫ x

0
f(θ, u, ε)du. According to Theorem 2.2, almost-periodic

response solutions exist when eP (ε) = 0.

3. Proof of Theorem 2.1

In this section, we give the proof of Theorem 2.1 detailedly. Taylor expansion of each
function in (2.5) is regard as the infinite sum of quasi-homogeneous polynomials in
(x, y, λ) with weight (l − 1, 2; 2l − 2, · · · , 2, l + 1). For given s, r > 0, we define the
set D(s, r) = Tds ×W (r), where W (r) = B(r)× U(r), B(r) = {J : |J |w ≤ r2l} and

U(r) = {(x, y, λ) : |x| ≤ rl−1, |y| < r2, |λj | ≤ r2l−2j , |λl| ≤ rl+1, j = 1, · · · , l − 1}.

We define the norm
|J |w =

∑
i∈Z
|Ji|ew[i],

where 0 < w ≤ m∗ is a fixed constant, and the weights at the individual lattice are
defined by [i] = mini∈A∈S [A].
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3.1. Iterative lemma

Let ∆ be an approximation function as defined in (2.3) and let Λ̄(t) = t∆2(t). For
m, s, r, ε > 0, we set m0 = m, s0 = s, r0 = r and ε0 = ε. Let Λ0 ≥ Λ̄(1) = ∆(1).
We note that the universal constant C appeared in (3.5) is independent of q and
iterative step ν. We choose 0 < a, b < 1, 0 < q < 1, 0 < δ ≤ 1/2 such that

1− a+ b+ Cq2l+1 ≤ q2l+α ≤ δ
2(2l+α)

α ,

where 0 < α < 1. Then, let Λ0 ≥ (δ−1q
α
2 )−1 and τ0 := Λ̄−1(Λ0) be large enough

such that

log(1− a)

log(δ−1q
α
2 )

∫ ∞
τ0

ln Λ̄(t)

t2
dt < max{s0

2
,
m0

2
}.

Next, we define the sequences (εν)ν≥0, (Λν)ν≥0, (τν)ν≥0, (σν)ν≥0, (mν)ν≥0,(sν)ν≥0,
(rν)ν≥0, (r1

ν)ν≥0, (r2
ν)ν≥0, (r3

ν)ν≥0 and (r4
ν)ν≥0 in the following manner:

εν = ε0q
(2l+α)ν , Λν =

(
δ/q

α
2

)ν
Λ0, τν = Λ̄−1(Λν),

1− a = e−τνσν , sν+1 = sν − σν , r1
ν = qrν ,

r2
ν = 1

2r
1
ν , r

3
ν = 1

2r
2
ν , r

4
ν = 1

2r
3
ν , rν+1 = 1

2r
4
ν , mν+1 = mν − σν .

We can see that rν = q
8rν−1 = r0( q8 )ν . Similar to [21], we can prove sν → s∗ ≥ s0/2

and mν → m∗ ≥ m0/2.
We suppose that after ν steps, the transformed system defined in the domain

D(sν , rν) is of the form

Hν(θ, J, x, y, , λν) = Nν(J, x, y, λν) + Pν(θ, x, y, λν), (Eq)ν

where

Nν(J, x, y, λν) = 〈ω, J〉+
Aν
2
x2y +

Bν
l!
yl +

l−1∑
j=1

λνj
j!
yj + λνl x.

We have the following lemma.

Lemma 3.1. Let us consider a family of the Hamiltonian systems (Eq)l̆ (l̆ =
0, 1, . . . , ν) in the domain D(sl̆, rl̆). Assume that

(l̆.1) The function Pl̆ ∈ C
ω
ml̆

(D(sl̆, rl̆)) and the following estimate holds true:

‖Pl̆‖
ml̆
D(sl̆,rl̆)

≤ εl̆,

(l̆.2)

|Al̆ −Al̆−1| ≤ Cε0q
(l̆−1)α2 ,

|Bl̆ −Bl̆−1| ≤ Cε0q
(l̆−1)α2 .

Then, for sufficient small ε0, there is a symplectic change of variables

Φν : (θ, x+, y+, λ
ν+1) ∈ D(sν+1, rν+1)→ (θ, x, y, λν) ∈ D(sν , rν)
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such that
Hν+1 = Hν ◦ Φν = Nν+1 + Pν+1 (Eq)ν+1

defined on D(sν+1, rν+1) and conditions (l̆.1) and (l̆.2) are fulfilled by replacing l̆ by
ν + 1. Moreover

‖ ∂i+j+|h|Pν+1

∂xi+∂y
j
+∂(λν+1)

h
‖mν+1

D(sν+1,rν+1) ≤ Cε0q
(l+α

2−d)(ν+1),

where d := (l − 1)i+ 2j + (2l − 2)h1 + · · ·+ 2hl−1 + (l + 1)hl ≤ 2l.

Proof. We divide the proof into several parts.
A. Solving linear homological equations. Pν(θ, x, y, λν) admits spatial ex-

pansion

Pν(θ, x, y, λν) =
∑
A∈S

∑
suppk⊂A

P νA,k(x, y, λν)ei〈k,θ〉

=
∑
A∈S

∑
suppk⊂A

∑
d≥0

 ∑
‖(i,j,h)‖=d

P νA,kijhx
iyj(λν)h

 ei〈k,θ〉.

Then, we truncate Pν(θ, x, y, λν) = P̃ν(θ, x, y, λν) + P̂ν(θ, x, y, λν) with

P̃ν(θ, x, y, λν)

=
∑
A∈S

0<[A]≤τν

∑
suppk⊂A
0≤|k|≤τν

(1− (1− a)eσν [A])(1− (1− a)eσν |k|)P νA,k(x, y, λν)ei〈k,θ〉

and

P̂ν(θ, x, y, λν)

=
∑
A∈S

[A]>τν

∑
suppk⊂A

P νA,k(x, λν)ei〈k,θ〉

+
∑
A∈S

0<[A]≤τν

∑
suppk⊂A

(1− a)eσν [A]P νA,k(x, y, λν)ei〈k,θ〉

+
∑
A∈S

0<[A]≤τν

∑
suppk⊂A
|k|>τν

(1− (1− a)eσν [A])P νA,k(x, y, λν)ei〈k,θ〉

+
∑
A∈S

0<[A]≤τν

∑
suppk⊂A
0≤|k|≤τν

(1− (1− a)eσν [A])(1− a)eσν |k|P νA,k(x, y, λν)ei〈k,θ〉.

Then, we have the following estimate

‖P̂ν‖mν+1

D(sν+1,rν)

≤
∑
A∈S

[A]>τν

∑
suppk⊆A

|P νA,k|e|k|sνe[A]mν+1

+
∑
A∈S

0<[A]≤τν

∑
suppk⊆A

(1− a)eσν [A]|P νA,k|e|k|sνe[A]mν+1
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+
∑
A∈S

0<[A]≤τν

∑
suppk⊆A
|k|>τν

(1− (1− a)eσν [A])|P νA,k|e|k|(sν−σν)e[A]mν

+
∑
A∈S

0<[A]≤τν

∑
suppk⊆A
0≤|k|≤τν

(1− (1− a)eσν [A])(1− a)eσν |k||P νA,k|e|k|(sν−σν)e[A]mν

≤
∑
A∈S

[A]>τν

∑
suppk⊆A

(1− a)|P νA,k|e|k|sνe[A]mν

+
∑
A∈S

0<[A]≤τν

∑
suppk⊆A

(1− a)|P νA,k|e|k|sνe[A]mν

+
∑
A∈S

0<[A]≤τν

∑
suppk⊆A
|k|>τν

a(1− a)|P νA,k|e|k|sνe[A]mν

+
∑
A∈S

0<[A]≤τν

∑
suppk⊆A
0≤|k|≤τν

a(1− a)|P νA,k|e|k|sνe[A]mν

≤ 2(1− a)‖Pν‖mνD(sν ,rν)

because e−τνσν = 1 − a, function (1 − (1 − a)etσν ) under the sup is monotonically
decreasing for 0 ≤ t ≤ τν and equals a at t = 0. On the other hand, the polynomial
rest P̃ν is bounded on a larger domain. Indeed,

‖P̃ν‖mνD(sν ,rν)

≤
∑
A∈S

0<[A]≤τν

∑
suppk⊆A
0≤|k|≤τν

(1− (1− a)eσν [A])(1− (1− a)eσν |k|)|P νA,k|e|k|sνe[A]mν

≤ a2‖Pν‖mνD(sν ,rν).

Then we rewrite Hν as
Hν = Nν + P̃ν + P̂ν .

In the following, we will look for a coordinate transformation φν defined in a domain
D ⊂ D(sν , rν), which is written as the time-1-map of the flow Xt

Fν
of a Hamiltonian

vector field XFν :
φν = Xt

Fν |t=1 .

Then φν is symplectic. Moreover, we may expand Hν ◦ φν = Hν ◦ Xt
Fν
|t=1 with

respect to t at 0 using Taylor’s formula. Recall that

d

dt
G ◦Xt

Fν = {G,Fν} ◦Xt
Fν ,

the Poisson bracket of G and Fν evaluated at Xt
Fν

. Thus, we may write

Hν ◦ φν = (Nν + P̃ν) ◦ φν + P̂ν ◦ φν
= Nν + P̃ν + {Nν , Fν}+ {P̃ν , Fν}

+

∫ 1

0

(1− t){{Nν + P̃ν , Fν}, Fν} ◦Xt
Fνdt+ P̂ν ◦ φν .

The point is to find Fν such that Nν +<2l {[P̃ν ]} = N∗ν is again a normal form. This
amounts to solving the linear equation

<2l{P̃ν − [P̃ν ] + {Nν , Fν}} = 0 (3.1)
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for Fν . Then the Hamiltonian Hν becomes

H∗ν = N∗ν + P ∗ν ,

where

P ∗ν = >2l{P̃ν − [P̃ν ] + {Nν , Fν}}+ {P̃ν , Fν}

+

∫ 1

0

(1− t){{Nν + P̃ν , Fν}, Fν} ◦Xt
Fνdt+ P̂ν ◦ φν .

Here

<2l{[P̃ν ]} =

l∑
j=1

Gνj (λν)yj +

[ l+1
2 ]∑
j=0

Qνj (λν)xyj +Rν(λν)x2 +
∑
A∈S

P νA,0210x
2y

with

Gνj (λν) =
∑
A∈S

∑
2(l−1)h1+···+2hl−1+(l+1)hl≤2l−2j

P νA,00jh(λν)h,

Qνj (λν) =
∑
A∈S

∑
2(l−1)h1+···+2hl−1+(l+1)hl≤l+1−2j

P νA,01jh(λν)h,

Rν(λν) =
∑
A∈S

∑
(2l−1)h1+···+2hl−1+(l+1)hl≤2

P νA,020h(λν)h.

Now we solve homological equation (3.1). For each A ∈ S, we have

<2l{P̃ νA − [P̃ νA] + {Nν , F νA}} = 0.

For each suppk ⊂ A, the same order of quasi-homogeneous polynomial of function
F νA can be defined inductively by

i〈k, ω〉F νA,kd = P̃ νA,kd + {N̆ν , F νA,k,d+1−l},

which implies

F νA,kd =
1

i〈k, ω〉
P̃ νA,kd +

3∑
i=1

1

(i〈k, ω〉)i+1
{N̆ν , · · · , {N̆ν ,︸ ︷︷ ︸

i

P̃ νA,k,d−i(l−1) } · · · }︸ ︷︷ ︸
i

,

where N̆ν = Nν − 〈ω, J〉. Thus, we obtain

‖Fν‖mνD(sν ,r1
ν) = ‖

∑
A∈S

0<[A]≤τν

∑
suppk⊂A
0<|k|≤τν

∑
d≤2l

3∑
i=0

1

(i〈k, ω〉)i+1

{N̆ν , · · · , {N̆ν ,︸ ︷︷ ︸
i

P̃ νA,k,d−i(l−1) } · · · }︸ ︷︷ ︸
i

ei〈k,θ〉‖mνD(sν ,r1
ν)

≤ C
∑
A∈S

∑
suppk⊂A
0<|k|≤τν

3∑
i=0

∆i+1(τν)‖P̃ νA,k‖W (rν)e
|k|sνe[A]mν
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≤ Ca2∆4(τν)εν

≤ Cε0σνδ
νq(2l+α

2 )ν .

According to the above computation, one can check that Fν is independent of J .
By Cauchy’s estimate

‖ ∂i+j+|h|Fν
∂xi∂yj∂(λν)h

‖mνD(sν ,r2
ν) ≤ Cr

−d
ν ε0δ

νq(2l+α
2 )ν (3.2)

if ‖(i, j, h)‖ ≤ d. On the domain D(sν−1, r
2
ν), we have

|∂Fν
∂θ
|mν =

∑
i

|∂Fν
∂θi
|emν [i] ≤

∑
i∈A

∑
A∈S
‖∂F

ν
A

∂θi
‖D(sν−1,r2

ν)e
mν [A] ≤ Cε0σνδνq(2l+α

2 )ν .

Define

|XFν |
mν
D(sν+1,r2

ν)

:= max

{
r−2l
ν |

∂Fν
∂θ
|mµ , r−2l+2

ν ‖∂Fν
∂y
‖mνD(sν+1,r2

ν), r
−l+1
ν ‖∂Fν

∂x
‖mνD(sν+1,r2

ν)

}
,

⇑ DµXFν ⇑
mν
D(sν+1,r2

ν):= max
i+j+|h|≤µ

{
‖ ∂i+j+|h|Y

∂xi∂yj∂(λν)h
‖mνD(sν+1,r2

ν)

}
,

for all µ ≥ 1, where Y stands for one of ∂Fν
∂θ , ∂Fν

∂y and ∂Fν
∂x . By (3.2) and Cauchy

estimation, we have

|XFν |
mν
D(sν+1,r2

ν) ≤ Cr
−2l
ν ε0δ

νq(2l+α
2 )ν , ⇑ DµXFν ⇑

mν
D(sν+1,r2

ν)≤ Cr
−2l
ν ε0δ

νq(2l+α
2 )ν .

Hence, the flow Xt
Fν

of XFν satisfies

|Xt
Fν − id|

mν
D(sν+1,r2

ν) ≤ Cr
−2l
ν ε0δ

νq(2l+α
2 )ν ,

which implies Xt
Fν

(D(sν+1, r
2
ν)) ⊂ D(sν , r

1
ν), for all −1 ≤ t ≤ 1. The norm for φν

is defined by

|φν |mνCij(D(sν+1,r2
ν)) := max

0≤t≤1
‖
∂i+jφtFν
∂xi∂yj

‖mνD(sν ,r2
ν).

Thus we have

|φν − id|mνCij(D(sν+1,r2
ν)) ≤ Cr

−2l
ν ε0δ

νq(2l+α
2 )ν , (3.3)

for any given i and j.
B. Transformation of N∗ν into normal form. One can apply singularity

theory to normalize N∗ν . First we use the shear transformation

φν1 :

 y1 = y,

x1 = x+ (Aν + 2
∑
A∈S P

ν
A,0210)−1

∑[ l+1
2 ]

j=1 Qνj (λν)yj−1

to kill the crossing terms
∑[ l+1

2 ]
j=1 Qνj (λν)xyj−1. we can get

N∗ν ◦ φν1 = 〈ω, J〉+
Aν+1

2
x2

1y1 +
Bν+1

l!
yl1 +Rν(λν)x2

1 + (λνl +Qν0(λν))x1
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+

l−1∑
j=1

(
λνj
j!

+Gνj (λν)−
λνj
Aν+1

Qνj+1(λν))yj1

−Q
ν
0(λν) + 2Rν(λν)x1

Aν+1

[ l+1
2 ]∑
j=1

Qνj (λν)yj−1
1

+
Aν+1y1 − 2Rν(λν)

2A2
ν+1

[ l+1
2 ]∑
j=1

Qνj (λν)yj−1
1

2

:= N∗∗ν + P̆ν

where Aν+1 = Aν + 2
∑
A∈S P

ν
A,0210 and Bν+1 = Bν + l!

∑
A∈S P

ν
A,00l0. Using the

transformation

φν2 :

 y2 = y1 + 2
Aν+1

Rν(λν),

x2 = x1,

we can eliminate the term Rν(λν)x2
1. We have N∗ν ◦ φν1 ◦ φν2 = Nν+1 + P̆ν ◦ φν2 . We

also have the following parameter transformation

λν+1
i = λνi + i!Gνi (λν) +

λνl
Aν+1

Qνi+1(λν)

+

l−1∑
j=i+1

(−1)j−i

(j − i)!Aj−iν+1

(2R(λν))j−i

×
(
λνj + j!Gνj (λν)− λνl

Aν+1
Qνj+1(λν)

)
, (3.4)

λν+1
l = λνl +Q0(λν).

Finally, we get
Hν+1 = Nν+1 + P̆ν ◦ φν2 + P ∗ν ◦ φν1 ◦ φν2 .

C. Estimation for new perturbation
By Cauchy’s estimate, we have

|P ν00210| ≤ C
εν
r2l
ν

, |P ν000l0| ≤ C
εν
r2l
ν

,

and

‖2A−1
ν+1R

ν(λν)‖U(rν) ≤ C
εν

r2l−2
ν

,

‖i!Gνi (λν)− λνl A−1
ν+1Q

ν
i+1(λν)‖U(rν) ≤ C

εν
r2i
ν

,

‖Qν0(λν)‖U(rν) ≤ C
εν

rl−1
ν

.

Thus, we have φν1(D(sν+1, r
3
ν)) ⊂ D(sν+1, r

2
ν) and φν2(D(sν+1, r

4
ν)) ⊂ D(sν+1, r

3
ν).

And we have the following estimates

‖P̆ν ◦ φν2‖
mν
D(sν+1,r4

ν) ≤
ε2ν
r2l
ν

≤ Cε0εν ,
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‖>2l{P̃ν − [P̃ν ] + {Nν , Fν}} ◦ φν1 ◦ φν2‖
mν
D(sν+1,r4

ν) ≤ Cq
2l+1εν , (3.5)

‖{P̃ν , Fν}‖mνD(sν+1,r4
ν) ≤ Cε0εν ,

‖
∫ 1

0

(1− t){{Nν + P̃ν , Fν}, Fν} ◦ φtFν ◦ φ
ν
1 ◦ φν2dt‖

mν
D(sν+1,r4

ν) ≤ Cε0εν ,

‖P̂ν ◦ φ1
Fν ◦ φ

ν
1 ◦ φν2‖

mν
D(sν+1,r4

ν) ≤ (1− a)εν .

The new perturbation is

Pν+1 = P̆ν ◦ φν2 + P ∗ν ◦ φν1 ◦ φν2 .

Thus,
‖Pν+1‖mνD(sν+1,r4

ν) ≤ (1− a+ b+ Cql+1)εν ≤ εν+1.

By Cauchy’s estimate, we have

‖ ∂i+j+|h|Pν+1

∂xi+∂y
j
+∂(λν+1)h

‖mνD(sν+1,rν+1) ≤ Cε0q
(l+α

2−d)(ν+1)

with d := ‖(i, j, h)‖ ≤ 2l. This completes the proof of Lemma 3.1.

3.2. Convergence of KAM iteration

Let us take N0 = N and P0 = P. It is easy to check that system (2.5) satisfies all
hypotheses of Lemma 3.1 with ν = 0. Thus, there is a sequence

Φν = φν ◦ φν1 ◦ φν2 : D(sν+1, rν+1)→ D(sν , rν) (3.6)

such that
Hν ◦ Φν = Hν+1.

By (3.3), we have

‖Φν − id‖mνD(sν+1,rν+1) ≤Cε0q(α2 )ν , (3.7)

‖DΦν − Id‖mνD(sν+1,rν+1) ≤Cε0q(α2 )ν . (3.8)

Let
Φν := Φ0 ◦ Φ1 ◦ · · · ◦ Φν : D(sν+1, rν+1)→ D(s0, r0).

For sufficiently small ε0 > 0, it follows from the inequality (3.7) and (3.8) that

‖DΦj(Φj+1 ◦ · · · ◦ Φν)‖mνD(sν+1,rν+1) ≤ 1 + q
αj
2 , j = 0, 1, . . . , ν − 1.

We infer

‖DΦν−1‖mνD(sν ,rν) ≤
∏
ν≥0

(1 + q
αν
2 ) ≤ e

1

1−q
α
2 ,

and hence

‖Φν − Φν−1‖mνD(sν+1,rν+1) = ‖Φν−1(Φν)− Φν−1‖mνD(sν+1,rν+1)

≤ ‖DΦν−1‖mνD(sν ,rν)‖Φν − id‖
mν
D(sν+1,rν+1)
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≤ e
1

1−q
α
2 q

αν
2 .

The same inequality holds for ν = 0 if we define Φ−1 := id. By composition,
Φν := Φ0 ◦Φ1 ◦ · · · ◦Φν , we obtain a coordinate transformation that turns the given
H0 = N0 +P0 into Hν = Nν +Pν . Our aim is to find a ‘limit’ Φ∞ which transforms
the original system into H∞ = N∞ + P∞.

However, in the present situation the coordinate changes Φν do not form a
group. Indeed, the bifurcating tori require higher order terms, which in turn have
to be dealt with by both φν , φν1 and φν1 defined in (3.6). The problem is now that
one cannot restrict oneself to the fixed weighted order 2l in (x, y;λ) imposed by
the type of bifurcation, as the composition of Φν and Φν+1 itself would increase
this order to 4l. Therefore, we have to pass to a polynomial truncation of fixed
degree in order to define Φ∞ by means of limits of coefficient functions. This
the ‘truncated transformations’ Υν has to satisfy the following condition: 1. the
‘truncated transformations’ Υν have to be symplecto-morphisms as well. 2. The
estimates implied by lemma 3.1 should remain valid after the transformed system
H0 ◦ Φν are replaced by the system H0 ◦Υν .

Since Φν : (θ, J, x, y) → (θ,J , X, Y ) is a symplecto-morphism for fixed λj , we
can define the generation function Sν(θ,J , X, y). In view of the first condition we
do not simply truncate Φν , but truncate a generating function Sν to define Υν as
follows. Obviously, Sν is close and one-valued. Because of the second condition we
define the truncation S̃ν of Sν to be of order l + 1 in (J , X, y). Furthermore, we
drop all terms that involve more than one derivative with respect to parameters λj .
On the other hand, we do not truncate in θ. To be precise, we write

Φν(θ, J, x, y, λν) = ((θ, J, x, y) +Wν(θ, x, y, λν), λν + Λ̃ν(λν)),

where Wν(θ, x, y, λν) = (0,W 2
ν ,W

3
ν ) = (0,Φν2(θ, J, x, y, λν)−J,Φν3(θ, J, x, y, λν)−J)

with Φνi (θ, x, y, λν), i = 1, 2, 3, being the i component of vector function
Φν(θ, J, x, y, λν). And let F : D(sν , rν) → D(s0, r0) denote the transformation
of (θ, J, x, y) into

(θ, J +W 2
ν (θ, x, y, λν), x+W 3

ν (θ, x, y, λν), y, λν) = (θ,J , X, y, λν),

and Gν = (Fν)−1. The truncations S̃ν are polynomials in J , X, Y and λν and the
coefficients of which are holomorphic functions in θ. To truncate we write Sν as a
Taylor series at Fν(θ, 0, 0, 0, 0) =: (θ,Jν , Xν , 0, 0). Therefore, we define

S̃ν(θ,J , X, y, λν) =

l+1∑
|d|∞+i+j=0

min(|d|∞+i+j,1)∑
|h|=0

Sdijhν (θ)(J − Jν)d(x−Xν)iyj(λν)h,

where

Sdijhν (θ) =
∂|h|+i+j+|d|∞

∂J d∂Xi∂yj∂(λν)h
Sν(θ,Jν , Xν , 0, 0).

Under the conditions of lemma 3.1 and Whitney’s Extension Theorem [23], the
sequence S̃ν(θ,J , X, y, λν) of truncations is uniformly convergent on TZ×RZ×R2.
Thus, we can get S̃∞ for all λ ∈ Rl. Furthermore, we can get Φ∞ by S̃∞. Letting
P∞ = H0 ◦Φ∞ −N∞, we have, according to our choice of the truncations S̃ν of Sν
at order l + 1,

P∞A,ijh = lim
ν→∞

PνA,ijh
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as long as |h| ≤ 1 and |h|+ i+ j ≤ 1. In particular, we can conclude that these all
vanish for weighted order ‖(i, j, h)‖ ≤ 2l. This completes the proof.

4. Outline of proof of Theorem 2.2

In this section, we only give the main points on the proof of Theorem 2.2, the details
of which are similar to the proof of Theorem 2.1. In other words, this section is a
road map through technical aspects of proof. In the proof of Theorem 2.2, the weight
of quasi-homogeneous polynomials is different from that in proof of Theorem 2.1.

In this proof, Taylor expansion of each function in (2.6) is regard as the infinite
sum of quasi-homogeneous polynomials in (x, y, λ̄) with weight (l, 2; 2l − 2, · · · , 4).
For given s, r > 0, we define the set D(s, r) = Tds×W̄ (r), where W̄ (r) = B̄(r)×Ū(r),
B̄(r) = {J : |J |w ≤ r2l} and

Ū(r) = {(x, y, λ̄) : |x| ≤ rl, |y| < r2, |λ̄j | ≤ r2l−2j , j = 1, · · · , l − 2}.

We use KAM iteration to prove Theorem 2.2. At the ν-th step in KAM, Hamil-
tonian (2.6) becomes

Hν = Mν + Pν , (4.1)

where

Mν = 〈ω, J〉+
aν
2
x2 +

bν
l!
yl +

l−2∑
j=1

λ̄νj
j!
yj . (4.2)

One can use a coordinate transformation defined in a domain D ⊂ D(sν , rν), which
is written as the time-1-map of the flow Xt

Fν
of a Hamiltonian vector field XFν :

φν = Xt
Fν |t=1,

to conjugate system (4.1) to

H∗ν = M∗ν + P ∗ν . (4.3)

In (4.3), what add to normal form M∗ν is

<2l{[P̃ν ]} =

l∑
j=1

Gνj (λ̄ν)yj +

[ l2 ]∑
j=0

Qνj (λ̄ν)xyj +
∑
A∈S

P νA,0200x
2,

where

Gνj (λ̄ν) =
∑
A∈S

∑
2(l−1)h1+···+2hl−2≤2l−2j

P νA,00jh(λ̄ν)h,

Qνj (λ̄ν) =
∑
A∈S

∑
2(l−1)h1+···+2hl−2≤l−2j

P νA,01jh(λ̄ν)h.

Thus, M∗ν = Mν +<2l {[P̃ν ]}.



3072 X. Guan & W. Si

In what follows, we give how to apply singular theory to renormalize the normal
form M∗ν . Used transformation ϕν1 , ϕν2 defined in

ϕν1 :


y1 = y,

x1 = x+
∑[ l

2
]

j=1 Q
ν
j (λ̄ν)

aν+2
∑
A∈S P

ν
A,0200

yj−1,
and ϕν2 :

 y2 = y1 + (l−1)!
bν+1

Gνl−1(λ̄ν),

x2 = x1,

M∗ν can be renormalized into Mν+1. In concretely, readers can see the proof in [5].
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