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ALMOST-PERIODIC BIFURCATIONS FOR
2-DIMENSIONAL DEGENERATE
HAMILTONIAN VECTOR FIELDS*

Xinyu Guan' and Wen Si%f

Abstract In this paper, we develop almost-periodic tori bifurcation theory
for 2-dimensional degenerate Hamiltonian vector fields. With KAM theory
and singularity theory, we show that the universal unfolding of completely de-
generate Hamiltonian N(z,y) = z2y+1y' and partially degenerate Hamiltonian
M(z,y) = z® + y!, respectively, can persist under any small almost-periodic
time-dependent perturbation and some appropriate non-resonant conditions
on almost-periodic frequency w = (- -+ ,ws, -+ )icz € RZ. We extend the anal-
ysis about almost-periodic bifurcations of one-dimensional degenerate vector
fields considered in [21] to 2-dimensional degenerate vector fields. Our main
results (Theorem 2.1 and Theorem 2.2) imply infinite-dimensional degener-
ate umbilical tori or normally parabolic tori bifurcate according to a gen-
eralised umbilical catastrophe or generalised cuspoid catastrophe under any
small almost-periodic perturbation. For the proof in this paper we use the
overall strategy of [21], which however has to be substantially developed to
deal with the equations considered here.

Keywords Almost-periodic bifurcations, universal unfolding, singularity the-
ory, KAM theory, infinite-dimensional degenerate tori.
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1. Introduction

It is well known that the qualitative structure of a dynamical system can be charac-
terized by its invariant subsets, for example, the equilibria, periodic orbits, invariant
tori and the stable and unstable manifolds of all these. These invariant subsets form
the theoretical framework of the dynamics, and one is interested in the properties
that are persistent under small perturbations. If we assume that a dynamical system
depends on external parameters, then bifurcation theory describes changes in the
qualitative structure of the dynamical system with small changes in these parame-
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ters. In the early 1970s, Meyer [16,17] or Broer et al [3,4] established the theory of
bifurcations for equilibria and periodic solutions to some Hamiltonian systems and
dissipative systems. Subsequently, many authors have been devoted to studies of
quasi-periodic bifurcation for conservative and dissipative dynamical systems using
KAM skill, see ( [2,7,13]).

As we know, in quasi-periodic bifurcation theory, normally degenerate bifurca-
tion is difficult to handle because standard KAM theory is not directly applicable.
Generally speaking, it is necessary to establish a new KAM theory in order to study
quasi-periodic bifurcation of normally degenerate dynamical systems. In normally
one dimensional cases, Broer et al. ( [8]) considered the quasi-periodic saddle-node
bifurcation by investigating the perturbation of the vector field

X3 o) = 0+ @) 5L + O+ ) 5
where (z,y) € T" x R, w € R” and A € R is parameter. They proved an adapted
KAM-theorem, to obtain a conjugacy sending the above vector field to

Sw 0 7]
wa%y%:@f*d@y+OOM”HM%kﬂ+%A+Mwm2+oﬂm3+MPD&?

when w satisfies Diophantine condition. Later, Wagener ( [22]) considered the case
of diffeomorphisms. Furthermore, higher order degenerate quasi-periodic bifurca-
tion in one-dimensional systems can been seen in [20]. In the last years, the quasi-
periodic bifurcation theory has been extended to higher dimension and higher order
normally degenerate cases, and quasi-periodic analogues of cuspoid bifurcations of
equilibria are also developed in normally higher dimensional cases. In 1998, Hanf-
mann ( [12]) considered the quasi-periodic center-saddle bifurcation by investigating
the perturbation of following Hamiltonian

bw)

3_d\ 1.1
54 q, (1.1)

X (2,y,p,q,w,A) = (w,y) + a(w)p® +
on (z,y,p,q) € T" xR" xR?, and proved the persistence of universal unfolding (1.1)
under small perturbations provided that w satisfies Diophantine condition. Broer
et al. ( [5,6]) considered the following Hamiltonian universal unfolding

1-2
Aw B(w Aj o
N(z,y,p,9, A w) = <w7y>+7<2 )p2+7l(, gt + > ke (1.2)
! i
and
-1

A B Aj

N(z,y,u,v,\,w) = (w,y) + 7(2w)u21) + E:U)Ul + E j—{vj + A, (1.3)
! = !

where (z,y,p,q) € T" x R™ x R?, respectively. They proved universal unfolding
(1.2) and (1.3) can persist under any small quasi-periodic perturbation provided
that the frequencies satisfy Diophantine condition. Most direct results are the tori
in the unperturbed system bifurcate according to a generalized cuspoid catastrophe
and a generalised umbilical catastrophe, respectively.
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We notice that many perturbations tend to be more irregular in nature, such
as almost-periodic perturbations. Recently, many works focus on the existence of
almost-periodic invariant tori for the finite-dimensional ( [14,15,24]) and infinite-
dimensional ( [1,10,18]) almost-periodic forced systems. Thus, the our aim is to
investigate the almost-periodic bifurcations phenomena. In 2020, W. Si, X. Xu and
J. Si ( [21]) studied the almost-periodic time-dependent perturbations of univer-
sal unfolding of one-dimensional vector field & = z!. More precisely, the authors
considered

=Mz, )+ f(t,z,\€), t€R, A= (Ng,---,\_2) €A CRTY (1.4)

where M(z,\) = Zé;% %xﬂ + %xl, A is a compact neighbourhood of A = 0,
ft,xz,A\,0) = 0, f is real analytic in all variables and parameters and almost-
periodic in t with frequency vector w = (..., w;,...)iez € R%, and proved that all
the bifurcation scenario in & = M (x, A) can persist under a small almost-periodic
perturbation when the almost-periodic frequency w satisfies some non-resonant con-
ditions. This shows the infinite-dimensional tori bifurcate from the almost-periodic
perturbation.

In the present paper, we will develop almost-periodic bifurcation theory for
two-dimensional degenerate Hamiltonian systems. We consider the almost-periodic
time-dependent perturbations of universal unfolding of completely degenerate
Hamiltonian N(z,y) = 2%y + %' and partially degenerate Hamiltonian M (z,y) =
22 + 1, respectively*. More concretely, we consider two classes of Hamiltonians

H = N(z,y,\) + P(t,z,y, A ¢), (z,y) € R?
and
H = M(x,y,\) + P(t,z,y,\¢), (z,y) € R2,

where N(z,y,)) = 4a%y + 8y' + i) 37 + M, M(z,y,0) = $2° + by +

S, A= (A, M) €A CR, A= (A, Aae) € A C R72 A and
A are closed and bounded neighbourhood of origin, P(t,z,y,\,0) = 0, P is real
analytic in all variables and parameters, and almost-periodic in ¢ with frequency
vector w = (..., wj,...)icz € RZ.

The perturbed tori are the most degenerate ones corresponding to the central
singularity at A = 0 or A = 0, and the remaining part of our perturbation problem
asks what happens to the invariant tori of N and M that occur in the unfold-
ing for A # 0. When it is quasi-periodic case and according to [5, 6], there are
(quasi-periodic) centre-saddle bifurcations, (quasi-perodic) Hamiltonian pitchfork
bifurcation in universal unfoldings N and M. Degenerate umbilical tori or nor-
mally parabolic tori bifurcate according to a generalised umbilical catastrophe or
generalised cuspoid catastrophe under any small quasi-periodic perturbation. Dif-
ferent from quasi-periodic case, the persistence of above universal unfolding becomes
more difficult to handle in almost-periodic case because it is not only necessary to
control the normal form with vanished linear part but also necessary to deal with

the small divisor produced by the integer combination of infinite many frequencies.

*Let Xpg : R™ — R"™ be the vector field corresponding to Hamiltonian H and Xg(0) = 0. We
call Hamiltonian H is completely degenerate if Jacobi matrix DX (0) = 0 and Hamiltonian H is
partially degenerate if Jacobi matrix DX (0) # 0 and det(DX g (0)) = 0.
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In this paper, we will prove both infinite-dimensional invariant tori and the bifur-
cation scenario in H = N(x,y,\) and H = M(z,y,)\) can persist under a small
almost-periodic perturbation when the almost-periodic frequency w satisfies some
non-resonant conditions.

The method we adopt is first introduced by Péschel( [19]), which deals with
small divisors with spatial structure in infinite dimensional Hamiltonian systems.
We generalize it to deal with normally degenerate problems. Although in our proof
we use the overall strategy of [17], however it has to be substantially developed to
deal with the equations considered here.

The rest of this paper is organized as follows. In Section 2, we introduce some
notations and definitions applied in the sequent and give the main results. In Section
3, we give the proof of Theorem 2.1. In section 4, we give an outline of proof of
Theorem 2.2.

2. Preliminary and main results

2.1. Some definitions and notations

Some of the notations and definitions given in this section are also given in [21].
For convenience of readers and the integrity of this paper, we restate them here.

Definition 2.1. Let X be a complex Banach space. A function f: U C X — C,
where U is an open subset of X, is called analytic if f is continuous on U, and
flunx, is analytic in the classical sense as a function of several complex variables
for each finite dimensional subspace X; of X.

Definition 2.2 ( [9,11]). A function f : R — R is called an almost periodic
function, if it is continuous and, for any € > 0, the e-translation set of f,

T(f,e)={reR;|f(t+7)— f(t)] <eteR}

is a relative dense set on R (i.e., there exists [ > 0, such that for any a € R,
la,a+ 1 NT(f,€) £ 0).

We denote by AP the set of analytic almost periodic functions. If f € AP, then
fexp(—il-) € AP for any real number [. Define

a(l, f) = lim 7/ f(t)e tat.

T—oo T

The set
A(f) = {l € R:a(l. f) # 0}

is called the set of Fourier exponents of f, the numbers a(l, f), I € A(f), the Fourier
coefficients and Fourier series of f is designated by

F&)~ > all, e

leA(f)

Throughout the paper, we study a class of special Bohr almost periodic function
with the frequency w = (--- ,w;, - )iez € R%, that is we always assume that the
analytic almost periodic function f has the Fourier exponents U;cz£2;, where each
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€); is a real number set which is expanded integrally by w® := (w;,, - - - ,wij(i)) with
Elm(w) C U;ezElm(w?). Here Elm(-) represents the elements of set -. Thus, almost
periodic function f can be expressed as

=33 a(lk,w'), fetenr, (2.1)
1€ZL keZi (i)

Next, we will give more general definition of this kind of special almost-periodic
function. Let S is a family of finite subsets A of Z which has the following spatial
structure: Z C UgesA and the union of any two sets in S is again in S, i.e.,

VA,BeS, ANB#0 = AUBE€S. (2.2)

For infinite dimensional integer vector k = (- -+ , k;, -+ )icz, we denote its support

suppk = {i : k; # 0}.

Definition 2.3. A function f : R — R is called real analytic almost periodic with
the frequency w = (--+ ,wj, - - - )iez € RZ, if there exists a real analytic function

F:0=(-,0;---) € R?/(21Z)* - R

which admits a uniformly converging Fourier series expansion

F(0) =) Fal0),

AeS

where S has spatial structure (2.2) and

Fa0) = Y faxe™?,
suppkCA

with (k,0) = >, kif;, such that f(t) = F(wt) for all t € R, where F' is bounded
in a complex neighborhood

TZ .= {9 = (-+-,0x,---) € CE/(27Z)Z, sup |[Imh| < s}
AEZ

for some s. Here F'(#) is called the shell function of f(t).
Thus, f(t) can be represented as f(t) = > 4.5 fa(t) with

fa®)y =3 faxe®r

suppkCA

According to Definition 2.3, we can observe that & = {(A1, -+, Aj(;)) : @ € Z} in
Fourier series expansion (2.1).

From the definitions of the support suppk and the set A, we know that fa(t) is a
real analytic quasi-periodic function with the frequency wa = {w; : i € A}. There-
fore, the almost periodic function f(¢) can be represented as the sum of countably
many quasi-periodic functions f4(t) formally.

Actually, if an almost-periodic function satisfies Definition 2.3, then it must
satisfies Definition 2.2 introduced by Bohr( [9, 11]).
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Definition 2.4. A polynomial F(x,y, A1,..., k) is said to be quasi-homogeneous
of order d with weight (o, oy, a1,. .., ) if

F(e“mcx7e%cy,e“1<)\1,.. "kCAk) ch(m Yy Alyevey AR),

where d is a positive integer and ( is a real number.

Let A = (A\,..., ) € C¥ and h = (hy,...,h) € fo_. If F(z,y,\) is a quasi-
homogeneous polynomial of order d with weight (o, ay,,...,a), then F can
write as

F(z,y,\) = Z figna'y? A"
lI(Gi.5,) | =d

and the definition of ||(, 7, h)]| is as follows:
||(i,j, h)H = ol + ayj + arhy + ...+ aphg.

Let M be a compact set in C**2 and define D = TZ x M. If F(0,z,y,\) is
an analytic function defined on D, then we can expand F (6, z,y, A) into a Fourier-
Taylor series

F(0,z,y,A Z Fa(0,2,y,\) = Z Z fan(z,y, N)el o
AeS A€ES suppkCA

with

far(@y, ) =Y fara=) S Farigna'y? A

d>0 d=0 \[[(4,3,h)||=d
Furthermore, we write
a{f} = Z Z Z Farae®0 L {f) = Z Z Z Faraei®®)
A€eS suppkCA 0<d<l! A€S suppkCA d>1+1

and denote the norm of F' by

IFIE =D > lfan(a\)|areklellm

A€ES suppkCA

Here and below, || - || as stands for the supremum norm on the set M. For all above
bounded real analytic functions, we can define a Banach space

Cn(D) =A{f : /5 < oo}

For F(0,z,y,\) € C¥(D), we denote the average of F(0,z,y,\) by [F(0,z,y,\)] =
Y oaeslFa(0,2,y,\)] where [F4(0,2,y, \)] represents the average of quasi-periodic
function F4(0,2,y, A). Define a nonnegative weight function

[]: A [A] =1+ log”(1+ i),
€A

where p > 2 is a constant. Next, we define the strongly non-resonant conditions of
the almost-periodic frequency w = (- ,w;, - - )icz. Denote

7% ={k=(--,ky---) € Z% : suppk C A, A € S}.
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For k € Z%, we define the weight of its support

[[k]] - suplgliCI}‘XES [A] ’

Then the non-resonant conditions read

v

[(k,w)| > m7

0+#kcZ5%, (2.3)

where v > 0, |k| = ", |ki| and A is some fixed approximation function. A function

A :[1,00) = [1,00) is called an approximation function, if A is non-decreasing and
A(l) =1;

“ In At
/ ( )dt < 00. (2.4)
t2
1
In the following we will give a criterion for the existence of strongly non-resonant
frequencies. It is based on growth conditions on the distribution function

N;(t) = card{A € S : card(A) =i, [4] < t},

fori>1andt>0.

Lemma 2.1. There exist a constant Ngy and an approximation function ® such that

0, t <t
N;(t) <

No®(t), t > ¢;
with a sequence of real numbers t; satisfying
ilogP li<t; ~ilog’i

for i large with some exponent p —1 > 1. Here we say a; ~ b;, if there are two
constants ¢, C such that ca; < b; < Ca; and ¢, C are independent of i.

For a rigorous proof of Lemma 2.1, the reader is referred to Pdschel ( [19]) and
Huang et al. ( [15]), we omit it here. According to Lemma 2.1, there exist an
approximation function A and a probability measure 4l on the parameter space R
with support at any prescribed point such that the measure of the set of w satisfying
the following inequalities

v
NN

, >0, for all k € 7%
is positive for a suitably small 7, the proof can be found in Poschel ( [19]), we omit
it here.

Throughout this paper, we denote by ¢, C the universal positive constants if we
do not care their values, denote the absolute value (or norm of vector, or norm of
matrix) by |- |. In the sequel, we still denote the shell of a quasi-periodic function
h(t) by h(wt), for the sake of simplicity.
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2.2. Main results

We work in extended phase space T# x R% x R?. The general question we focus on
is what remains of the integrable bifurcations when perturbing to nearly integrable
Hamiltonian families

H(0,J,2,y,\) = N(J,2,y,\) + P(0,2,y,\, ) (2.5)
and Hamiltonian families
H(G,J,J},y75\):M(J,Sﬁ',y75\)+P(9,(L‘,y75\,€), (26)

where (6,J,2,y) € T? x R? x R2, symplectic form is Yoz d0i N dJ; + dx A dy,
A=, N) €ACR, A= (A1,..., Ag—2) € ACR"2, A and A are closed and
bounded neighbourhood of zero,

-1

_ A 2 B l )‘j 7
N(J,z,y,\) = <w,J>—|—§x Y+ Y +jE:1ﬁy + Nz
and
a b 225,
Iy a o, by Ajg
M(J,z,y,\) = (w,J) + 5%+ Y +jE:1 j!y (2.7)

with A, B, a and b being fixed constants.
We have the following theorems.

Theorem 2.1. Consider the Hamiltonian system (2.5). Suppose that

(i) w satisfies the non-resonant conditions (2.3);

(ii) P(O,z,y, A, €) = O(e);

Then for sufficiently small positive constant €, there exists a close to identity trans-
formation ® which transforms the Hamiltonian system (2.5) into the following form

Hoo(0,J,%,§,\) = Noo(J, &, 5, \) + Poo (0, 7,7, \)

such that B
(i) @ is symplectic, real analytic for 0 and C*-smooth for (Z,7,A);

(ii) The new normal form Noo(J, &, 9, A) has the same form as N(J,z,y, \);
(i) %(9,0,0,0} =0 for all € T% and all i, j, h = (hy, -+, hy) satisfy
(l — 1)Z + 25 + (21 - 2)h1 + (21 — 4)h2 4+ -+ 2h_1 + (l + 1)hl+ < 2l.

Theorem 2.2. Consider the Hamiltonian system (2.6). Suppose that

(i) w satisfies the non-resonant condition (2.3);

(ll) P(Gv z, Y, A, 6) = O(E);

Then for sufficiently small positive constant €, there exists a close to identity trans-
formation ® which transforms the Hamiltonian system (2.6) into the following form

Hoo(0,J,%,5,\) = Moo (J, 7,5, \) + Poc(0,7,§,\)

such that B
(i) @ is symplectic, real analytic for 6 and C°°-smooth for (Z,q,\);
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(ii) The new normal form My (J, Z, 7, 5\) has the same form as M (J,z,y,\);

(iif) %(9,070,0) =0 for all € T? and all i, j, h = (hy1,--- ,hi_2) satisfy

li+27+ (20 —2)hy + (20l —4)ho + - - +4hy_o < 2.

Remark 2.1. The formulations of Theorems 2.1 and 2.2 are based on KAM the-
ory on infinite dimensional invariant tori for almost-periodic forced Hamiltonian
systems. For the proofs we use the overall strategy of [21], which however has to
be substanially developed in techniques to deal with (2.5) and (2.6). In addition,
Theorem 2.1 can be regarded as a generalization of the work in [6] from the case of
quasi-periodic perturbations to the case of almost-periodic perturbations and The-
orem 2.2 can be regarded as a generalization of the work in [21] from 1-dimensional
almost-periodic systems to 2-dimensional almost-periodic systems.

Remark 2.2. According to the final normal form Ny (J, %,9, ) = (w, J) + éwgy—i—

lB!yl + Zé;ll %yﬁ + Az in Theorem 2.1, we know that H has infinite-dimensional
tori at (J,z,y,A) = (0,0,0,0). Furthermore, A = X + ep(e) where ep(e) = O(e)
depends on the perturbation P(6,xz,y,\), and ep(e) is given by (3.4). That is,
original Hamiltonian H also has infinite-dimensional tori if A + ep(e) = 0. The

same judgment also applies to M (J,z,y, A) in Theorem 2.2.
Remark 2.3. A motivating example in practical application background besides its

mathematical interest is the almost-periodic forced Duffing-van der Pol oscillators.
For example, the nonlinear forced oscillator

i+l =ef(t,x,e€), (2.8)

where z,¢ € R and € > 0 is a small parameter, f(t, z, €) is real analytic with regard to
all variables and almost-periodic in ¢ with frequency vector w = (- ,w;, - )icz €
RZ. Its Hamiltonian reads

2 +1

- v
H(97J7x7y76)_<w7j>+ 2 +l+1

+eP(8,x,€), (0,J,2,y) € TZ x RE x R?, (2.9)

where P(0,z,¢) = —fO‘T f(0,u,e)du. According to Theorem 2.2, almost-periodic
response solutions exist when ep(€) = 0.

3. Proof of Theorem 2.1

In this section, we give the proof of Theorem 2.1 detailedly. Taylor expansion of each
function in (2.5) is regard as the infinite sum of quasi-homogeneous polynomials in
(z,y,A) with weight (I —1,2;2l —2,--- ,2,14 1). For given s, > 0, we define the
set D(s,r) =T x W(r), where W(r) = B(r) x U(r), B(r) = {J : |J|» < r?} and

U(’I") = {(11773/,)\) : |{17| S 'rl_17 |y| < T27 |)‘j| S T2l_2j> ‘)‘l| S Tl+17j = 17 7l - 1}

T = 3 1 Jifev,

i€Z

We define the norm

where 0 < w < m, is a fixed constant, and the weights at the individual lattice are
defined by [i] = min;c acs[A].
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3.1. Iterative lemma

Let A be an approximation function as defined in (2.3) and let A(t) = tA2(¢). For
m,s,re > 0, we set mg = m,s9 = 5,79 = r and €y = €. Let Ay > A(1) = A(1).
We note that the universal constant C' appeared in (3.5) is independent of ¢ and
iterative step v. We choose 0 < a,b<1,0<¢< 1,0 < < 1/2 such that

2(2l+a)

1 _a+b+cq2l+1 S q2l+a S 5= ,
where 0 < o < 1. Then, let Ag > (6 1¢%)~! and 79 := A~%(Ag) be large enough
such that

So Mo
2}'

dt<ma{

log(1—a) [ InA(t)
log(6-14%) I

Next, we define the sequences (€,),>0, (Av)v>0, (T0)v>0, (04)v>0, (M) v>0,(50) >0,
(rv)v>0s (T2)u>0, (r2)u>0, (13)y>0 and (rﬁ)yzo in the following manner:

_ (2
€, = egq2 T, = (6/¢%)" Ao, 7 = A7L(A,),
l-a=e TUO-V7SV+1_SV Oy llzqurlﬁ
2_1,1 ,3_12 .4_1.3 1.4 —
’I"V = 57”,/, ’I"V = 57‘1” TV = 5’/"1,, Tv+1 = §TV, Mmy4y1 =My — 0Oy
We can see that r, = &r, 1 = ro(Z)”. Similar to [21], we can prove s, — s, > 50/2

and m, — m., > mg/2.
We suppose that after v steps, the transformed system defined in the domain
D(s,,r,) is of the form

HV(97 Ja%il/» ’ )\U) = NV(J7 z,Y, >\V) + Pu(ea%il/» )‘V)a (EQ)V

where

1% A ’/ l/
Ny (2, y, \) = (w J)+7xy+ +Z |y3+>\

We have the following lemma.

v

Lemma 3.1. Let us consider a family of the Hamiltonian systems (Eq); (I =
0,1,...,v) in the domain D(sy,ry). Assume that

(I.1) The function Py e CF, (D(sy,my)) and the following estimate holds true:

||P||DS ) <6i7

|4 — Ar_,| < Ceoq' V7%,
|By— By_,| < Cegq™V%.

Then, for sufficient small g, there is a symplectic change of variables

®,: 0,24,y N € D(syi1,7041) = (0, 2,9, \) € D(sy,1,)
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such that
Hu+1 =H,0o®, = v+1 T+ Pu+1 (EQ)V+1

defined on D(sy4+1,7v41) and conditions (Zl) and ([2) are fulfilled by replacing | by
v+ 1. Moreover

i+j+|h
oI P, < CepqtE—D0+D)
)

oo oowry P =

where d := (I —1)i+2j + (20 —2)hy + -+ - +2hj—1 + (I + 1)y < 21

Proof. We divide the proof into several parts.
A. Solving linear homological equations. P,(0,x,y, \V) admits spatial ex-
pansion

POy, N) =Y > Piylwy A)e®?

A€ES suppkCA

:Z Z Z Z PZ,kijhmiyj(Xj)h JRICNON

A€S suppkCAd>0 \||(i,5,h)||=d

Then, we truncate P, (6, z,y, \") = ]3,,(0,1, Yy, AY) + ISV(G,:c,y, AY) with

- > (1= (1= @)1= (1= a)em )Py, A

and

Z Z Pz, \)e (k.0)

A A]€3 suppkCA

+ Z Z UV[A]PAk(x y, \)el-0)

AeS
o<laler, suppkCA

+ Z Z (I1-(1- a)e"“[A])Pik(m,y, AV)el(k0)

AeS suppkCA
0<[A]<STy  |k[>Ty

Y Y A== ae - e Py gy ),

Aes suppkC A
0<[A]<Ty OLZ[k|<Ty

Then, we have the following estimate

5 m
1PN D, 1)

|k:\s,, [Almy 41
<> 2| e

A AGS suppkCA

+ Z Z 1—a)e””[A]|PZ,k\e‘k|S“e[A]m”+1

Aes C
0<lA]2r, SUPPRCA
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+ Z Z (1—(1— a)evu[A])|pz7k|6lkl(sufau)e[z4]mu

A€S  suppkCA
0<[A]<Ty  |k[>Ty

+ Z Z (1—(1—a)e M) - a)e"”lkl|Pz,k|e‘k‘(s“_"”)ewm

A€S  suppkCA
0<[A]<Ty 0L |k|<Ty

Z Z (1—a)|Py |elFlsv glAlm

AeS suppkCA
[A]l>Ty PP

+ >0 YT (A —a)|Py el elAim

AeS C
o<iaiZ suppkCA

+ >0 Y al—a)| Py et elime

A€S  suppkCA
0<[A]<Ty  |k|>TH

+ Z Z a(l —a)| Py |elklsv glAlm.

Aes suppkC A
0<[A]<Ty OZL|k|<Ty

<21

)Pl Bs, )

because e~ ™% = 1 — a, function (1 — (1 — a)e“*) under the sup is monotonically
decreasing for 0 < ¢ < 7, and equals a at ¢ = 0. On the other hand, the polynomial
rest P, is bounded on a larger domain. Indeed,

A
SN - (- @1 (1 - a)en M) Py el elAime

Aes suppkC A
0<[A]<Ty 0<|k|<Ty

< a®|P B, -

Then we rewrite H, as " =R
H,=N,+P,+P,.

In the following, we will look for a coordinate transformation ¢, defined in a domain
D C D(sy,ry,), which is written as the time-1-map of the flow X};ﬂ of a Hamiltonian
vector field Xp, :

d)y = XET‘U |t:1 .
Then ¢, is symplectic. Moreover, we may expand H, o ¢, = H,, o X};ﬂ |t=1 with
respect to ¢ at 0 using Taylor’s formula. Recall that

%G oXp ={G,F,}o X} ,
the Poisson bracket of G and F,, evaluated at X%V. Thus, we may write
Hyo¢, = (N, +B)od,+P, 04,
=N, + B, +{N,,F,} + {P,, F,}
+ /01(1 —t){{N, + B,,F,},F,} o X4 dt + P, 0 .

The point is to find F, such that N, +-9 {[P,]} = N7 is again a normal form. This
amounts to solving the linear equation

<2l{ﬁu_[ﬁu]+{NuaFu}}:0 (31)
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for F,,. Then the Hamiltonian H, becomes

H) =N+ P},

where
Py = -u{P, — [P]+{N,,F,}} +{P,. F,}
1
+/ (1-t){{N,+P,,F,},F,}o X%th + P, o ¢,.
0
Here
<2{[P]} = ZG?()\V)?J] + Z QY (N)ay’ + RY(\)2? + Z PY 021077y
j=1 7=0 AeS
with
G?O‘”) = Z Z P.Z,O()jh()‘y)ha
AeS2(l—1)hy+-+2h;—1+(I+1)h <2125
Q;(/\V) = Z Z PZ,mjh(/\V)h;
AES 2(1—1)hy+-+2h;_1+(I+1)h <I+1—2j
RY(N) = Z Z Pz,ozoh()‘u)h~

AES (2l—1)hy+-+2h_1+(1+1)h <2
Now we solve homological equation (3.1). For each A € S, we have
<a{P§ = [P] + {No, F{}} = 0.

For each suppk C A, the same order of quasi-homogeneous polynomial of function
F% can be defined inductively by

ik, W) F'A ka = P ga AN, FA jav1-1)s

which implies

3

v 1 DU 1 \7 \7 DU
FJ ka = WPA,M + ; (o) )itt {Nu, - AN, PY pamig—1y o b

A %

where N, = N, — (w, J). Thus, we obtain

3
m 1
BBty =1 2 2 2> (i(k, )it

A€sS suppkCA d<2] 1=0
0<[A]< Ty O<|k|<Ty T

{ND) o 4' ) {NIM px,k,d—i(l—l) } : : } €i<k)0> ||g(s,,,r},)

3
<CY D D ATE)IPL llw, et e

AES suppkCA =0
0<[|k|<Ty
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< Ca2A4(Tl,)el,
< C’eooyél’q(QH%)”.

According to the above computation, one can check that F,, is independent of J.
By Cauchy’s estimate

gititlhl g

—d v +<)v
HW |D(SU7T2 < Or; %egovq?*3) (3.2)

if H(i,j, h)|| < d. On the domain D(s,_1,72), we have

oFy
emwlil Z Z I HD(SV . rz)em"[A] < Cepo,6¥q (2+5)v

i€cA AES
Define
|XFV|TISL(VSV+1 r2)
oF,
L —21
= max{ | 89 |mM7 v ay 7"2)’ u }

giti+ihly }

D DX A= 10 {“axzaww”mw

89 ; 8812” 5. By (3.2) and Cauchy
ebtlmatlon, we have '
|XF,,|T[))1€5V+1,T12,) < CT;2l605Vq(2l+%)V T+ DX, ﬂgus v, r2)< CT;2l€05Vq(2l+%)V'

Hence, the flow X}V of Xp, satisfies
|Xlt“y - id|$Zsu+1,Tﬁ) < CT;2l605Vq(2l+%)V7

which implies X% (D(s,41,72)) C D(sy,7}), for all =1 <t < 1. The norm for ¢,
is defined by
z+g¢t

m Pp—
|001E5 (s, 4002y = 225 5507 Dridyd (s, 2

Thus we have

gy, — id < COr; eV q?t3)y, (3.3)

Ci(D(sy+41,72))

for any given ¢ and j.
B. Transformation of N into normal form. One can apply singularity
theory to normalize N;5. First we use the shear transformation

=Y,

P 1 .
x1 =+ (A +23 4cs P o210) Zgﬁl] QA )yt

to kill the crossing terms Z[ 5l QY (\)xy’~'. we can get

AV BV v v v v v
N0t = () + Z2aby + 2oyl 4 O3 + OF + Q5O
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V v

A ,
+Z 2600 - 1@ 0]

1+1

Q5O 2R (W)
Ay+1

]
Qu )\u
Jj=1
A [L+1
v — 2RV (N
+ +1Y1 ( ) Z Ql/ )\l/

21,

= N* + P,

where A, 11 = A, +2) 4c5 P} 0210 and Byi1 = By, + 1! > oAes P} o010- Using the
transformation

y2 =y + o RV (),

T2 = X1,

¢ :

we can eliminate the term R”(\)z2. We have N* o ¢% o ¢ = N,41 + P, o ¢%. We
also have the following parameter transformation

)\IJ
M“=M4ﬂ@Qﬂ+AleMU
v+l

+§3 )yz@MMW*

i= z+1 v+1
v
>\l

x (A; RGN - JH(/\")) (3.4)

AT =N+ Qo).

Finally, we get y
HVJrl :NV+I+PU0¢5+P:O¢11/O¢Z.
C. Estimation for new perturbation
By Cauchy’s estimate, we have

| Pooz10l < C | Pooool < C Qla

2l’
and
—_ 17 v 61’
124, 1 R” M) lur,) < C s

€v

lGT () = N A3 QL W) lu ey < C g

v(\V €v
QM) < Co=

Thus7 we have (bll/( (SV+17 1/)) - D(Sl/-i-l) 1/) and ¢2( (SV-‘rl’ u)) - D(SV-‘rl’ 1/)
And we have the following estimates

2
||P O¢2||D (Su41,78) < T;/l < CEOGUa
v
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ls2i{By — (B + {No B}y o 6 0 85I, o) < Cq? ey, (3.5)
B E M ey < Cett
|| / (1= UM, + BB} F} o 6, o 6Y 0 dhdtly, ) < Ceoer,
1Py 0 0k, 0 ¢ 0 51150, ., ey < (1= a)es
The new perturbation is
Pyy1 =B, 05+ P} o ¢ o¢s.

Thus,
1Poiallns, sy < T —a+b+ Cq" e, < €t
By Cauchy’s estimate, we have
gititinp,
axiayiao\uﬂ) HD(Su+1ﬂ“u+1) =

< CepgH+3—Dw+1)

I
with d := ||(¢, 4, h)|| < 2{. This completes the proof of Lemma 3.1. O

3.2. Convergence of KAM iteration
Let us take Ng = N and Py = P. It is easy to check that system (2.5) satisfies all
hypotheses of Lemma 3.1 with v = 0. Thus, there is a sequence

O, =¢, 097 0dy: D(syy1,7041) = D(50,70) (3.6)

such that
H,o®,=H,,;.

By (3.3), we have

120 —idl B,y rin) <Ceoq' P, (3.7)
1D®, — Id|[ 5, iy <Ceyq'®)". (3.8)

Let
OV :=PgoPio---0d,: D(syt1,7v41) = D(s0,70).

For sufficiently small ¢y > 0, it follows from the inequality (3.7) and (3.8) that

||D(I)j(¢)j+1o' )||D(bu+177'u+1) - 1+q2 Jj=0,1,...,v—1.
We infer )
||D¢)V 1||D(a,, Ty) S H(l +q%) 17(1%7
v>0
and hence
19 = @Bty = @771 (@) =@M

<UD M5, i 120 =3B, 1,0
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1
< etl-a

Q|

q7
The same inequality holds for v = 0 if we define ®~! := id. By composition,
PY := PyoPy0---0P,, we obtain a coordinate transformation that turns the given
Hy = No+ P, into H, = N, + P,. Our aim is to find a ‘limit’ ®°° which transforms
the original system into Ho, = Ny + Po.

However, in the present situation the coordinate changes ®, do not form a
group. Indeed, the bifurcating tori require higher order terms, which in turn have
to be dealt with by both ¢,, ¢} and ¢} defined in (3.6). The problem is now that
one cannot restrict oneself to the fixed weighted order 2I in (z,y; A) imposed by
the type of bifurcation, as the composition of ®,, and @, itself would increase
this order to 4l. Therefore, we have to pass to a polynomial truncation of fixed
degree in order to define ®>° by means of limits of coefficient functions. This
the ‘truncated transformations’ T, has to satisfy the following condition: 1. the
‘truncated transformations’ T, have to be symplecto-morphisms as well. 2. The
estimates implied by lemma 3.1 should remain valid after the transformed system
Hy o ¥ are replaced by the system Hyo Y,

Since ®¥ : (0, J,z,y) — (0,7,X,Y) is a symplecto-morphism for fixed \;, we
can define the generation function S, (0, J, X,y). In view of the first condition we
do not simply truncate ®”, but truncate a generating function S, to define Y, as
follows. Obviously, S, is close and one-valued. Because of the second condition we
define the truncation S, of S, to be of order [ + 1 in (J,X,y). Furthermore, we
drop all terms that involve more than one derivative with respect to parameters A;.
On the other hand, we do not truncate in 8. To be precise, we write

(I)V(97 J7I7ya AV) = ((07 vavy) =+ Wl/(e?xvya )‘V)v >‘V + ]\V()‘U))a

where W, (0, z,y,\") = (0, W2, W2) = (0, ®5(0, J, x,y, \) — J, (0, J, z,y, \V) —J)
with ®Y(6,z,y,\), ¢ = 1,2,3, being the i component of vector function
(0, J,x,y,A). And let F : D(s,,7m,) — D(sp,r0) denote the transformation
of (0, J,z,y) into

(07 J + W3(07 x’ y? AV)? x + Wg(a’ x? y7 AV)’ y? )\V) = (07 57’ X’ y’ AV)?

and G, = (.7-'1,)_1. The truncations 5'1, are polynomials in 7, X, Y and \* and the
coefficients of which are holomorphic functions in . To truncate we write S, as a
Taylor series at F,,(6,0,0,0,0) =: (6, 7,,X,,0,0). Therefore, we define

I+1 min(|d|oo +i+7,1)

51’(97~77X7y7)\u) = Z Z S(uhjh(e)(j - j”)d(z - Xl/)iyj(Ay)ha
|d| 0o +i+35=0 [h|=0
where
Sdiih (g O 7 X, 0.0
L) = AT 40X 0yI DAV ) (0,70, X, 0,0).

Under the conditions of lemma 3.1 and Whitney’s Extension Theorem [23], the
sequence S, (0,7, X,y,\) of truncations is uniformly convergent on TZ x R x R2.
Thus, we can get S for all A € Rl Furthermore, we can get ®>° by Seo. Letting
P = Hyo®> — N, we have, according to our choice of the truncations S, of S,
at order [ + 1,
Pooaijn = im P, gn
V—r00
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as long as |h| <1 and |h| + i+ j < 1. In particular, we can conclude that these all
vanish for weighted order ||(7, 7, h)|| < 2l. This completes the proof.

4. Outline of proof of Theorem 2.2

In this section, we only give the main points on the proof of Theorem 2.2, the details
of which are similar to the proof of Theorem 2.1. In other words, this section is a
road map through technical aspects of proof. In the proof of Theorem 2.2, the weight
of quasi-homogeneous polynomials is different from that in proof of Theorem 2.1.
In this proof, Taylor expansion of each function in (2.6) is regard as the infinite

sum of quasi-homogeneous polynomials in (z,y, A) with weight (/,2;21 —2,--- ,4).
For given s, > 0, we define the set D(s,r) = T¢xW (r), where W (r) = B(r)xU(r),
B(r) ={J : |J|w < 7%} and

U(T) = {(Jf,y,X) : ‘Jfl S Tl7 |y| < 7‘2, |;\]| S 7‘2172j7j = 17' o al - 2}

We use KAM iteration to prove Theorem 2.2. At the v-th step in KAM, Hamil-
tonian (2.6) becomes

H,=M,+ P,, (4.1)
where
a b -2 j\V.
_ v 2 v o1 J g
M, = {w,J) + 2% + Y + ngl ) Y. (4.2)

One can use a coordinate transformation defined in a domain D C D(s,,,), which
is written as the time-1-map of the flow X}, of a Hamiltonian vector field Xp, :

¢V - XtFU |t=17
to conjugate system (4.1) to
H) =M+ P]. (4.3)

In (4.3), what add to normal form M} is

j=1 j=0 A€eS

where

G?(j‘u) = Z Z PZ700jh(5\y)h7

AES 2(1—1)hy+-+2h;_2<20—2j

Q;(j\u) = Z Z PZ,01jh(X”)h-

AES 2(1—1)hy+--42h;_2<1—2j

Thus, M} = M, +<9 {[ﬁu]}
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In what follows, we give how to apply singular theory to renormalize the normal
form M. Used transformation ¢, ¢4 defined in

n =y, v Y2 =y1 + (ll,:_:l)'GE/—l(j‘V)a
1 o< and 5 :
Zj:] Qj (\") Jj—1

a+23 pcs P 0200

v,
$1 -
x| =+ T2 = X1,

M can be renormalized into M, ;1. In concretely, readers can see the proof in [5].
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