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MULTIPLE PERIODIC SOLUTIONS FOR
SUPERQUADRATIC AND SUBQUADRATIC
SECOND-ORDER HAMILTONIAN SYSTEMS
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Abstract In this paper, a class of second-order Hamiltonian systems is stud-
ied. Under the assumptions of superquadratic and subquadratic for the non-
linear term, the existence of six periodic solutions and nine periodic solutions
is obtained by using the variational method and space decomposition. Finally,
two examples are given to verify the feasibility of the new criteria.
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1. Introduction and main results

Since Rabinowitz published his pioneer paper [15] in 1978, more and more mathe-
maticians have paid more attention to the periodic solutions for the first-order or
second-order Hamiltonian systems. There has been a lot of literature on the study
of periodic solutions for Hamiltonian systems, such as [5,7,9, 10, 16, 18-23] and
the references therein. In [15], Rabinowitz considered the following second-order
Hamiltonian systems

i+ V'(u)=0, ueR". (1.1)

He studied the existence of periodic solutions of system (1.1) under the superquadratic
condition, i.e., (AR): there exist 4 > 2 and L > 0 such that 0 < pF(t,u) <
(VF(t,u),u) for t € [0,T] and |u| > L. (AR) plays an important role in showing
that Palais-Smale sequence is bounded. Such condition was first introduced by Am-
brosetti and Rabinowitz [1]. So it is useful in solving superlinear problems such as
elliptic equations, dirac equations and wave equations. Tang and Wu [17] studied
the existence of periodic solutions of system (1.1) with subquadratic and convex
potentials, which unified and generalized the results in [14, 16, 18,26]. In [11], Long
proved the existence of period solution for system (1.1) without any convexity as-
sumptions, which is one of the some papers [4,6,11-13,24] on the assumptions of
nonconvexity. Inspired by [11], Li [8] obtained the existence of two minimal periodic
solutions of system (1.1) by using a generalized version of the Weierstrass theorem
and a new space decomposition in 2021. To our best knowledge, this is the first re-
sult of the existence of multiple minimal periodic solutions for Hamiltonian systems
with subquadratic potentials. However, under the assumptions of superquadratic

TThe corresponding author.

1School of Science, Beijing University of Posts and Telecommunications, Bei-
jing 100876, China

Email: caiyj@bupt.edu.cn(Y. Cai), tianyu2992@bupt.edu.cn(Y. Tian)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20220256

Multiple periodic solutions for superqu ... 3075

potentials and subquadratic potentials for system (1.1), the existence of periodic
solutions with more properties has not been obtained.

Motivated by the above mentioned work, we study the following second-order
Hamiltonian systems with a parameter

i + AV'(u) = 0, (1.2)

where ) is a parameter, V € C*(RN, R), V(0) = 0 and V (u fo V(s

Next, we assume the following conditions, in which condltlon (Vg) is the su-
perquadratic assumption for the nonlinear term and condition (V3) is the sub-
quadratic assumption for the nonlinear term.
(V1) V(—u) = V(u) for any u € RY;
(Va) 0 < pV(u) <V'(uw)u for u > M, where u and M are two positive constants
and p > 2;
(V3) there is a constant 1 < B < 2 such that V(u) < Alu|® + p(t), where
p(t) € LY0,T).

The new insights presented in the paper are as follows. Firstly, system (1.2) is
a generalization of system (1.1). If A = 1, system (1.2) reduces to system (1.1).
Secondly, superquadratic and subquadratic assumptions are imposed on nonlinear
term, respectively. In the two cases, the existence of six periodic solutions and nine
periodic solutions is obtained. Finally, comparing with [8], we also consider the
existence of two odd T'/2-antiperiodic nonconstant solutions with period T'.

Our main results are as follows.

Theorem 1.1. Assume that conditions (V1), (Vo) hold and there exists a posi-
tive constant r1 such that (Vy) fo (sin 2”15 dt > ’;—fmax‘ukcl V(u), where ¢c; =

(24+72)Tr 2 r
24 - Then fOT' cach A € (TfoT V (sin 2Z¢)dt’ Tmax\,u\icl V(u))’ system (12)

has at least two odd T'/2-antiperiodic nonconstant solutions with period T'.

Corollary 1.1. Assume that conditions (V1), (Va) hold and there exists a posi-
tive constant ro such that (Vs) fOT (sin 22 ¢)dt > ﬁ Max|y|<c, V(u), where ca =

L2 Then for each A € (Tfo V‘(l;n T Tmax\u\<02 V(u)), system (1.2) has at

least two odd monconstant periodic solutions with period T /2.

Corollary 1.2. Assume that conditions (V1), (Va) hold and there exists a posi-
. T 2
tive constant r3 such that (Vg) [y V(cos 25t)dt > TS maX|y|<c, V(u), where cz =

w2 T 71'2 T
@aAm)Trs - Then for each \ € (TfoT Vleos D@ Tmaxm\ic?, V(u)), system (1.2)

has at least two even T /2-antiperiodic nonzero solutions with period T'.

Remark 1.1. Assume that conditions (V1), (V2), (V4), (V5) and (Vs) hold. Then
2 2

s 4r? s
for each A € (maX{TfOT V(sin ZEt)dt’ T [ V(sin 4= t)dt’ T [ V(cos z%t)dt}’

2472

system (1.2) has at least six

: T1 T2 r3
min
.{’I:max‘uk.cl V(u)’ Tmax|yj<e, V(u)’ T max|y|<cy V(u) }> ’
periodic solutions.

Theorem 1.2. Assume that there is a positive constant r4 and a function v €

X with ®(v) > 2ky, where ky = \/%. Suppose that conditions (V1) ,
(V3) and (V7) fOT V(sin 25 t)dt > “;’Lmax‘ukkl V(u) hold. Then, for each \ €
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32
(2Tfo e TrnaX| \<k1 V(u)), the system (1.2) has at least three odd T/2-

antiperiodic solutions with period T'.

Corollary 1.3. Assume that there is a positive constant r5 and a function v € X

with ®(v) > ng, where ko = 7;25 In addition, suppose that the conditions (V7),

(V3) and ( fo (sin 2Zt)dt > Gimax‘uKkQ V(uw) hold. Then, for each \ €

(Tf v?: Toya Tmax. \<k T )), the system (1.2) has at least three odd periodic
S in X 5 u

solutions with period T/2.

Corollary 1.4. Assume that there is a positive constant r¢ and a function v € X

with ®(v) > 2ks, where ks = % In addition, suppose that the conditions
V1), (V3) and (Vy) fOT (cos ZXt)dt > ‘z: max|y|<k, V(u) hold. Then, for each

3
S (2Tf0 :% Troyar’ Tmax) T<k3 V(u)) the system (1.2) has at least three even

T /2-antiperiodic solutions with period T
Remark 1.2. Assume that conditions (V1), (V3), (V7), (Vs) and (Vo) hold. Then

2 2 2
for h max 3 6 3
or each A € a {2T ST v(sin 22)dt’ T [TV (sin 42 t)dt’ 2T [T V (cos %ﬂt)dt}’

min{Tmameikl Via) Tmaxm\rikz Via) Tmax“:i@ % }) , system (1.2) has at least

nine periodic solutions.

2. Preliminaries

In this section, we recall some essential definitions and several lemmas.
Let us consider the space X = HL = WH2(Sp, RY) with the norm |jul| =

1
(fOT lu|? + |it|2dt> * where Sp = R/(TZ), T > 0, Z is the integer. It is well known
that X is a reflexive Banach space. We can split X into X = Xp @ Yr, where
Xp ={u € Hp|u(—t) = —u(t)} and Y7 = {u € Hy|u(—t) = u(t)}. X7 and Y7 are
closed subspaces of X and Y, then they are reflexive Banach spaces. Moreover, we
define

le« ={ue XT|u(t) =—u(t—T/2)} and X% ={ue XT‘u(t) =u(t—T/2)},
Y:,l ={ue YT|u(t) =—u(t—T/2)} and YI% ={ue YT‘u(t) =u(t—T/2)},

where X7 = X+ @ X2 and Yr = Y} @ Y2. Obviously, for z; € X+, 20 € X2,y1 €
Y} and y2 € Y2, we have the following Fourier expansions

+oo —+oo

T = Z bok+1sin((2k + wt) and zo = Z bay, sin(2kwt),
k=0 k=1
+oo +oo
= Z ask+108((2k + 1)wt) and yo = Z agy, cos(2kwt),
k=0 k=0
where w = 2% In these spaces X1, X% and Y}, we define the norms as follows

1
lullxz = flullxz = [lullyy = (fOT [4|?dt)?, and these norms are equivalent to the
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1
normal norm ||ul|. In addition, take [lu[[yz = (fOT |ul? 4 |u?dt)* = |ju]. We define

energy functional Iy : X — RY by

In(u) = %/0 |u|2dt—)\/o V (u(t))dt. (2.1)

And Iy (u) can also be represented as I (u) = ®(u) — A¥(u), where the functionals
®(u),¥(u) : X — RN are defined as follows

T
d(u) = %/0 || dt (2.2)

and

T
W) = /O V (u(t))dt. (2.3)

Obviously, Iy (u) is a Gateaux differentiable functional and its Gateaur derivation
is continuous in u. So its Fréchet derivative at the point wu is

T T
(T4 (u), v) = /O (a(t), (1))t — A /O V' (u() o t)dt. (2.4)

Definition 2.1. A function u € X is said to be a weak solution of system (1.2) , if
u satisfies (I} (u),v) = 0 for all v € X.

Definition 2.2. A funtion u is said to be a classical solution of system (1.2), if
u € C%(R, R) satisfies equations in system (1.2).

The following two lemmas are the latest Two-Critical-Point-Theorem [2] and
Three-Critical-Point-Theorem [3], which are used to prove Theorem 1.1 and Theo-
rem 1.2.

Lemma 2.1 ( [2]). Let X be a reflexive real Banach space and let ®,¥ : X — R
be two functionals of class C' such that infx ® = ®(0) = ¥(0) = 0. Assume that
there exist r € R and @ € X with 0 < ®(a) < r, such that

Supuefbfl(—oo,r) \IJ(U) < \I’(’&,)
r b(a)’

(2.5)

and for each A € \ = (igg;, Supuecb_l(r—oo,r) lI,(u)), the functional I = ®—AV satisfies

the Palais-Smale Condition ((PS)-condition) and it is unbounded from below. Then,
for each A € A, the functional I)(z) admits at least two nonzero critical points
U1, U2 Such that T(ux1) <0< I(uyz2).

Lemma 2.2 ( [3]). Let X be a reflexive real Banach space and let & : X — R be a
coercive and continuous Gateauz differentiable functional whose Gateaux derivative
admits a continuous inverse on X*. In addition, let ¥ : X — R be a continuous
Gateaux differentiable functional whose derivative is compact with inf x & = ®(0) =
U(0) = 0. Assume that there exists a positive constant r and an element v € X
with 2r < ®(v), such that

SUD, cp—1(— oo ) Y(U)
(ar) Pesremn T < S
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(ag) for all X € (Sigzg, SUPue@—l(ioc,ﬂ \I,(u)), the functional ® — AV is coercive.
Then, for each \ € (;’ig;, S“Puequ(ioo,r) q,(’u.))’ the functional ® — AV has at least

three distinct critical points.
For the next two lemmas, we can refer to [8, Lemma 2.2] and [4, Lemma 1.2].

Lemma 2.3 ( [4,8]). Suppose that condition (Vi) holds. Then we have I €
CYXr1,R), and u € Xr is a critical point of Iy restricted to Xt if and only if
it is a C?-solution of system (1.2) (The result still holds if we replace X1 with Yr.)

Lemma 2.4 ( [4,8]). Suppose that (V1) holds. Then one has

(i) z* € XL(X2) is a critical point of Iy restricted to X1(X2) if and only if it is a
critical point of I, in Xr, that is, z* is an odd C*-solution of system (1.2).

(ii) y* € YL (Y2) is a critical point of I restricted to Y}A(YZ) if and only if it is a
critical point of Iy in Yr, that is, y* is an odd C*-solution of system (1.2).

Next, in order to obtain the main conclusions, it is necessary to prove the fol-
lowing lemmas.

Lemma 2.5. If u € X+ (or u € Y}), then fo lu(t)|?dt < = fo |u(t) |2dt and
ull2, < 551+ gz fOT |a( )|2dt In addition, if u € X2 = {u € X2 : fo

0}, we have fOT lu(t)|?dt < L 16#2 fo la(t)[2dt and ||ul|%, < Z;;fo |a(t)|?dt.

Proof. If u € X}, we have

—+oo

=) borra sin((2k + Lwt). (2.6)
k=0

The Parseval equality implies that

T
/0 t)[Pdt = Z Dok |- (2.7)

Since
—+oo —+oo
2(2 1
u(t) = Z(Qk: + 1w - bag11 cos((2k + 1wt) = Z wb2k+1 cos((2k + 1)wt),
k=0 k=0

(2.8)

by (2.6)-(2.8), we have

T T2

T +oo 2 92 +oo 2 T
. 22k +1 47 T 47
/ aPar =Y 2RV, s AT S lboria2 = 25 [ fue) P
0 k=0 T k=0 0

(2.9)

By Cauchy-Schwarz inequality, we obtain

©= ? e +oo
T 2(2k + 1)27r2
?< b - T 22+ 10,
- <kz_;)| 2k+1|) (kz_(:) 2(2k + 1)27r2> (; T b2k+1]” ),

(2.10)
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where
*Z”L_Lf;_i T I
=202k +1)202  2m? L= (2k+1)2 0 2n? — (2k +1)?
w2 T w2
<35 =— (1 = — (1+=—).
- ( +Z41@’2> 27T2< Jr4><6> 2#2( +24>
(2.11)

Put (2.9) and (2.11) into (2.10), we get

T 72 T
2 o 1 ™ (D) 12dE
o < 55 (1457) |l

If u € X2, and fOTu(t)dt =0

+o00
t) = by sin(2kwt). (2.12)

k=1

By Parseval equality, we have

T
/ t)|2dt = Z |bar|2. (2.13)
0

Since
= X 4kr
t) = Z 2kwbay, cos(2kwt) = Z Tbgk cos(2kwt), (2.14)
k=1 k=1
we have
T +oo 2_2 2 oo 2 T
8k“m 167 T 16m
i(t)|*dt = bor|? > = ook |* = / t)Pdt. (2.1
| >l 2 g 3 loal = 1 [ o 219

According to Cauchy-Schwarz inequality and combining (2.12) with (2.15), we ob-
tain
00 2 +o00 00 2_9
T 8k°m
2 2
< <Z|b2k|> < (ZW) (Z T b2 )
k=1 k=1
+oo +oo 2,2 T
1 8k*m T :
<8W2 Zz) (Z T |b2’“|2) = 48/ [at)[dt.

k=1

If u € Y}, we get

—+oo

= Z agk+1 cos((2k + 1)wt). (2.16)
k=0

According to Parseval equality, it is obvious that

T
/ t)[2dt = Z |agn 1% (2.17)
0
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According to

+o0
(t) = =Y (2k + 1w - ager1 sin((2k + 1wt)
k=0

k1) (2.18)
2(2k + 1
:*27
k=0

- T oresr sin((2k + 1)wt),

we have

T +oo 2,2 2 +oo 2 T
) 22k +1)*m g 4m T 5 4m 9
la(t)Pdt = Y ——————lagx1|* > =5 > Flaox1l* = o5 [ |u(t)*dt.
/0 kz:% T T% 247 T2 J,
(2.19)

By Cauchy-Schwarz inequality, (2.11) and (2.19), we get

+oo 2 +oo +oo
T 2(2k + 1)%x?
2 _ 2
ol = (kz_o a2k+1|> a < 2(2k + 1)27r2> <Z T |azk+1]

k=0

0
T w2 T 9
< — — ' : .
<53 (1+ 24)/0 |a(t)|*dt (2.20)

O

Lemma 2.6.  The spaces X+, X~% and Y} are compactly embedded to C[0,T], i.e.,
X3 == C[0,T], X2 —— C[0,T]and Y} —— C[0,T].

Proof. In order to prove that space X+ is compactly embedded to C[0,7], it
is sufficient to prove that space X% is continuously embedded to space X since
X —<— C[0,T]. From Lemma 2.5, one has

T? T? + 42

. . . T2 + 472
ol = all3s + s < ol + 55 il = oy -

112 2
lallze = THUHX;
for u € X7, which means space X1 is continuously embedded to space X. Therefore

space X1 is compactly embedded to C[0,T]. In the same way , we have X~% e
C[0,T] and Y} << C[0,T]. O

Lemma 2.7. The spaces X%,Xg and Y3 are reflezive real Banach spaces.

Proof. It is enough to show that X7 is a closed subspace of Xr. Let {u,} C X}
and u,, — ug as n — oo. Next we show ug € X+. Since {u,} C X+ and u, — ug
as n — 00, then u,(t) = —u,(t — £) and |u, — ugl|xz, — 0 as n — oo. By Lemma
2.5, |lun — uplleo — 0 as n — oo, which means uy, (t) — uo(t) as n — oo, t € [0,T].
So ug(t) = —ug(t — L). That is , ugp € X4. Similarly, the spaces X% and Y} are
reflexive real Banach spaces. [

Lemma 2.8. If (V2) holds and X > 0, then the functional I is unbound from below
on X7 (or X2.,Y}), and it satisfies the (PS)-condition on X (or X2,Y}).

Proof. Firstly, we discuss whether I is unbound from below. By (V4), one knows
there exist two constants «, 5 > 0 such that V(u) > ao|ul* — 8, where p > 2. For
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some ug € X7./{0},1 € R, we obtain

1 T T
In(lug) = 5/ |zuo|2dth/ V (lug)dt.
0 0

l2 T
< S lollz: - w/ alug|"dt + AT — —o0.
0

Thus, the energy functional I is unbound from below.

Secondly, we prove that I satisfies the (PS)-condition. Let {u,} C X1 be a
sequence such that |Ix(u,)| < M and (I} (un),un) — 0 as n — oco. For n large
enough, by (V2), we evaluate

1 1

=g = lually =M Vewde == [V

>(

1
"
1
oy

N = N

where 1 > 2. Thus {u,} is bounded in X}. Since X4 is a reflexive Banach
space, the fact that {u,} is bounded in X} means that one has weakly convergent
subsequence {u,,, } such that u,, — u in X%. Moreover, one has

(I\(un,,) = I (u), un,, —u) =0
=lltn,, —ull5s - >\/ (V' (un,,,) = V'(w)) (tn,, (t) — u(t))dt.
0

By Lemma 2.6, one has (X4}, || - ||) =< C([0,T]), which means

T
/0 (V' (up,,) — V' (w)(up,, (t) —u(t))dt — 0

as m — oo and [Ju,,, — ul[3. — 0 as m — +oo. Therefore Iy satisfies (PS)-
T

condition. Using the same proof method, if u € X:% or u € Y}, then one knows that
the functional I is unbound from below and satisfies the (PS)-condition. O

Lemma 2.9. ® is coercive on X+ (or Xi%,Y%) and @' has a continuous inverse on
(X7)* (or(X3)*.(Y7)")-

Proof. By (2.2), it is obvious that ® is coercive. Moreover, from [ [25], Theorem
26], ®" will have a continuous inverse on (X})* if ® is coercive and continuous

monotone. Firstly, we know (®'(u),u) = fOT [a(t)|?dt = ||u||%., which yields that
T
@’ is coercive. Secondly, in consideration of

(@' (u) — @' (v),u —v) = [lu(t) —v(t)|%1,

we get @ is continuous monotone. Hence, Lemma 2.9 holds. O

Lemma 2.10. ¥’ : X7 — (X7)* is compact with inf ¢ x1 ®(u) = ®(0) = ¥(0) = 0.
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Proof. Firstly, since V(0) = 0, it is clear that inf,cx1 ® = ®(0) = ¥(0) = 0.
Secondly, let {u,} C X} be a sequence such that u, — u as n — oo. Since
X1 << C[0,T], we know {u,} is uniformly convergent to u in C[0,T] as n — oc.
According to the fact that V(u) € CY(RN, R), we get lim, o V' (u,) = V'(u),
which obtains

! ! T Vv’ _y dt
lim sup < W(un) = ¥'(u),v > = lim sup fo( () (u),v)

N0 e X1 llvllxz N0 e X1 [vllxz,

=0.

Therefore ¥’ is strongly continuous in X4. By [ [25], Proposition 26.2], ¥ is
compact. Similarly U’ is compact in spaces X2 and Y}. In addition, we have
inf ®(u) = ©(0) = ¥(0) = 0 and inf, ¢y ®(u) = ®(0) = ¥(0) = 0. O

ue)(:%

3. Proof of main results
Proof of Theorem 1.1. By (2.2) and Lemma 2.5, we deduce that

&1 (—o0,71) = {u € Xp|®(u) <1} = {u € Xp||lal|7 < 2}
(24+7T2)T7"1

}={ue Xz|llulleo <1}
Therefore

T
sup U(u) < sup /0 V(u(t))dt <T max V(u).

u€dP—1(—o0,r1) [lulloo <c1 lul<ex

Take @ = sin(25t), we have

1 T . 2 2 T 2
@(a)=§/0 it = 27 0 (cos 2Xp2dt = T

From (V}), we get

U(w) TfOT V(sin2rt)dt  Tmax|,j<c, V(U) _ SUDuea—1(—oo,r) ¥(1)
(I)( = 3 > > .

=3}

) Vs T1 T1

Hence, inequality (2.5) of Lemma 2.1 is verified. Combining Lemma 2.1, Lemma

2 .
2.8 and Lemma 2.10, for each A\ € (TfoT V(’;in Zoa Tmaxhjicl V(u))’

that system (1.2) has two nonzero critical points uy 1, uy 2.

In addition, it is obvious that X+ N RN = {0} by the definition of X+. So uy
and u) 2 are not constants. By Lemma 2.4 , we conclude that there are at least two
odd T'/2-antiperiodic nonconstant solutions with period T of system (1.2). O

we obtain

Proof of Theorem 1.2. By (2.2) and Lemma 2.5, one has

d ! (—oo,ry) ={u € Xp|®(u) <y} ={ue XHHuH%z < 21y}
(24+7T2)T7“4

} = {ue Xplllullo < ka},
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which deduces that

sup U(u) < T max V(u).
u€P—1(—o0,ry) lu|<ky

Let v = sin(25¢). One has
1 9 272 27 o, w2
d(v) = 2/ [o]°dt = el (cos?t) dt = T
From (V7), it follows

2W(v) 2T [ V(sin2ZEt)dt  Tmaxp e, V()  SUDucq 1 ( o) P(0)
= > > .
3@(’1}) 371'2 T4 T4

Then, combining (2.1) and (V3), we have

1 T T
7/ |u\2dt—)\/ V(u)dt
2 0 0

1 T T
5/ |u\2dth/ Alul? + p(t)dt,
0 0

which means I (u) — 400 as |Ju||x — +o00. Thus, ® — AV is coercive. In addition,
by Lemma 2.2, Lemma 2.4, Lemma 2.9 and Lemma 2.10, the system (1.2) has at
least three odd T'/2-antiperiodic solutions with period T. O

I(u) = ®(u) — AU (u)

v

Remark 3.1. Similar to the proof of Theorem 1.1 and Theorem 1.2, we get Corol-
lary 1.1, Corollary 1.2, Corollary 1.3 and Corollary 1.4.

4. Main examples

Example 4.1. Consider the second order Hamiltonian systems (1.2), where V (u) =

127c? 12¢2
u'®. Let ¢y =y =c3 = 155, T =27 and 1y = r3 = 24:;12,7“2 = 2. There-

2 3 3
T _ 247r+7r 24747 1 \98
fore, We have —max|u|<c1 V(u) = 1207~ MaX|u|<c; V(u) < ="~ (150) If

v = sin 2t € Xt then [ (smt)loodt > 24”142'” (155)%%. Therefore for v € X7,

the condltlon (V) of Theorem 1.1 is satisfied. According to Theorem 1.1, for each

A€ <2f S:rlt)m()dt, 62(}13_07228) system (1.2) has at least two odd T'/2-antiperiodic

nonconstant solutions with period 7. In addition, we take v = sin2¢ in X%, then

fo sin 2¢)1904¢ > —(ﬁ)% Therefore for v € XT7 the condition (V5) of Theorem

1.1 is satisfied. According to Theorem 1.1, for each Ay € (2f02“(sir7:2t)100dta 6(17(:(2))%)’

system (1.2) has at least two odd nonconstant periodic solutions with period T'/2.

If v = cos ¥t € X7, then fozﬂ(cos )10t > 247?2'”( (755)%%. Therefore for v € Y,

the condition (Vg) of Theorem 1.1 is satisfied. According to Theorem 1.1, for each

98
A3 € (2 fzfr(c;;t)lo()dt7 6&222 ), system (1.2) has at least two even T'/2-antiperiodic
Jo

98
nonzero solutions with period T'. Therefore, for A € (2I§W(S;t)100dt, 65}1(3:22 ), sys-

tem (1.2) has at least six periodic solutions.
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Example 4.2. Consider the second order Hamiltonian systems (1.2), where V (u)
T 2 2

ut. Let ki = ko = ks = 155, T =21, 14 = 16 = gornb 15 = 22, A =2, f =

p(t) = u'. Take v(t) = sint(t € (§ + km, 2% + kr)) in X}, which means that

®(v) > 2k and V(u) < AJul® + p(t). If t € (5 + km, 3 + krr), we have v(t) > V2

)

SN

2
Further we havefo% V(sint) > 5 > % max|,|<, V (1), which means condition (V7)
2
of Theorem 1.2 is satisfied. Therefore for \y € (41.027,(3;?“)%)5, f;(ii% ) , the system

(1.2) has at least three odd T'/2-antiperiodic solutions with period T In addition,
we take v = sin2¢ in X2, which means that ®(v) > 2ks and V(u) < Alu|? + p(?).
Iff € (£ + km, 3T + km), we have v(t) > % Further we havefo27T V(sin2t) > § >
61% max|,|<k, V (u), which means condition (Vg) of Theorem 1.2 is satisfied. There-

fore for A5 € (IQ”(s'?)ﬂQt)%t’ 6(1029)2) , the system (1.2) has at least three odd periodic
0 in s

solutions with period T'/2. Take v = cost(t € (—F+km, T +km)) in Y7}, which means
that ®(v) > 2ks and V(u) < Alul® +p(t). If t € (-5 + km, T + k), we have v(t) >

g. Further we havefo% V(sint) > § > %max‘ukkg V(u), which means condi-
2
tion (Vy) of Theorem 1.2 is satisfied. Therefore for \g € (4f27r(igst)4dt’ ‘;(ii% ) ’
0

the system (1.2) has at least three even T'/2-antiperiodic solutions with period 7.

98
Therefore, for A € (f27r(5131?2t)4dt’ 62(4115):)722 ), system (1.2) has at least nine periodic
0

solutions.
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