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Abstract This study proved that the Cauchy problem for a one-dimensional
reaction-diffusion-convection system is locally and globally well-posed in H2(R).
The system modeled a gasless combustion front through a multi-layer porous
medium when the fuel concentration in each layer was a known function. Com-
bustion has critical practical porous media applications, such as in in-situ
combustion processes in oil reservoirs and several other areas. Earlier stud-
ies considered physical parameters (e.g., porosity, thermal conductivity, heat
capacity, and initial fuel concentration) constant. Here, we consider a more
realistic model where these parameters are functions of the spatial variable
rather than constants. Furthermore, in previous studies, we did not consider
the continuity of the solution regarding the initial data and parameters, unlike
the current study. This proof uses a novel approach to combustion problems
in porous media. We follow the abstract semigroups theory of operators in the
Hilbert space and the well-known Kato’s theory for a well-posed associated
initial value problem.
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1. Introduction

We can find a short review of combustion applications in porous media in [3,13,23].
Among the several applications is the in-situ combustion process for oil recovery
from a petroleum reservoir [1, 2, 15, 26]. Many petroleum reservoirs with crude oil
have layers with different physical properties [12, 22]. Motivated by these applica-
tions, we consider a one-dimensional model for the combustion of oxygen and solid
fuel in a porous medium with n (n ≥ 2) parallel layers. Full derivation of the model
is given by [4]: With some simplifying assumptions, such as incompressibility, the
model reduces to a simple system of n reaction-diffusion-convection equations, cou-
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pled with n ordinary differential equations, governing the temperature ui = ui(x, t)
and the fuel concentration yi = yi(x, t) in layer i (i = 1, . . . , n), where x ∈ R is the
space variable and t ≥ 0 is the time.

The model is a generalization of the two-layer model derived in [11], where
traveling wave solutions were found. [10] solved the Cauchy problem for this two-
layer model. Traveling waves have been observed in several practical problems
[7, 27,28], including some other combustion problems [6, 9, 14].

In [4], the existence and uniqueness of the classical local and global solutions
over time were proven for an initial and boundary value problem for the simplified
model, where the fuel concentrations in the layers are known functions. The main
tool used is the monotonous iterative method for the upper and lower solutions.
Recently, in [5], by using Schauder’s fixed-point theorem, a classical solution was
proven to exist for the complete model’s initial and boundary value problem, where
the fuel concentrations are also unknown. The study considered physical properties
(e.g., porosity, conductivity, heat capacity, and initial fuel concentration) constant
in each layer.

We also assumed that the fuel concentration in each layer is a known func-
tion; however, we considered a more realistic model, where the physical properties
mentioned above depend on the spatial variable x. We proved the existence and
uniqueness of local and global classical solutions in time for an initial value problem
(Cauchy problem) associated with the model. We also proved continuous depen-
dence for the initial data and parameters in the sense of Theorem 1.3 below. Thus,
the following initial value problem is well-posed in H2(R),ut + L(t)u = f(x, t, u), x ∈ R, t > 0,

u(x, 0) = φ(x).
(1.1)

Here, u = (u1, . . . , un) is an unknown vector of temperatures φ = (φ1, . . . , φn) is the
given vector of the initial temperatures, and L(t) is the partial differential operator
defined by

L(t)u =
(
L1(t)u1, . . . , Ln(t)un

)
, (1.2)

where
Li(t)ui := −αi(x, t) ∂xxui + βi(x, t) ∂xui, i = 1, . . . , n, (1.3)

with coefficients

αi(x, t) =
λi(x)

ai(x) + bi(x) yi(x, t)
, βi(x, t) =

ci(x)

ai(x) + bi(x) yi(x, t)
. (1.4)

Functions ai, bi, ci, and λi for i = 1, . . . , n are defined depending on the physical
parameters (see [4]), which are known functions of the spatial variable x. The fuel
concentration yi is known to be nonnegative and bounded∗ function of (x, t) as
follows: The combustion reaction rate, heat transfer between two adjacent layers,
and heat loss to the external medium are all included in the source function f =
(f1, . . . , fn), the components of which are defined by

f1(x, t, u) =
−(c1)x u1

a1 + b1y1
+

(K1b1u1 + d1)y1 g(u1)

a1 + b1y1
+
q1(u2 − u1)

a1 + b1y1

∗We can reasonably assume that fuel concentrations yi take their values in the interval [0, 1],
as this is physically expected, in view of the concentration definition.
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− q1(u1 − ue)
a1 + b1y1

,

fi(x, t, u) =
−(ci)x ui
ai + biyi

+
(Kibiui + di)yi g(ui)

ai + biyi
− qi−1(ui − ui−1)

ai + biyi
(1.5)

+
qi(ui+1 − ui)
ai + biyi

, i = 2, . . . , n− 1 ,

fn(x, t, u) =
−(cn)x un
an + bnyn

+
(Knbnun + dn)yn g(un)

an + bnyn
− qn−1(un − un−1)

an + bnyn

− q2(un − ue)
an + bnyn

,

where di is also a known function of the spatial variable x, and g is a function
related to the Arrhenius law given by

g(θ) =

 e−
E
θ , se θ > 0

0, se θ ≤ 0 .
(1.6)

The other quantities Ki, qi, q1, q2, E are non-negative parameters, as defined in [4],
and ue denotes the temperature of the external environment, which is constant.

Throughout this study, (1.1) is referred to as a combustion problem. Index i
refers to layer i; unless stated otherwise, i = 1, . . . , n. To facilitate notation, when
there is no doubt, we omit the variable x from u(x, t), φ(x), y(x, t), and f(x, t, u)
by writing simply u(t), φ, y(t), and f(t, u).

The solutions treated here are conventional according to the following definition:

Definition 1.1. A local solution to problem (1.1) is a function u = (u1, . . . , u2)
∈ C

(
[0, T ], W

)
∩C1

(
[0, T ], L2(R)n

)
, which satisfies (1.1) for some T > 0 and some

open set W ⊂ H2(R)n. The solution is global in time if it satisfies (1.1) for all T > 0.

Our main results are summarized in the next three theorems; these proofs rely
on a new approach for combustion in porous media, which uses the semigroups
theory of operators in the Hilbert space and the well-known Kato’s theory for the
initial value problem.

Theorem 1.1 (Local solution). Assume that hypotheses (Hy6) and (Hy7) given in
Section 3 are satisfied. If φ = (φ1, . . . , φn) ∈ H2(R)n, then the initial value problem
(1.1) has a unique local solution. Each component of this solution is given in the
following integral form:

ui(t) = Ui(t, 0)φi +

∫ t

0

Ui(t, τ) fi
(
τ, u(τ)

)
dτ, (1.7)

t ∈ [0, T ] for some T > 0, where Ui is the evolution propagation operator associated
with Li(t), defined by Lemma A.3.

Theorem 1.2 (Global solution). We assume that the hypothesis (Hy8) given in
Section 4 is satisfied. If φ = (φ1, . . . , φn) ∈ H2(R)n, then the initial value problem
(1.1) has a unique global solution. Each component of this solution is given in the
integral form, as in (1.7), for any T > 0.

Theorem 1.3 (Continuous dependence). Let us assume the same hypotheses as in
Theorem 1.1. Then, the function that maps the initial data and the parameters into
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the solution given by this theorem is continuous in the H2(R)n-norm. Similarly, let
us assume the same hypotheses as in Theorem 1.2; then, the analogous result holds.

Theorems 1.1, 1.2, and 1.3 ensure that problem (1.1) is locally and globally
well-posed.

The rest of this paper is organized as follows.
In Section 2, we describe the preliminary results of this study. First, a list of

notations and basic definitions is presented. Then, we present some results on the
semigroup theory for an abstract linear evolution equation in Banach space, where
we focus only on results that will be used to find the local solution to an initial
value problem for a general second-order semi-linear scalar equation. This local
solution is described in Appendix A. In Appendix B, the maximal solution concept
is extended to a global solution. A complete study of this subject can be found in
a series of papers by Kato [16–21].

In Section 3, following the proof of the general scalar equation, we prove The-
orem 1.1. The main tool is based on the evolution operator for the closure of the
Li(t) operator in L2(R), which is determined by Lemma 3.3 for each t ∈ [0, T ].

In Section 4, we prove Theorem 1.2, where the closure of Li(t) in L2(R) must
be valid for each t > 0.

In Section 5, we prove Theorem 1.3. First, we prove continuous dependence
for only the initial data. Then, including the hypothesis that the parameters are
functions of H2(R), we prove the continuous dependence for the initial data and
parameters. In each case, the proof holds for any fixed T > 0; it encompasses local
and global continuity.

Finally, we draw some concluding remarks in Section 6 and discuss the current
and desirable expansions of the subject.

2. Preliminaries

This section presents the main notations used in this study and describes the ab-
stract linear evolution problem results.

2.1. Notations and general definitions

The set of real numbers is denoted by R, I ⊂ R is an interval, and T is a positive
number. We denote X and Y Banach spaces such that Y ⊂ X. The spaces of type
Lp used in this study are L1(R), L2(R), and L∞(R). The Sobolev spaces are H1(R)
and H2(R).

| · | is the absolute value or Euclidean norm in Rn.

‖ · ‖X is the norm on space X.

Xn = X × . . . × X, n times, with the norm ‖u = (u1, . . . , un)‖Xn =
max

{
‖ui‖X , i = 1, . . . , n

}
.

< , > is the inner product in the Hilbert space.

∂x = ∂
∂x , ∂t = ∂

∂t .

Ω = {(x, t); x ∈ R, t ≥ 0}.
ΩT = {(x, t); x ∈ R, 0 ≤ t ≤ T, T > 0}.
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C(I, X) is the space of continuous functions defined on I into X. If I is
compact, then it is a Banach space with the supremum norm.

d(u, v) = sup[0,T ] ‖u(t)− v(t)‖X is the metric in C(I, X).

C1(I, X) is the space of continuously differentiable functions defined on I into
X.

C∞0 (R) is the space of infinitely differentiable functions defined in R of com-
pact support.

B(Y,X)
(
B(X) = B(X,X)

)
is the space of all bounded linear operators from

Y to X with norm ‖ · ‖B(Y,X).

D(A) is the domain of the A operator.

R(A) is the range of the A operator.

ρ(A) is the resolvent of the A operator.

S(R) is the Schwarz space of rapidly decreasing C∞ functions.

For g : [0, T ]→ X, and A : [0, T ]→ B(Y,X),

‖g‖∞, X = sup
0≤t≤T

‖g(t)‖X , ‖g‖1, X =

∫ T

0

‖g(t)‖X dt,

‖A‖∞, B(Y,X) = sup
0≤t≤T

‖A(t)‖B(Y,X) .

C (I, B(Y,X)) is the space all norm-continuous functions.

C∗ (I, B(Y,X)) is the space of all strongly continuous functions on Y to X.

F ∈ L∞∗ (I, B(Y,X)) implies that F (t) ∈ B (Y,X) is defined for a.e. t ∈ I,
is strongly measurable (i.e., F (t)y ∈ X is strongly measurable in t for each
y ∈ Y ), and ‖F (t)‖B(Y,X) is essentially bounded in t.

∂tF ∈ L∞∗ (I, B(Y,X)), or equivalently F ∈ Lip∗ (I, B(Y,X)), indicating that
there is a function G ∈ L∞∗ (I, B(Y,X)) such that F (t) is an indefinite strong

integral of G, (i.e., F (t)y = F (0)y+
∫ t

0
G(s)y ds). Here, it is understood that

F (0) and hence F (t) belong to B(Y,X). In this case, we write ∂tF = G; thus,
G in uniquely determined by F up to equivalence.

G(X,M, β) is the set
{
A(t) : t ∈ I

}
of all stable families (see Definition 2.1)

of negative generators of semigroups of class C0 (C0-semigroups) on X, with
stability constants M and β.

2.2. Evolution operator

This section describes the evolution operator for the following abstract linear evo-
lution problem: 

du

dt
+A(t)u = f(t), t ∈ I = [0, T ],

u(0) = φ,
(2.1)

where A(t) : D(A(t)) ⊆ X → X and t ∈ [0, T ] is a family of (generally unbounded)
linear operators acting in Banach space X. The unknown u = u(t) and inhomo-
geneous term f(t) are functions of I = [0, T ] to X, and φ ∈ Y ⊆ X is a given
function.
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The case in which A(t) does not depend on t belongs to the theory of one-
parameter semigroups of operators (Hille-Yosida theory [24]).

Definition 2.1. A family {A(t) : t ∈ I = [0, T ]} of infinitesimal generators of C0

semigroups on a Banach space X is called stable if there are constants M ≥ 1 and
β (called stability constants) such that

(β, +∞) ⊂ ρ (A(t)) , t ∈ [0, T ],

and ∥∥∥ k∏
j=1

R
(
λ;A(tj)

)∥∥∥ ≤M(λ− β)−k, λ > β,

where ρ (A(t)) is the resolvent of A(t) and R
(
λ;A(tj)

)
is the resolvent operator

of A(tj) for every finite sequence 0 ≤ t1 ≤ t2 ≤ . . . ≤ tk ≤ T . In this case,
A(t) ∈ G (X, M, β).

Definition 2.2. Let X be the Hilbert space. An operator A in X is considered
accretive (−A is dissipative) if:

Re〈Ax, x〉 ≥ 0, for all x ∈ D(A).

It can be shown that (see [17,25]) A ∈ G (X, 1, β) if and only if

(i) 〈Aφ, φ〉 ≥ −β ‖φ‖2, ∀φ ∈ D(A).

(ii) (A+ λ) is onto for some (and therefore all) λ > β.

Here, A is called a quasi-maximally accretive or quasi m-accretive.
As a consequence of (i), we have the following lemma.

Lemma 2.1. A family {A(t) : t ∈ [0, T ]} of infinitesimal generators of C0 semi-
groups on the Hilbert space X is stable if A(t) is quasi m-accretive for all t ∈ [0, T ];
that is, A(t) ∈ G (X, 1, β).

A complete study of the evolution equation (2.1) is in [20], where the term
CD-system was introduced according to the following definition:

Definition 2.3. A triplet {A; X, Y } having a one-parameter family of operators,
A = {A(t) : t ∈ I = [0, T ]} and a pair of real separable Banach spaces Y ⊂ X is
called a CD-system if the following conditions are satisfied:

(i) A = {A(t) : t ∈ I} is a stable family of (negative) generators of C0-semigroups
on X, with stability constants M , β, i.e., A(t) ∈ G (X, M, β).

(ii) The domain D (A(t)) = Y of A(t) is independent of t. We regard Y as Banach
space, embedded continuously and densely in X.

(iii) A ∈ L∞∗ (I, B (Y, X)) (or, equivalently, dA
dt ∈ Lip∗ (I, B (Y, X))), there exists

G such that G(t) ∈ B (Y, X) is defined for a.e. t ∈ I, is strongly measurable;
then, ‖G(t)‖B(Y,X) is essentially bounded in t such that

A(t)y = A(0)y +

∫ t

0

G(s)y ds, for y ∈ Y.

Using the hypotheses of a CD-system, Kato [19] constructed an evolution oper-
ator associated to the family A = {A(t) : t ∈ I} according to the following lemma:
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Lemma 2.2. Let {A; X, Y } be a CD-system as in Definition 2.3. Then, an evo-
lution operator U(t, s) defined in the triangular domain 4 : 0 ≤ s ≤ t ≤ T exists
that satisfies the following properties:

(i) U ∈ C∗ (4, B(X))∩C∗ (4, B(Y )), where C∗ denotes the space of all strongly
continuous operator functions.

(ii) U(t, s)U(s, r) = U(t, r), U(s, s) = I (Identity operator).

(iii) ∂tU(t, s)y = −A(t)U(t, s)y, ∂sU(t, s)y = U(t, s)A(s)y, y ∈ Y.

The existence and uniqueness of the solution for (2.1) were also proved in [18],
according to the following theorem:

Theorem 2.1. Let {A, X, Y } be the CD-system. Let φ ∈ Y and f ∈ Lip(I, X).
Then, problem (2.1) has a unique solution u ∈ C (I, Y ) ∩ C1 (I, X) that can be
explicitly given by

u(t) = U(t, 0)φ+

∫ t

0

U(t, τ) f(τ) dτ.

3. Local solution for the combustion problem

This section considers problem (1.1) for an unknown u = (u1, . . . , un) : ΩT → Rn,
where ΩT = R × [0, T ] for any fixed T > 0. We also consider the operator Li(t),
defined in (1.3), with domain in C∞0 (R); that is,

Li(t) v = −αi(t) vxx + βi(t) vx, v ∈ C∞0 (R), i = 1, . . . , n, (3.1)

where αi and βi are defined as in (1.4) with the functions ai, bi, ci, λi : R → R,
and yi : ΩT → R all given. The function di : R→ R is also given.

Here, we propose the following hypotheses:

(Hy6): The functions ai, bi, di, λi, are twice differentiable, and ci is three
times differentiable and satisfy

(i) k1 ≤ ai(x), λi(x) ≤ k2, 0 ≤ bi(x), ci(x) ≤ k2, where k1 < k2 are positive
constants.

(ii) a
(k)
i , b

(k)
i , d

(k)
i , λ

(k)
i for k = 0, 1, 2, and c

(k)
i for k = 0, 1, 2, 3 are in

L∞(R).

Note that, if ai, bi, ci, di, λi are constants, then all of these hypotheses are
satisfied.

(Hy7): The function yi is nonnegative and satisfies the following:

(i) It is twice differentiable in x and differentiable in t for all (x, t) ∈ ΩT ,
yi, (yi)x, (yi)xx, and (yi)t are in L∞(ΩT ), and ‖yi‖L∞(ΩT ) ≤ k3, where
k3 is a positive constant.

(ii) t 7→ (yi)t is integrable on [0, T ] for all x ∈ R.

(iii) (yi)t is twice differentiable in x, (yi)tx ∈ L∞(ΩT ) and x 7→ (yi)txx ∈
L2(R) for all t ∈ [0, T ].

Lemma 3.1. If the operator Li(t) with the domain in C∞0 (R) satisfies Hy6 and
Hy7, it also satisfies Hy1 and Hy2 of Appendix A.
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Proof. According to Hy7(i), we have ‖yi‖L∞(ΩT ) < k3, which implies that

k1

k2 (1 + k3)
< αi(x, t) <

k2

k1
, for all (x, t) ∈ ΩT . (3.2)

Thus, Hy1 is satisfied with µ0 =
k1

k2 (1 + k3)
and µ1 =

k2

k1
. Hy2(i) follows Hy6. To

prove Hy2(ii), we define

α̃i(x, t) =
−λi(x) bi(x) (yi)t(x, t)

(ai(x) + bi(x) yi(x, t))
2 and β̃i(x, t) =

−ci(x) bi(x) (yi)t(x, t)

(ai(x) + bi(x) yi(x, t))
2 .

Thus,

αi(x, t) = αi(x, 0) +

∫ t

0

α̃i(x, s) ds,

βi(x, t) = βi(x, 0) +

∫ t

0

β̃i(x, s) ds.

Therefore, Hy2(ii) follows Hy7(ii), completing the proof.

The Li(t) operator can be extended to H2(R) according to the following lemma.

Lemma 3.2. Let Hy6 and Hy7 be satisfied. Then, for each t ∈ [0, T ] the Li(t)
operator defined in C∞0 (R) is closable in L2(R), and its closure, denoted by Ai(t),
has a domain independent of t with D (Ai(t)) = H2(R). Furthermore, Ai(t) is quasi
m-accretive in L2(R) for each t ∈ [0, T ]. That is, Ai(t) ∈ G

(
L2(R), 1, β

)
.

Proof. The proof is a consequence of Lemmas 3.1, A.1, and A.2.

Substituting Li(t) by its closure, the problem (1.1) can be written as follows:
(ui)t +Ai(t)ui = fi(t, u), 0 < t ≤ T, i = 1, . . . , n,

ui(0) = φi,

u = (u1, . . . , un),

(3.3)

where

Ai(t)ψ = −αi(t)ψ′′ + βi(t)ψ
′, ψ ∈ D (Ai(t)) = H2(R), (3.4)

with αi and βi as defined in (1.4). Here, ψ′′ and ψ′ are distributions.

The next lemma states the existence of a family of semigroup evolution opera-
tors associated with problem (3.3). Following [21], the proof uses the Lemma 3.2.
Because it is similar to the proof given in Lemma A.3, we omit it here.

Lemma 3.3. We assume that Hy6 and Hy7 are satisfied. A unique family of semi-
group evolution operator Ui(t, t

′) associated with Ai exists, defined in a triangular
domain as follows:

(t, t′) ∈ 4 =
{

(t, t′) ∈ R2 : 0 ≤ t′ ≤ t ≤ T
}
7−→ Ui(t, t

′) ∈ B
(
L2(R)

)
,

that satisfy properties (i)–(v), as in Lemma A.3.
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Note that, if fi : ΩT → R is a known function that does not depend on u, then
problem (3.3) became linear as (ui)t +Ai(t)ui = fi(t), t > 0, i = 1, . . . , n,

u1(0) = φi.
(3.5)

Problem (3.5) is decoupled. Thus, the following theorem is a consequence of Theo-
rem 2.1 and Lemma 3.2, see [21]:

Theorem 3.1. Let the same hypotheses as in Lemma 3.2 be satisfied. If φi ∈ H2(R)
and fi ∈ Lip([0, T ], L2(R)), for i = 1, . . . , n, then the initial value problem (3.5)
has a unique solution:

u = (u1, . . . , un) ∈ C
(
[0, T ], H2(R)n

)
∩ C1

(
[0, T ], L2(R)n

)
.

Assuming Hy6 and Hy7, we can define the following positive constants, which
are used in the next lemma.

Ri := max
k=0,1,2

{
‖a(k)
i ‖L∞(R), ‖b

(k)
i ‖L∞(R), ‖ci‖L∞(R), ‖c

(k+1)
i ‖L∞(R), ‖d

(k)
i ‖L∞(R),

‖∂kxyi‖L∞(ΩT ), ‖g(k)‖L∞(R)

}
, (3.6)

R̃ := max{R1, . . . , Rn}. (3.7)

To prove Theorem 1.1, the source function must satisfy the same properties of
Hy3 as in Appendix A, with the spaces L2(R) and H2(R) substituted with L2(R)n

and H2(R)n, respectively. This is performed in the following lemma:

Lemma 3.4. Assume that Hy6 and Hy7 are satisfied and W ⊂ H2(R)n is any open
ball centered at the origin. Then, the source function f = (f1, . . . , fn) : [0, T ]×W →
H2(R)n, for any fixed T > 0, satisfies the following properties:

(i) ‖f(t, w)‖H2(R)n ≤ µ, for all t ∈ [0, T ], and w = (w1, . . . , wn) ∈ W , where µ

is a constant depending on k1 given in Hy6(i), R̃ defined in (3.7), and the
radius ρ of the ball W .

(ii) For each w ∈W , the function t 7→ f(t, w) is continuous on [0, T ] to L2(R)n.

(iii) For each t ∈ [0, T ], the function w 7→ f(t, w) is Lipschitz continuous in
L2(R)n; that is,

‖f(t, w)− f(t, v)‖L2(R)n ≤ κ ‖w − v‖L2(R)n ,

for all w = (w1, . . . , wn) and v = (v1, . . . , vn) ∈ W , where the Lipschitz
constant κ does not depend on t.

Proof. Property (ii) is a consequence of the continuity of yi in ΩT and the defi-
nition of fi given in (1.5); so, we prove (i) and (iii).

Proof of (i). For any w ∈W , we must prove that

‖fi(t, w)‖H2(R) ≤ µ, t ∈ [0, T ], w ∈W, (3.8)

where µ = µ(R̃, k1, ρ). Thus, we must estimate fi and ∂2
xfi in the L2(R)-norm.
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The proof is performed for f1. The proofs for fi, i = 2, . . . , n − 1, and fn can
be performed similarly.

Let be α(x, t) = K1b1y1
a1+b1y1

, β(x, t) = (c1)x
a1+b1y1

, γ(x, t) = d1y1
a1+b1y1

, δ1(x, t) = q1
a1+b1y1

,

and δ2(x, t) = − q1
a1+b1y1

.
To simplify this notation, we set z = w1. Thus,

f1(x, t, w) =γ(x, t)g(z) + α(x, t)g(z)z − β(x, t)z − δ1(x, t)(z − w2)

+ δ2(x, t)(z − ue) := l1 + l2 + l3 + l4 + l5,

∂xf1 =γxg(z) + γ(x, t)g′(z)zx + αxg(z)z + αg′(z)zxz + αg(z)zx

− βxz − βzx + ∂xδ1(z − w2) + δ1∂x(z − w2) + ∂xδ2(z − ue)
+ δ2∂x(z − ue),

∂2
xf1 =γxxg(z) + 2αxg

′(z)zxz + 2αxg(z)zx + αxxg(z)z + αg′′(z)(zx)2z

+ αg′(z)zxxz + 2αg′(z)(zx)2 + αg(z)zxx − βxxz − 2βxzx

+ 2γxg
′(z)zx + γg′′(z)(zx)2 + γg′(z)zxx + ∂2

xδ1(z − w2)

+ 2(∂xδ1)∂x(z − w2) + δ1∂
2
x(z − w2) + (∂2

xδ2)(z − ue)
+ 2(∂xδ2)(∂x(z − ue)) + δ2∂

2
x(z − ue) + αxxg(z)z − βzxx

:=h1 + · · ·+ h20. (3.9)

Now, we calculate the L∞-norm of the terms, α, αx, αxx, β, βx, βxx, γ, γx, γxx,
δ1, (δ1)x, (δ1)xx, (δ2), (δ2)x, and (δ2)xx, we find that all these norms are less than
a positive constant that depends on R̃ and k1. For example,

‖α‖L∞(R) =
∥∥∥ K1b1y1

a1 + b1y1

∥∥∥
L∞(R)

≤
K1‖b1‖L∞(R)‖y1‖L∞(R)

k1
≤ const(R̃, k1).

‖l1‖L2(R) = ‖γ(x, t)g(z)‖L2 =

(∫
|γ(x, t)|2|g(z)|2dx

) 1
2

≤ ‖γ‖L∞

(∫
|g(z)|2dx

) 1
2

≤ ‖γ‖L∞

(∫
|g′(z̃)z|2dx

) 1
2

≤ ‖γ‖L∞‖g′‖L∞

(∫
|z|2dx

) 1
2

= ‖γ‖L∞‖g′‖L∞‖z‖L2

≤ const(R̃, k1)R̃‖z‖H2 <∞, z̃ ∈ (0, z).

‖li‖L2(R) for i = 2, · · · 5 can be estimated similarly. Thus, ‖f1‖L2(R) ≤ const(R̃,

k1, ρ). In addition, based on similar calculations, ‖∂2
xf1‖L2(R) ≤ const(R̃, k1, ρ),

Therefore, ‖f1‖H2(R) ≤ const(R̃, k1, ρ), completing the proof of (i).

Proof of (iii). This is sufficient to prove that, for each t ∈ [0, T ], the function
w 7→ fi(t, w), i = 1, . . . n, is Lipschitz continuous; that is,

‖fi(t, w)− fi(t, v)‖L2(R) ≤ κi ‖w − v‖L2(R)n ,

for all w, v ∈ W , where Lipschitz constant κi is independent of t. In this case,
κ := max{κi, i = 1, . . . , n}, which depends on k1 and R̃.

Let γ(σ) = (1 − σ)v + σw, for 0 ≤ σ ≤ 1. Let Fi(σ) = fi(t, γ(σ)) and
F (σ) =

(
F1(σ), . . . , F2(σ)

)
for i = 1, . . . , n. From the definition of fi in (1.5),
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a straightforward computation is that

∂wjf1 =
1

a1 + b1y1

[(
− (c1)x +K1b1y1g(w1) + (K1b1w1 + d1)y1g

′(w1)

− q1 − q̄1

)
δ1,j + q1δ2,j

]
,

∂wjfi =
1

ai + biyi

[(
− (ci)x +Kibiyig(wi) + (Kibiwi + di)yig

′(wi)

− qi−1 − qi
)
δi,j + qi−1δi−1,j + qiδi+1,j

]
, i = 2, . . . , n− 1,

∂wjfn =
1

an + bnyn

[(
− (cn)x +Knbnyng(wn) + (Knbnwn + dn)yng

′(wn)

− qn−1 − q̄2

)
δn,j + qn−1δn−1,j

]
,

where δi,j denotes the Kronecker delta.
Then, in view of γ(σ) ∈ W , using Sobolev’s embedding together with the fi

derivatives, we have
|∇wfi(γ(σ))| ≤ const,

for all σ ∈ [0, 1], where ∇wfi =
(
∂w1fi, . . . , ∂wnfi

)
and const does not depend on t.

From the mean value theorem, we have

|fi(t, w)− fi(t, v)| = |Fi(1)− Fi(0)| = |F ′i (σ0)|

= |∇wfi(γ(σ0)) · (w − v)| ≤ const |w − v|,

where σ0 ∈ (0, 1),
Therefore,

‖fi(t, w)− fi(t, v))‖L2(R) ≤ κi‖w − v‖L2(R)n , i = 1, . . . , n, (3.10)

where κi does not depend on t, concluding the proof.

Proof of Theorem 1.1. LetW ⊂ H2(R)n be an open ball, as defined in Lemma 3.4,
possibly enlarged such that φ ∈ W . Now, let U(t, t′) =

(
U1(t, t′), . . . , Un(t, t′)

)
,

where Ui(t, t
′) is the evolution propagator generated by operator Ai(t).

Defining

Φv(t) = U(t, 0)φ+

∫ t

0

U(t, s) f(s, v(s)) ds,

the local solution is given as the unique Banach fixed point of the map Φ in the set

ET =
{
v ∈ C([0, T ], L2(R)n) : sup

[0,T ]

‖v(t)‖H2(R)n ≤ R,

and sup
[0,T ]

‖v(t)− U(t, 0)φ‖L2(R)n ≤M
}
, (3.11)

where analogous to the proof of Theorem A.2, R and M are positive constants
defined such that Φ is a contraction in ET ′ for some 0 < T ′ ≤ T . This theorem
also shows the local solution u = Φu ∈ C

(
[0, T ′], W

)
∩ C1

(
[0, T ′], L2(R)n

)
. This

completes the proof.
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4. Global solution for the combustion problem

This section considers problem (1.1) for an unknown u = (u1, . . . , un) : Ω →
Rn, where Ω = R × [0,∞). The operator Li(t), defined in (1.3), with the do-
main in C∞0 (R), is such that αi and βi are defined as in (1.4) with the functions
ai, bi, ci, di, λi : R → R, and yi : ΩT → R all given. The source function
fi : Ω× Rn → R is defined as in (1.5).

Here, we propose the following hypothesis:

(Hy8): Coefficients ai, bi, ci, and λi satisfy the same hypotheses, as in Hy6,
and function yi satisfies Hy7, with ΩT substituted by Ω.

We note that Lemmas 3.1 and 3.2 remain valid if we replace Hy6 and Hy7 with
Hy8. Thus, from Lemma 3.3, the evolution operator for this case also exists.

To prove Theorem 1.2, source function f must satisfy the same properties as
Hy5 in Appendix B, with the spaces L2(R) and H2(R) substituted with L2(R)n and
H2(R)n. This is performed in the following lemma.

Lemma 4.1. Assume that Hy8 is satisfied, and as in Lemma 3.4, W ⊂ H2(R)n is
any open ball centered at the origin. Subsequently, the function f = (f1, · · · , fn)
satisfies the following properties:

(i) ‖f(t, w)‖H2(R)n ≤ µ, for all t ≥ 0 and w ∈W , where µ is a constant depending

on k1 given by Hy6(i), on R̃ the constant defined in (3.7), and on ρ the radius
of the open ball W .

(ii) For each w ∈W , the function t 7→ f(t, w) is continuous on [0,∞) to L2(R)n.

(iii) For each t ≥ 0, the function w 7→ f(t, w) is L2(R)n-Lipschitz continuous in
L2(R)n; that is,

‖f(t, w)− f(t, v)‖L2(R)n ≤ κ ‖w − v‖L2(R)n ,

for all w, v ∈W , where the Lipschitz constant κ does not depend on t.

Proof. Property (ii) is a consequence of the continuity of yi in Ω and definition
of fi. The proofs of (i) and (iii) are analogous to those of properties (i) and (iii) in
Lemma 3.4, respectively, because they are valid for any T ≥ 0.

Proof of Theorem 1.2. LetW ⊂ H2(R)n be an open ball, as defined in Lemma 4.1,
possibly enlarged such that φ = (φ1, . . . , φn) ∈W .

Now, we define

T ∗ = sup
{
T > 0, such that the unique solution to (3.3) in [0, T ] exists

}
.

Let u = (u1, . . . , un) be the local solution to (3.3) given by Theorem 1.1 is
defined in its maximal interval [0, T ∗). We also defined the following linear scalar
equation:

∂tv +AG(t)v = fi(t, u), 0 < t < T ∗, v ∈ D(AG(t)) = H2(R), (4.1)

where operator AG(t),

AG(t)v = −αi(t)vxx + βi(t)vx, t ≥ 0, (4.2)
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represents the closure of Li(t). If v := ui, for i = 1, . . . , n, (4.1) is equivalent to the
differential equation in(3.3).

Note that, by hypothesis Hy8, functions αi and βi satisfy Hy4, and by Lemma
4.1, fi satisfies Hy5, as in Appendix B. Therefore, the rest of the proof can be given
by following the proof of Theorem B.1 for the scalar equation; thus, we omit it
here.

5. Continuous dependence for the combustion prob-
lem

This section addresses the proof of Theorem 1.3. As referred to in Section 1, we
first prove the continuous dependence for only the initial data and then prove the
continuous dependence for the initial data and parameters together. In each case,
the proof holds for any fixed T > 0; it encompasses local and global continuity.

The function w → f(t, w) must be H2(R)n-Lipschitz continuous, which is proven
in the following lemma.

Lemma 5.1. Assume that Hy6 and Hy7 are satisfied and W ⊂ H2(R)n is any
open ball centered at the origin. Then, the source function w 7→ f(t, w) is H2(R)n-
Lipschitz continuous; that is,

‖f(t, w)− f(t, v)‖H2(R)n ≤ κ ‖w − v‖H2(R)n , ∀w, v ∈W,

where the Lipschitz constant κ does not depend on t.

Proof. The proof is performed for f1. The proofs for fi, i = 2, . . . , n− 1, and fn
can be performed similarly. Let α, β, γ, δ1, and δ2 as at the beginning of the proof
of Lemma 3.4. Let also w = (w1, · · · , wn) and v = (v1, · · · , vn). Then, by writing
z = w1 and ν = v1, it follows that

∂2
x

(
f1(t, w)− f1(t, v)

)
=γxx(g(z)− g(ν)) + 2αx(g′(z)zxz − g′(ν)νxν)

+ 2αx(g(z)zx − g(ν)νx) + α(g′′(z)z2
xz − g′′(ν)ν2

xν) + αxx(g(z)z − g(ν)ν)

+ α(g′(z)zxxz − g′(ν)νxxν) + 2α(g′(z)z2
x − g′(ν)ν2

x)

+ α(g(z)zxx − g(ν)νxx)− βxx(z − ν)− 2βx(zx − νx)− β(zxx − νxx)

+ 2γx(g′(z)zx − g′(ν)νx) + γ(g′′(z)z2
x − g′′(ν)ν2

x)

+ γ(g′(z)zxx − g′(ν)νxx) + ∂2
xδ1(z − ν − w2 + v2)

+ ∂2
xδ2(z − ν) + δ2∂

2
x(z − ν) + δ1∂

2
x(z − ν − w2 + v2)

+ 2∂xδ1∂x(z − ν − w2 + v2) + 2∂xδ2∂x(z − ν)

:= h̃1 + · · ·+ h̃20. (5.1)

To estimate h̃1, we use the mean value inequality. Thus,

‖h̃1‖L2(R) = ‖γxx(g(z)− g(ν))‖L2(R)

≤ ‖γxx‖L∞(ΩT )‖g′‖L∞(R)‖z − ν‖L2(R)

≤ c̃1(R, r1)‖z − ν‖L2(R). (5.2)
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To estimate the other terms in (5.1), we can use Sobolev embedding and proceed
in a manner similar to that above. Thus, we have

‖h̃j‖L2(R) ≤ c̃j(R, r1)‖z − ν‖H2(R), j = 1, ..., 20. (5.3)

Therefore, by using (5.1), (5.2), (5.3), and Lemma 4.1(iii), we obtain the desired
result.

Proof of Theorem 1.3. (i) Continuous dependence on the initial data.

We assume that W ⊂ H2(R)n is an open ball, as defined in Lemma 3.4, which
can possibly enlarged such that φ = (φ1, . . . , φn) ∈ W . We assume also that
u = (u1, . . . , un) ∈ C([0, T ],W ′) ∩ C1([0, T ], L2(R)n) is the solution, given by The-
orem 1.2:

Let φj be a sequence in W such that φj → φ in the H2(R)n norms. Let u
and uj be the solutions to problem (3.3) with u(0) = φ and uj(0) = φj , respec-
tively, as given by Theorem 1.2. We have to prove that uj → u in C([0, T ],W ′) ∩
C1([0, T ], L2(R)n), for any fixed T > 0, and some W ′ ⊃W . We have

‖uj(t)− u(t)‖H2(R)n

≤‖U(t, 0)(φj − φ)‖H2(R)n +
∥∥∥∫ t

0

U(t, s)
(
f(t, uj(s))− f(t, u(s))

)
ds
∥∥∥
H2(R)n

≤eβ̃T ‖φj − φ‖H2(R)n + eβ̃Tκ

∫ t

0

‖uj(s)− u(s)‖H2(R)nds.

Applying Gronwall’s inequality, we have

‖uj(t)− u(t)‖H2(R)n ≤ κ̃‖φj − φ‖H2(R)n , (5.4)

where κ̃ is independent on t. By taking the supremum over t ∈ [0, T ],

‖uj − u‖C([0,T ],H2(R)n) ≤ κ̃‖φj − φ‖H2(R)n . (5.5)

Thus,

uj → u in C([0, T ],W ′), since φj → φ in W.

Additionally, from (1.1), we have

ujt (t)− ut(t) =αi(t)(u
j
xx(t)− uxx(t))− βi(t)(ujx(t)− ux(t))

+ f(t, uj(t))− f(t, u(t)).

Thus,

‖ujt (t)− ut(t)‖L2(R)n

≤‖αi(t)(ujxx(t)− uxx(t))‖L2(R)n

+ ‖βi(t)(ujx(t)− ux(t))‖L2(R)n + ‖f(t, uj(t))− f(t, u(t))‖L2(R)n

≤const ‖(ujxx(t)− uxx(t))‖L2(R)n + const ‖(ujx(t)− ux(t))‖L2(R)n

+ const ‖uj(t)− u(t)‖L2(R)n

≤const ‖uj(t)− u(t)‖H2(R)n .



Application of the semigroup theory to a combustion problem 3121

Again, taking the supremum over t ∈ [0, T ], we obtain

‖ujt − ut‖C([0,T ],L2(R)n) ≤ const ‖uj − u‖C([0,T ],H2(R)n). (5.6)

Therefore, from (5.5), we obtain
uj → u in C([0, T ],W ) ∩ C1([0, T ], L2(R)n), when φj → φ in W .

(ii) Continuous dependence with respect to initial data and parameters.

Here, we assume that parameters ai, bi, (ci)x, di, λi and function yi(t), where
t ∈ [0, T ], are all in H2(R).

Lemma 5.2. (i) Let (ai)
j, (bi)

j, ((ci)x)j, (di)
j, (λi)

j, and (yi)
j(t)) be sequences

in H2(R) such that (ai)
j → ai, (bi)

j → bi, ((ci)x)j → (ci)x, (di)
j → di, (λi)

j → λi,
and (yi)

j(t))→ yi(t) in H2(R). Then,

(fi)
j(t, w)→ fi(t, w) on H2(R), for each t ∈ [0, T ], (5.7)

where fi is defined as (1.5), (fi)
j is defined in (5.8) below, and w = (w1, . . . , wn)

∈ H2(R)n.
(ii) If, in the hypotheses of item (i), the convergences are in L∞(R), then

(αi)
j(t) =

(λi)
j

(ai)j + (bi)j(yi)j(t)
→ λi

ai + biyi(t)
= αi(t),

and

(βi)
j(t) =

(ci)
j

(ai)j + (bi)j(yi)j(t)
→ ci

ai + biyi(t)
= βi(t)

for L∞(R).

Proof. From (1.5), we define

(f1)j(t, w) =
−((c1)j)x w1

(a1)j + (b1)j(y1)j(t)
+

(
K1(b1)jw1 + (d1)j

)
(y1)j(t) g(w1)

(a1)j + (b1)j(y1)j(t)

+
q1(w2 − w1)

(a1)j + (b1)j(y1)j(t)
− q1(w1 − ue)

(a1)j + (b1)j(y1)j(t)
,

(fi)
j(t, w) =

−((ci)x)j wi
(ai)j + (bi)j(yi)j(t)

+

(
Ki(bi)

jwi + (di)
j
)
(yi)

j(t) g(wi)

(ai)j + (bi)j(yi)j(t)

+
qi(wi+1 − wi)

(ai)j + (bi)j(yi)j(t)
− qi−1(wi − wi−1)

(ai)j + (bi)j(yi)j(t)
, i = 2, . . . , n− 1,

(5.8)

(fn)j(t, w) =
−((cn)j)x wn

(an)j + (bn)j(yn)j(t)
+

(
Kn(bn)jwn + (dn)j

)
(yn)j(t) g(wn)

(an)j + (bn)j(yn)j(t)

− qn−1(wn − wn−1)

(an)j + (bn)j(yn)j(t)
− q2(wn − ue)

(an)j + (bn)j(yn)j(t)
.

The proof of (i) is an easy consequence of the following: if h1, (h1)j , h2, and
(h2)j are functions in H2(R) such that |h2|, |(h2)j | ≥ const > 0, (h1)j → h1, and

(h2)j → h2 on H2(R), then
(h1)j

(h2)j
→ h1

h2
on H2(R).

The proof of (ii) is similar to that of (i) by substituting H2(R) by L∞(R).
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Lemma 5.3. We consider problem (3.3) with the differential operator Ai defined
in (3.4). Let αi(t), βi(t), (αi)

j(t), (βi)
j(t) ∈ H2(R) as in Lemma 5.2. Let also the

sequence of operators

(Ai)
j(t)u = (αi)

j(t)uxx + (βi)
j(t)ux.

Then,

(i) (Ai)
j(t)→ Ai(t) on B

(
H2(R), L2(R)

)
, and

(ii) lim|E|→0

∫
E
‖Aj(t)‖

B
(
H2(R), L2(R)

)dt→ 0.

Proof. We obtain

‖(Ai)j(t)u−Ai(t)u‖L2(R)

=‖
(
(αi)

j(t)− αi(t)
)
uxx +

(
(βi)

j(t)− βi(t)
)
ux‖L2(R)

≤‖
(
(αi)

j(t)− αi(t)
)
uxx‖L2(R) + ‖

(
(βi)

j(t)− βi(t)
)
ux‖L2(R)

≤ sup
R

(
|(αi)j(t)− αi(t)|2 + |(βi)j(t)− βi(t)|2

)
‖u‖H2(R).

Therefore,

‖Aj(t)−A(t)‖B(H2, L2) ≤ ‖(αi)j(t)− α(t)‖2L∞(R) + ‖(βi)j − β(t)‖2L∞(R),

indicating that Aj(t)→ A(t) on B
(
H2(R), L2(R)

)
, when j →∞.

The proof of (ii) follows from

‖Aj(t)u‖L2(R) ≤ ‖(αi)j(t)uxx‖L2(R) + ‖(βi)j(t)ux‖L2(R)

≤ const (‖uxx‖L2(R) + ‖ux‖L2(R) ≤ const ‖u‖H2(R),

indicating that ‖Aj(t)‖B(H2(R), L2(R)) ≤ const . Therefore,

lim
|E|→0

∫
E

‖Aj(t)‖B(H2(R), L2(R))dt→ 0.

Now, consider the following problems:∂tu+A(t)u = f(t, u),

u(0) = φ,
(5.9)

and ∂tu+Aj(t)u = f j(t, u),

uj(0) = φj ,
(5.10)

where A(t) =
(
A1(t), . . . An(t)

)
, Aj(t) =

(
(A1)j(t), . . . (An)j(t)

)
, and φj is a se-

quence in W .
The proof of the continuous dependence for the initial data and parameters is a

consequence of the following theorem.
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Theorem 5.1. As in Lemma 5.2, let (ai)
j → ai, (bi)

j → bi, ((ci)x)j → (ci)x,
(di)

j → di, (λi)
j → λi, and (yi)

j(t)) → yi(t) be on H2(R). Let also φj → φ.
If u(t), uj(t) ∈ C([0, T ],W ) ∩ C1([0, T ], L2(R)) are solutions to (5.9) and (5.10),
respectively, then uj → u in C([0, T ],W ) ∩ C1([0, T ], L2(R)).

Proof. From Lemma 5.2, f j(t, u(t)) → f(t, u(t)) in H2(R) and αji (t) → αi(t) in
L∞. From Lemma 5.3, we obtain Aj(t)→ A(t) in B

(
H2(R), L2(R)

)
. The remaining

proof is provided by [18, Theorem 7].

6. Concluding remarks

This study used the semigroup theory to prove the suitability of an initial value
problem, which models a combustion front through a multi-layer porous medium.
The following are some advantages of using the semigroups theory of operators and
Kato’s theory in the proofs: i) They allowed us to consider a more realistic model,
where some physical parameters (e.g., porosity, thermal conductivity, and initial
fuel concentration) depend on the spatial variable x. Earlier studies [4] and [5]
considered that these parameters were constant. ii) The uniqueness of the solution
is a natural consequence of the uniqueness of the evolution operator both locally and
globally. iii) The proof of continuous dependence for the initial data and parameters
was possible because the solution has an explicit representation given by the integral
equation (1.7), in the case also of both the local and global in time solutions.

We remarked that the semigroup theory does not apply directly to solve the
corresponding problem for the complete system when the fuel concentrations are
also unknown because the equations for concentrations are not of the reaction-
diffusion type (see the differential equations in [5, equation (2)]). However, an
interesting problem to be investigated would be to use the solution of the problem
obtained in this study to build an iteration scheme that converges to the solution
of the corresponding complete problem.

A. Local solution for a scalar equation

Here, we describe the main results of the general semilinear second-order scalar
equations. The following second-order semilinear scalar equation is considered:

∂tu− a(x, t)uxx + b(x, t)ux = f(x, t, u), x ∈ R, t ∈ (0, T ], (A.1)

where a, b : ΩT = R× [0, T ]→ R and f : ΩT × R→ R are the functions for some
T > 0. We also consider the family of associated differential operators, defined as

(L(t)φ) (x) = −a(x, t)φ′′(x) + b(x, t)φ′(x), φ ∈ C∞0 (R), t ∈ [0, T ]. (A.2)

To solve (A.1) using semigroup theory, the following hypothesis should be es-
tablished: first for the coefficients of L(t) and then for the source function f as
follows:

(Hy1): L(t) is uniformly parabolic in ΩT ; that is, there are positive constants
µ0 and µ1 such that

µ0 ≤ a(x, t) ≤ µ1, for all (x, t) ∈ ΩT . (A.3)
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(Hy2): The coefficients of L(t) satisfies

(i) a(x, t) is twice differentiable in x, b(x, t) is differentiable in x, for all
(x, t) ∈ ΩT , and

a, b, ax, bx, axx ∈ L∞(ΩT ). (A.4)

(ii) a(x, ·) and b(x, ·) are a measurable function on [0, T ], and there are mea-
surable functions ã, b̃ : ΩT → R, integrable on [0, T ] and ã(·, t), b̃(·, t) ∈
L∞(R) uniformly in t such that a and b are equal to the indefinite integral
of ã and b̃, respectively; that is,

a(x, t) = a(x, 0) +

∫ t

0

ã(x, s) ds,

b(x, t) = b(x, 0) +

∫ t

0

b̃(x, s) ds.

(Hy3): The function (t, w) 7→ f(t, w), satisfies the following:

(i) f is bounded on [0, T ]×W to H2(R), where W is any open ball in H2(R).
That is,

‖f(t, w)‖H2(R) ≤ µ, for t ∈ [0, T ] and w ∈W,

being µ a constant depending only on the radius of W .

(ii) For each w ∈ W , the function t 7→ f(t, w) is continuous on [0, T ] to
L2(R).

(iii) For each t ∈ [0, T ], w 7→ f(t, w) is L2(R)-Lipschitz continuous in W ;
that is,

‖f(t, w)− f(t, v)‖L2(R) ≤ κ ‖w − v‖L2(R),

where κ is a constant depending only on the radius of W .

Lemma A.1. If {L(t)}t∈[0, T ] satisfies Hy1 and Hy2, then the operator L(t) is

closable in L2(R). Furthermore, the closure of L(t), denoted by A(t), is independent
of t with D (A(t)) = H2(R).

Proof. We put
L(t)φ = B0(t)φ+B1(t)φ,

where

B0(t)φ = −a(·, t)φ′′, and B1(t)φ = b(·, t)φ′, for φ ∈ C∞0 (R).

Considering conditions (A.3) and (A.4), B0(t) and B1(t) are closable in L2(R),
the closures A0(t) of B0(t) and A1(t) of B1(t) are independent of t given by

D (A0(t)) =
{
φ ∈ L2(R) : φ′′ ∈ L2(R)

}
= H2(R),

and
D (A1(t)) =

{
φ ∈ L2(R) : φ′ ∈ L2(R)

}
= H1(R).

We can write

A0(t)φ = −a(·, t)φ′′, φ ∈ H2(R), and A1(t)φ = b(·, t)φ′, φ ∈ H1(R),

where φ′ and φ′′ are in the distribution sense.
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We now show that A1(t) is relatively bounded with respect to A0(t). In fact,
since D (A0(t)) ⊂ D (A1(t)), if φ ∈ H2(R), then for all λ > 0,

‖A1(t)φ‖L2(R) ≤ ‖b‖∞‖φ′‖L2(R)

≤ ‖b‖∞ ‖∂x
(
−µ0 ∂

2
x + λ

)−1 ‖B(L2(R)) ‖
(
−µ0 ∂

2
x + λ

)
φ‖L2(R)

≤ ‖b‖∞
2
√
µ0 λ1/2

‖
(
−µ0 ∂

2
x + λ

)
φ‖L2(R)

≤ ‖b‖∞
2
√
µ0 λ1/2

(
‖ − µ0 φ

′′‖L2(R) + λ ‖φ‖L2(R)

)
, (A.5)

where µ0 is expressed by (A.3). Condition (A.3) implies that

‖ − µ0 φ
′′‖L2(R) ≤ ‖A0(t)φ‖L2(R) ≤ ‖ − µ1 φ

′′‖L2(R), ∀φ ∈ H2(R). (A.6)

Substituting (A.6) into (A.5), we obtain

‖A1(t)φ‖L2(R) ≤
‖b‖∞
2
√
µ0

(
1

λ1/2
‖A0(t)φ‖L2(R) + λ1/2 ‖φ‖L2(R)

)
. (A.7)

According to [17, Chapter IV, Theorem 1.1], estimate (A.7) proves that A1(t) is
A0(t)-bound with A0(t)-bound smaller than 1. Further, A(t) = A0(t) + A1(t) is
closed, and A(t) and A0(t) have the same domain, H2(R). Thus, L(t) is closable in
L2(R), and its closure can be written as

A(t)φ = −a(·, t)φ′′ + b(·, t)φ′, φ ∈ H2(R), (A.8)

where φ′, φ′′ denotes the distribution sense. This completes the proof.

Lemma A.2. The operator A(t), defined in (A.8), is quasi m-accretive in L2(R)
and uniformly in t. In this case, A(t) ∈ G

(
L2(R), 1, β

)
for some β > 0.

Proof. Because we deal with the Hilbert space L2(R), we must show that a con-
stant β > 0 exists such that

(i) 〈A(t)φ, φ〉L2(R) ≥ −β‖φ‖2L2(R), ∀φ ∈ D (A(t)) = H2(R).

(ii) (A(t) + λ) is onto L2(R) for some (equivalently for all) λ > β.

Let φ ∈ H2(R); then,

〈A(t)φ, φ〉L2(R) =〈−a(·, t)φ′′, φ〉L2(R) + 〈b(·, t)φ′, φ〉L2(R)

=−
∫
R
a(x, t)φ′′(x)φ(x) dx+

∫
R
b(x, t)φ′(x)φ(x) dx

=

∫
R
ax(x, t)φ(x)φ′(x) dx+

∫
R
a(x, t) (φ′)

2
dx

− 1

2

∫
R
bx(x, t)φ2(x) dx

=− 1

2

∫
R
axx(x, t)φ2(x) dx+

∫
R
a(x, t) (φ′(x))

2
dx

− 1

2

∫
R
bx(x, t)φ2(x) dx ≥ −1

2
(‖axx(·, t)‖∞ + ‖bx(·, t)‖∞) 〈φ, φ〉.
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Subsequently, from (A.3) and (A.4), it follows that

β =
1

2

(
‖axx‖L∞(ΩT ) + ‖bx‖L∞(ΩT )

)
, (A.9)

is independent of t, proving that (i).
To prove (ii), the fact that A(t) is a closed operator combined with the inequality

in (i) shows that (A(t) + λ) has a closed range for all λ > β. Thus, it is sufficient
to prove that (A(t) + λ) has a dense range for λ > β and sufficient to demonstrate

that R (A(t) + λ)
⊥

= {0}.
Let φ ∈ L2(R) such that 〈(A(t) + λ)ψ, φ〉L2(R) = 0 for all ψ ∈ D (A(t)).
Therefore, from the definition of the adjoint operator and property of A(t), we

obtain

S(t)ψ = − (a(·, t)ψ)xx − (b(·, t)ψ)x , (A.10)

where D(S(t)) = C∞0 (R) is the core of the adjoint operators of A(t) and D (A∗(t)) =
H2(R). Let φ ∈ Ker (A∗(t) + λ). Then, multiplying equation − (a(x, t)φ)xx −
(b(x, t)φ)x + λφ = 0 by φ, integrating by parts, and applying the inequality in (i),
we obtain

0 = 〈(a(·, t)φ)xx − (b(·, t)φ)x + λφ, φ〉L2(R) =

= 〈φ, A(t)φ〉L2(R) + λ ‖φ‖2L2(R)

≥ (λ− β) ‖φ‖2L2(R)

for all λ > β. Because (λ− β) > 0, we conclude that Ker(A∗(t) + λ) = R((A(t) +
λ)⊥ = {0}, and the proof is finished.

Let the homogeneous equation be

∂tu+A(t)u = 0, (A.11)

where A(t) is defined as in (A.8).
We now state the existence of an evolution operator for (A.11).

Lemma A.3. We assume that Hy1 and Hy2 are satisfied. Then, there exists a
unique family of evolution operator U(t, t′), defined by

(t, t′) ∈ 4 = {(t, t′) : 0 ≤ t′ ≤ t ≤ T} 7−→, U(t, t′) ∈ B
(
L2(R)

)
,

for any fixed T > 0 such that

(i) (t, t′) 7−→ U(t, t′) ∈ B
(
L2(R)

)
is strongly continuous and U(t, t) = I for all

t ∈ [0, T ];

(ii) U(t, t′′) = U(t, t′)U(t′, t′′) for all t, t′, t′′ such that 0 ≤ t′′ ≤ t′ ≤ t ≤ T ;

(iii) U(t, t′)
(
H2(R)

)
⊂ H2(R2) and (t, t′) 7−→ U(t, t′) ∈ B

(
H2(R)

)
is strongly con-

tinuous in H2(R);

(iv) ∂tU(t, t′)φ = −A(t)U(t, t′)φ, ∀φ ∈ H2(R), 0 ≤ t ≤ t′ ≤ T ;

(v) ∂sU(t, s)φ = U(t, s)A(s)φ, ∀φ ∈ H2(R), 0 ≤ s ≤ t ≤ T .

Proof. From Lemma 2.2, it is sufficient to prove that triplet
{
A(t); L2(R), H2(R)

}
with the family A(t) defined in (A.8), is a CD-system. Lemma A.1 and Lemma A.2
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imply the conditions (i) and (ii) of Definition (2.3). Condition (iii) of this definition
remains to be proven. Thus, let the family {G(t) : t ∈ [0, T ]} be defined as

G(t)φ = −ã(·, t)φ′′ + b̃(·, t)φ′, φ ∈ H2(R),

where ã and b̃ are given by Hy2(ii). We obtain G(t) ∈ B(H2(R), L2(R)) for a.e.
t ∈ [0, T ], is strongly measurable. ‖G(t)‖B(H2(R), L2(R)) is essentially bounded by t.

A(t)φ = A(0)φ+

∫ t

0

G(s)φds, for φ ∈ H2(R).

This completes the proof.
Note that, if the source function f does not depend on u, then equation (A.1)

becomes linear as

∂tu− a(x, t)uxx + b(x, t)ux = f(x, t), x ∈ R, t ∈ (0, T ]. (A.12)

In this case, if u is a solution to (A.12) with the initial condition, u(x, 0) = φ(x),
x ∈ R, then it is easy to see that

u(x, t) = U(t, 0)φ(x) +

∫ t

0

U(t, s) f(x, s) ds, (A.13)

where U(t, s) is the evolution operator associated with A(t) defined in (A.8). We
call u given by (A.13) a mild solution of (A.12).

The proof of the following theorem is analogous to that in [19, Theorem 2].

Theorem A.1. Let Hy1 and Hy2 be satisfied. If φ ∈ H2(R), then f ∈ C
(
[0, T ],

L2(R)
)
∩ L1

(
[0, T ], H2(R)

)
, then u given by (A.13) is the unique solution u ∈

C
(
[0, T ], H2(R)

)
∩ C1

(
[0, T ], L2(R)

)
of (A.12), with u(x, 0) = φ(x). Furthermore,

we obtain the estimates

‖u‖∞, L2(R) ≤ ‖U‖∞, L2(R)

(
‖φ‖L2(R) + ‖f‖1, L2(R)

)
,

‖u‖∞, H2(R) ≤ ‖U‖∞, H2(R)

(
‖φ‖H2(R) + ‖f‖1, H2(R)

)
, (A.14)

‖∂tu‖∞, L2(R) ≤ ‖f‖∞, L2(R) + ‖A‖∞,B(H2(R), L2(R))

(
‖φ‖H2(R)

+‖f‖1, H2(R)

)
.

In the proof of the main theorem in this section, two simple lemmas are used,
as shown in [19].

Let X and Y be reflexive Banach spaces such that Y ⊂ X is continuously and
densely embedded.

Lemma A.4. If a subset of Y is convex, closed, or bounded, then it is also closed
in X.

Lemma A.5. If a function g on [0, T ] to Y is bounded in Y -norm and continuous
in X-norm, then g is weakly continuous (hence, strongly measurable) as a Y -valued
function.

The main result of this section is provided in the next theorem, which follows
similar ideas: as in the proof in [19, Theorem 6]. For the existence of a solution in
a Sobolev spaces can be used similar arguments, see, for example, [8].
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Theorem A.2 (Local Solution). Let Hy1, Hy2, and Hy3 be satisfied. If φ ∈ W ,
then equation (A.1) has a unique solution

u ∈ C([0, T ′], W ′) ∩ C1([0, T ′], L2(R)), with u(0) = φ, (A.15)

for some T ′, 0 < T ′ ≤ T , and some open ball W ′ ⊃W , which is given explicitly by

u(t) = U(t, 0)φ+

∫ t

0

U(t, τ)f(u(τ))dτ, t ∈ [0, T ′]. (A.16)

Proof. The first part of the proof deals with existence.
We consider an open ball W centered at the origin, with radius ρ > 0. For

constants T > 0 and R > 0 to be defined and M > ρ, we define the space

ET ={u ∈ C([0, T ], L2(R)) : sup
[0,T ]

‖u(t)‖H2(R) ≤ R, and

sup
[0,T ]

‖u(t)− U(t, 0)φ‖L2(R) ≤M}.

First, from Lemma A.2, we choose

T ≤ 1

β
ln(ρ−1M), (A.17)

where β is given by (A.9). The application g(t) ≡ 0 satisfies g ∈ ET . Thus, ET is
not empty.

From Lemma A.4, it follows that ET is a complete metric space with the metric

d(u, v) = sup
[0,T ]

‖u(t)− v(t)‖L2(R).

For all u ∈ ET , where f(u(τ)) := f(·, τ, u(τ)), the weak continuity of f(u(·)) in
the H2(R)-norm follows from Hy3(i), Hy3(ii), and Lemma A.5.

Defining

Φu(t) = U(t, 0)φ+

∫ t

0

U(t, τ)f(u(τ))dτ, t ∈ [0, T ], (A.18)

it is shown that there is 0 < T ′ ≤ T such that Φ is a contraction in ET ′ .
If u ∈ ET and t1 < t, then

Φu(t)− Φu(t1) = U(t, 0)φ− U(t1, 0)φ+

∫ t1

0

(U(t, τ)− U(t1, τ))f(u(τ))dτ

+

∫ t

t1

U(t, τ)f(u(τ))dτ

:= σ(t, t1) + σ̄(t, t1) + σ̃(t, t1).

(A.19)

Lemma A.3(i) implies that σ(t, t1)→ 0, when t1 → t.
From H2(R) ↪→ L2(R) and Hy3(i), it follows that

‖f(u(τ))‖L2(R) ≤ ‖f(u(τ))‖H2(R) ≤ µ, (A.20)
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where µ depends on R. Hence, Lemma A.2 and (A.20) imply that

‖σ̃(t, t1)‖L2(R) ≤
∫ t

t1

‖U(t, τ)f(u(τ))‖L2(R)dτ

≤ eβT
∫ t

t1

‖f(u(τ))‖L2(R)dτ

≤ µ(t− t1)eβT → 0, when t1 → t.

From Hy3(ii), it follows that f(u(τ)) ∈ L2(R) for all τ ∈ [0, T ]. Thus, Lemma
A.3(i) implies that

‖(U(t, τ)− U(t1, τ))f(u(τ))‖L2(R) → 0, when t1 → t,

for a.e. τ ∈ [0, T ].
In addition, from Lemma A.2 and (A.20),

‖(U(t, τ)− U(t1, τ))f(u(τ))‖L2(R) ≤ 2eβT ‖f(u(τ))‖H2(R) ≤ 2µeβT , τ ∈ [0, T ].

Then, the dominant convergence theorem implies that

σ̄(t, t1)→ 0, when t1 → t.

Thus, Φu is left continuous in t. Right continuity of Φu can be obtained similarly.
Therefore, Φu ∈ C([0, T ], L2(R)).

Now, by taking the H2(R)-norm in (A.18) and using Hy3(i) and Lemma A.3(iii),
we obtain

‖Φu(t)‖H2(R) ≤ ‖U(t, 0)φ‖H2(R) +

∫ t

0

‖U(t, τ)f(u(τ))‖H2(R)dτ

≤ eβ̃T ‖φ‖H2(R) + eβ̃T
∫ t

0

‖f(u(τ))‖H2(R)dτ

≤ eβ̃T (ρ+ T ′µ).

(A.21)

Thus, Lemma A.2 and (A.20) imply that

‖Φu(t)− U(t, 0)φ‖L2(R) ≤
∫ t

0

‖U(t, τ)f(u(τ))‖L2(R)dτ

≤ eβT
∫ t

0

‖f(u(τ))‖L2(R)dτ

≤ T ′µeβT ,

(A.22)

and Lemma A.2 and Hy3(iii) imply that

‖Φu(t)− Φv(t)‖L2(R) ≤
∫ t

0

‖U(t, τ)(f(u(τ))− f(v(τ)))‖L2(R)dτ

≤ eβT
∫ t

0

‖f(·, τ, u(τ))− f(·, τ, v(τ))‖L2(R)dτ

≤ κeβT
∫ t

0

‖u(τ)− v(τ)‖L2(R)dτ

≤ T ′κeβT d(u, v).

(A.23)



3130 E. Alarcon, M. Batista, A. Cunha, J. Da Mota & R. Santos

We define the open ball W ′ ⊃W with radius R such that

R > ρ
(
Mρ−1

) β̃
β , (A.24)

and by using (A.17) and (A.24), we see that R > ρeβ̃T . Thus, by combining (A.21),
(A.22), and (A.23), and taking T ′ that satisfies

0 < T ′ < min
{
T,

M

µeβT
,

1

κeβT
,

1

µ

( R

eβ̃T
− ρ
)}
, (A.25)

implies that Φ : ET ′ → ET ′ is a contraction. Therefore, from the Banach fixed-
point theorem, equation (A.1) has a unique mild solution u with u(0) = φ, which
is given by (A.16). A straightforward calculation shows that this mild solution
satisfies u ∈ C([0, T ′],W ′) and ∂tu ∈ C([0, T ′], L2(R)), indicating the existence of a
solution.

Rest to prove the uniqueness.
Let u and v be solutions of (A.1), satisfying (A.15) such that u(0) = v(0) = φ.

For all t ∈ [0, T ′], using (A.16), Lemma A.2, and Hy3(iii), it follows that

‖u(t)− v(t)‖L2(R) ≤
∫ t

0

‖U(t, τ)(f(u(τ))− f(v(τ)))‖L2(R)dτ

≤ eβT
′
∫ t

0

‖f(·, τ, u(τ))− f(·, τ, v(τ))‖L2(R)dτ

≤ κeβT
′
∫ t

0

‖u(τ)− v(τ)‖L2(R)dτ.

Therefore, Gronwall’s lemma implies that u(t) = v(t), completing the proof.

B. Global solution for a scalar equation

Here, we consider the second-order semilinear scalar equation

∂tu− a(x, t)uxx + b(x, t)ux = f(x, t, u), x ∈ R, t > 0, (B.1)

where a, b : Ω = R × [0,∞) → R and f : Ω × R → R are the given functions. We
also consider the family of associated differential operators, defined by

(LG(t)φ) (x) = −a(x, t)φ′′(x) + b(x, t)φ′(x), φ ∈ C∞0 (R), t ∈ [0,∞). (B.2)

To solve (B.1), it is necessary to establish hypotheses similar to for the local
solution in Appendix A.

(Hy4): The coefficients of the operator LG(t) satisfy Hy1 and Hy2, given in
Appendix A, when the interval [0, T ] is substituted by [0,∞).

(Hy5): For w belonging to some open ball W ⊂ H2(R), the function (t, w) 7→
f(t, w) satisfies the same items (i), (ii), and (iii), as in Hy3, when interval
[0, T ] is substituted by [0,∞).

The proof of the next two lemmas is similar to that of Lemmas A.1 and A.2,
respectively, where the interval [0, T ] is substituted by [0,∞).
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Lemma B.1. Assume that the operator LG(t) satisfies Hy4. Subsequently, LG(t)
is closable in L2(R) and the domain D (AG(t)) = H2(R) of AG(t), the closure of
LG(t) is independent of t.

Lemma B.2. The operator AG(t), defined in Lemma B.1 is quasi m-accretive in
L2(R) and uniform in t; that is, there is a constant βG > 0 such that

(i) 〈AG(t)φ, φ〉L2(R) ≥ −βG‖φ‖2L2(R), ∀φ ∈ D (AG(t)) = H2(R),

(ii) (AG(t) + λ) is onto L2(R) for some (equivalently for all) λ > βG.

Here, AG(t) ∈ G
(
L2(R), 1, βG

)
, where

βG =
1

2

(
‖axx‖L∞(Ω) + ‖bx‖L∞(Ω)

)
. (B.3)

In addition to Lemmas B.1 and B.2, the next regularity lemma is fundamental
to the proof of global existence.

Lemma B.3 (Regularity). Let AG(t) be the operator defined in Lemma B.1, then

〈AG(t)φ′, φ′〉L2(R) ≥ −C
β2
G

µ0
‖φ‖2L2(R), ∀φ ∈ S(R). (B.4)

Proof. Let φ ∈ S(R), then

〈AG(t)φ′, φ′〉L2(R) =〈−a(·, t)φ′′′, φ′〉L2(R) + 〈b(·, t)φ′′, φ′〉L2(R)

=−
∫
R
a(x, t)φ′′′(x)φ′(x) dx+

∫
R
b(x, t)φ′′(x)φ′(x) dx

=

∫
R
ax(x, t)φ′(x)φ′′(x) dx+

∫
R
a(x, t) (φ′′(x))

2
dx

− 1

2

∫
R
bx(x, t) (φ′(x))

2
(x) dx = −1

2

∫
R
axx(x, t) (φ′)

2
(x) dx

+

∫
R
a(x, t) (φ′′(x))

2
dx− 1

2

∫
R
bx(x, t) (φ′(x))

2
dx

≥µ0

∫
R

(φ′′(x))
2
dx− 1

2

∫
R

(axx(x, t) + bx(x, t)) (φ′(x))
2
dx

≥µ0 ‖φ
′′
‖2L2(R) − βG ‖φ

′‖2L2(R) . (B.5)

Using the Gagliardo-Nirenbreg inequality, we obtain

‖φ′‖L2(R) ≤ c ‖φ′′‖
1/2
L2(R) ‖φ‖

1/2
L2(R), (B.6)

and by using (B.6) in (B.5), we have

〈AG(t)φ′, φ′〉L2(R) ≥ µ0 ‖φ′′‖2L2(R) − c βG ‖φ
′′‖L2(R) ‖φ‖L2(R). (B.7)

For a positive constant α, we know that

α ξ − µ0 ξ
2 ≤ α2

2µ0
, ∀ ξ ≥ 0. (B.8)

Thus, combining (B.7) and (B.8), we obtain inequality (B.4).
The global solution theorem is now stated.
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Theorem B.1 (Global solution). We assume that Hy4 and Hy5 are satisfied. If
φ ∈W , then equation (B.1) has a unique solution

u ∈ C([0, ∞), W ′) ∩ C1([0, ∞), L2(R)), with u(0) = φ, (B.9)

for some open ball, W ′ ⊃W .

Proof. Assuming that u is the local solution with u(0) = φ, given by Theorem
A.2 and, we define

T ∗ = sup
{
T > 0, such that the local solution u is defined in [0, T ]

}
. (B.10)

Meanwhile, we assume T ∗ <∞. Let AG(t) be the operator defined in Lemma B.1.
Then, equation (B.1) is equivalent to

∂tu+AG(t)u = f(t, u). (B.11)

From Hy5, we obtain

‖f(t, u)‖H2(R) ≤ µ, for t ∈ [0,∞), and u ∈W, (B.12)

where W is an open ball in H2(R) and µ is a constant independent of t.
By applying the operator ∂x on both sides of (B.11), we obtain

∂tv +AG1
(t) v + bx(·, t) v = ∂xf(·, t, u), (B.13)

where v = ∂xu, AG1
(t) is defined as in Lemma B.1, where a1(x, t) = a(x, t) and

b1(x, t) = b(x, t)− ax(x, t). Setting z = ∂2
xu, from (B.13), we obtain

∂tz +AG2(t) z + (2 bx(·, t)− axx(·, t)) z + bxx(·, t) ∂xv = ∂2
xf(·, t, u), (B.14)

where AG2
(t) is defined as in Lemma B.1, a2(x, t) = a(x, t), and b2(x, t) = b(x, t)−

2ax(x, t).
Using equations (B.11), (B.12), and Lemma B.2, we obtain

1

2

d

dt
‖u(t)‖2L2(R) = −〈AG(t)u, u〉L2(R) + 〈f(t, u), u〉L2(R)

≤ (βG + µ)‖u‖2L2(R).
(B.15)

From (B.14), Lemma B.3, and (B.12), we obtain

1

2

d

dt
‖z(t)‖2L2(R)

=− 〈AG2(t)z, z〉L2(R) − 〈(2bx − axx)z − bxx∂xu, z〉L2(R) + 〈∂2
xf, z〉L2(R)

≤const β2
G2
‖∂xu‖2L2(R) +

(
2‖bx‖L∞(Ω) + ‖axx‖L∞(Ω)

)
‖z‖2L2(R)

+ ‖bxx‖L∞(Ω)‖∂xu‖L2(R)‖z‖L2(R) + µ‖z‖L2(R). (B.16)

The constants βG and βG2 are defined in Lemma B.2. Thus, as

‖∂xu‖L2(R) ≤ const ‖u‖L2(R) + ‖∂2
xu‖L2(R), (B.17)

inequalities (B.15), (B.16), and Gronwall’s lemma imply that

‖u(t)‖L2(R) ≤ ‖u(0)‖L2(R) e
(βG+µ)t, (B.18)
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and

‖uxx(t)‖L2(R) ≤ ‖uxx(0)‖L2(R) C
(
µ, ‖φ‖L2(R), ‖ψ‖L2(R), βG, βG2

, ‖bx‖L2(Ω),

‖bxx‖L2(Ω), t
)
, (B.19)

for all t ∈ [0, T ∗), where C is a continuous function of t. Therefore, inequalities
(B.18) and (B.19) imply that

‖u(t)‖H2(R) ≤ ‖u(0)‖H2(R) Ψ(t), ∀t ∈ [0, T ∗), (B.20)

where Ψ is a uniformly continuous function of t. Thus, the local solution u can be
extended beyond T ∗, in contrast to the definition of T ∗. This completes the proof.
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