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APPLICATION OF THE SEMIGROUP
THEORY TO A COMBUSTION PROBLEM IN
A MULTI-LAYER POROUS MEDIUM
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Abstract This study proved that the Cauchy problem for a one-dimensional
reaction-diffusion-convection system is locally and globally well-posed in H*(R).
The system modeled a gasless combustion front through a multi-layer porous
medium when the fuel concentration in each layer was a known function. Com-
bustion has critical practical porous media applications, such as in in-situ
combustion processes in oil reservoirs and several other areas. Earlier stud-
ies considered physical parameters (e.g., porosity, thermal conductivity, heat
capacity, and initial fuel concentration) constant. Here, we consider a more
realistic model where these parameters are functions of the spatial variable
rather than constants. Furthermore, in previous studies, we did not consider
the continuity of the solution regarding the initial data and parameters, unlike
the current study. This proof uses a novel approach to combustion problems
in porous media. We follow the abstract semigroups theory of operators in the
Hilbert space and the well-known Kato’s theory for a well-posed associated
initial value problem.
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1. Introduction

We can find a short review of combustion applications in porous media in [3,13,23].
Among the several applications is the in-situ combustion process for oil recovery
from a petroleum reservoir [1,2,15,26]. Many petroleum reservoirs with crude oil
have layers with different physical properties [12,22]. Motivated by these applica-
tions, we consider a one-dimensional model for the combustion of oxygen and solid
fuel in a porous medium with n (n > 2) parallel layers. Full derivation of the model
is given by [4]: With some simplifying assumptions, such as incompressibility, the
model reduces to a simple system of n reaction-diffusion-convection equations, cou-

TThe corresponding author.

lnstituto de Matemdtica e Estatistica-IME, Universidade Federal de Goids-
UFG, Campus II, Goidnia, GO, 74690-900, Brazil

2Instituto Federal de Goids-IFG, Campus Goidnia, GO, 74055-110, Brazil
Email: In Memoriam(E. Alarcon), marcos.batistaQifg.edu.br(M. Batista),
alysson@ufg.br(A. Cunha), jesusdamota@gmail.com(J. Da Mota),
rasantosQufg.br(R. Santos)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20220333

3108 E. Alarcon, M. Batista, A. Cunha, J. Da Mota & R. Santos

pled with n ordinary differential equations, governing the temperature u; = u;(z,t)
and the fuel concentration y; = y;(z,t) in layer ¢ (¢ = 1,...,n), where = € R is the
space variable and ¢ > 0 is the time.

The model is a generalization of the two-layer model derived in [11], where
traveling wave solutions were found. [10] solved the Cauchy problem for this two-
layer model. Traveling waves have been observed in several practical problems
[7,27,28], including some other combustion problems [6,9, 14].

In [4], the existence and uniqueness of the classical local and global solutions
over time were proven for an initial and boundary value problem for the simplified
model, where the fuel concentrations in the layers are known functions. The main
tool used is the monotonous iterative method for the upper and lower solutions.
Recently, in [5], by using Schauder’s fixed-point theorem, a classical solution was
proven to exist for the complete model’s initial and boundary value problem, where
the fuel concentrations are also unknown. The study considered physical properties
(e.g., porosity, conductivity, heat capacity, and initial fuel concentration) constant
in each layer.

We also assumed that the fuel concentration in each layer is a known func-
tion; however, we considered a more realistic model, where the physical properties
mentioned above depend on the spatial variable z. We proved the existence and
uniqueness of local and global classical solutions in time for an initial value problem
(Cauchy problem) associated with the model. We also proved continuous depen-
dence for the initial data and parameters in the sense of Theorem 1.3 below. Thus,
the following initial value problem is well-posed in H2(R),

ug + L(t)u = f(z,t,u), z€R, >0,
u(z,0) = ¢(z).

Here, u = (uq, ..., uy) is an unknown vector of temperatures ¢ = (¢1, ..., d,) is the
given vector of the initial temperatures, and L(t) is the partial differential operator
defined by

(1.1)

L(t)yu = (Li(t)us, ..., Ly(t)u,), (1.2)
where
Li(t)u; := —a(x, t) Opgu; + Bi(x,t) Opuy, i =1,...,n, (1.3)
with coefficients
i (x ci(x
ulet) = ai(x) + bigxi yi(z, t)’ Pula, 1) = ai(z) + bz((x)) yi(z, ) (14)
Functions a;, b;, ¢;, and \; for ¢ = 1,...,n are defined depending on the physical

parameters (see [4]), which are known functions of the spatial variable z. The fuel
concentration y; is known to be nonnegative and bounded* function of (z,t) as
follows: The combustion reaction rate, heat transfer between two adjacent layers,
and heat loss to the external medium are all included in the source function f =
(f1,---, fn), the components of which are defined by

—(c1)eur | (Kabruys +di)yig(ur) | qu(ug —ug)
ar + by a1+ biyr a1+ b1y

filz,t,u) =

*We can reasonably assume that fuel concentrations y; take their values in the interval [0, 1],
as this is physically expected, in view of the concentration definition.
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@ (u1 — ue)
ar + bhiyr
_ —le)aus | (Kibiui +di)yi g(ui) g1 (wi — ui—1)

fi(x7t7u) - - ] ' - ] i’ (15)

a; + bzyz a; + bzyz a; + bzyz

Gl ~ W) g,
a; + by;
f (.’L‘ n U) _ _(Cn)m Un, (Knbnun + dn)yn g(un) _ qnfl(un - unfl)
e an + bpyn apn + bpyn an + bnyn
_ o (un — ue)
apn + bnyn ’

where d; is also a known function of the spatial variable z, and ¢ is a function
related to the Arrhenius law given by
_E
o

e~ 9o, se 6>0

9(0) (1.6)

0, se #<0.

The other quantities K;, ¢;, §;, ¢, F are non-negative parameters, as defined in [4],
and u. denotes the temperature of the external environment, which is constant.
Throughout this study, (1.1) is referred to as a combustion problem. Index i
refers to layer ¢; unless stated otherwise, ¢ = 1,...,n. To facilitate notation, when
there is no doubt, we omit the variable  from u(x,t), ¢(z), y(z,t), and f(x,t, u)
by writing simply u(t), ¢, y(t), and f(¢,u).
The solutions treated here are conventional according to the following definition:

Definition 1.1. A local solution to problem (1.1) is a function u = (uq,...,us)
e C([o, T], W)nc* ([0, T], L%(R)™), which satisfies (1.1) for some T > 0 and some
open set W C H2(R)™. The solution is global in time if it satisfies (1.1) for all T > 0.

Our main results are summarized in the next three theorems; these proofs rely
on a new approach for combustion in porous media, which uses the semigroups
theory of operators in the Hilbert space and the well-known Kato’s theory for the
initial value problem.

Theorem 1.1 (Local solution). Assume that hypotheses (Hy6) and (Hy7) given in
Section 3 are satisfied. If ¢ = (¢1,...,¢n) € H2(R)", then the initial value problem
(1.1) has a unique local solution. Each component of this solution is given in the
following integral form:

u;(t) = U;(¢, 0)¢; +/0 Ui(t, 7) fi(7, u(7)) dr, (1.7)

t € [0,T) for some T > 0, where U; is the evolution propagation operator associated
with L;(t), defined by Lemma A.3.

Theorem 1.2 (Global solution). We assume that the hypothesis (Hy8) given in
Section 4 is satisfied. If ¢ = (¢1,...,¢n) € H2(R)™, then the initial value problem
(1.1) has a unique global solution. Each component of this solution is given in the
integral form, as in (1.7), for any T > 0.

Theorem 1.3 (Continuous dependence). Let us assume the same hypotheses as in
Theorem 1.1. Then, the function that maps the initial data and the parameters into
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the solution given by this theorem is continuous in the H?(R)"-norm. Similarly, let
us assume the same hypotheses as in Theorem 1.2; then, the analogous result holds.

Theorems 1.1, 1.2, and 1.3 ensure that problem (1.1) is locally and globally
well-posed.

The rest of this paper is organized as follows.

In Section 2, we describe the preliminary results of this study. First, a list of
notations and basic definitions is presented. Then, we present some results on the
semigroup theory for an abstract linear evolution equation in Banach space, where
we focus only on results that will be used to find the local solution to an initial
value problem for a general second-order semi-linear scalar equation. This local
solution is described in Appendix A. In Appendix B, the maximal solution concept
is extended to a global solution. A complete study of this subject can be found in
a series of papers by Kato [16-21].

In Section 3, following the proof of the general scalar equation, we prove The-
orem 1.1. The main tool is based on the evolution operator for the closure of the
L;(t) operator in L?(R), which is determined by Lemma 3.3 for each ¢ € [0, T.

In Section 4, we prove Theorem 1.2, where the closure of L;(¢) in LZ(R) must
be valid for each ¢ > 0.

In Section 5, we prove Theorem 1.3. First, we prove continuous dependence
for only the initial data. Then, including the hypothesis that the parameters are
functions of H?(R), we prove the continuous dependence for the initial data and
parameters. In each case, the proof holds for any fixed T > 0; it encompasses local
and global continuity.

Finally, we draw some concluding remarks in Section 6 and discuss the current
and desirable expansions of the subject.

2. Preliminaries

This section presents the main notations used in this study and describes the ab-
stract linear evolution problem results.

2.1. Notations and general definitions

The set of real numbers is denoted by R, I C R is an interval, and T is a positive
number. We denote X and Y Banach spaces such that Y C X. The spaces of type
L? used in this study are L}(R), L?(R), and L>°(R). The Sobolev spaces are H!(R)
and H2(R).

| - | is the absolute value or Euclidean norm in R™.

I - || x is the norm on space X.

X" = X x ... x X, n times, with the norm |Ju = (u1,...,u,)||x» =
max {uil|x, i =1,...,n}.

<, > is the inner product in the Hilbert space.
Op="2,0=2.

Q={(x,t); x € R, t >0}.

Qr ={(z,t); x€R, 0<t<T, T>0}.
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C(I, X) is the space of continuous functions defined on I into X. If I is
compact, then it is a Banach space with the supremum norm.

d(u,v) = supp 7 [[u(t) — v(¢)||x is the metric in C(I, X).
C1(I, X) is the space of continuously differentiable functions defined on I into
X.

C§°(R) is the space of infinitely differentiable functions defined in R of com-
pact support.

B(Y,X) (B(X) = B(X, X)) is the space of all bounded linear operators from
Y to X with norm [ - || (v, x)-

D(A) is the domain of the A operator.

R(A) is the range of the A operator.

p(A) is the resolvent of the A operator.

S(R) is the Schwarz space of rapidly decreasing C*° functions.
For g:[0, 7] — X, and A: [0, T] — B(Y, X),

T
Lx=/|mmuw
0

lglloc, x = sup [lg(®)llx, g
0<t<T

[Allse, Bv,x) = sup [|[A()] By, x) -
0<t<T

C (I, B(Y, X)) is the space all norm-continuous functions.

C. (I, B(Y, X)) is the space of all strongly continuous functions on Y to X.
F e L (I, B(Y, X)) implies that F(t) € B(Y,X) is defined for a.e. t € I,
is strongly measurable (i.e., F(t)y € X is strongly measurable in t for each
ye€Y),and [|[F(t)| py,x) is essentially bounded in ¢.

O F € L (I, B(Y, X)), or equivalently F' € Lip, (I, B(Y, X)), indicating that
there is a function G € L (I, B(Y, X)) such that F'(¢) is an indefinite strong
integral of G, (i.e., F(t)y = F(0)y + fg G(s)yds). Here, it is understood that
F(0) and hence F(t) belong to B(Y, X). In this case, we write O, F = G, thus,
G in uniquely determined by F' up to equivalence.

G(X, M, B) is the set {A(t) : ¢ € I} of all stable families (see Definition 2.1)
of negative generators of semigroups of class Cy (Co-semigroups) on X, with
stability constants M and .

2.2. Evolution operator

This section describes the evolution operator for the following abstract linear evo-

lution problem:

du
T +AR)u=f(t), teI=]0,T], 2.1)

u(0) = ¢,

where A(t) : D(A(t)) € X — X and t € [0,T] is a family of (generally unbounded)
linear operators acting in Banach space X. The unknown u = wu(t) and inhomo-
geneous term f(¢) are functions of I = [0, T] to X, and ¢ € ¥ C X is a given
function.
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The case in which A(t) does not depend on t belongs to the theory of one-
parameter semigroups of operators (Hille-Yosida theory [24]).

Definition 2.1. A family {A(¢): t € I =[0,T]} of infinitesimal generators of Cj
semigroups on a Banach space X is called stable if there are constants M > 1 and
B (called stability constants) such that

(8, +0) C p(A(t)), tel]o,T],
and

H f[R(A;A@j))H <MA-p)"F A>3

where p (A(t)) is the resolvent of A(t) and R(); A(t;)) is the resolvent operator
of A(t;) for every finite sequence 0 < t; < t3 < ... < t;; < T. In this case,
A(t) e G (X, M, B).

Definition 2.2. Let X be the Hilbert space. An operator A in X is considered
accretive (—A is dissipative) if:
Re(Ax, z) > 0, for all z € D(A).
It can be shown that (see [17,25]) A € G (X, 1, 8) if and only if

(i) (Ao, ¢) > —Blll?, V¢ € D(A).
(ii) (A4 A) is onto for some (and therefore all) A > S.

Here, A is called a quasi-maximally accretive or quasi m-accretive.
As a consequence of (i), we have the following lemma.

Lemma 2.1. A family {A(t): t € [0, T]} of infinitesimal generators of Cy semi-
groups on the Hilbert space X is stable if A(t) is quasi m-accretive for allt € [0,T);
that is, A(t) € G(X, 1, B).

A complete study of the evolution equation (2.1) is in [20], where the term
CD-system was introduced according to the following definition:

Definition 2.3. A triplet {A; X, Y} having a one-parameter family of operators,
A= {A():te€I=10,T]} and a pair of real separable Banach spaces Y C X is
called a CD-system if the following conditions are satisfied:

(i) A={A(t): t € I} is a stable family of (negative) generators of Cy-semigroups
on X, with stability constants M, 3, i.e., A(t) € G (X, M, ).

(ii) The domain D (A(t)) =Y of A(t) is independent of ¢. We regard Y as Banach
space, embedded continuously and densely in X.

(iii) A e L (I, B(Y, X)) (or, equivalently, % € Lip, (I, B(Y, X))), there exists
G such that G(t) € B(Y, X) is defined for a.e. ¢ € I, is strongly measurable;
then, [|G(t)||5(y, x) is essentially bounded in ¢ such that

t
A(t)yy = A(0)y —|—/ G(s)yds, for y €Y.
0

Using the hypotheses of a CD-system, Kato [19] constructed an evolution oper-
ator associated to the family A = {A(¢): t € I} according to the following lemma:



Application of the semigroup theory to a combustion problem 3113

Lemma 2.2. Let {A; X, Y} be a CD-system as in Definition 2.3. Then, an evo-
lution operator U(t, s) defined in the triangular domain A : 0 < s <t < T ezists
that satisfies the following properties:

(i) U e C. (A, BX)NC, (A, B(Y)), where C,. denotes the space of all strongly
continuous operator functions.
(i) U(t, s)U(s,r) =U(t, r), U(s, s) =1 (Identity operator).
(iti) QU(L, s)y = —AU(t, s)y, OU(t, s)y=U(t, s)A(s)y, y€Y.

The existence and uniqueness of the solution for (2.1) were also proved in [18],
according to the following theorem:

Theorem 2.1. Let {A, X, Y} be the CD-system. Let ¢ € Y and f € Lip(I, X).
Then, problem (2.1) has a unique solution uw € C (I, Y)NC (I, X) that can be
explicitly given by

u(t) =U(t,0) ¢ +/0 U(t, 7) f(r)dr.

3. Local solution for the combustion problem

This section considers problem (1.1) for an unknown u = (uq, ..., u,) : Qr = R,
where Qpr = R x [0,T] for any fixed T > 0. We also consider the operator L;(t),
defined in (1.3), with domain in C§°(R); that is,

Li(t)v = —a;(t) Vgy + Bi(t) vy, v € CFP(R), i=1,...,n, (3.1)

where a; and f; are defined as in (1.4) with the functions a;, b;, ¢;, A\ : R > R,
and y; : Qr — R all given. The function d; : R — R is also given.
Here, we propose the following hypotheses:

(Hy6): The functions a;, b;, d;, A\;, are twice differentiable, and ¢; is three
times differentiable and satisfy

(i) k1 < ai(x), Mi(z) < ko, 0 < bi(x), ¢i(z) < ko, where ky < ko are positive

constants.
(i) al®, o™, d® AP for k= 0,1, 2, and ¥ for k = 0, 1,2, 3 are in
L>*(R).
Note that, if a;, b;, ¢;, d;, A\; are constants, then all of these hypotheses are
satisfied.

(Hy7): The function y; is nonnegative and satisfies the following:

(i) Tt is twice differentiable in = and differentiable in ¢ for all (z, t) € Qr,

Yis (Yi)ys (Yi)yer and (y;), are in L(Q7), and [Jyi[|p~ () < k3, where
ks is a positive constant.

(ii) ¢t — (v;), is integrable on [0, T for all z € R.

(iii) (ys), is twice differentiable in z, (y;),, € L®(Qr) and © — (¥i)tza €
L%(R) for all t € [0, T.

Lemma 3.1. If the operator L;(t) with the domain in C§°(R) satisfies Hy6 and
Hy7, it also satisfies Hyl and Hy2 of Appendiz A.
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Proof. According to Hy7(i), we have [|y;||L~(q,) < k3, which implies that

ky ko
—_ ; —, for all Qr. 2
k2(1+k3)<al(x’t><k1’ or all (z,t) € Qr (3.2)
Thus, Hyl1 is satisfied with i and k2 Hy2(i) follows Hy6. To
us, is sati wi = ————an == i WS .
y Ho Ko (1 + k) H1 ey y y
prove Hy2(ii), we define
G, 1) = —Ai(2) bi(z) (yi)e(, t)2 and Fi(z, 1) = —ci(x) bi(x) (yi)e(z, t)Q.
(ai(x) + bi(x) yi(x, 1)) (ai(z) + bi(x) yi(x, 1))
Thus,
t
e ) = aife, 0+ [ e, 5 ds,
0
t ~
Bi(z, t) = Bi(x, 0) —|—/ Bi(z, s)ds.
0
Therefore, Hy2(ii) follows Hy7(ii), completing the proof. O

The L;(t) operator can be extended to H?(R) according to the following lemma.

Lemma 3.2. Let Hy6 and Hy7 be satisfied. Then, for each t € [0, T| the L;(t)
operator defined in C§°(R) is closable in L%(R), and its closure, denoted by A;(t),
has a domain independent of t with D (A;(t)) = H2(R). Furthermore, A;(t) is quasi
m-accretive in L*(R) for each t € [0, T]. That is, A;(t) € G (L*(R), 1, B).

Proof. The proof is a consequence of Lemmas 3.1, A.1, and A.2. O
Substituting L;(t) by its closure, the problem (1.1) can be written as follows:

(ui)t +Al(t)uz = fi(tvu)v 0<t< T» i = 17"'7”1

ui(0) = 6, (3:3)
u=(up,...,up),
where
Ai(t) = —ai(t) " + Bi(t) ¢', ¥ € D (Ai(t)) = H(R), (3.4)

with «; and $; as defined in (1.4). Here, ¢ and ¢’ are distributions.

The next lemma states the existence of a family of semigroup evolution opera-
tors associated with problem (3.3). Following [21], the proof uses the Lemma 3.2.
Because it is similar to the proof given in Lemma A.3, we omit it here.

Lemma 3.3. We assume that Hy6 and Hy7 are satisfied. A unique family of semi-
group evolution operator U;(t,t') associated with A; exists, defined in a triangular
domain as follows:

ttheh={tt)eR:0<t <t<T}+— Ut t') € B(L*(R)),

that satisfy properties (i)—(v), as in Lemma A.3.
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Note that, if f; : Qr — R is a known function that does not depend on u, then
problem (3.3) became linear as

(ui)e + Ai(t)yu; = fi(t), t>0, i=1,...,n,
u1(0) = ¢;.

(3.5)

Problem (3.5) is decoupled. Thus, the following theorem is a consequence of Theo-
rem 2.1 and Lemma 3.2, see [21]:

Theorem 3.1. Let the same hypotheses as in Lemma 3.2 be satisfied. If ¢; € H?(R)
and f; € Lip([0, T], L>(R)), for i = 1,...,n, then the initial value problem (3.5)
has a unique solution:

u=(u1,...,u,) € C([0, T), ®*(R)") nC* ([0, T], L*(R)").

Assuming Hy6 and Hy7, we can define the following positive constants, which
are used in the next lemma.

k k k+1 k
Rii= max {llal ooy, 16Ny, Neillie @y el oy, 1485l ),
1059l s 19l ) - (3.6)
R:=max{Ry,...,R.}. (3.7)

To prove Theorem 1.1, the source function must satisfy the same properties of
Hy3 as in Appendix A, with the spaces L?(R) and H?(R) substituted with L?(R)"
and H2(R)", respectively. This is performed in the following lemma:

Lemma 3.4. Assume that Hy6 and Hy7 are satisfied and W C H2(R)™ is any open
ball centered at the origin. Then, the source function f = (f1,..., fn) : [0, T|xW —
H2(R)™, for any fived T > 0, satisfies the following properties:

(i) | f(t, w)|lg2@yn < p, for all t € [0, T], and w = (wy,...,w,) € W, where p
is a constant depending on ki given in Hy6(i), R defined in (3.7), and the
radius p of the ball W.

(ii) For each w € W, the function t — f(t, w) is continuous on [0,T] to L2(R)".
(iii) For each t € [0,T], the function w — f(t, w) is Lipschitz continuous in
L2(R)"; that is,
(8 w) = (& v)lle2@yn < 5 llw —vlle2@ye,

for all w = (wr,...,w,) and v = (v1,...,v,) € W, where the Lipschitz
constant k does not depend on t.

Proof. Property (i) is a consequence of the continuity of y; in Qp and the defi-
nition of f; given in (1.5); so, we prove (i) and (¢ii).

Proof of (i). For any w € W, we must prove that
||fi(t, w)||H2(R) <u te [O, T], w e W, (38)

where y = u(R, ki1, p). Thus, we must estimate f; and 02f; in the L2(R)-norm.
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The proof is performed for f;. The proofs for f;, 1 = 2,...,n — 1, and f, can
be performed similarly.

Kb d
Let be a(x, t) :7ﬂ1-1i-511yyll’ 6(.%, t) a1(j-1b)1y1 ’ 7( ) o a1—¢g11y1 ’ (51(%, t) - (l1-gf171111’
and d2(z,t) = —alfglyl.

To simplify this notation, we set z = wy. Thus,

filz,t,w) =y(z,1)g(2) + alz,t)g(2)z — Bz, 1)z — d1(z, 1) (2 — w2)
+0o(x,t)(z —ue) =11 + o+ 13+ 1y + 5,
Ouf1 =729(2) +7(2,1)g' (2) 2 + 02g(2)z + ag'(2) 202 + ag(2)2s
— Bez — Bzy + 0;01(2 — wa) + 610, (2 — wa) + 0,02(2 — ue)
+ 020, (2 — ),
62]”1 =2 (2) + 209" (2) 222 + 200:.9(2) 22 + iz g(2)2 + ag” (2) (z,)zz
+ g’ (2) 2202 + 209" (2)(22)? + ag(2) 222 — Baw? — 2B 2e
+27.9"(2) 22 + 79" (2)(22)? + 79" (2) 20w + 0261 (2 — w2)
+2(0201)05 (2 — wo) + 610%(2 — wa) + (0202) (2 — ue)
+2(0502) (00 (2 — ) + 0202(2 — Ue) + g0 g(2)2 — Brus
i=h1 + -+ hoo. (3.9)
Now, we calculate the L°-norm of the terms, a, oz, Qyz, 8, Bz Brzy Vs Vs Voo,

01, (01)z (01)za, (02), (62)z, and (2)zz, we find that all these norms are less than
a positive constant that depends on R and k;. For example,

Kby H < Ky ||ba]| Lo ) lly1ll Loe ()
a1 + bry1 L= (R) k1

Il = It 00 = [ e 0PlatPas)

< e / 9Pas) < ol [ 19/ sa0)
=gl ( [ 1Pdz) " = el el

const(R, k1)R|z|lg < 00, %€ (0, 2).

||a||L°°(R) = H < const(R, k1).

IN

IN

|lillL2(w) for @ = 2,---5 can be estimated similarly. Thus, ||fi|2@m) < const(R,
k1, p). In addition, based on similar calculations, |02 f1 [|r2r) < const(R, ki1, p),
Therefore, || f1llg2r) < const(R, ky, p), completing the proof of (i).

Proof of (iii). This is sufficient to prove that, for each ¢ € [0, T], the function
w— fi(t, w), i =1,...n, is Lipschitz continuous; that is,

| fi(t, w) — fi(t, v)llL2®) < ki [lw — v[lL2@®)n,

for all w, v € W, where Lipschitz constant x; is independent of ¢. In this case,
k:=max{K;, i =1,...,n}, which depends on k; and R.

Let v(c) = (1 —o)v + ow, for 0 < o < 1. Let Fi(o) = fi(t,v(o)) and
F(o) = (Fl(a), ...,Fg(a)) for i = 1,...,n. From the definition of f; in (1.5),
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a straightforward computation is that

1
Ouw, 1 = ———[(— (1) + K1biyrg(wr) + (K1bywy + di)y1 g (w1)
a1 + by
—q — 61)51,]‘ + Q152,j],
1
o= ——— [( = (c: K. b:u: ) K. b:w. N a' (w;
8w, i a; + bivi [( (Cz)w + zbzyzg(wz) + ( ibiw; + dz)yzg (wz)
— i1 = i)0ij + ¢i—10i—1j + @i0is1,5], i =2,...,n—1,
1
8wjfn = m [( - (Cn)z + Knbnyng(wn) + (Knbnwn + dn)yngl(wn)

—qn-1— 52)571,,;' + Qn—lén—l,j} )

where 0; ; denotes the Kronecker delta.
Then, in view of v(c) € W, using Sobolev’s embedding together with the f;
derivatives, we have

[V fi(v(0))] < const,
for all o € [0,1], where V,, f; = (3w1fi, oy Ow, fi) and const does not depend on t.
From the mean value theorem, we have
|fi(t,w) = fi(t,v)] = |Fi(1) = F;(0)| = |F (00)|
= [V fi(v(00)) - (w = v)| < const |w —v],

where o9 € (0,1),
Therefore,

||fz(t,w) —fi(t,’l)>)||L2(R) < Hin—UHLz(R)n, 1=1,...,n, (3.10)
where k; does not depend on ¢, concluding the proof. O

Proof of Theorem 1.1. Let W C H?(R)" be an open ball, as defined in Lemma 3.4,
possibly enlarged such that ¢ € W. Now, let U(t, t') = (Ul(t, t), ..., Un(t, t’)),
where U;(t,t’) is the evolution propagator generated by operator A;(t).

Defining

t
Bu(t) = Ut 000+ [ Ut 5) (s, o) s,
0
the local solution is given as the unique Banach fixed point of the map @ in the set

Er ={v e C([0,T],L*(R)") : su%) lv(t)[lg2m)» < R,

and [sup] [v(t) = U(t,0)¢|l2@)yn < M}, (3.11)
0,T

where analogous to the proof of Theorem A.2, R and M are positive constants
defined such that ® is a contraction in E7/ for some 0 < 77 < T. This theorem
also shows the local solution u = ®u € C([0, T'], W) N C*([0, T"], L>(R)™). This
completes the proof. O
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4. Global solution for the combustion problem

This section considers problem (1.1) for an unknown u = (uy, ...,u,) : Q@ —
R™, where Q2 = R x [0,00). The operator L;(t), defined in (1.3), with the do-
main in C§°(R), is such that «; and B; are defined as in (1.4) with the functions
a;, b, ¢y, diy Ay * R — R, and y; : Qr — R all given. The source function
fi : Q@ x R™ = R is defined as in (1.5).

Here, we propose the following hypothesis:

(Hy8): Coefficients a;, b;, ¢;, and \; satisfy the same hypotheses, as in Hy6,
and function y; satisfies Hy7, with Qp substituted by .

We note that Lemmas 3.1 and 3.2 remain valid if we replace Hy6 and Hy7 with
Hy8. Thus, from Lemma 3.3, the evolution operator for this case also exists.

To prove Theorem 1.2, source function f must satisfy the same properties as
Hy5 in Appendix B, with the spaces L?(R) and H?(R) substituted with L2(R)" and
H2(R)™. This is performed in the following lemma.

Lemma 4.1. Assume that HyS is satisfied, and as in Lemma 3.4, W C H2(R)" is
any open ball centered at the origin. Subsequently, the function f = (f1,- -, fn)
satisfies the following properties:

(i) || f(t, w)|lg2@)n < p, for allt >0 and w € W, where p is a constant depending

on k1 given by Hy6(i), on R the constant defined in (3.7), and on p the radius
of the open ball W.

(ii) For each w € W, the function t — f(t, w) is continuous on [0,00) to L?(R)".
(iii) For each t > 0, the function w — f(t, w) is L2(R)"-Lipschitz continuous in
L2(R)"; that is,
I1f(t, w) = [t V)@ < & llw = vl
for all w, v € W, where the Lipschitz constant k does not depend on t.

Proof. Property (i7) is a consequence of the continuity of y; in 2 and definition
of f;. The proofs of (i) and (ii7) are analogous to those of properties (i) and (iii) in
Lemma 3.4, respectively, because they are valid for any 7" > 0.

Proof of Theorem 1.2. Let W C H2(R)™ be an open ball, as defined in Lemma 4.1,
possibly enlarged such that ¢ = (¢1,...,¢,) € W.
Now, we define

T* =sup {T > 0, such that the unique solution to (3.3) in [0, 77 exists}.

Let v = (u1,...,u,) be the local solution to (3.3) given by Theorem 1.1 is
defined in its maximal interval [0,7*). We also defined the following linear scalar
equation:

o+ Ac(t)v = fi(t,u), 0<t<T* ve D(Ag(t)) = H(R), (4.1)
where operator Ag(t),

Ac(t)v = —a;(t) vz + Bi(t)ve, t >0, (4.2)
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represents the closure of L;(t). If v :=w;, for i =1,...,n, (4.1) is equivalent to the
differential equation in(3.3).

Note that, by hypothesis Hy8, functions a; and §; satisfy Hy4, and by Lemma
4.1, f; satisfies Hy5, as in Appendix B. Therefore, the rest of the proof can be given
by following the proof of Theorem B.1 for the scalar equation; thus, we omit it
here. O

5. Continuous dependence for the combustion prob-
lem

This section addresses the proof of Theorem 1.3. As referred to in Section 1, we
first prove the continuous dependence for only the initial data and then prove the
continuous dependence for the initial data and parameters together. In each case,
the proof holds for any fixed T" > 0; it encompasses local and global continuity.

The function w — f(t, w) must be H?(R)"-Lipschitz continuous, which is proven
in the following lemma.

Lemma 5.1. Assume that Hy6 and Hy7 are satisfied and W C HZ(R)" is any
open ball centered at the origin. Then, the source function w — f(t, w) is H2(R)"-
Lipschitz continuous; that is,

Ilf(t, w) — f(¢, v)||H2(R)n <klw-— v||H2(R)n, Vw,veW,

where the Lipschitz constant k does not depend on t.

Proof. The proof is performed for f;. The proofs for f;, i =2,...,n—1, and f,
can be performed similarly. Let «, 3, v, 01, and 02 as at the beginning of the proof
of Lemma 3.4. Let also w = (wq,--+ ,w,) and v = (v1,- -+ ,v,). Then, by writing
z = wy and v = vy, it follows that

2 (fr(t,w) — fr(t,v))
=2 (9(2) = 9(v)) + 204 (g’ (2) 222 — ¢’ (V)vav)
+20,(9(2) 20 — g(W)ve) + alg" (2)252 — g (V)VZv) + aua(9(2)2 — g(v)V)
+ g (2)2e0z — § (V)VeaV) + 2a(g'(2)22 — ¢’ (v)V?)
+ a(9(2)2ee — 9(V)Vaz) = Bua(2 — V) = 280 (22 — V) — B(220 — Vaa)
+27,(9'(2) 20 — d' (W)va) + (9" (2)z — g" (v)V72)
+ (9 (2) 200 — §' (V)Vaw) + 0201 (2 — v — wo + v2)
+0205(2 — V) + 820%(2 — V) + 610%(2 — v — wa + v3)
+20,010.(2 — v — wa + v2) 4+ 20,020, (z — V)
i=hy + -+ hao. (5.1)

To estimate Ay, we use the mean value inequality. Thus,

[P1lle2) = [ea(9(2) — 9()) 2wy
< Yazll Lo @) l9 lee @) 12 = VL2 (r)
< é(R,m)|lz — V||L2(R)~ (5.2)
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To estimate the other terms in (5.1), we can use Sobolev embedding and proceed
in a manner similar to that above. Thus, we have

1Rl < &(Ryr)||z — viem, 4= 1,..,20. (5.3)

Therefore, by using (5.1), (5.2), (5.3), and Lemma 4.1(iii), we obtain the desired
result. O

Proof of Theorem 1.3. (i) Continuous dependence on the initial data.

We assume that W C H?(R)™ is an open ball, as defined in Lemma 3.4, which
can possibly enlarged such that ¢ = (¢1,...,¢,) € W. We assume also that
u = (uy,...,u,) € C([0,T], W) N C*[0,T],L3(R)") is the solution, given by The-
orem 1.2:

Let ¢/ be a sequence in W such that ¢/ — ¢ in the H?(R)"™ norms. Let u
and u’ be the solutions to problem (3.3) with u(0) = ¢ and u/(0) = ¢’, respec-
tively, as given by Theorem 1.2. We have to prove that «/ — u in C([0,T], W') N
C([0,T],L2(R)™), for any fixed T' > 0, and some W’ D W. We have

lu? () = u(t) a2y

< 0 = D)l + | [ U (000 0) = i u(e))) s

H2(R)"™
<e’T ||¢ — Gllwe ey + €T /Ot 17 (5) = (s) I (ry» ds.
Applying Gronwall’s inequality, we have
1 (£) = w(®) ey < Fll¢7 = bl ey (5-4)
where & is independent on t. By taking the supremum over ¢ € [0, T,

lw? —ulleqorm@ny < &ll¢7 — @l - (5.5)
Thus,
w! — win C([0,T], W), since ¢/ — ¢ in W.
Additionally, from (1.1), we have

uf (1) = ur(t) =i () (i (£) = uaa(t)) = Bilt) (W (1) — ua(t))
+ [t (1) = f(tu(t)).

Thus,

e (£) = e () |2 gy
<l (8) (W (£) =tz (t))lle2 )
B — Oy + 1w (6) = £t ult) ez
<const || (t,(t) = taa (1)) |lL2yn + const [|(w,(£) — ua (1)) |2 @)
+ const |[u? (t) — u(t)|p2(w)»
<const [4?(£) — u(®) ey -
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Again, taking the supremum over ¢ € [0, T], we obtain

] — well oo ey < const ! — ull o 162 ®)m)- (5.6)

Therefore, from (5.5), we obtain

uw? — w in C([0, 7], W) N CL([0,T],L3(R)"), when ¢/ — ¢ in W.
(ii) Continuous dependence with respect to initial data and parameters.

Here, we assume that parameters a;, b;, (¢;)z, d;, A; and function y;(t), where
t € 0,7, are all in H2(R).
Lemma 5.2. (i) Let (a;)7, (b;)7, ((ci)w )7, (di)?, (M), and (y:)7(t)) b
in H2(R) such that (a;)? — a;, (b;)7 — by, ((cl)l) (¢i)z, (di)
and (y;)?(t)) — yi(t) in H2(R). Then,

i € sequences
= di, () = A,

(i) (t,w) — fi(t,w) on H*(R), for each t € [0,T], (5.7)
where f; is defined as (1.5), (f;)? is defined in (5.8) below, and w = (wy,...,w,)

€ HX(R)".
(ii) If, in the hypotheses of item (i), the convergences are in L (R), then

Ni(h) — (A N
@) = G T )i ®  at b
and ( )j
BY O = Gy T i@ a b W
for L™ (R).
Proof. From (1.5), we define
i le)Dawn (Ka)wn + (@) ) (0 g(w)
) = O )i ® T (@) + 61 (00 ()
n 1 (we — wy) _ Gq (w1 — ue)
@) + oI (@) + i) @)
Nt w ((Cz)x)j w; (Ki(b')jwl ( i) )( Z)J(t) ( )
Uil w) = o o i ® T (@) + (uP (e ()
qz(wl+1 wz) B Qi71(wi—w171) i — n—
T @+ 0w @)+ i@ T
(5.8)
I(t,w) = —((cn)))a wn (Kn(bn)jwn+(dn)j)(yn)j(t)g(wn)
Ul ) = T+ 0l P ® T (@) + 0

Qn—l(wn - wn—l) qQ(wn - Ue)

(@n)? + (bn)? (yn)? (8)  (an)? + (bn) (yn)I ()

The proof of (i) is an easy consequence of the following: if hy, (h1)’, ho, and
(hg)? are functions in H?(R) such that |hs|, |(h2)?| > const > 0, (h1)? — hq, and
) hy)? h
(h2)? — hg on H2(R), then (1) L on H2(R).
(h2)? ~ ho
The proof of (ii) is similar to that of (i) by substituting H?(R) by L>*(R). O
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Lemma 5.3. We consider problem (3.3) with the differential operator A; defined
n (3.4). Let a;(t), Bi(t), () (t), (B:)(t) € H(R) as in Lemma 5.2. Let also the
sequence of operators

(A0)! (tyu = ()’ (t)uze + (Bi) (t)us
Then,
(i) (A:)’(t) — Ai(t) on B(H*(R), L*(R)), and
(it) Ty g0 [ [ A7 (2)]] Be®),2m) % =0
Proof. We obtain

1(A:) (H)u — Ai(t)ull2w)

=[1((ea)? (t) = i (t) ) aa + ((8:)” (1) = Bi(t)) ualle2w)
<l ()’ (1) = (1)) o 2y + 1 ((B:) () = Bi(1))ualliaqz)
SS%p(I(ai)j(t) — i) + (B () = Bi(O)) [ulleew)-

Therefore,
[A7(t) = Al B2, 12y < I1(@q)’ (8) = (D)oo ry + 181 = BT = (r)»

indicating that A7(t) — A(t) on B(H?(R), L?(R)), when j — oco.
The proof of (ii) follows from

147 (#ullez ry < ll(0)? (8)ttaalliaey + 1108:) (B)ua ez ry
< const (|[tge|lL2®) + |tz lli2@) < const ||ullg(w),

indicating that [|A7(t)|| gu2(r), 12(r)) < const. Therefore,

lim / HAJ (t)||B(H2(R),L2(R))dt — 0.

|E|=0 /g
O
Now, consider the following problems:
O+ A(t)u = f(t,u),
i (thu = f(t,u) (5.9)
u(0) = ¢,
and
Opu+ AT (Hu = fI(t,u),
tv (,) f(tu) (5.10)
u?(0) = ¢7,

where A(t) = (Ai(t),... An(2)), A7(t) = ((A1)7(t),...(An)(t)), and ¢ is a se-
quence in W.

The proof of the continuous dependence for the initial data and parameters is a
consequence of the following theorem.
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Theorem 5.1. As in Lemma 5.2, let (a D)= ai, (b)) = by, ((€)z)! = (¢i)as
(d;)? — di, (N)T — i, and ()7 (t)) — vi(t) be on H2(R). Let also ¢/ — ¢.
If u(t),w’(t) € C([0,T],W) N C([0,T],L2(R)) are solutions to (5.9) and (5.10),
respectively, then v/ — u in C([0,T], W) N C([0,T],L3(R)).

Proof. From Lemma 5.2, f7(t,u(t)) — f(t,u(t)) in H*(R) and o (t) — a;(t) in
L*°. From Lemma 5.3, we obtaln Al(t) — A(t) in B(H?(R), L?(R)). The remaining
proof is provided by [18, Theorem 7). O

6. Concluding remarks

This study used the semigroup theory to prove the suitability of an initial value
problem, which models a combustion front through a multi-layer porous medium.
The following are some advantages of using the semigroups theory of operators and
Kato’s theory in the proofs: i) They allowed us to consider a more realistic model,
where some physical parameters (e.g., porosity, thermal conductivity, and initial
fuel concentration) depend on the spatial variable xz. FEarlier studies [4] and [5]
considered that these parameters were constant. ii) The uniqueness of the solution
is a natural consequence of the uniqueness of the evolution operator both locally and
globally. iii) The proof of continuous dependence for the initial data and parameters
was possible because the solution has an explicit representation given by the integral
equation (1.7), in the case also of both the local and global in time solutions.

We remarked that the semigroup theory does not apply directly to solve the
corresponding problem for the complete system when the fuel concentrations are
also unknown because the equations for concentrations are not of the reaction-
diffusion type (see the differential equations in [5, equation (2)]). However, an
interesting problem to be investigated would be to use the solution of the problem
obtained in this study to build an iteration scheme that converges to the solution
of the corresponding complete problem.

A. Local solution for a scalar equation

Here, we describe the main results of the general semilinear second-order scalar
equations. The following second-order semilinear scalar equation is considered:

Ou — a(x, t) Uz + b(x, t)uy = f(x, t, u), z€R, t e (0,T], (A1)

where a, b : Qr =R x [0,7] - R and f: Qpr x R — R are the functions for some
T > 0. We also consider the family of associated differential operators, defined as

(L)) (x) = —a(z,t)¢" (x) + b(x,1)¢/(x), ¢ € C5°(R), t€[0,T]. (A.2)

To solve (A.1) using semigroup theory, the following hypothesis should be es-
tablished: first for the coefficients of L(t) and then for the source function f as
follows:

(Hy1): L(t) is uniformly parabolic in r; that is, there are positive constants
o and gy such that

po < a(z,t) < pp, forall (x,t) € Qr. (A.3)
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(Hy2): The coefficients of L(t) satisfies

(i) a(z, t) is twice differentiable in x, b(x, t) is differentiable in x, for all
(z,t) € Qp, and
a, b, az, by, agy € L7 (). (A4)

(ii) a(z, -) and b(z, -) are a measurable function on [0, T'], and there are mea-
surable functions @, b: Qp — R, integrable on [0, 7] and a(-, t), b(-, t) €
L°°(R) uniformly in ¢ such that a and b are equal to the indefinite integral
of @ and b, respectively; that is,

a(z, t) = a(zx, 0) —l—/o a(x, s)ds,

b(z, t) = bz, 0) + /0 bz, s)ds.

(Hy3): The function (¢, w) — f(t, w), satisfies the following:

(i) fis bounded on [0, T] x W to H2(R), where W is any open ball in H*(R).
That is,
lf(t, w)|lw2®) < p, for t € [0, T] and w € W,

being i a constant depending only on the radius of W.

(ii) For each w € W, the function t — f(¢, w) is continuous on [0, T] to
L%(R).
(iii) For each t € [0, T], w — f(t, w) is L?(R)-Lipschitz continuous in W;
that is,
[t w) = [t v)lle@) < A llw = vll2@),

where £ is a constant depending only on the radius of W.

Lemma A.1. If {L(t)},c(o 1) satisfies Hyl and Hy2, then the operator L(t) is

closable in L?(R). Furthermore, the closure of L(t), denoted by A(t), is independent
of t with D (A(t)) = H(R).

Proof. We put
L(t)¢ = Bo(t)¢ + B1(t)o,

where
Bo(t)gp = —a(-, t) ¢", and By(t)¢p =b(-, t) @', for ¢ € CF°(R).

Considering conditions (A.3) and (A.4), By(t) and By(t) are closable in L*(R),
the closures Ag(t) of Bg(t) and A;(t) of By(t) are independent of ¢ given by

D (Ao(t) = {6 € L’(R): ¢" € L’(R)} = K*(R),

nd
) D(Ai(t) = {¢ € L*(R): ¢/ e L*(R)} =H'(R).

We can write
Ag(t)p = —a(-, 1) ¢", ¢ € H2(R), and A;(t)p =b(-, t) ¢, ¢ € H'(R),

where ¢’ and ¢" are in the distribution sense.
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We now show that A;(¢) is relatively bounded with respect to Ag(t). In fact,
since D (Ag(t)) C D (A1(t)), if ¢ € H*(R), then for all A > 0,

| A1(t) Alle2®) < [16lloc 16|z ()

—1
< blloc 102 (=10 0% +A) " llsaeqey) | (—H0 0 +A) dll2w)
18] 2
< ENINE | (—#0 0% + X) Blle2(w)
e (1= b0 ey + Alhece) (A5)
S 2\/170)‘1/2 Ho L2(R) L2(R)) > .
where pg is expressed by (A.3). Condition (A.3) implies that
I = 106" 2y < 1 Ao(t) dllia) < || — 1 ¢" 2wy, Vo € B (R). (A.6)

Substituting (A.6) into (A.5), we obtain

b o 1
410 olhae < 39 (51400 olhao + 32 ol ) (A7)

According to [17, Chapter IV, Theorem 1.1], estimate (A.7) proves that A;(¢) is
Ap(t)-bound with Ag(t)-bound smaller than 1. Further, A(t) = Ao(t) + A1(¢) is
closed, and A(t) and Ag(t) have the same domain, H?(R). Thus, L(t) is closable in
L2(R), and its closure can be written as

A)¢ = —a(-, )" +0(-, ) ¢/, ¢ € H(R), (A.8)

where ¢, ¢" denotes the distribution sense. This completes the proof. O

Lemma A.2. The operator A(t), defined in (A.8), is quasi m-accretive in L2?(R)
and uniformly in t. In this case, A(t) € G (LQ(]R)7 1, ﬁ) for some B> 0.

Proof. Because we deal with the Hilbert space L?(IR), we must show that a con-
stant S > 0 exists such that

(i) (A9, D)2y = —BllolZ2 gy, Yo € D (A(t)) = H*(R).
(i) (A(t) + A) is onto L2(R) for some (equivalently for all) A > 3.
Let ¢ € H2(R); then,
(A(t)p, P2y =(—al-, 1), P2y + (b(-, 1), )r2(r)
—— [ o )" @) do+ [ bla, )0/ @)o(a) da
R R

:/am
R

—~

2. 00()0/ () do + [ ale,0) (6" da

Il

|
N = N = N =
%\%\%\

by (x, t)gz52 (z)dx

taalie, )63 (a) da + | ala, 1) (6/(2) de

R

bue, 06(@) d 2~ (laze s Ol + 1 D)) (6, ).
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Subsequently, from (A.3) and (A.4), it follows that

1
B =3 (lazallie@r) + Ib2llie(or)) (A.9)

is independent of ¢, proving that (7).

To prove (ii), the fact that A(t) is a closed operator combined with the inequality
in () shows that (A(t) + A) has a closed range for all A > 3. Thus, it is sufficient
to prove that (A(t) + A) has a dense range for A > /5 and sufficient to demonstrate
that R (A(t) + A\)" = {0}.

Let ¢ € L*(R) such that ((A(t) + A) 1, ¢)r2r) = 0 for all ¥ € D (A(t)).

Therefore, from the definition of the adjoint operator and property of A(t), we
obtain

St = —(al, ) )y — (0(, 1) ¥),, (A.10)
where D( (t)) = C§°(R) is the core of the adjoint operators of A(t) and D (A*(t)) =
H2(R). Let ¢ € Ker (A*(t) + A). Then, multiplying equation — (a(z, t) ¢),, —

(b(z, t) @), + Ao =0 by ¢, integrating by parts, and applying the inequality in (%),
we obtain

0

(@, £) 8)y0 — (O, £) ), + A6, D) =
(¢, At)P)2(m) + A ||¢||E2(R)

> (A= B) 19lF2m)
for all A > . Because (A — ) > 0, we conclude that Ker(A*(t) + \) = R((A(¢)

+
A)+ = {0}, and the proof is finished. O
Let the homogeneous equation be

du+ A(t)u =0, (A.11)

where A(t) is defined as in (A.8).
We now state the existence of an evolution operator for (A.11).

Lemma A.3. We assume that Hyl and Hy2 are satisfied. Then, there ezists a
unique family of evolution operator U(t,t'), defined by

ttheAh={t1t):0<t <t<T}— Ut t')eB(L*R)),
or any fized T > 0 such that
for any fi
(i) (t,t') — U(t, V') € B(L3(R)) is strongly continuous and U(t, t) = I for all
telo, T);
(ii) Ut, t") = U(t, YU, t") for all t, ', t" such that 0 <t <t' <t <T;

(iii) U(t, t') (H2(R)) C H2(R?) and (t, t') —> U(t, t') € B (H*(R)) is strongly con-
tinuous in H2(R);

(iv) QU t) ¢ =—-A)U(t, t') ¢, Vo € H*(R),
(v) OsU(t, s)¢ =U(t, s) A(s) §, Vo € H}(R), 0 <

Proof. From Lemma 2.2, it is sufficient to prove that triplet { A(¢); L?(R), H(R)}
with the family A(t) defined in (A.8), is a CD-system. Lemma A.1 and Lemma A.2

0 t'<T;

T.

IN A

<t
s<t
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imply the conditions (7) and (é¢) of Definition (2.3). Condition (iii) of this definition
remains to be proven. Thus, let the family {G(t): t € [0, T} be defined as

G(t)p = —a(-t)¢" +b(-,t)¢', ¢ € HA(R),

where @ and b are given by Hy2(ii). We obtain G(t) € B(H2(R), L2(R)) for a.e.
t € [0, T}, is strongly measurable. ||G(t)||a@m2(r),12(r)) is essentially bounded by t.

A(t)p = A(0)o +/0 G(s)pds, for ¢ € H*(R).

This completes the proof. O
Note that, if the source function f does not depend on w, then equation (A.1)
becomes linear as

O — a(x, t) ugy +b(z, t)uy = f(x, t), z €R, t € (0,T]. (A.12)

In this case, if u is a solution to (A.12) with the initial condition, u(z,0) = ¢(z),
x € R, then it is easy to see that

u(z,t) = U(t, 0) () +/0 Ul(t, s) f(z,s)ds, (A.13)

where U(t, s) is the evolution operator associated with A(t) defined in (A.8). We
call u given by (A.13) a mild solution of (A.12).
The proof of the following theorem is analogous to that in [19, Theorem 2].

Theorem A.1l. Let Hyl and Hy2 be satisfied. If ¢ € H*(R), then f € C([0, T7,
L%(R)) N LY([0, T, H*(R)), then u given by (A.13) is the unique solution u €
C([o, T], H3(R)) N C*([0, T], L*(R)) of (A.12), with uw(z,0) = ¢(x). Furthermore,
we obtain the estimates

ulloo, 2®) < NUlloo, 2®) (IllL2®) + 1 fll1,12(®)) »
ulloo, m2®) < Ullso, 2@y (I10ll52(®) + 1f 11,12 (®)) » (A.14)
[0rulloo, 12®) < [ flloo,L2(®) + [ Allos, BE2(®), L2R)) (€lla2(R)
Il ) -

In the proof of the main theorem in this section, two simple lemmas are used,
as shown in [19].

Let X and Y be reflexive Banach spaces such that Y C X is continuously and
densely embedded.

Lemma A.4. If a subset of Y is convex, closed, or bounded, then it is also closed
n X.

Lemma A.5. If a function g on [0, T] to Y is bounded in Y -norm and continuous
in X -norm, then g is weakly continuous (hence, strongly measurable) as a'Y -valued
function.

The main result of this section is provided in the next theorem, which follows
similar ideas: as in the proof in [19, Theorem 6]. For the existence of a solution in
a Sobolev spaces can be used similar arguments, see, for example, [8].
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Theorem A.2 (Local Solution). Let Hyl, Hy2, and Hy3 be satisfied. If ¢ € W,
then equation (A.1) has a unique solution

ue C([0, T'], W)nc([o, T'], L3(R)), with u(0) = ¢, (A.15)

for some T', 0 <T' < T, and some open ball W' D W, which is given explicitly by
t

u(t) = U(t, 006 + / U(t,7)f (u(r)dr, te[0,T]. (A.16)
0

Proof. The first part of the proof deals with existence.
We consider an open ball W centered at the origin, with radius p > 0. For
constants T' > 0 and R > 0 to be defined and M > p, we define the space

Er ={ue C([O,T],LQ(R)) : sup] |lu(t) |2 r) < R, and
T

)

sup [[u(t) — U(t,0)¢l|r2e) < M}
[0.7]

First, from Lemma A.2, we choose
1 -1
T< 3 In(p™" M), (A.17)

where [ is given by (A.9). The application g(t) = 0 satisfies g € Ep. Thus, Er is
not empty.
From Lemma A.4, it follows that Er is a complete metric space with the metric

d(u,v) = sup [lu(t) —v(t)|lL2(r)-
[0,T]

s

For all uw € Ep, where f(u(7)) := f(-,7,u(7)), the weak continuity of f(u(-)) in
the H2(R)-norm follows from Hy3(i), Hy3(ii), and Lemma A.5.
Defining

Bu(t) = U(L,0)6 + /0 Ut 1) f(u(r))dr, t€[0,T], (A.18)

it is shown that there is 0 < T” < T such that ® is a contraction in E7.
If w € Er and t; < t, then

Bu(t) — Bu(ty) = UL, 006 — U(t,0)6 + / (Ut 7) — U, 7)) flu(r))dr

U s (A.19)

ty
= O'(t,tl) + 5’(t,t1) + 5’(t,t1).

Lemma A.3(i) implies that o(t,t1) — 0, when t; — ¢.
From H?(R) < L2(R) and Hy3(i), it follows that

1 () llez@) < [1f (u(m)le2®) < 1, (A.20)
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where p depends on R. Hence, Lemma A.2 and (A.20) imply that

16t 1) ey < / WUt 7) £ (7)) g gy

< [ It

< p(t—t1)e’T =0, when t; — t.

From Hy3(ii), it follows that f(u(7)) € L3(R) for all 7 € [0,7]. Thus, Lemma
A.3(i) implies that

(U, 7) = U(ts, 7)) f(w(r))||lL2my = 0, when t; —t,

for a.e. 7 €[0,7T].
In addition, from Lemma A.2 and (A.20),

Ut 7) = Ut 7)) f () @) < 2677 |1 f (u(r)) ey < 2ue’, 7€ [0,T].
Then, the dominant convergence theorem implies that
a(t,t1) — 0, when t; — .

Thus, ®u is left continuous in ¢. Right continuity of ®u can be obtained similarly.
Therefore, u € C([0,T],L*(R)).

Now, by taking the H?(R)-norm in (A.18) and using Hy3(i) and Lemma A.3(iii),
we obtain

[Pu(t)ln2r) < IU(t; 0)9ln2 () / 1U (¢, 7).f (w(7)) llg2 =) d7
A2l
< P olhege+ e [ 15 ulr)heceytn (A.21)
< (p+T'p).
Thus, Lemma A.2 and (A.20) imply that
t
[Pu(t) — U(t,0)¢lL2(r) S/ [U (&, 7).f (u(T)) |2 rydT
A.22
<o [ 1o hoimyir (8.22)
< T'pe’T,
and Lemma A.2 and Hy3(iii) imply that
t
[Pu(t) — Pv(t)|lL2(w) S/O U, 7)(f(w(r)) = f(o(T)lle2®)dr
t
< eﬁT/O 1£Comu(r)) = £ m0(0) | @dT (A2

t
< meﬁT/o [w(T) = v(7) |2 ®)dT

< T'kePTd(u,v).
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We define the open ball W’ > W with radius R such that
B
R>p(Mp™)", (A.24)

and by using (A.17) and (A.24), we see that R > pePT . Thus, by combining (A.21),
(A.22), and (A.23), and taking 7" that satisfies

M 1 1/ R
/ .

implies that ® : Ep+ — E7. is a contraction. Therefore, from the Banach fixed-
point theorem, equation (A.1) has a unique mild solution u with u(0) = ¢, which
is given by (A.16). A straightforward calculation shows that this mild solution
satisfies u € C([0,7"], W’) and d,u € C([0,T"],L3(R)), indicating the existence of a
solution.

Rest to prove the uniqueness.

Let u and v be solutions of (A.1), satisfying (A.15) such that «(0) = v(0) = ¢.
For all t € [0,T"], using (A.16), Lemma A.2, and Hy3(iii), it follows that

() — v(t) 2y < / U7 (F(ulr)) — F o) ey dr
< T / 1 Cma(m)) — FCor o) legydr

¢
gneBT/ |u(T) = v(7) |2 (®)dT.
0

Therefore, Gronwall’s lemma implies that u(t) = v(¢), completing the proof. O

B. Global solution for a scalar equation
Here, we consider the second-order semilinear scalar equation
Opu — a(x, t) Uzy + b(x, t)uy = f(x, t, u), z€R, t >0, (B.1)

where a, b : @ =R x [0,00) > R and f: Q x R — R are the given functions. We
also consider the family of associated differential operators, defined by

(La(t)9) () = —a(@,t)¢"(z) + bz, )¢/ (z), ¢ € C3°(R), t €[0,00).  (B.2)

To solve (B.1), it is necessary to establish hypotheses similar to for the local
solution in Appendix A.

(Hy4): The coefficients of the operator L¢(t) satisfy Hyl and Hy2, given in
Appendix A, when the interval [0, 7] is substituted by [0, c0).

(Hy5): For w belonging to some open ball W C H?(R), the function (¢, w)
f(t, w) satisfies the same items (i), (ii), and (iii), as in Hy3, when interval
[0,T] is substituted by [0, 00).

The proof of the next two lemmas is similar to that of Lemmas A.1 and A.2,
respectively, where the interval [0, 7] is substituted by [0, co).
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Lemma B.1. Assume that the operator Lg(t) satisfies Hyd. Subsequently, Lg(t)
is closable in L2(R) and the domain D (Ag(t)) = HX(R) of Ag(t), the closure of
L¢(t) is independent of t.

Lemma B.2. The operator Ag(t), defined in Lemma B.1 is quasi m-accretive in
L2(R) and uniform in t; that is, there is a constant Bg > 0 such that

(i) (A, o > —Ball9litgm, 6 € D (Aa(t) = BA(R),
(ii) (Ag(t) + N) is onto L2(R) for some (equivalently for all) A > Bg.
Here, Ac(t) € G (L3(R), 1, Bg), where

1
Ba = 5 ([lazallLe ) + b2l @)) - (B.3)

In addition to Lemmas B.1 and B.2, the next regularity lemma is fundamental
to the proof of global existence.

Lemma B.3 (Regularity). Let Ag(t) be the operator defined in Lemma B.1, then

(Ac(t) ¢, ¢ )aw) = —C ii” |22y, Vo € S(R). (B.4)
Proof. Let ¢ € S(R), then
(a6, amy =(—al, 8", P huagzy + (b, D6, Phizgey
—— [ ale )" @0 @ do + [ b1 (@) (a) da

_ / ax(z, )¢ (2)8" (z) da + / (2. £) (" (2))” da
R

a
R

+/Ra(a:, 06" @) do— 5 [ bele 0)(8(@))" do

R

s [ dr =3 [ (oo )+ bole ) (0@ da

R
>0 |9 1122 @) — Ba 19|22z - (B.5)

Using the Gagliardo-Nirenbreg inequality, we obtain

1/2 1/2
16/ 1oy < e 10”1145k, 16114, (B.6)
and by using (B.6) in (B.5), we have
(Ac(t)d', )2y = 1o 19”172y — ¢ B 16" |2 (®) [6lle2@)- (B.7)
For a positive constant «, we know that

o2
aé—pg€? < —, VE>0. (B.8)

240
Thus, combining (B.7) and (B.8), we obtain inequality (B.4). O

The global solution theorem is now stated.
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Theorem B.1 (Global solution). We assume that Hyj and Hy5 are satisfied. If
¢ € W, then equation (B.1) has a unique solution

u € C([0, 00), W) N CY([0, o0), L*(R)), with u(0) = ¢, (B.9)

for some open ball, W' D> W.

Proof. Assuming that w is the local solution with u(0) = ¢, given by Theorem
A.2 and, we define

T* =sup {T > 0, such that the local solution u is defined in [0, T]}.  (B.10)

Meanwhile, we assume T* < co. Let Ag(t) be the operator defined in Lemma B.1.
Then, equation (B.1) is equivalent to

Ou+ Ag(t)u = f(t,u). (B.11)
From Hyb, we obtain
Ilf(t, u)llg2m) < p, for ¢ €[0,00), and u e W, (B.12)

where W is an open ball in H2(R) and p is a constant independent of ¢.
By applying the operator 9, on both sides of (B.11), we obtain

O+ Ag,(t) v+ by (-, t) v =05 f (-, t, u), (B.13)

where v = 9, u, Ag, (t) is defined as in Lemma B.1, where a;(x, t) = a(z, t) and
bi(z, t) = b(x, t) — az(x, t). Setting z = 92u, from (B.13), we obtain

Orz + Acy(t) 2+ (2bs(, 1) — aan (-, 1)) 2+ bau (-, t) Opv = O2f (-, t,u),  (B.14)

where Ag, (t) is defined as in Lemma B.1, as(x, t) = a(z, t), and by(z, t) = bz, t)—
2a,(z, t).
Using equations (B.11), (B.12), and Lemma B.2, we obtain

1d
= —J[u(t)[1F2 @) = —(Aa(t)u, u)rz@) + (F(t,u), u)r2m)

2dt
< (Ba + m)lullfzg)-

From (B.14), Lemma B.3, and (B.12), we obtain

(B.15)

1d
A EO]S

=— (Ac,(V)z, 2)2r) — ((2bz — Azz)z — bpOyu, 2)12(r) + (02 f, 2)12(w)
<const B2, | 0zull 72y + (2llballLoe () + @zl @) 121172 @)
+ b2z luee () | Oatelle2 r) | 2lle2 ) + pill2[l2w)- (B.16)
The constants S and (g, are defined in Lemma B.2. Thus, as
18z ull2(my < const [[ulla) + 107ull2 @), (B.17)
inequalities (B.15), (B.16), and Gronwall’s lemma imply that

la(®) 2y < 100 oy e+, (B.18)



Application of the semigroup theory to a combustion problem 3133

and
[tee ()]l2@®) < lltee(0)le2@) C (1 |Dlliz @y, 1¢ll2®), Bas Bass Ibelliz(e)

||bIID||L2(Q)a t)7 (B.19)

for all t € [0, T*), where C is a continuous function of ¢. Therefore, inequalities
(B.18) and (B.19) imply that

l[u(®)llg2 ) < [lw(0)[ln2(r) ¥(t), Vt € [0, T7), (B.20)

where W is a uniformly continuous function of ¢. Thus, the local solution u can be
extended beyond 7™, in contrast to the definition of 7. This completes the proof.
O
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