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DECAY PROPERTIES AND ASYMPTOTIC
BEHAVIOR OF POSITIVE SOLUTIONS FOR
THE NONLINEAR FRACTIONAL
SCHRODINGER-POISSON SYSTEM

Lintao Liu', Haibo Chen"! and Jie Yang?

Abstract In this paper, we study the following nonlinear fractional Schrodinger-
Poisson system

(=AY u 4+ AV (2)u + pou = |[ulP~?u, in R?,

(~Ayo =1, in I,
where s € (%7 1), 2 < p < 4, A, p are positive parameters and the potential V' (x)
is a nonnegative continuous function with a potential well = intV ~1(0). By
establishing truncation technique and the parameter-dependent compactness
lemma, the existence, decay rate and asymptotic behavior of positive solutions

are established. Moreover, we prove some nonexistence results in the case of
2<p<3.

Keywords Fractional Schrodinger-Poisson system, positive solutions, trun-
cation technique, steep potential well.
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1. Introduction

In this paper, we are concerned with the following nonlinear fractional Schrodinger-
Poisson system

(=A)*u+ AV (2)u + pou = [u[P~?u, in R?,
(—A)p = u?, in R3,

(1.1)

where s € (%, 1), 2 < p < 4, A\, u are positive parameters and the potential V(x)
satisfies the following conditions:

(V1) V(z) € C(R3,R) and V(z) > 0 on R3.

(Vo) There exists b > 0 such that V, := {z € R? : V() < b} is nonempty and has
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finite measure.
(V3) Q = intV~1(0) is a nonempty open set with locally Lipschitz boundary and
Q=V-Y0).

It’s well known that the fractional Laplacian (—A)*(s € (0,1)) can be defined
by

v(z) — v(y)

v(z) —v(y)
P =2V 4y = Cy i lim ET

(=A)°v(z) = Cs,sP.V/ |z — y3tes 0 Jen (@) 17— ¥
for v € S(R?), where P.V. denotes a Principal Value, S(R?) is the Schwartz space
of rapidly decaying C* function, B.(x) denotes an open ball of radius £ centered at
)

2 and the normalization constant Cs s = (f]Rs 1;5;’7%5;)) (see e.g. [12,23,30,32,40]
and the references therein). For u € S(R?), the fractional Laplaction (—A)*(s €
(0,1)) can be defined by the Fourier transform (—A)Su = F1(|¢[**Fu), T being
the usual Fourier transform. The applications of operator (—A)?® can be founded in
several areas such as fractional quantum mechanics [25,26], physics and chemistry
[31], obstacle problems [34], optimization and finance [6], conformal geometry and
minimal surfaces [7] and so on.

When s = A = =1, system (1.1) reduces to the classical Schrédinger-Poisson
system written by a more general form

—Au+ V(z)u + K(z)pu = f(z,u), in R3,
—A¢ = K(x)u?, in R3.

(1.2)

This kind of problem has been widely studied by many scholars in recent years. In
the case of V = K =1 and f = |u|P~2u, system (1.2) has been studied sufficiently
as p varies. The readers may see [13] for the case p < 2 or p > 6 and see [1,8,15,33]
for the case 2 < p < 6. Moreover, Azzollini and Pomponio [2] proved the existence
of ground state solutions for the subcritical 3 < p < 6 and the critical case f =
|u|P~2u+u® with 4 < p < 6. In the case of V is non-radial, K = 1 and f = |u[P~2u,
the existence of ground state solution for system (1.2) was obtained in [2] and [43] for
4 <p<6and3 < p < 4respectively. When V' = 1, Cerami and Vaira [9] proved the
existence of ground states and bound states of system (1.2), with f = a(z)|u|?~2u
and 4 < p < 6. If V is not constant, K = 1, 2 < p < 5 and f = plulP~ u + u®,
Liu and Guo [27] obtained the existence of ground state solution of system (1.2).
For other results on the existence of solutions for system (1.2), the readers may
see [1,3,5,10,14,21,24,35] and the references therein.

In addition, there are some results studied when V in (1.2) is a nonnegative
continuous function with a potential well = intV ~1(0). Du, Tian, Wang and
Zhang [17] proved the existence, nonexistence and asymptotic behavior of solutions
of system (1.2), with K(z) € L*R3) U L*®(R?), f(z,u) = a(x)f(u), a(z) is a
positive bounded function and f(s) is either asymptotically linear or asymptotically
3-linear in s at infinity. Zhang, Tang and Zhang [44] obtained the existence and
concentration of nontrivial solutions of system (1.2). When V = Xa(z) + b(z),
a(z) € C(R?) is nonnegative and has a potential well , and a(z) € C(R?) is
unbounded below, Sun, Wu and Wu [36] studied the existence and concentration
of nontrivial solutions of system (1.2), with f = |u[P~2u and 3 < p < 4. For other
related works, we refer the readers to [41,45] and the references therein.
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As far as we know, there are few papers in the literature which considered
the fractional Laplacian equations or systems. In particular, fractional Laplacian
equation or system with steep potential well. In [37], Teng studied the following
fractional Schrodinger-Poisson system

(=A)su+ V(x)u + ¢u = plu|? u + [u|>~2u, in R?,
(At = u?, in R3,

where p € RT is a parameter, 1 < ¢ < 2F —1 = gf%i, s,t € (0,1) and 2s 4+ 2t <
3. Under certain assumptions on V(z), by using the method of Pohozaev-Nehari
manifold and the arguments of Brezis-Nirenberg, the monotonic trick and global
compactness Lemma, the author proved the existence of a nontrivial ground state
solution.

In [29], Yang and Liu investigated the following fractional Schrodinger equation

with sublinear perturbation and steep potential well

(=A)Yu+ NV (2)u = f(z,u) + a(@)|ul*"2u, in RY,
u € H(RN),

where 0 < s <1,2s < N, A>0,1<v <2, feC(RNxR) is of subcritical growth.
By using variational methods, they proved the existence of at least two nontrivial
solutions. Moreover, the phenomenon of concentration of solutions was explored as
well.

In [39], Torres and Cesar studied the nonlinear fractional Schrédinger equation
with steep potential well

(=A)*u+ AV (2)u = f(z,u), in RY,
u € H¥(RN),

where 0 < s < 1, A is a parameter, V € C(RY) and V~1(0) has nonempty interior.
Under some suitable conditions, the existence of nontrivial solutions were obtained
by using variational methods. Furthermore, the phenomenon of concentration of
solutions was also explored. For more research on fractional elliptic equations, we
refer the readers to [4,11,20,22,35,42] and the references therein.

To our best knowledge, there is no result for system (1.1) with a steep potential
well and 2 < p < 4. In this paper we need to overcome the following difficulties.
Comparing with the case of 4 < p < 2} = ﬁ, there are some new difficulties.
One of the main difficulty is that the nonlinear term u — f(u) := |ul[P~?u with
2 < p < 4 does not satisfy the Ambrosetti-Rabinowitz condition

0< p/ f(s)ds < f(u)u for all u # 0 with some p > 4,
0

which would make it very difficult to prove the boundedness of Palais-Smale se-
quence or Cerami sequence. Another difficulty is given by the fact that the function
f does not satisfy the Nehari-type monotonicity condition

f(s)

[

is increasing on (—o0,0) and (0, +00),
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hence we can’t apply the Nehari manifold and fibering methods and so on. Com-
paring with the case of s = 1, our major difficulty lies in the decay estimates of the
sequences of solution to the nonlocal problem at infinity are different from those in
the case of the classical local problem, we must build decay estimates for nonlocal
operators.

Motivated by the above works, in this paper, we will consider the fractional
Schrodinger-Poisson system (1.1) with 2 < p < 4. As shown in Section 2, for every
u € H%(R3), there exists a unique ¢5 € D?(R3) satisfying (—A)*¢$ = u?. Thus,
we can rewrite (1.1) as follows

(—A)*u + AV (2)u + pdiu = [ulP~u, in R3.
The functional associated with (1.1) is

1

s 1
) =5 [ (80 - av@de+ 5 [ side = [ jutpas

defined in the space

Ey\ = {u € H¥(R®): | V(x)u’dx < oo}

R3

with the norm

i = [ (-8)50 + XV (@)

where ut = max{u,0}. Our first main result can be stated as follows.

Theorem 1.1. Suppose that conditions (V1) — (V3) hold and 2 < p < 4. Then there
exist \* > 1 and p, > 0 such that for each A € (\*,00) and p € (0, ), problem
(1.1) has at least a positive solution uy, € Ex. Moreover, there exist constants
7,7 > 0 (independent of A\, p and s) such that

T < uaplla =T (1.3)

Remark 1.1. Now, we give the main idea of the proof of Theorem 1.1. In fact, it is
easy to check that the functional J , possesses the mountain pass geometry when
p > 0 small. Then we will get a Cerami sequence of the functional J , when >0
small. But we note that due to the lack of the Ambrosetti-Rabinowitz condition
for system (1.1), it is hard to obtain the boundedness of the Cerami sequence. To
overcome this obstacle, we use the truncation technique as e.g. in [28]. Indeed, for
any T > 0, we consider the truncated functional Jf) piEx— R defined by

2

H ||“||§ / 5,2 1/ +
Ly | e DY do — = P
o (BB [ ear-2 [ urpras

where 1 is a smooth cut-off function such that

lul3Y )1, llullx <T,
¢ =
T2 0, [lullx > V2T

R =5 [ (1(=8)30 + 2V ()i
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Firstly, we can prove that the functional J{ ., Possesses the mountain pass geometry
when g > 0 small, then the Mountain Pass Theorem shows that there exists a
Cerami sequence {u,} of J{ ., at the mountain pass level ci u Secondly, we will
show that c{ has an upper bounded, after passing to a subsequence, such that
llun|lx <T for all n when p > 0 small, then we get that {u,} is a bounded Cerami
sequence of JAT7 , at the mountain pass level cf, . that is

Sugllunllx ST, Dulun) =X, and (1 [[unlD)J5 . (un)ll s, — 0,
ne

where FEY is the dual space of Ey. Finally, for A > 0 large, we will prove that
Up — ux, in E) through using the parameter-dependent compactness lemma,
hence, uy,, is a solution of problem (1.1).

Another aim of the paper is to prove the nonexistence of nontrivial solutions to
problem (1.1) when XA and pu are large enough.

Theorem 1.2. Suppose that conditions (V1) — (V3) hold.

(1) If 2 < p < 3 and |Vy| < S5* 77, then problem (1.1) has no nontrivial solution
in Ey for all A > % and (> # Here S; is the best constant for the
41|V % sTh

embedding D*%(R?) — L% (R?).
(it) If p = 3, then problem (1.1) has no nontrivial solution in E for all X > 0 and
p> 1

Next, we are concerned with the decay rate of the positive solutions at infinity.
Clearly, it is possible that liminf),|_ . V() = 0 since (V1) — (V3), hence we need
to replace (V3) by the following condition.
(VJ) there exists b > 0 such that V, := {z € R® : V(z) < b} is nonempty and
bounded.

Theorem 1.3. Suppose that conditions (V1), (V3) and (Vs) hold and 2 < p < 4.
In addition, suppose that V(x) € L>(R3). Let uy , be the positive solution of (1.1)
for each A € (A\*,00) and p € (0, ux) satisfying (1.3). Then there exists A* > \*
such that for each A € (A*,00) and p € (0, ), we have

C

0< " < —= 5
U,y (33) 1+ |x|3+28

where constants C > 0 independent of A and p.

Remark 1.2. (1) As far as we know, Theorem 1.3 is a new result for fractional
Schrédinger-Poisson problem with steep potential well.

(2) It is easy to see that (V) is stronger than (V2). Thus, the conclusions of Theorem
1.1 still hold when (V2) replaced by (V3).

(3) We know that the potential function V' (z) satisfying condition (V7), (V3) and
(V3) may be bounded or unbounded. For example, the bounded potential function:

0, lz| <1,
Viz) =9 (Jo] - 1) 1<|z|<2,
1, |lz| > 2,
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and the unbounded potential function:

[ <1,

Oa
V(@)= {(|x| 1% o > L

However, Theorem 1.3 only obtain that the decay rate of positive solution uy , at
infinity when V() is bounded. It is still an open question that the decay rate of pos-
itive solution uy ,, at infinity when V' (z) is unbounded, which is under consideration
in my following work.

Finally, we give the asymptotic behavior of the positive solutions as A — oo and
w—0.

Theorem 1.4. Let uy , be the positive solution of (1.1) obtained by Theorem 1.1.
Then for each p € (0,ps) be fized, uy, — u, in H*(R3) as A — oo up to a
subsequence, where u, € H5(Q) is a positive solution of

—A)Su+ pddu = |uP~2u, in Q,
()"t piu = [u »
u =0, imn 0.

Theorem 1.5. Let uy , be the positive solution of (1.1) obtained by Theorem 1.1.
Then for each X € (A\*,00) be fized, ux, — ux in Ex as pp — 0 up to a subsequence,
where uy € E) is a positive solution of

(=A)u+ AV (z)u = |[u[P72u, in R3,

(1.5)
u € H*(R3).

Theorem 1.6. Let uy , be the positive solution of (1.1) obtained by Theorem 1.1.
Then uy, — ug in H5(R3) as up — 0 and A — oo up to a subsequence, where
ug € H§(2) is a positive solution of

(—A)su = |ulP~2u, in 9,

u =0, in 0.

(1.6)

In the sequel, we use the following notations:

e X’ denotes the dual space of X.

e 4 denotes the Fourier transform of u.

e |M]| is the Lebesgue measure of the set M.

e For p >0 and 2z € R®, B,(z) denotes the ball of radius p centered at z.

1
s
)

e L*(R?) denotes the usual Lebesgue space with norm [uls := (55 |ul*dz)
0.

1<s<

e C,C; (1 =1,2,3--) denotes various positive constants which may vary from one
line to another and which is not important for the analysis of the problem.

The paper is organized as follows. In Section 2, we set up the variational framework
and present some preliminaries results. In Section 3, we will prove Theorems 1.1 and 1.2.
In Section 4, we will prove Theorem 1.3. Section 5 is devoted to proving Theorems 1.4,
1.5 and 1.6.
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2. Preliminaries

We define the homogeneous fractional Sobolev space D*?(R?) as follows
DA(RY) = {u € L (R") : [¢]'T(¢) € L*(R)}

which is the completion of C§°(R?) under the norm

2 wo = —_A % 2 _ 25|~ 2 )
s = [ 1A 5uPds = [ e ) e

The fractional Sobolev space H*(R?) can be described by means of the Fourier transform,
ie.

i) = {u e LR s [ (6P ROF +a0F)de < oo}

In this case, the norm is defined as
Julles = [ (el ae) + ate) .
From Plancherel’s theorem we have |u|2 = [d]2 and [|£]*T]2 = |(—A)2ul2. Hence
lull3e = /RJ'MW )z,

Now, let

E = {u € H'(R®): | V(z)u’dx < oo}

R3
with the inner product

and the norm

= [ U-2)5uf + V(o))

It is clear that E — H®(R*). In fact, by virtue of (V1) — (Vz2), Holder’s inequality and
Sobolev inequality, it is easy to deduce that

v
wp

2% 2 .
/('(*A>%ul2+u2>dw3/ (=A) S ul?de + [Vy] 2F (/ |U|25d9ﬁ>
R3 R3 v

+ l/ V(z)u’dz
b RS\vb

2% -2

< max{1+ V| % S;l,b’l}/ (|(=A)2ul* + V(z)u?)da.
R3

Now, we set
Ex = (B, [lullx),

where

Julf = [ (C-8)5uf + 2V (@)
R
Thus, there exists Ls > 0 (independent of A > 1) such that

fuls < Lollull < Lallullx for s € [2,23]. (2.1)
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It is easy to show that problem (1.1) can be reduced to a single fractional Schrédinger equa-
tion with a nonlocal term. More precisely, for u € H® (Rs), consider the linear functional
fu(v) defined in D*2(R®) by

fu(v) = / w?vdz.
R3
By Hoélder’s inequality and Sobolev inequality, we can get that

342

s 1
-6 . 7;‘
)] < ( [ s daz) ( / |v|2sda:)2
R3 R3

3+42s

6
([ 1 as) " ol
R

1
< 85 2 COllulls vl pere,

=

<S5

where using the following fact that H*(R3) — L% if s > 1. By the Lax-Milgram
theorem, there exists a unique ¢5 € D*?(R?) such that (—A)%¢S, = u? and possesses an
explicit formula

2 . 3 3
¢Z($):Cs/3 %dzj, zeR3 co=7"22 2023 )
R

Let us summarize some properties of the function ¢;, their proof can be found in [38].

Lemma 2.1. If s € (1,1), then for any u € H*(R?), we have

(1) ¢u > 0;

(i1) dpu = p* b4, Vp > 0;

(1) s gr2dr < Clult sy < Clluly

(1) If un — u in H°(R?), then ¢35, — ¢% in D¥?(R?);

() If up, — u in H*(R®) and u, — u in L"(R?) for 2 <r < 2%, then

/ O, Unvdr — / duvdx  for all v € H*(R?),
R3 R3

and

/qﬁinuidaﬁ—)/ dSudz.
R3 R3

Substituting ¢;, in (1.1), we can rewrite (1.1) as follows
(=A)°u + AV (2)u + ppiu = [ul"~>u. (2.2)

In order to find weak solutions to (2.2), we look for critical points of the functional J, . (u) :
E — R associated with (2.2) which is defined by

1 . . 1
Irpu(u) = 3 /RS(\(—APUF + AV (z)u?)dx + % » diuidr — » /}R3 [ut|Pdz.

This is a well defined C'-functional with derivative given by

N|w

(i (), 0) = / (-A)

R3

u(—A)%vdH/

R3

/\V(m)uvdaz—i—,u/ gzﬁiuvdx—/ lut P20 vde,
R3 R3

for all u,v € H*(R?).
Next, we give a stronger version of the Mountain Pass Theorem.
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Lemma 2.2 ( [18]). Let X be a real Banach space with its dual space X', and suppose
that J € C*(X,R) statisfies

max{J(0),J(e)} <p<n< inf J(u)

llullx=p
for some < n, p>0 and e € X with |le||x > p. Let ¢ > n be characterized by

= inf t
¢= inf max J(y(1)),

where I' = {y € C([0,1], X) : 7(0) = 0,~v(1) = e} is the set of continuous paths joining 0
and e. Then there exists a sequence {un} C X such that

J(un) wc2n and  (1+ [[unllx)] T (un)llx = 0,
asn — oo.

The vanishing Lemma for fractional Sobolev space is stated as follows.

Lemma 2.3 ( [37]). Assume that {u,} is bounded in H*(RY) and it satisfies

lim sup / [t () |*de = 0,
Bp(i’/)

n—0o yeRN

where p > 0. Then u, — 0 in L™(RY) for 2 < r < 23.

Lemma 2.4. Suppose that (V1) — (V) hold with 2 < p < 4. Then every nontrivial critical
point of Jx,u is a positive solution of problem (1.1).

Proof. Let u € Ey is a nontrivial critical point of Jy, ., we have

/ (—A)2u(—A)Svd + AV (z)uvdr + u/ drpuvds — / lu [P 2wt vdz = 0,
R3 R3 R3

R3
for every v € Ey. Taking v = v~ = max{—u, 0}, we deduce that
// (u(z) —u(y))(u (z) — u’(y))dg;dy —/ AV (@)|u”|Pda — u/ 65 ju|2dz = 0,
R6 |z — y[3+2s » g
which implies that
(u(z) — u())(u” (z) —u”(y))
2 0. 2,
//[Re |z — y[3+2s dxdy >0 (2.3)

On the other hand, by direct computation, it follows that

[ [ = ) )
R6

o — g2

(o) — u@)uty)
ey

/{H(I)ZO}X{u(yKO}
(u(y) — u(@))u(x) @4
+ r2s dxdy
{u(z)<0} x{u(y)>0} |90 - y|
_ 2
() = u)? )

/u(z)<0}x{u(y)<0} |z — y|3+2s

From (2.3) and (2.4), we have

/‘/ (u(x) —u(y))(u (z) —u” (y))dxdy =0,
R6

o = g7+
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which leads to v~ = 0, so, v > 0 and w # 0. Similar argument to the proof of Proposition
4.4 in [38], we know that u € C* for some a € (0,1). Then, by Lemma 3.2 in [16], we
have

(~A)u(z) = ~5C(3,5) /Rs wle +y) ; f(;;i) —202) 4y, vz e RS,

Next, we show that u > 0. Assume by contradiction that there exists zo € R* such that
u(zo) = 0, then we can see that

(—A)°u(zo) = —%C(i’x, s)/ ulzo +y) + ulzo — y) dy <0,

s |zo — y[3+2s
since u > 0 and v #Z 0. However, it is easy to see that
(—A)*u(w0) = =AV (zo)u(o) — p(7) (w0) + u(0)* u(wo) = 0,

which gives a contradiction. Hence u > 0 for all z € R®. O

3. Proof of Theorems 1.1 and 1.2

In this section, we prove the existence and nonexistence of solutions to problem (1.1)
when V (z) satisfies the conditions (V1) — (V3). Since we do not impose the 4-superlinear
Ambrosetti-Rabinowtiz condition, the boundedness of the Cerami sequence becomes not
easy to obtain. A penalization problem is introduced to overcome this difficulty. More
precisely, we define a cut-off function ¥ € C*([0, 00),R) satisfying 0 < 1 < 1, ¥(t) = 1 if
0<t<1,9(t) =0if t > 2, maxsso |1 (¢)] < 2 and ¢’(¢) < 0 for each ¢t > 0.

Next, for T' > 0, we consider the truncated functional Jf,u : Ex — R defined by

1 ul3 s 1
Hout) = gl + o (B2 [ otatac =2 [y (5.1

It is easy to check that J)T’H is well-defined, J,\TM € C'(Ex,R) and its differential is given
by

[[ullR

(T, (), 0) = / (=8P u(=A) b+ AV (2)uv)da + (T—) / Ghuvds

|t

2
wapv (U2 ) [y [ oatas

—/ [t P 2wt vda,
R3

(3.2)

for all u,v € Ey. Clearly, if a Cerami sequence {u,} of JAT,;» satisfying ||un|x < T, then
{un} is also a Cerami sequence of Jy ,, satisfying ||un|[x < T.
Now we show that the functional Jf’ ., Dossesses a mountain pass geometry.

Lemma 3.1. Suppose that 2 < p < 4 and (Vi) — (V3) hold. Then the functional J3.,
satisfies the following conditions:

(2) for each T,y > 0 and A > 1, there exists o, p > 0 (independent of T, \ and p) such
that J ,(u) > « for allu € Ex with ||ulx = p;

(1) there exists u* > 0 such that for each T,A > 0 and pu € (0, "), we have J3 ,(eo) < 0
for some eq € C§°(Q) with |leo]|x > p.
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Proof. (i) For all u € Ej, by using (2.1), we get
1 1
Suw) 2 Zlull} = SLR S,

where L, > 0 is independent of T, u and A. Note that p > 2, the conclusion (i) follows by
choosing p > 0 sufficiently small.
(7%) Define the functional Jy : Ex — R by
1 1
) = gl =5 [t paa.

Since 2 < p < 4, then (2.1) shows that Jy is well-defined. Let e € C§°(£2) be a positive
smooth function, it is easy to see that

t2 s 19 tP »
Ia(te) = 5 ) [(—A)ze| dx — A le|Pdzx.

Since p > 2, we have Jy(te) — —oo as t — oo. Hence, there exists eg € C§°(Q2) with
lleal|x > p such that Jx(ep) < —1. By Lemma 2.1, we can see that

T _ H H60H§ s 2 H 4
Jx,u(eo) = Ja(eo) + Zw (W - Qepcodr < —1+ ZC|60‘%~

Then there exists p* > 0 such that for each T, A > 0 and p € (0, "), we have J§ ,(e0) <0
for some eg € C§°(Q) with |leo||x > p. O
Now, we define the mountain pass value

T . T
= inf max J t)),
ex = nf max au(v(1))

where I' = {y € C([0,1], Ex) : v(0) = 0,7(1) = eo}. From Lemma 2.2 and Lemma 3.1,
we know that for each T > 0, A > 1 and p € (0,u"), there exists a Cerami sequence
{un} C Ex such that

Tau(un) = exp and (L [lun |2 I(IX4) (un)llzy — 0. (3.3)

Moreover, c{u >a>0.
Next, we give an estimate on the upper bound of ci -

Lemma 3.2. Suppose that 2 < p < 4 and (V1) — (V3) hold. Then for each T > 0, A > 1
and p € (0, ™), there exists M > 0 (independent of T, i and X\) such that c{u <M.

2 s * 44 p
JT (teo) < ’i/ (=AY eol?ds + Pt c(/ |eo\%dx) _i/ leo|Pda,
2 Jq 4 Q D Jao

which implies that there exists M > 0 (independent of T, i and \) such that

Proof. For eg € C§°(Q2), by Lemma 2.1, it is easy to check that

3+42s

T T
o < nax I, (teo) < M.
O
Now, we show that for a given T' > 0 properly, after passing to a subsequence, the
sequence {u, } given by (3.3) is also a bounded Cerami sequence of Jy ,, satisfying ||un,||x <
T.

Lemma 3.3. Suppose that 2 < p < 4 and (V1) — (V3) hold, and let T = g/%‘ Then

there exists p. € (0,p") such that for each A > 1 and p € (0, ps), if {un} C Ex is a
sequence satisfying (3.3), then we have, up to a subsequence, ||un||x < T that is {un} is
also a Cerami sequence at level caA for Jx ..
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Proof. Firstly, we prove that ||u.||x < V2T for n large enough. Assume by contradiction
that there exists a subsequence, still denoted by {u,}, such that |jus|[x > v2T. From
(3.1), (3.2) and the definition of 9, it is easy to see that

= Jim (Hutan) = ) (0).)

n— 00

. 1 1 Up,
= tim [~ Y2 = (B - By (‘ “A)/ o5 w2de
”u"”/\ 2 s 2
~ g (L) ol [ ot
EP;QQTQZQ;QMZQ(M_FU’
2p 2p p—2

which gives a contradiction by Lemma 3.2. Therefore ||uy|x < v/2T for n large enough.

Now, we show that ||un|[x < T. Assume by contradiction that there exists a subse-
quence, still denoted by {u,}, such that T < ||un|[x < V2T for n large enough. According
to the definition of ¥ and Lemma 2.1, we can see that

= i () =TT @)

. 1 1
> tmint (G = Dunlf - (2 = )02 o)

" ) ; (3.5)
N 2 2p(M+ 1) 4-p uCL 16p°(M +1)
2p -2 4p 73 (p—2)2
4 p(4 —p) 2
=M+1—-——"+uCL M+1
T ey w5 M+
which implies a contradiction by choosing g, > 0 small. O

Next, we need to establish the following parameter-dependent compactness lemma,
which is crucial to prove our main result.

Lemma 3.4. Suppose that 2 < p < 4 and (V1) — (V3) hold, and let T = \/%. Then

there exists A > 1 such that for each p € (0, p«) and X € (X\*,00), if {un} C Ex is a
sequence satisfying (3.3), then {un} has a convergent subsequence in E\.

Proof. From Lemma 3.3, we know that ||un|x < 7T. Up to a subsequence again, we may
assume that there exists u € F) such that

up, = u in FE,, and /gbinuide/ diudr
R3 R3

In view of J} ,(un) — 0 and Lemma 2.1, we can see that

—A)2u(— A)%vdx+/

R3

AV (z)uvdz + ,u/ pruvdr — / lu [P~ 2utvdz = 0, (3.6)
R3 R3

R3

for all v € Ey. Taking v = u as test function in (3.6), we get

3 +n [ oratda= [ iz =o. (3.7)
]RS

Let vy := up — u. By (V2), we can obtain that

1
|vn\§ = / vidm—i—/ vidx < —anHi + o(1). (3.8)
R3\Vy Vb Ab
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From (3.8), Holder’s inequality and Sobolev inequality, we deduce that
[onlp < Joal3loalsy® < dolon[3](=2) Fual; ™

) E oalKI(=2) Foal3 ™" + 0(1)

< do(3) ™ [[ou{lloa 37 + 0(1)

= do(Ab)™

where 0 satisfies that % = % + 121‘9, 0 € (0,1) and the constant do > 0 is independent of

and A. By (2.1), (3.7) and (3.9), we have
o(1) = (T4 (ttn), tm) — {”U”/\ R \uﬂpdw}
= |Jun|3 +u/ qSZnuida:—/ lut [Pda — |jul)3 —u/ ¢zu2dx+/ |ut P da
R3 R3 R3

> [lonl} = on 15 + o(1)

> [[onll3 = [onl5~|vnlp + o(1)

> [[onll3 = (2L, T)P~2d5(AD) ~°|lvallX + o(1)
> [1— (2L, T)P2da(Ab) ] [JualX + o(1)-

Therefore, there exists A* > 1 such that v, — 0 in E) for all A > \*. O

< do(\b 59

o
2[[onllx + o(1),

Proof of Theorem 1.1. Let T be Defined as in Lemma 3.3. Form Lemma 2.2 and
Lemma 3.1, we know that there exists u* > 0 such that for A > 1 and p € (0, u"), J{u
possesses a Cerami sequence {u,} C E) at mountain pass level c{u. By using Lemma 3.2
and Lemma 3.3, it is easy to see that there exists p. € (0, ") such that for A > 1 and

€ (0, p1x), {un} is also a Cerami sequence at level ¢ , for Ji , satisfying [un|x < T,
that is

sup [ lx ST, () = K and (L 2[5 () . = 0.
ne
By applying Lemma 3.4, we get that there exists A* > 1 such that for each p € (0, px) and

A € (A", 00), then {u,} has a convergent subsequence in Ex. We assume that un, — ux,
as n — 0o, then we have

luapllx <T, Jru(uru) =cx,  and Tau(ua) = 0.

Consequently, Lemma 2.4 shows that uy,, is a positive solution of problem (1.1). Finally,
by using (J3 , (uxu), ux,u) and ux, # 0, we can see that

lunllX < [uXulp < Lolluawl,
which implies that there exists 7 > 0 (independent of 1 and A) such that [jux,.|x > 7. O

Now, we will prove the nonexistence of nontrivial solutions to problem (1.1) when A
and p are large enough.

Proof of Theorem 1.2. Suppose that (u,¢) € Ex x D*%(R®) is a solution of (1.1).
Multiplying the first equation of (1.1) by u and integrate over R, we can obtain that

/(|(—A)% >+ \V(z) 2)dw+u/ q5u2das—/ |u|Pdz = 0. (3.10)
R3 R3 R3

Multiplying the first equation of (1.1) by ¢ and integrate over R®, by using Plancherel
Theorem and ¢ = ¢, we get

e = | (-A)’p¢dz = > $)d. d 3.11
[ outin = [ (~Ayosds= [ (e Dbt~ [ I-a)ioPan e
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Multiplying the first equation of (1.1) by |u|, and using the element fact that z1zz +Z122 <
|z1|? + |22|? if 2122 = Z122 for any 21,22 € C, we have

Sdo= [ (~A)¢lulds = [ |¢[**Fluld
[ wttde = [ oy opuids = [ e 3lulae

/ (\/ﬂlfls@(%\ﬂsﬁ)dﬁ

/ [(v/2ale 1 3)( r'f' al) + (v/2ul€ oD rm ful)]de
5 ([ vamerarae+ [ (i)

L \(—A)§U|de+u/ (—2)2¢[*da
4,LL R3 R3

_ 1 AVE 2 2

m Rs\( A)2y| d:C—|—,LL/Rs¢u dx.

(3.12)

If p=3, for A >0 and p > %, from (3.10) and (3.12), we have
0—/(|( A)Zul’ + AV (z )d:c+u/ (buda:—/ |ul®dz

1——/| A)zul’d,

which implies that v = 0.
If2<p<3,for A>3 and p> —————, from (3.10) and (3.12), we have

:
4<1f\vb| 2 s;1>

0:/ (J(=A)2ul> + AV (z derp/ puldr — / |u|Pdz

R3
1 s 2 3 P

>(1--—) |(—A)2uldz + u dr + |u|”dx — |u|Pdz
4p” Jps R3\Vy R3 R3
1 2% -2 B
(1 — — — |V T ;1) / |(—A)5u\2dm+/ uzdm—i—/ u|?da —/ |u|”dz

ap R3 R3 R3 R3

> / (uf* +u? - Jul?)da
JR3

Since the function % + t3 — t? for 2 < p < 3 is nonnegative for all ¢t > 0. Hence, u = 0. O

4. Proof of Theorem 1.3

In this section, we study the decay rate of the positive solutions for (1.1) at infinity. For
this purpose, we always assume that for each A € (A\*,00) and p € (0, p+), ux,, is the
positive solution of (1.1) obtained by Theorem 1.1. Firstly, let us give an important
estimate involving the L°°-norm of uy,, under the assumptions of Theorem 1.3.

Lemma 4.1. Under the assumptions of Theorem 1.8, the positive solution uy,,, € L™ (R*)N
CH*(R?) for some o < 25 — 1, and there exists Co > 0 such that

[ur,uloo < Co, for all p and M.

Moreover,

lim wy,,(z) =0.
|| — o0
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Proof. For 8> 1 and T> 0, we define

0, t<o0,
o(t) =1 7, 0<t<T,
BT Yt —T)+T% t>T.

Clearly, ¢ is convex and Lipschitz continuous, then we have

(=) p(urn) < @' (uru) (=) usu, (4.1)

in the weak sense. By direct computation, we have

. (10,)()  p7,) )"
Ra‘( A)2p(uy,,)] d:v—//RG |x— = dzdy

2
< fﬁfl// uru(@) = uru@I” , o
=0 o oy W

< +o0,

which implies that ¢(ux,,.) € D%*(R*). By using Sobolev inequality, (V1), (4.1) and
integrating by parts, we can deduce that

lp(ur )2 < S5 /| )5 o (un )| Pda
=50t [ e )-8 plun)da
R
<5t / un) @ () (—A) ur il
R

— 5 / o(unp )¢ (ur) [~ AV (@)t — fiun tiage + [0 [P~ 20 ]

IA
Q
S
Sy
3
J>/
=
S
=
4>4
E
—
+
IS
>
T
=
1S

= ([ etinne oot [ pun)e o d).
R R
where C7 > 0 independent of p, A and 8. Now by using the fact that
¢ (uxw)p(uay) < Bus, ' and  ux g (ua ) < Bo(ua),

we can see that

otunal < € ([ ot [ (ool Aer). (12)
R3 R

By direct computation, we can obtain that

2%

2 2% _2 2*?—2
[ et Zde = [ et e [ Gt e
R3 {ux o, <T} {ux u>T}
< fz’g_z/ uizudx + C’/ ui‘z“dx < +o0,
R3 R3

where we have used that S > 1 and that ¢(ux,,.) is linear when uy,, > T. Then, the above
inequality shows that [,;(¢(ua, u))guif n %da is well defined for every 7.
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Now, we choose § in (4.2) such that 28 — 1 = 2} and let
2:+1
Pr=—5—

Let R > 0 be fixed later, by using Holder’s inequality, we can get that

2’K 2 2% _2
/ (p(unp) uy, “d + /
{ux,u <R} {ux,u >R}

[ otun )i e =
(‘P(Uk,u)y dr

< RQ;fl/
{ux,, <R} U, p

o 5275 N 2%
S A (/ (@(W»%dm) .
{ux, >R} R3
(4.3)

2% —2
(plurs))uy’, de

2% % 1
(/ uAfudcc> — (4.4)
{"")\,M>R}

From (4.2)—(4.4), it is easy to check that
2

=
(/ (go(uA’u))ﬁdx) T <2018 (/ uisudx+R2§71/
R3 rR3 R3 U, p

Then, by using p(ux,.) < uf}u and let T — oo, we deduce that

2
. 3 . . .
(/ uisfl dx) <2C15 (/ uisudx + R% 1/ uildm) < 00,
R3 R3 R3

which implies that i}
ux,, € L*P1(R?). (4.6)
Now we suppose § > Bi. Thus, by using ¢(ux,,) < ufw (4.2) and taking T" — oo, we
have .
27
(/ uwdx) <o (/ u)\#ld:v—&—/ uhEe d:p). (4.7)
R3 R3 R3
Let
28-1_ 1 _k
u/\,uuk,ua

uy,
and k = 28 — 1 —[. Moreover, 5 > (1 implies that 0 < [,k < 27, by

— 2251

W}'lere = 55D : :
using Young’s inequality with exponents

23 / 23

r=— and r =

l 2 — 1’

we can deduce that
2%k

(4.8)
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From (4.7) and (4.8), we can see that

(/ uiiffdx> t<es <1+/ uiﬁjgz”dz) (4.9)
R3 R3

Consequently, we have

1 1
* 2F(B—1) x 2(8—1)
(1+ / uisfdx) < (CB)=F T (1+ / usl 2d:v> . (4.10)
R3 ’ R3 ’

Iterating this argument, we obtain

M‘l\)

1 1
*a. 2¥Bir1 1) 1 * g, 2(8;—1)
(1+/ uisf”lda:) T < (OBi) T (1+/ ui‘f”dw) . (4.11)
R3 ’ B3 5

where

*

* * 25 7
2841425 = 2=26 and S = () (6 - 1) + 1.

Denoting Ci+1 = Cﬁi+1 and

1
g 2E(B;— 1)
K; = <1+/ uif%x) .
Rr3

We can see that there exists a constant C2 > 0 independent of i , such that

1
Kiyn <IECP7 YKy < CoK.
Hence, we can obtain that

[ta,u]oo < Co, for all u and .

From (4.6) and (4.7), we have

1
g - TE(BL-D)
[ur,ulee < C /ufudx+/ u/\sfldx
Rr3 R3S

2 \EBD 2\ 2D
<C / u;ud:r + / u;ud:r ,
R3 ’ R3 ’
where C' > 0 independent of uy,, and 1 = 2;;1. This yields upx € L"(R?) for all

r € [2,400]. Moreover, V(z) € L*(R?) and bux, € L>=(R®). Hence, according to
Proposition 2.9 in [34], we can get ux,, € C"*(R?) for all @ < 25 — 1 when 2 < s < 1.
Finally, the fact ux,, € L"(R*)NC"* for all 2 < r < oo implies that lim,| o ux,.(z) = 0.

O
Next, we give the proof of Theorem 1.3.
Proof of Theorem 1.3. By Lemma 4.3 in [19], there exists a function w such that
C
and 1
(—A)°w + Jw=0, in R*\ Bg, (0), (4.13)
for some suitable R1 > 0. By direct computation, we can see that
s 1 s _ 1
(=A)’ux, + 5”*7“ = AV (2)ur,u — ucbu%#ux,“ + |urp)? QUA,;L + iux,u ( :
4.14

_ 1
< Juaul” QUA,;L = AV(@)urpu + o U
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From (V3), there exists Rz > 0 such that Vi, C Bg,(0) and so

V(z) > b, for|z|> Ra. (4.15)
By (4.14), (4.15) and Lemma 4.1, we can obtain that
. 1 _ 1
(—A) Ux,p + E’LL)\,M < ub,A(Cg 2_ Ab + 5) (416)
Hence, there exists A* > A\* > 1 large such that A € (A", 00), we have
s 1
(7A) UN, p —+ E'LL)\’# < 0, (417)
for |z| > Ra.
Let R3 = max{R1, Rz} and set
v:= inf w>0 and wx,=(k+1)w—yux,, (4.18)
Ry (0)

where k = sup |ux, ulec < 00. Now, we show that wy, > 0 in R In fact, suppose by
contradiction that there exists a sequence x; such that

;,;2153 wx,u(z) = ]_ILIEO wx, . (xj) < 0. (4.19)

By Lemma 4.1 and (4.12), we know that

lim w(z) = lUm wux,(z) =0,
|z]—o00 ||
then (4.18) shows that
lim wx,.(x) =0. (4.20)

|z|— o0
Putting together (4.19) and (4.20), we can see that {z;} is bounded and therefore, up to a
subsequence, we may suppose that x; — . for some z. € R? as j — oco. By using (4.19),
we get that

inf wx . (x) = wxu(zs) <O0. (4.21)
z€R3

Hence, from the minimality property of z. and the integral representation of the fractional
Laplace of wy,,, at the point x., we deduce that

(=) wxu(z.) = Ci/ 20r (@) = w*’”(x’; i Y) =0l =Y g, <o (4.22)
2 Jgs |y|>+2e

By (4.18), we can obtain that
wx,u(x) > ky+w—ky >0, in Bg,(0),

then, (4.19) shows that
z. € R*\ Bg,(0). (4.23)

Putting together (4.12), (4.13), (4.17) and (4.18), we have
(=A)*wn,e + %ww >0, in R*\Bg,(0). (4.24)
So, by (4.21)—(4.24), we can see that
02 (~A) s o) + G ule) <0,
which is a contradiction, then wy,, > 0 in R®. Therefore, from (4.12), we have

_ C
1
uxnp, < (K+ 1)y ’LUSW
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5. Proofs of Theorems 1.4, 1.5 and 1.6

In the last section, we study the asymptotic behavior of positive solutions for (1.1) and
give the proofs of Theorems 1.4, 1.5 and 1.6.

Proof of Theorem 1.4. Let u € (0, u«) be fixed, then for any sequence A, — oo, let
Up := U, be the positive solution of (1.1) obtained by Theorem 1.1. By (1.3), we know
that

0 <7 <Jun|lr, <T for all n. (5.1)

Up to a subsequence, we may assume that there exists u, € E such that
Up — Uy, in E,

Un — Uy, in L, (R®)  for t € [2,2), (5.2)

Up —> Uy, a.€. O R3.

From (5.1), (5.2) and Fatou’s Lemma, it follows that

V(z)uide < liminf [ V(z)ujde < liminf % =0,

R3 n—oo  [p3 n— oo n
which implies that u, = 0 a.e. in R*\V"'(0). Hence, the condition (V3) shows that
u, € H5(Q).

Next, we show that u, — u, in L*(R?) for t € (2,27). If not, by Lemma 2.3, we can
get that there exist §,7 > 0 and z,, € R3 such that

/ (tn — w,)?de > 6,
Br(zn)

which implies that |z,| — oo, then |B,(z,)NVy| — 0. Hence, by using Holder’s inequality,

it is easy to check that
/ (tn — uy,)de — 0.
By (zn)NVy

Hence
lunllz, > Anb urdr = )\nb/ (tn — ) de
Br(2n)n{V >} Br(zn)n{V>b}

= Anb </ (tn, — u,,) de — / (un — uu)2dm>
Br(zn) Br(zn)NVy

— 00,

which contradicts (5.1).
Now, we show that un — u, in E. Using (J3 ,(un),un) = (J3, ,(tun),u,) =0, we
can obtain that

el 1 [ 65, uhdo = full (53)

and
el 1 [ |65, = a1+, (54)

By (5.2) and Fatou’s Lemma, after passing to subsequence, we get

lim b5 undr > / by, upda. (5.5)
n— o0 ]RS Rg
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From (5.3)—(5.5), it follows that
lim [funl, <
It follows from the weakly lower semi-continuity of norm that

et < Yo inf [ |2 < limsup [fun]|* < lim an 3, < ], (5.6)
n—o0

which implies that u, — u, in E.
Finally, we prove that u, is a positive solution of (1.4). For any v € C§°(2), by using
(J5,, u(un),v) =0, we can see that

/Q(fA) uu(fA)%vdac+,u/Q¢iuu#vdx:/Q|u:\p72u:vdx,

which implies that u,, is a nonnegative solution of (1.4) by the density of C§° () in Hg ().
Moreover, by (5.1) and (5.6), we can see that

(NI

[upll = lim_ffun|[x, =7 >0,
n—o0

which implies that u, # 0. Similar to the proof Lemma 2.4, we obtain u, > 0 in R* and
and this ends the proof of Theorem 1.4. O

Proof of Theorem 1.5. Let A € (A\*,00) be fixed, then for any sequence p, — 0, let
Up := U, be the positive solution of (1.1) obtained by Theorem 1.1. By (1.3), we known
that

0<7 < |unllx T for all n. (5.7)

Up to a subsequence, we may assume that
Up — uy in Ey. (5.8)

By J) ., () = 0 and Lemma 3.4, we can obtain that u, — ux in Ex.
we prove that u is a positive solution of (1.5). For any v € Ej, by using (J3 . (un),v) =
0, we can see that

JRGN

which implies that uy is a nonnegative solution of (1.5). Moreover, (5.7) shows that uy # 0.
Finally, similar to the proof Lemma 2.4, we obtain uy > 0 in R® and this ends the proof

(SIS

uxn(—A) 20 + AV (2)urv)de = / luf [P 2wt vda,
R3

of Theorem 1.5. O
Proof of Theorem 1.6. We can proceed exactly as in the proof of Theorem 1.4 and
omit the details. O
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