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ANALYTICAL AND NUMERICAL
DISCUSSION FOR THE PHASE-LAG
VOLTERRA-FREDHOLM INTEGRAL

EQUATION WITH SINGULAR KERNEL

Mohammed Abdel-Aty"! and Mohammed Abdou?

Abstract In this paper, we studied the existence and unique solution of the
Volterra-Fredholm integral equation of the second kind (V-FIESK). The gen-
eral singular kernel is considered to be in position with the Fredholm integral
term. Singular kernel will tend to a logarithmic function under exceptional
conditions and new discussions. The Volterra-Fredholm integral equation with
the logarithmic form will be solved using Legendre polynomials, where the
kernel of Volterra integral term is a positive continuous function in time. A
system of infinite linear algebraic equations is obtained by solving the prob-
lem in series, where the convergence of this system is discussed. Finally, The
error is calculated using Maple software after the numerical results have been
acquired.
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1. Introduction

There are currently one and dual phases, and phase-lag plays an important role in
our scientific and applied fields of science. The third phase has been defined with
the development of modern applied science, and each phase has different significance
and applications. The rapid transient heat transfer processes associated with micro-
reactions have recently started to be significantly impacted by the three-phase-lag
mode. Through the phase of time delay in heat transfer processes through bodies,
it establishes the length of time necessary for various micro-reactions to happen,
including reactions resulting in metals like the interaction of the phonon and the
electron and the resulting reactions in insulating crystals like phonon scattering, as
well as activating the movement of molecules at very low temperatures. For more
information, see [5,13]. The mathematical model of many evolutionary problems
in mathematical physics, optimal control systems, biology, engineering, quantum
mechanics, chemistry, and other fields is the Volterra-Fredholm integral equations
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with phase-lag term. For example, the dual phase-lag model of heat transfer uses
integral equations.

According to [1,6,23,24, 28], there are various types of integral equations that
can be used as mathematical tools to represent the models of knowledge that are
present in a variety of applied sciences fields. Volterra-Friedholm integral equations
appear in many applications that have an impact on basic science, and because
it can be difficult to find an exact solution in many cases, researchers have been
interested in developing numerical methods to approximate the solution of these
equations. Such these methods, we refer to [1,2,4,11,12,17,20,27,30]. The method
presented in the article has high accuracy in approximating the solution of these
equations because the solution is represented by a linear combination of polynomials
with the help of non-orthogonal or orthogonal basis functions, for example in the
case [9,10,32].

Volterra-Fredholm integral equations frequently appear in mathematical physics
and chemistry problems, including kinetic theories of gases, theories of radiative
transfer, queuing theories, kinetic theories of gases, theories of neutron transport,
traffic theories, and many other applications. Previous works have examined exist-
ing solutions and numerical approaches to solve these kinds of integral equations,
see [15,16,25].

Volterra-Fredholm integral equation with a singular form is discussed in this
work, according to certain conditions. Using Picard’s approach, it is shown that the
integral equation’s solution exists and is unique. In space Lo[—1,1] x C[0,T], 0 <
T < 1, the solution is expressed in the form of a series of Legendre polynomials,
where an infinite system of linear algebraic equations is obtained. Numerical exam-
ples are presented in addition to a discussion of the convergence of this system.

There are seven sections in this article. The existence and unique solution of Eq.
(2.1) are proved and discussed in section 3. We discussed a theory in section 4 that
explains why the bad kernel has a logarithmic form. While, in section 5, we provide
some integral and algebraic formulas for the Legendre polynomials, and also the
Legendre polynomials approach is used to find the solution of the singular integral
equation. Section 6 contains the computation of estimated errors and numerical
results. Final remarks are deduced in section 7.

2. Volterra-Fredholm integral equations with phase-
lag

Assume the Volterra-Fredholm integral equation with phase-lag term of the second
kind

Vv—1U

A

YU (u,t + 6t) = g(u,t) + /Ot J(t, ) (u, 7)dT + /1 13 ( > U(v,t)dv,

-1

glu,t) = ——[o(t) + n(t)z — b1 (x) — 6a(x)], (2.1)

041—|—042
[lu| <1, t€]0,T], A€ (0,00), v € (0,00), 0 <t << 1],

we have
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Liw) = 274,

= >1. 2.2
1+w 17 (2.2)

Under the conditions

1 1
/ U (u,t)du = P(t), / u¥(u, t)du = M(t), (2.3)
—1 —1
¥ (u,t) is unknown function in the space La[—1,1] x C[0,T], 0 < T < 1, where dt
is the phase-lag constant. The domain of integration with regard to the position
s [-1,1] and the time ¢ € [0,T]. The known function g(u,t) is continuous in the
space Lo[—1,1] x C[0,7],0 <t < T, and the kernel J(¢,7) is continuous in C[0, T].
Additionally, the kernel in position & ( = D is discontinuous.

Taylor expansion is used when the second derivative in Eq. (2.1) is neglected,
we obtain

t 1 B
v | U(u,t) —|—5t6\1lg:’t)} = g(u, t)+/0 J(t,T)\I/(u,T)dT—F/_lf ( Y \ uD U (v, t)dv,
(2.4)

with initial condition
U(u,0) = f(u). (2.5)

Integro-differential equation is the name given of equation (2.4) with initial condi-
tion (2.5). Integro-differential equations (IDEs) are a type of functional equations
that have associated derivatives and integrals of an unknown function, as shown
in [26,31]. These equations bear the names of the famous mathematicians who first
explored them, including Volterra and Fredholm. The most numerous kinds are
Volterra and Fredholm equations.

Integrating Eq. (2.4) and using initial condition (2.5), we obtain

\I/(u,t):f(u)—kgt/t uzdz——/ (u,2)
fyét/ / (z,7)U(u, 7)drdz (2.6)

+ %/O /15( ) W(v, 2)dvdz,

interchanging the order of integration over the triangular domain in the 7z-plane
reveals that the equation (2.6) becomes,

U(u,t) =f(u )—|—L/ g(u, )dT—l—%/ [G(t,7) — ]V (u, T)dT

e, L5

Glt,7) = /T )i

Equation (2.7) is named Volterra-Fredholm integral equation with phase-lag term
in time.

(2.7)

v—u

> U (v, 7)dvdr.

Where,
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3. The existence and uniqueness of solution of the
Volterra-Fredholm integral equation (2.7)

We establish the following assumptions to study the existence and uniqueness of

the solution of Eq. (2.7):

(i) G(t,7) € C(]0,T]) and satisfies ||G(t,7)|| < A, s.t A is a constant, V¢, 7 € [0,T].

(i) f(u) is continuous function and satisfies ||f(u)|| < B, s.t B is a constant.

(iii) The Bad kernel ¢ (| G D satisfies the condition

L)

where H is a finite constant.

(iv) In space Lo[—1,1] x C[0,T], 0 < T < 1, g(u,7) is given continuous function
with its partial derivatives with respect to the position and time, its norm is
defined as,

v—1u

2
dudv} =H,

T 1 %
llg(u, 7)|| = max / </ g2(u,2)du> dz=Q, @ is a constant.
0

0<r<T 1
Theorem 3.1. Let the conditions (i-iv) be satisfied. If the condition

[2H—|—A—’y] <1

5 (3.1)

is satisfied, then the equation (2.7) has a unique solution ¥ (u,t) in the space
La[~1,1] x C[0,T].

Proof. We use the successive approximation method, often known as Picard’s
method, to prove the existence and uniqueness of the solution of equation (2.7).

The following form is the solution that approaches close to the exact solution of
the equation (2.7):

U (u,t) = f(u )—i—%/ g(u, MT_FE/ [G(t,7) — Y] Vs—1(u, 7)dT

w5, L5

Yo(u,t) = f(u )+@/ g(u, 7)dr.

v—1u

) Uy (v, 7)dvdr, (3.2)

Since all of the functions v (u,t) are continuous, ¥ (u,t) can be expressed as the
sum of successive differences:

k
U, t) = o (u,t) + (W (u,t) — b1 (u, ).
j=1

It follows that the convergence of the sequence ¥y (u,t) is equivalent to the conver-
gence of the finite series Z?Zl(wj (u,t) —¥;—1(u,t)), the solution will be

¢(Ua t) = kli{rolo wk (U, t)a
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i.e. if the finite series Z?zl(wj (u,t) — ¥j_1(u,t)) converges, then the sequence
Y (u, t) will converge to ¥ (u,t). For this reason, the following lemmas are currently
proven: O

Lemma 3.1. A sequence {tx(u,t)} is uniformly convergent to a continuous solu-
tion function {1(u,t)}.

Proof. In order to prove the uniform convergence of {4 (u,t)}, we take into
consideration the related series

D @, t) = P (u, 1))
k=1

From Eq. (3.2), for k =1, we get

using conditions (i-iv), we obtain

t

o) ot 0 < | [t =ty + [ ot
1 Q. 2H Q
< gl + o)+ T Bt %)
Q 2H+A—v
<(se5) )
(3.3)

By using this method repeatedly, we are able to obtain the following general estimate

for the terms of the series:

Q > [2H +A—x
n=\———-

() = e (2 8)| < (3 L e =

s k=1,2,3,....
(St :|7 ) &y Iy

Since {%} < 1, then the uniform convergence of

NE

(Yr(u,t) — Pr_1(u,t)),

Y0t Jo
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IR

Thus, the existence of a solution of equation (2.7) is proved. O

v—Uu

A

) U(v, 7)dvdr.

Lemma 3.2. The function 1 (u,t) represents a unique solution of integral equation
(2.7).

Proof. To prove the uniqueness of Eq. (2.7), let ®(u,t) be a different continuous
solution of Eq. (2.7). We obtain

O(u,t) =f(u) + %/ g(u, 7)dr + % ; [G(t,T) — ~]|P(u, T)dT

0
. %/O /_15 ( “;“D (v, 7)dvdr,
and
W(u, ) — D(u, 1) :% /Ot[G(t, ) =AW (u, 7) — B(u, 7)]dr

v—1U

A

ETVR

Using conditions (i-iv) and the properties of the norm, we get

> [U(v,7) — ®(v, 7)]dvdrT.

[ (u,t) — @(u, t)]| S%/O [A =¥ (u, 7) = @(u, 7)||dT

H t 1
+ —/ 19 (v, 7) — ®(v, 7)||dvdT
Y 0 J—

<[P vt - e,
but _[2H+A—~y
(a0~ B 0] < () — 2wl 0 = 222 s

The equation (3.4) can be written as,

(1 =m)[[¥(u,t) = 2(u,t)[| <0,
since 1 < 1, so that ¥(u,t) = ®(u,t), that is the solution is a unique. Which ends
the proof. O
4. The kernel of the Fredholm integral term

Theorem 4.1. The bad kernel of equation (2.2) takes the logarithmic form.

Proof. For w € (0,00), the function L(w) is continuous and positive. The asymp-
totic equalities can therefore be satisfied:

L(w) =q— (¢ — Dw + O(w?), w— 0, (4.1)
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L(w) =1+ qu +0(w™?), w-—oo, ¢>1. (4.2)
Most of the previous authors have, when w — 0, i.e. L(w) = g, solved the Fred-
holm integral equations of the second and first kinds in the continuum mechanics
problems.
Here, we consider the case when w — co. i.e. L(w) = 1, and then for the second
and first approximations of L(w) after applying the two well-known relations

oo v—Uu 4A
/ de:—ln|v—u|+d; d=In—; Xe€(0,00),
0 w ™

N (43)
/ cos(v ; uw)dw =§(v—u); d(v—wu)is the Dirac function.
0
We can arrive
v—u
§( 3 >:—1n|v—u|+d. (4.4)
Substituting (4.4) into (2.7), we get
I I
W(ut) =) + = [ gt rdr+ g [1G) - 2w e
Y6t Jo Y6t Jo
1t (4.5)
+—/ / —In|v —u|+d)¥(v, 7)dvdr.
S [ [ mlo—a s e
O

5. The solution algorithm of the Volterra-Fredholm
integral equation (2.7)

5.1. Quadratic numerical method

The importance of Quadratic numerical approach comes from its numerous appli-
cations in mathematical physics problems, wherever the eigenfunctions and eigen-
values of the integral equations are often discussed and studied. Additionally, this
approach has numerous applications in the applied sciences, especially in the theory
of elasticity, mixed problems in the field of mechanics, and contact problems.

Here, we often apply this numerical technique to convert the Volterra-Fredholm
integral equation (2.7) to a linear Fredholm integral equations of second type. We
divide [0,7], 0 < T < 1l,as 0 = tg < t1 < .. < bty < ... < tr, = T, where
t=1tm,, m=0,1,..., L, to get

U(u,tmy) =f(u) + %/0 " g(u, 7)dr + %/0 " [G(tm,T) — ]V (u, T)dT o

il )
+ — —In|v —u| + d)¥(v, 7)dvdr.
ot ), _1( | |+ d)¥(v,T)

For the Volterra integral terms, we have the following using the quadrature formula
[14]:

tm 1
/ / (—In|v —ul + d)¥ (v, 7)dvdr
0o J-1
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=2 un/ (—Infv —ul +d)¥(v, tn)dv + ORI+,
n=0 -1
tm

(Gt 7) = N, 7)dT =Y va[Gltm, tn) =AW (u, tn) + O(AGH),

g(u>T)dT = ang<uatn) + O(hgf?-i_l)v
0 n=0

(R — 0, A2 — 0, h92 T = 0; o1 > 0, pa >0, p3 >0, (5.2)
where, & denotes the step size of the partition,

Ay = max and Sy =ty — tn.
0<n<m

In [19], more details regarding the quadrature coeflicients and characteristic points
are presented.
Equation (5.2) is applied in equation (5.1), yielding

m

Blastn) =)+ 253 ang ) ;t Z UGt ) — 2] (s 1)
(5.3)

n _1 - s n .
,y(;tZu/ nlv—u|+d)¥(v,t,)dv

Utilizing the notations shown below:
g(uatn) = gn(u)v lIj(u7tm> = \Ilm(u), G(tv‘mtn) = Gm,n~

In the following format, we can write (5.3):

W () =f(0) + — > uan() + S U G — )W ()

'ydt ~ot o

'yét Z“"/ —ln|v—u| + d)¥,(v)dv.

Equation (5.4) can be rewritten as follows:

m—1

1
Nm\I’m(u) Z wngn + — Z Vn [Gm,n - V]Wn(u)
n=0

= S / (—Infv — ul + )W, (v)do,
n=0 -1

where R,;, = [1 — (Ui /708) (G — )]
Also the boundary condition (2.3) becomes

[ 11 U, (u)du = Py, /11 uW,,, (w)du = M,,. (5.6)

According to equation (5.5), U,,(u) represents the number of finite unknown
functions, with values of m = 0,1, ..., L, which correspond to 0 = t5g < t; < ... <
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tym < ... <ty =T. In this case, equation (5.5) describes a finite system of Fredholm
integral equations of the second type with a logarithmic form in position, whereas,
for N,,, = 0, we get the first type of a finite system of Fredholm integral equations.

There are various approaches to getting the solution of the system (5.5), for R,,, #
0. For example, by using a variation of Nystrém method [14] and the collocation
method [21]. Also, Galerkin method is used in [8] to solve the system (5.5). If we
obtain, firstly, the value of ¥¢(u), and let m = 0 in (5.5), we obtain

1 1 !
oW (u) = f(u) + Wwogo(u) + @Mo /_1(— In|v—u| + d)¥y(v)dv,

Ro = [1 = (v0/70t)(Goo = 7)]-
After finding the solution of equation (5.7), we may apply mathematical induction
to find the general solution of (5.5).

Using the famous relation, found in [29], it is possible to get the Fredholm
integral equation with Carleman kernel from Eq. (5.7)

(5.7)

In|v —u| = Ulu,v)|v —u|~?; 9 €]0,1] , (5.8)

where U(u,v) = |v —u[?In|v — u| € C[-1,1] for all (=1 < u,v < 1). The work
of Artiunian, who established that the first approximation of the nonlinear integral
equation in the theory of plasticity represents a Fredholm integral equation of the
second type with the Carleman form, provided the reason for the importance of the
Carleman kernel. For further information, see [7].
Differentiating the integral equation (5.7) with respect to u, we arrive at
1
Od\IJO(u) _ df(u) N 1 " dgo(u) n 1 / \Ifo(v)dv’ (5.9)

-1 V—U

N

du du ~ot 0 du %MO

here [ 711 represents integration in the sense of Cauchy principal value, the unknown
function Wo(u) with its derivatives are continuous in Lo[—1,1], u € [—1,1].

5.2. Legendre polynomials
Now, in order to obtain the solution of problem (5.9), we suppose the unknown
function ¥o(u) in the Legendre polynomials form:

oo

Wo(u) = D CRPy(u), (5.10)
k=0

where Py (u) is a Legendre polynomial that satisfies the orthogonal relation, see [22]
and C are constants

/11 Pow)Pu(uydu = sEE (5.11)

2 . —
T s=k.
The polynomial series (5.10) exhibits the following behavior at the two end points

of contact, u = +1

o0 oo

To(1) =30 Wo(-1) = S (~)FC.

k=0 k=0
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Also, we say that, if Ug(u) € Lo[—1,1], then the polynomial series (5.10) belongs
to La[—1,1] (see [22]).
Differentiating (5.10) with respect to u, we obtain

=

ic ).(1—2?) "z, (5.12)

k=0

where P,f (u), k, £ > 0, are the first type of the associated Legendre polynomials
that satisfy the following relation that satisfy the following relation (see [ [18], p
808)):

’ 0; s#k,

/ PY(u) P (u)du = (5.13)
. 2(k+0)! . s—k
k—O12k 1)’ =K.

The known term of (5.9) can be formed as follows in view of (5.10)

oo

Flu) =3 fiPhw).1-2)"2, g Zggpk (1-a?)7%,  (5.14)

k=0

M
|

where Eq. (5.13) can be used to calculate the constant coefficients fy, g2, k > 0. The
polynomial series (5.14) belongs to La[—1, 1] if the known functions f'(u), g\(u) €
Lo[—1,1] (see [22]). Applying the following famous relation (see [ [18], p. 835])

1 [t Py (v)
== [ &Y 1
Q=3 [ . (5.15)
by using (5.10), the integral term of (5.9) becomes
Yo (v)
dv=2 1
[ §jOka (5.16)

where Qf;(u), £, k > 0, are the second type of the associated Legendre polynomials
that satisfy the following relation, (see [ [18], p. 808])

_ 1- ()" (k40!
/_1 Q% (w) Pt (u)du = (—1)* EE TPy Tk >0. (5.17)

Using equations (5.12), (5.14) and (5.16) in form (5.9), we obtain

Nozclgpkl(u) = Z(le‘ &gk)Pk( u) — 7& ZCka (5.18)
k=0 k=0

Using the following famous integral relation, after multiplying both sides of (5.18)
by the term P!(u)du, then integrating the result from —1 to 1, (see | [18], p. 807])

/_llvl—ﬂczk(u)PSl(u)du: . RS

—2s(s+D[1+(=1)* "]
G—k—D)(s—k+D)(sTh)(s+h12)’ (k#s+1),
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the formula (5.18) becomes

0 _f. 4 @0 0, 20 = (2s + D[1 + (=1)***]CP
NoCY =f, + + Z(s_k

§t Vot = —Ds—k+1)(s+k)(s+k+2) (5.20)
F
(C§ =5 O = gMO, 5> 2).

The following relation can be obtained by applying the same previous method and
mathematical induction:

m m—

m 1
chs :fm—l—Wangs z:o — Ck
2 Z Z 25 + )[ + (—DF|Cp (5.21)
=i )(s +1(s+k)(s+k+2)
cy = PT’”, cP = §Mm> m=0,1,2,---, L),
where, we assume
= CPPu(u), g, (u Zg;ﬁ”Pk (1—a?)73. (5.22)
k=0

(2s+ 1[I+ (=1D)**7]

iy e i g s is bounded for all val-

Lemma 5.1. The infinite series G
ues of s, k> 1.

Proof. We consider that in order to prove the lemma

- (25 + D1 + (=1)"**]
; (5= f1 G-kt DGRk~ (5:23)
where
25+ 1
+4Z (s—=2)s(s+1)(s+3)
The value of A can be defined as
3
A= 3 +4(T1 +T'9),
where
> 1 1 1 1
h *;0 (s+1)(s+4)(s+6) “15 0+ 5O - 500),
> 1 1 1 1
L=) GG aeTe ~ 1000 T 50U - 00

s=0

Where O(s) is called the Euler function and Gredshtein tables [18] can be used to
determine its value for various values of s. In the end, we get A = 11/5. This proves
the lemma. O
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Table 1. Absolute error of solution in some arbitrary points by using Legendre polynomials with L = 3
and 0 <7 <0.6

ui | [W(u,to) = Wo(u)| | [W(u,t1) = Vi(uw)| | [W(u,tz) — Va(u)| | [¥(u,t3) — ¥3(u)|
0.8 | 9.50026x1013 7.02314x10~8 2.66215x 1077 1.00198x 106
0.6 | 9.20214x10714 3.23021x107° 6.30862x 1078 5.65481x 1077
0.4 | 7.40035x10~ 14 3.02155%x10~° 5.30287x 1078 3.32002x10°7
0.2 | 7.00026x10~1° 1.02139x10~° 3.02547x10~8 2.52014x10~7
0.0 0 1.00071x 10710 2.02154x1079 3.58420x 1078
-0.2 | 5.44028x10715 2.00215x107? 2.02781x1078 4.29813x10~7
-0.4 | 5.00211x10~ 4.3.251x107° 4.63220x1078 5.21170x10~7
-0.6 | 6.20302x10714 7.62314x107° 5.32358x 1078 6.45287x10~7
-0.8 | 7.21005x10713 5.35269x 1078 1.50000x 107 1.00214x10-6

6. Problems and numerical results

Example 6.1. In this section, we applied the method that was described in this
study for solve the integral equation (5.5).

We determine the constant C}* of Eq. (5.21) to get the numerical solution of
integral equation (5.5). Then, using the main relation results, we can compute the
unknown function ¥,,(u); =1 < u < 1, when k = 20, v = 25, 5t = 0.001, A =
0.1, g(u,t) = ut, J(t,7) = t?7, f(u) =u, P =1, My = 1.

If we divide the interval [0,T], 0 < T < 1, as 0 =ty < t; < ta < t3 = T, where,
t = ty,, m = 0,1,2,3. Applying the presented numerical technique, where L = 3
and T = 0.6 in the interval [0,0.6].

In Table 1, we showed the absolute error |¥(u, t,,) — U, (u)|,m = 0,1,2,3, from
the Legendre polynomials with L = 3 in the interval [0, 0.6].

In Figs. 1, 2, 3, and 4, we showed a comparison between the exact solution,
the approximate solution, and absolute error of solution by using the presented nu-
merical approach (Legendre polynomials ) with different values of ¢,,, m =0,1,2,3
with L = 3.

i Exact solution

Aprox. solution  +sseee Error

1.00E-12

9.00E-13

8.00E-13

4 H 7.00E-13

6.00E-13

5.00E-13

4.00E-13

3.00E-13

2.00E-13

1.00E-13

= il 0.00E+00

Figure 1. Exact and approximate solution of Legendre polynomials for ¢; = 0.
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fife Exact solution Aprox. solution ssssss ErTOr

£ = 8.00E-08

[ 7.00e-08

B I 6.00E-08

i - | 5.00E-08

:,. 0:2 4.00E-08

- 08 : 6 s M2 oz o4 §
2 [ 2.00E-08

:“ V:u [ 1.00E-08
sty g I

Figure 2. Exact and approximate solution of Legendre polynomials for ¢; = 0.2.

== Exact solution Aprox. solution  seseen Error
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Figure 3. Exact and approximate solution of Legendre polynomials for ¢t; = 0.4.
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Figure 4. Exact and approximate solution of Legendre polynomials for ¢; = 0.6.
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Table 2. Absolute error of solution in some arbitrary points by applying Legendre polynomials with

L=3and 0< T <0.6

ui | [W(u,to) = Wo(u)| | [W(u,t1) = Va(uw)| | [W(u,tz) — Va(u)| | [¥(u,t3) — ¥3(u)|
0.9 | 8.85697x10~13 9.85264x10~° 7.00369x10~8 1.90874x 107
0.7 | 8.23588x10~ !4 2.25874x107° 5.65287x10~8 1.23251x10~7
0.5 | 4.02175x10~14 7.00254x 10710 3.32980x 1078 6.21005x10~8
0.3 1.00214x10~1° 1.00487x 10710 5.65312x107° 3.56974x10~8
0.1 3.00251x10~16 3.92584x 10~ 3.05879x 10710 5.00022x 107
-0.1 | 1.00214x10~16 5.21479x 10~ 11 3.65874x 10710 6.05877x10~?
-0.3 | 1.85241x10°15 1.56215x10~10 3.00033x107° 5.32841x10~8
-0.5 | 2.00021x10714 8.89521x 10710 2.02580x 1078 7.25682x1078
-0.7 | 3.66587x10~ 14 6.25849x10~° 5.69856x10~8 1.00268x10~7
-0.9 | 3.69852x10713 9.98654x107° 7.30002x 1078 2.02858x 1077

Example 6.2. Consider the following Volterra-Fredholm integral equations with
phase-lag term:

t
200 (u, t + 0.0002) =(u? + t?) +/ 2720 (u, 7)dT
0

! 4
—l—/ (—ln |[v —ul +In ) U(v,t)dv,
-1 71'

the unknown function ¥,,(u); —1 < u < 1, when k = 50, A = 1, f(u)
1, My = 1.

If we divide the interval [0,7],0 < T < 1,as 0 = tg < t1 < ta < t3 = T,
where, t = t,,,, m = 0,1,2,3, the Volterra-Fredholm integral equations (6.1) have
the following form:

(6.1)

:UQ,POZ

— 2
qujm(u) —f(u) 0 0002) nz:;JWn U + t
—1
1 1 3 42 5
+ m Val3 (tmtn = tn) = 20]¥n(u)

n=0

- 4
30(0.0000) ; / ( In|v—ul+1n 77) U, (v)dv,

where N, = [1 — (,/20(0.0002))[3 (¢35, — t3,) — 20]].

Using the Legendre polynomials with L = 3 and 7' = 0.6 in the interval [0, 0.6].

In Table 2, we used the Legendre polynomials with L = 3 in the interval [0, 0.6]
to present the absolute error |U(u,t,,) — V., (u)|,m =0,1,2,3.

In Figs. 5, 6, 7, and 8, we introduced a comparison between the exact solution,
the approximate solution, and absolute error of solution using the proposed numer-
ical approach (Legendre polynomials ) with various values of t,,,, m = 0,1, 2,3 with
L=3.
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Figure 5. Exact and approximate solution of Legendre polynomials for to = 0.
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Figure 6. Exact and approximate solution of Legendre polynomials for ¢; = 0.2.
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Figure 7. Exact and approximate solution of Legendre polynomials for t; = 0.4.
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Figure 8. Exact and approximate solution of Legendre polynomials for ¢; = 0.6.

7. Conclusion and remarks

The following can be concluded from the results and discussion in this article:

In the space La[—1, 1] x C[0, T, the equation (2.1) has a unique solution ¥ (u,t)
under some conditions. In many types of integral equations, it is usually difficult to
obtain exact solutions, so it is necessary to find approximate solutions. From the
Tables 1,2, we note that the error takes maximum value at the ends when u = 1
and u = —1, while it is minimum at the middle when u = 0. If §t — 0, we find that
the numerical solution converges to the exact solution.

This work can be used to construct an integral equation with Carleman form
by using Eq. (5.8). Currently, this work is considered a special case of the Fred-
holm integral equations of the second type with Carleman and logarithmic kernels.
Numerous spectral relations are established from the problem these relations have
various important applications in mathematical physics problems.
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