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THE NON-EXISTENCE AND EXISTENCE OF
NON-CONSTANT POSITIVE SOLUTIONS FOR
A DIFFUSIVE AUTOCATALYSIS MODEL
WITH SATURATION

Gaihui Guol', Feiyan Guo', Bingfang Li? and Lixin Yang!

Abstract This paper deals with a diffusive autocatalysis model with satu-
ration under Neumann boundary conditions. Firstly, some stability and Tur-
ing instability results are obtained. Then by the maximum principle, Holder
inequality and Poincaré inequality, a priori estimates and some basic char-
acterizations of non-constant positive solutions are given. Moreover, some
non-existence results are presented for three different situations. In particu-
lar, we find that the model does not have any non-constant positive solution
when the parameter which represents the saturation rate is large enough. In
addition, we use the theories of Leray-Schauder degree and bifurcation to get
the existence of non-constant positive solutions, respectively. The steady-state
bifurcations at both simple and double eigenvalues are intensively studied and
we establish some specific condition to determine the bifurcation direction.
Finally, a few of numerical simulations are provided to illustrate theoretical
results.

Keywords Autocatalysis, saturation, Turing instability, non-constant posi-
tive steady-state solution, bifurcation.
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1. Introduction

A chemical reaction is said to have undergone autocatalysis if the reaction products
have an accelerating effect on the reaction rate [34]. In the past decades, auto-
catalytic models have received extensive attentions in the study of morphogenesis,
population dynamics and autocatalytic oxidation reactions [16,30].

Assume that the initial concentration of reactants remains unchanged and the
reaction rates are the same, then an autocatalysis model with arbitrary order can
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be presented in the following non-dimensional form

ou(x,t)

5 diAu(z,t) = a — u(x, t)vP(x, t), z e, t>0,
ou(,t) _ doAv(z,t) = u(z, t)vP (z,t) —v(z,t), z€Q, t>0,
ot (1.1)

ou(x,t)  Ov(z,t)
o v

U(ZL’,O) - UO(x) > Oaié 0, ”U(:L’,O) = UO(‘T) > Oaié 0,z € Qa

=0, x eI, t>0,

in which 2 is a bounded domain in RY (N > 1) with smooth boundary and v is
outward unit normal vector on 9Q. The variables u(z,t) and v(z,t) respectively
represent the dimensionless concentrations of reactants and autocatalyst, which are
generally considered to be non-negative. The parameter « is the initial concentration
of the reaction precursor, p represents the reaction order of autocatalytic species,
di,dy are the diffusion coefficients, a,p,d; and dy are all positive. Here, we refer
to [8,26] and the references therein for a more detailed description on the derivation
of this model.

Taking a as a bifurcation parameter, the Hopf bifurcation and the steady-state
bifurcation of system (1.1) were studied in [11], including the steady-state bifur-
cation at double eigenvalues and the techniques of space decomposition and the
implicit function theorem were adopted to deal with the case of double eigenvalues.
However, the direction of steady-state bifurcation was not mentioned in [11]. With-
out loss of generality, Guo et al. chose p = 7 and carried out a detailed steady-state
bifurcation analysis for (1.1), some specific conditions to determine the direction
of steady-state bifurcation given in [12]. The stability of the steady-state bifurca-
tion solutions of (1.1) was investigated in [45]. The non-existence and existence
of positive steady-state solutions for (1.1) with p > 2 were discussed in [17], and
there was also obtained the steady-state bifurcation arising from the unique positive
constant equilibria. The stability and pattern formations in a two-cell coupled auto-
catalysis system with arbitrary order were studied in [44], where Turing bifurcation
solutions were obtained by weakly nonlinear theory. A general reaction-diffusion
system modelling glycolysis was investigated in [46], where the parameter regions
for the stability and instability of the unique constant steady-state solution were
derived, and the existence of time-periodic orbits and non-constant steady-state
solutions was proved by the bifurcation method and Leray-Schauder degree theory.

Biological and chemical applications of model equations often involve the effect
of saturation laws. So in this paper, we mainly deal with the autocatalysis model
(1.1) with saturation effects. Recall the reaction process proposed by Engelhardt [7],

k1
X+Y 2 XY, Xy -2 pix (autocatalysis),

-1

X+Y S(ﬂm) P+ X (saturation law),

in which one substrate X reacts with an enzyme Y forming a complex XY through
a reversible process, which then is converted into a product P plus the enzyme, and
k1,k_1,ko are reaction rates. It is assumed that the concentrations of P is inde-
pendent of time and spatial variables. Here, S(ks, k) accounts for the Michaelis-
Menten law in enzyme-controlled processes, or the Langmuir-Hinshelwood law in
heterogeneous catalysis and adsorption, the Holling law in ecology.
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Engelhardt [7] not only used a balanced reaction equation to express the stoi-
chiometric relationship between reactants and products, but also proposed a sel’kov
model with saturation effects,

or kizy”
= _D«WVr=v — —7
o DW=V T Ky’
oy 9 kixy?
2Dy =2 g
ot VYT Ty Ky Y

where x and y represent two different concentrations of either chemical species or
morphogenes in a reaction-diffusion model, D; and D5 represent diffusive coeffi-
cients, v1 is a constant uniform rate, v > 1 is the Hill coefficient, and K; is the
saturation coefficient. For the model above, Hopf bifurcation was considered, but
the effect of the saturation coefficient K on the existence and nonexistence of non-
constant positive solutions was ignored. One can also seen [15] for details. For
the Sel’kov model with saturation effects, Du et al. [6] studied the existence and
non-existence conditions of non-constant positive solutions, and Wang and Gao [36]
derived a formula in terms of the diffusion rates to determine the Turing instabil-
ity of the spatially homogeneous Hopf bifurcating periodic solutions. The works
on the bimolecular model with saturation can be seen in [25,29, 39, 40,42], where
detailed qualitative analyses were carried out, including the non-existence and exis-
tence of non-constant positive solutions, Hopf bifurcation and steady-state bifurca-
tion, and many pattern formation dynamics were presented. In addition, there are
many works on other autocatalysis models. For example, see [2,4,24,41,43] for the
Lengyel-Epstein model, see [14,21,23,27] for the Brusselator model, see [1,5,18,37]
for the Degn-Harrison model.

Motivated by above works, we consider the following diffusive autocatalysis
model with saturation

ou uvP

— —d1iAu=a— —— 0

o diAu=a 1+kvp’xe , t >0,

ov uvP

— —doANy = — — 0.t 1.2
ET 2 Av T Joor v, x €, t>0, (1.2)
ou Ov

_— = — = Q

Evir 0, x eI, t>0,

where k > 0 represents the saturation coefficient, and the initial conditions are non-
negative and not idential to 0. The steady-state problem corresponding to (1.2) is
given by

uv?
1+ kor’ "

uvP
Bk 0 1.3
15 Fop v, T €L, ( )

—d1Au=a — € Q,

—dQA’U =

ou Ov
[“)V_(?V_O’ x € 0.
System (1.3) has a unique positive equilibrium E* := (u*,v*) = (a'™? + ka, a).

In this paper, we shall focus on the non-existence and existence of non-constant
positive solutions for system (1.3). We first discuss the stability and Turing insta-
bility of the equilibrium E* and then a priori estimates and some related properties
of non-constant positive solutions for system (1.3) are established. The effects of
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the diffusion and saturation are intensively investigated and three non-existence re-
sults are given. Moreover, we derive the existence of non-constant positive solutions
based on the Leray-Schauder degree. Using d; as a bifurcation parameter, we obtain
the local steady-state bifurcation at simple and double eigenvalues, respectively. In
particular, we extend the local bifurcation to the global one and present a formula
to determine the local bifurcation direction.

It must be pointed out that the steady-state bifurcation at double eigenvalues is
difficult to tackle because the classic Crandall-Rabinowitz theorem does not work
and so we need to propose an effective method in this case. Here, we fortunately use
the techniques of space decomposition and implicit function theorem to solve this
problem, ever if only for two special cases. In addition, the diffusion and saturation
effects are fully taken into accounts in our arguments, and we find out that there is
no non-constant positive solution of (1.3) when d; is small, ds is large or k is large.

The outline of this paper is arranged as follows. In Section 2, the stability and
Turing instability of the unique positive equilibrium are discussed. In Section 3, a
priori estimates and some basic properties of positive solutions are given. In Section
4, the non-existence and existence of non-constant positive solutions are established
from different perspectives. The fixed-point index theory in Banach space are used
in this section. In Section 5, taking d; as a bifurcation parameter, a detailed steady-
state bifurcation analysis is carried out, where the local bifurcation, the global one
and the direction of local bifurcation are involved. Some numerical simulations are
given to illustrate some theoretical results in Section 6.

2. The stability and Turing instability

In this section, we discuss the saturation effect on the stability of the unique positive
equilibrium and the effect of diffusion coefficients on Turing instability is also given.
An equilibrium point of the reaction-diffusion system is said to be Turing unstable
if it is stable in the absence of diffusion and it becomes unstable for the diffusive
system.

Assume p > 1 throughout the whole arguments, since E* is always locally
asymptotically stable if 0 < p < 1. The local system corresponding to (1.2) which
is an ordinary differential equation takes in the following form

du uvP £ 0
-
dt 14 kop’ ’ (2.1)
dv uvP £ 0 ’
—_— = .
dt 1+ kop ’
The Jacobian matrix of (2.1) at E* is
aP P
_ 1+ kaP 1+ kaP
J = ap P

1+ ka? 1+ kaP
The characteristic equation can be given by u? — T + D = 0, where

p—1—(k+1)a? D a?

T = e —
1+kaP ’ 1+ kaP

>0
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As we know, E* is locally asymptotically stable if T < 0 and D > 0, and it is
unstable if T'> 0 or D < 0. It is easy to see E* is locally asymptotically stable if

p>1landa> ¢p—1.

“1—aP
Let ko = }%. Simple analysis leads to the following stability results.

Theorem 2.1. Assume that p > 1.

(i) If a > ¢p —1, the equilibrium E* is asymptotically stable for system (2.1);

(ii) If0 < a < ¢p — 1, the equilibrium E* is asymptotically stable for system (2.1)
when k > ko and is unstable when 0 < k < kq.

Now we focus on the stability of E* for system (1.2). Let 0 = Mg < A1 < Aa2 <

- < A\; < -+ be the eigenvalues of the operator —A subject to the Neumman

boundary condition on {2, where \; has multiplicity m; > 1. Set ¢;; (1 < j <

m;) be the normalized eigenfunctions corresponding to A\; and ¢; := ¢;;. Then
{¢ij}(i > 0,1 < j < m;) forms a complete orthogonal basis in L?(2).

The linearization operator of (1.2) at E* is

aP p
A — ——— —
L= L+ kar 1+ ka? (2.2)
Y bA+ _
T+ ke 27 " 14 ka?
Then, the characteristic equation of (2.2) can be denoted by

where

T.(k) =T — (d1 + d2) An,
aP

D, (k) = dydo)? S
(k) = didaA;; + 1+ kar

T oap (L~ P+ ka?)dy + aPda] A +

If p>1and k> ky+1, wehave T,, <T < 0,D,, > 0 for n € Ny, and thus the
equilibrium E* is locally asymptotically stable.

Assume that p > 1 and max {0, ko} < k < ko + 1. Then we have T, <T < 0 for
all n € Ng. If do/d; > kg + 1 — k, then we have D,, > 0 and thus the equilibrium
E* is locally asymptotically stable.

Next we consider the stability of E* if dy/d; < ko + 1 — k. Let

(1—p+ka?)dy + aPdy]”  4aPdyds

1+ ka? 14 kap
_a®d} —2aP(p+ 1+ kaP)dyds + (1 — p + kaP)?d?
B (1+ kar)? '

A:

Define the quadratic function
h(z) = a® 2% — 2aP (p + 1 + kaP)z + (1 — p + ka?)?.
The discriminant of h(z) is

A =[2a"(p+ 1+ ka?)]? — 4a®* (1 — p + ka?)? = 16p(1 + ka?)a? > 0.
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Hence, the equation h(z) = 0 has two different real positive roots

14 p+ ka?—2/p(1 + ka?) 14+ p+ ka?+24/p(1 + kaP) (2.4)
= , Z2 = . .
aP aP

21

If 21 < z < 2z, then h(z) < 0 and we have D, (k) > 0 for all n € Ny. Note that
z1 < da/dy < ko+1—k < z5 and E* is stable when da/dy > ko +1 — k. So we
know that the equilibrium E* is stable when ds/d; > 2.

Theorem 2.2. Assume that p > 1.

(i) If k > ko + 1, the equilibrium E* is asymptotically stable for system (1.2);

(il) If max{0,ko} < k < ko + 1, the equilibrium E* is asymptotically stable for
system (1.2) when dz/dy > z1, where z1 is given by (2.4).

Remark 2.1. The expression of kg tells that if 0 < a < ¢/p — 1, then ky > 0 and
if a > ¢/p—1, then kg <0, that is

ko, if 0<a< ¥p—1,
0, if a>¥p—1.

max {0, ko} =

Now we discuss the stability of the equilibrium E* when 0 < do/d; < 21. In
this case, A > 0 and D,,(k) = 0 has two real positive roots

R+ +VR?2 —4d,d>S
At (dy,d2) = =2

R —VR? —4d,d2S
_(dy,ds) =
2(1 + k/’(lp)dldg ’ A ( b 2)

2(1 +l<:a1’)d1d2 ’

(2.5)

where
R=deA+diN = (p—1—kd’)dy — dPds, S =aP(1+ ka®) > 0.

Define the function

d d 4dyS
K(d)) = 2A+N+4/(ZA+N) - =2
d, dy d,
Then d d 2d5S
p (dlA + N)d%A - d22
Ry = [Bay B R
1 ds 2 4dyS
714 N _
\/(d] + ) dl

Recall that A < 0 and 0 < da/d; < ko+1—k. Then we have R = doA+d; N > 0 and
K'(dy) > 0. Therefore, A is strictly monotonically increasing with respect to d;.

P
On the other hand, we have Ay (dy,d2)A_(dy,ds) = @

m . Differentiating

with respect to di, we get

aP

—— < 0.
1+ ka)@dy

N, (dy, do)A_(dy, da) + Ay (dy, do)N_(dy, dg) = —
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Since X (di,d2) > 0, 4 (d1,d2) > 0 and A_(dy,dz) > 0, we obtain \_(di,d2) < 0.
Therefore, \_ is strictly monotonically decreasing with respect to dj.
Denote

1 = {AA>0,A_(d1,d2) <A < Ay(di,d2)}, 2 = { Ao A1, A2, |

If there exists ng € N such that A_(dy,d2) < A\p, < Ap(d1,d2), then &1 N Py #£ ()
and the equilibrium E* is unstable. So we focus on the case of large d; or small ds,
the inequality 0 < d2/d; < z; hold true.

Fix ds and let d; — oo to get

lim A_(di,dy) = 0 lim A, (di,do) = 2ot R e (g
dy =00 — 1,42) — Y, dy—00 + 1, %2 _d2(1+kap) == . .

If Ay > \*, then ®; NP5 = () and we have D, (k) > 0 for all n € Ng. On the other
hand, if A\; < A", then ®; N ®5 # () and the equilibrium E* is unstable.

Theorem 2.3. Assume that p > 1 and max {0,ko} < k < ko+1. Then there exists
large D1 > 0 such that if dy > D1, the equilibrium E* is asymptotically stable for
system (1.2) when Ay > \* and is Turing unstable when A\; < \*.

If fix d; and let do — 0, then

aP

lim A_(dy,ds) = ———F——
dy 30 (d,d2) di(p—1— kar)’

li = 0.

Jim, Ay (dy,dg) = 0

Therefore, there exists small § > 0 such that ®; N ®y # () for 0 < dy < 6, which
shows that the equilibrium E* is unstable.

Theorem 2.4. Assume that p > 1 and max{0,ko} < k < ko + 1. Then there
exists small 6 > 0 such that the equilibrium E* is Turing unstable for system (1.2)
if 0 <dg < 4.

The positive equilibrium E* is stable when k is large. The ratio of diffusion co-
efficient do/dy affect the stability of the equilibrium E* when k is in a certain range.
The equilibrium E* is still stable when ds/d; is properly large. The equilibrium E*
may be stable or Turing instability when dy/d; is properly small.

3. A priori estimates and some characters

In this section, we shall use the maximum principle, Poincaré inequality and Hélder
inequality to obtain a priori estimates and some properties of positive solutions of
(1.3). Start with two useful lemmas.

Lemma 3.1. (see [22]) Suppose that g € C' (Q x RY).
(i) Assume that w(z) € C*(Q)NC! (Q) and satisfies
Aw(z)+g(z,w(z)) >0, z€Q, Jdw<0, =z
If w (o) =maxw (x), then g (zo,w (z0)) 2 0;
(i) Assume that w (z) € C? (Q)NC* (Q) and satisfies
Aw(z)+g(z,w(z) <0, z€Q, dw<0, xzed.
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If w () =minw (z), then g (z0,w (o)) < 0.
Q

Lemma 3.2. (see [20]) Let Q be a bounded Lipschitz domain in RN and A be a
positive constant. Suppose that w € W12(Q) is a nonnegative weak solution of the
iequalities

0 < -Aw(z)+Aw(z), z€Q, dw<0, xecd
For any q € [1,n/(n —2)), there is a constant Cy = Cy(q,Q2, A), such that
< i .
lly < Coinfu

Now we give a priori estimates for positive solutions of system (1.3).

Theorem 3.1. Let (u,v) be any positive solution of (1.3). Then there exists a
positive constant Cy = C\(da, Q) such that (u,v) satisfies

ct al|f| Cc?
k<u<alk <wv<a(l .

aksusalk+oop) o Svsalt aap)

Proof. Let u(zg) = minu(z). From (ii) of Lemma 3.1, it follows that
Q
u(wo)vP (o) <o,
1+ koP(zg) —
ie.,
w(x)vP (zg) > a(l + kvP(xg)) > akvP (z).

Thus we get

u(z) > u(xg) > ak. (3.1)

Integrate the first and second equations in (1.3) over (2, respectively, to get

P
/ e = / vdz = alQ|, (3.2)
O 1 + k'l)p Q

where (2] is the volume of €. Since v satisfies

—doAv+v>0, z€Q, 0J0v<0, z€df,

by Lemma 3.2, there exists a positive constant C, = C,(dz, 2) such that
alQ] = / vdr < Cy inf v,
Q Q

which leads to

From (3.2), we have |Q|/C, < 1.
Let u(z1) = maxu(z). From (i) of Lemma 3.1, it follows that
Q

u(z1)vP (71)

— > 0.
1+ kvp(zq) —
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Thus, by the lower bound for v in (3.3), we have

1 ct

u(x) < u(m) < a(k: + ’Up(lL'l)) < a(k + ap|Q|p

). (3.4)

Let v(xz2) = maxv(z). Form (i) of Lemma 3.1 and the upper bound for u in (3.4),
Q

we have
u(za)vP(x2)  wu(wy) ct
< < < < —_—). .
v(z) <wv(ag) < T+ b)) = kS a(l+ k:ap\mp) (3.5)
The proof is completed with (3.1), (3.3)-(3.5). O

Theorem 3.2. Assume 0 < p < 1. Then any positive solution of system (1.3)
satisfies

1 1

akguga(k—kc—f*), C** SUSQ(1+@),

where C,, is the unique positive root of the equation 1 + ksP? — aksP~! = 0.

Proof. Let v(y;) = minv(z). From (ii) of Lemma 3.1, it follows that
Q

u(y1)vP (y1)

1+ kvp(y1) v(yl) — 0

From Theorem 3.1, we know u > ak and thus
14 koP (y1) > u(yn)oP ™ (y1) > akoP ™ (y1), (3.6)

The function f(s) = 1+ ks? — aksP~! is increasing in (0, +00) when 0 < p < 1
and k > 0. Therefore, f(s) has a unique zero point C,, satisfying 0 < Ci. < a.
By (3.6), we have v(y1) > C... Similar to the proof in Theorem 3.1, it is easy

to verify

1 1

The proof is completed. O

u<alk+

Remark 3.1. The unique zero point C'. mentioned in Theorem 3.2 satisfies C —
a as k — oo.

Theorem 3.3. Assume that p = 1 and ak > 1. Then any positive solution of
system (1.3) satisfies

a?k? ak —1 a?k
<v<

k<u< .
W= k ak —1

Proof. Choose f(s) = 1+ ks — ak in Theorem 3.2 or directly use Lemma 3.1
yields the estimates. O

Next we give more information on the characterization of positive solutions.
Denote their averages over €2 by

1 1

— [ u(x)dx, v=-— [ v(x)dz.
S )y

u =
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It follows from (3.2) that o = a. Let ¢ = u — 4, ¢ = v —v. Then
¢dr = | Ydx =0.
Q Q

If (u,v) is a non-constant solution, then ¢ and 1 are non-trivial and change signs
in Q2. However, the following result shows ¢y and V¢ - Vi) have a negative average
over 2, respectively.

Theorem 3.4. Let (u,v) be a non-constant positive solution of (1.3). Then

/¢¢d$<0 and /V¢~V¢dm<0.
Q Q

Proof. Let w = dju+ dsv. Then w satisfies
—Aw=a—-v=0—v=—1. (3.7)

Multiplying (3.7) by w = dyu + dov and then integrating Q by parts, we have

/Q|Vw|2dx = —/Q wipde = —dl/ﬂqbwdx— dQ/Qdex. (3.8)

This implies that

_ 1 2 2
/qudx__dl </va| dx+d2/9¢ dx) <0. (3.9)

Multiplying (3.7) by ¥ and then integrating by parts, we have

—/szdx: —/QwAwd:c

z/Vw-dea:
Q
_ / (d1Vu + do V) - Vipda
Q
:dl/ V¢-V¢dw+d2/ |V |2da.
Q Q

Hence, we obtain

. _ 1 2 2
/Qvas Vydr = - <d2/9w| dm+/ﬂw dx) <. (3.10)

The proof is completed. O
According to Theorem 3.1, there are positive constants C7 and C5, depending
on a, k,p,dy,ds and €2, such that

uvP uvP

_ " < _uv
o 1+kvp‘* b |1—|—k:1ﬂ’

—1)| S C2.

Theorem 3.5. Let (u,v) be a non-constant positive solution of (1.8). Then there
exists a positive constant C'y such that

C29Q(1+ A1)

2 2
[ (10 + oty <
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Proof. Multiply the first equation in (1.3) by ¢ and then integrate over ) by parts
to yield

o, _ uv?
d1/9|v¢| dx—/Q(a 1+kvp)¢dx§01/9|q§|dx. (3.11)

Using the Hélder inequality

([ |o2dn)t
/Q 6l < |91 ( /Q 62dz),

and the Poincaré inequality

/|¢|2dx§)\1_1/ Vo |2de,
Q Q

where A is the first positive eigenvalue of —A subject to the Neumman boundary

condition, we get
C1|Q|2 ( oo\ *®
d / Vo|2de < 222 / Vol|2dr | .
1 Q\ | N Q| |

This shows that

ctQ iy
Vo|?de < =L e < =1
/Q‘ Plde < diM Q¢ ~ diM
Therefore,
CZQ|(1+ A
[ 196 + )0 < AEL LA
Q 1M
The proof is completed. O

Similarly, we have the follwing result.

Theorem 3.6. Let (u,v) be a non-constant positive solution of (1.3). Then there
exists a positive constant Cy such that
C3|9(1+ A1)
| (vup 4 vtyie < 2R
Q 271

Theorem 3.7. Let (u,v) be a non-constant positive solution of (1.3). Then

A(d2N2 + do); + 1
@/me<ﬁ/wwwg(2”}“+)/wﬁm (3.12)
Q Q 3>‘1 Q

Proof. From (3.10), it follows that

/|W|2d:c=d§/ |V¢|2daz+2d1d2/V¢-V¢dm+d§/ |Vy|?dx
Q Q Q Q

d%/ |V¢|2dx—2d2(/ dea:erg/ |Vz/)|2dx)+d§/ |V |2da
Q Q Q Q

d%/ |V¢|2dx—d§/ |Vw|2dx—2d2/w2das>0,
Q Q Q

which leads to
dg/ |v¢|2dx<d§/ Vo dz. (3.13)
Q Q
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The right inequality in (3.12) holds true. On the other hand, we have
di/ |Vé|>de = / |Vw|?dz + d%/ |Vop|?da + 2d2/ Y3da.
Q Q Q Q
Combining (3.8) with the Poincaré inequality and Cauchy inequality, we obtain
d%/ |Vo|>de = dg/ V| ?dx + dg/ Yida — dl/ ppdx
Q Q Q Q

d 1 EDY

< dg/ IV 2da + —2/ (Vo 2da + —/ V2dx + 1—1/ P*da
Q A1 Q )\1 Q 4 Q

2 do 1 2 d% 2
<|ld++—+ IVy|*dz + — [ |Vo|“dz.
AoAT) Ja 4 Ja

Hence, we get

d? d2)\? + da)y + 1
371/ Vul?de < %/ Vo[2dz. (3.14)
4 Ja A Q
In view of (3.13) and (3.14), the proof is completed. O

Theorem 3.8. Let (u,v) be a non-constant positive solution of (1.3). Then

3d3\} B Jo (VU +9%)de M +1
A(d3A] + dadi + 1) (M +1) T @2 [ (Ve + ¢2)dz Y

Proof. By the Poincaré inequality, we have

A +1
/(|V¢>|2 +¢%)de < = . / V| da.
Q At Jo
From the right inequality in (3.12), it follows

d3 fQ (V[ 4 ¢?)dx A1 ) d%fg |V |*dx > 3d3\;
d%fQ (IVe|? + ¢?)dx A+ 1 d% fQ |Vo|2de — 4(d%)\% +doA + 1AM+ 1) '

By the left inequality in (3.12), we obtain

3 Jo (VOP +¢%)de M +1 5 [o|V¥lPde A +1
di [, (IV9]* + ¢%)dx Ao di oI VePda A1

The proof is completed. O

4. Non-constant positive solutions

In this section, we study the non-existence and existence of non-constant positive
solutions for system (1.3).
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4.1. Non-existence of non-constant positive solutions

In this subsection, we obtain sufficient conditions for the non-existence of non-
constant positive solutions of (1.3) as the parameters d, do and k are varied. Our
analysis deals with the following three situations: small dy, large do and large
k. Here we note that the non-existence results play a key role in the following
arguments.

Considering Theorem 3.1, for simplicity and convenience, we denote

Ml = Ml(avkvpa d27Q) and M2 = MQ(a’ k7p’ d27Q)

by the upper bounds of u and v, respectively.

Theorem 4.1. There exists a positive constant D} := Di (A1, M1, Ms) such that
(1.3) does not admit a non-constant positive solution when d; < D7.

Proof. Suppose on the contrary that (1.3) has a non-constant positive solution
(u,v). Multiplying the first equation of (1.3) by ¢ and integrating over ) by parts,

we have
uvP
d Vol|?de = — d
[ vopde =~ [ s
vP(u — @) vP oP _
=— - d
/Q[ 1+ ko +(1+kvi’ 1+kﬁp)u}¢ v

B vP(u — ) a(vP — oP)
- _/Q 1+ kvp (z)dm_/Q (1+ koP)(1 + kz‘;p)(bdx

vP 9 apyP~!
B /Q 1+ for 42 /Q (14 kor)(1 + kﬁp)wdx’

where 7y lies between v and ©. From Theorem 3.1, Cauchy inequality and Poincaré
inequality, it follows that

[ (voPar < pyist [ (olvlds -1, [ oo

Q Q Q

2M2M2(p—1)

pli”/ ¢2da:+Ma/ ¢2dx—Ma/ H2dz
4M,, Q Q Q

2M MZ(P 1)
et et S /|vw|2dm

- 4\ M,
where
MQ, if p>1,
aP aC,
M, = it p— My=—"— a=9%
5 1, if p=1, 15 kar o Q)

a, if 0<p<l,
By Theorem 3.7, we get

AN Mo d2
T

; IVo|*dz < gl* /Q |Vo|*dz, where D} = (4.1)
1
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Therefore, if d; < D7, the inequality (4.1) becomes no sense and thus the assump-
tion is not ture. The proof is completed. O

Theorem 4.2. There exists a positive constant D3 := D3(A\y, My, M) such that
(1.3) does not admit a non-constant positive solution when dy > D3.

Proof. Suppose on the contrary that (1.3) has a non-constant positive solution
(u,v). Multiplying the first equation of (1.3) by % and integrating over by parts,
we have

dg/Q V| da = /Q {(1 +ulc(z)]:)(_lli)kﬁp) + 6:(_1: ];_}f) —(v— v)] pdx

_ / [ upy?~ ' oG
a L

2
— 2 |de.
1+ kor)(1+ kop) 1+ kov w] v

Recall fQ ¢dr < 0 in Theorem 3.4. By Theorem 3.1 and Poincaré inequality, we
obtain

2 PPt up? leM"];_l / 2
. 4.2
d2/ﬂ|w’| de < /Q A5 hon) 02500 < Nt kar) J, VOl de (42)

Let D3 = 71 2 : If do > D3, the i lty (4 2) be € ense, which
. mequadll . comes 1o sens 1C
27 M1+ kar) = b 7
shows there is no non-constant positive solution of (1.3). The proof is completed.

O

Next we show that when k is large enough, system (1.3) doesn’t have a non-

constant positive solution. It is a new phenomenon that the saturation law deter-
mines the formation of spatial patterns of system (1.3).

For convenience, we make a variable change w = u/k and system (1.3) becomes

kwvP

—di1kAw =a — Q

1 w=a 1+ ko’ x € $l,

kwvP

—do Ay = —— Q 4.3

2840 1 ¥+ k”l)p v, YIS ) ( )
ow  Ov
—=—=0 o90.
ov v ’ ve

Clearly, system (4.3) has a unique positive constant solution (w*,v*) = (a +

at=?/k, a).

Lemma 4.1. Assume that (w,v) is any positive solution of system (4.3). Then we
have a priori estimates for (w,v).

(i) If0<p< 1, then

1
Cis <v <a(l+

eswsallt o) svsallper)

where Cy, > 0 is a constant given in Theorem 3.2;
(ii) Ifp=1 and ak > 1, then

a’k ak —1 a’k
<v<

< < :
G=USETT i ak—1’




The non-existence and existence of. .. 3267

(iii) If either p>1 orp=1 and 0 < ak <1, then

c? alQ) cr

<wv<a(l
vsall+ pap)

<w<al(l
a<w<a( +kaP|Q|P)’ . =

where C, > 0 is a constant given in Theorem 3.1.

Proof. The proof can be obtained in the same way as in Theorems 3.1-3.3. O

Lemma 4.2. Fiz di,ds > 0 and assume that (wkﬂk) is a positive solution of
system (4.3). Then (wg,vi) — (a,a) in C*(Q) x C%(Q) as k — oo.

Proof. From the embedding theory and standard elliptic theorems using the equa-
tions in (4.3) and Lemma 4.1, we know that there exists a sequence k; with k; — oo
as i — oo, and (w,?) € C?(Q), such that (wy,,dx,) — (0,9) in C3(Q) x C*(Q) as
i — oo, where (wy,,0,) are the corresponding positive solutions of system (4.3),
and w is a constant and v satisfies

—doAv=w—0, €8, 0,0=0, =z

Thus, ¥ is also a positive constant, which combined with (3.2) or ¥ = a implies
w = ¥ = a. The proof is completed. O

Theorem 4.3. Fix dy,dy > 0. There exists K > 0, which depends on p,dy,ds and
Q, such that (4.3) does not admit a non-constant positive solution when k > K.

Proof. We first write w = £ + h with h = 0 and ¢ = R*. Denote
Ly ={ge L*@|g=0},  WI*Q) ={geW**(Q)| 9,9 =0, = € 99}

Tt is easy to find that discussing the solution of system (4.3) is equivalent to finding
the solution of the following system

(€ + h)oP

r
Ah—i—d—lP[a— T }_O,meQ
P
/[G_M}dm:Q
Q r+vP
1 P
Av—&——[M—v}:O, x € Q, (4.4)
dat r+P
oh  0Ov
5—5—0, xG@Q,
£>0, v(z) >0, T €,

where 7 = k~! and Pz = z — z. P is the projective operator from L?(Q2) to L3(9).
Obviously, (0,a + a'=?/k,a) is a solution of (4.4). Note that when r = 0, system
(4.4) has a unique solution (0, a,a). It suffices to prove that if r > 0 is small enough,
then (0, a,a) is the unique solution of (4.4). For this purpose, we further define

F(r,h,&,v) = (f1, f2, f3)(r, b, & 0) t RY x (L3(Q) NW22(Q)) x RT x W22(Q)
— L3(2) x R x L3(Q),
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where N
fl(r7h7£’v):Ah+d%P[a_%]7
= (€E+ h)oP
falrh&e) = / o — =5 14
h)vP
i

It is easy to see that finding solution of (4.3) is equivalent to solving F'(r, h,&,v) =
0. Note that system (4.4) has a unique solution (0,a,a) when r = 0. Simple
computations give

DeyF(0,0,a,a) : (L§(Q) NW(Q)) x R x W22(Q) = L§(Q) x R x L*(Q),

and
Ay

Dhe,)F(0,0,a,a)(y,7,2) = - /Q (y + 7)dx

1 1
Az — d—22+d—2(y+7)
Since A : LE() N W22(Q) — L3(Q) is invertible, D¢, F(0,0,a,a) is also in-
vertible. Moreover, D, ¢ ,1F'(0,0,a,a) can be verified to be surjective by simple
calculations.

By the implicit function theorem and Lemma 4.2, there exist positive constants
ro and g such that for each r € [0,7¢], (0, a, a) is the unique solution F(r, h,&,v) =0
in Bs,(0,a,a), where Bg, (0, a,a) is the ball centered at (0, a,a) with radius dy. The
proof is completed. [

4.2. The existence of non-constant positive solutions

In this subsection, we shall discuss the existence of non-constant positive solutions
of (1.3) using the theory of Leray-Schauder topological degree.

For later arguments, we define the function space X = {(u,v) € C*(Q)NC*(Q) :
ou =0, =000}, X, ={u=(u,v) € X:C < uv < ConQ} with
C,C > 0 which can be obtained in Section 3. Let E()\;) be the corresponding
eigenspace of A; and {¢;; : j = 1,2,---,dimE()\;)} be an orthonormal basis for
E(\), and X ;; = {ce;j : ¢ € R*}. We decompose X as

oo dim E()\;)
X = EBXZ and Xlz D X”
i=0 j=0
Define .
uY
di*(a— )
G(u) = L kor
2 s )
2 M 4 kor

Then (1.3) can be written as

—Au=Gu), z€9Q, du=0, =zecdQ, (4.5)
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and w is a positive solution of (4.5) if and only if
Lw)=u—(—A+T)"HGu)+u} =0

has a positive solution, where Z is the identity operator. Note that L(:) is a
compact perturbation of the identity operator, and so the Leray-Schauder degree
deg(L(-),0, X,) is well defined because of L(-) # 0 on dX,. Furthermore, we ob-
serve that

DuL(u*) =T - (-A+I)" " (A+1T),

where
. o _ | (@l +ka?) di(1+ kaP) s
A:=D,G(u") = P p—1—ka? |° W = (u*,v").

d2(1+k’ap) dQ(l‘FkCLp)

If Dy L(u*) is invertible, then it follows from [3] that the index of £ at uw* is defined
as
index(L£(:),u*) = (=1)°, (4.6)

where ( is the sum of algebraic multiplicities of the negative eigenvalues of D,, L(u*).
A direct calculation shows that, for each integer i > 0, X; is invariant under
D, L(u*), and £ is an eigenvalue of D, L(u*) on X; if and only if it is an eigenvalue
of the matrix \;Z — A.

Denote
doa? 4 di (1 + kaP — p) aP

A+

_ Ay 22
HA) = detWT = A) = X+ = ) didy(1 + ka?)’

(4.7)

From the discussions in Section 2, we know that if p > 1, max {0,ko} < k < ko + 1
and 0 < do/dy < 21, then H(A) = 0 has two positive roots Ay (dy,ds), where z; and
A+ (d1,ds) are given by (2.4) and (2.5), respectively. Moreover, by (2.6), we have
)\_(dl, dg) — O, )\+(d1,d2) — A\* when d1 — OQ.

Theorem 4.4. Assume that p > 1, max{0,ko} <k <ko+1 and 0 < do/d1 < 21,

11— kaP
where z1 is given by (2.4). If \* = W € (Am, Am+1) for some integer
m > 1 and Y dim E()\;) is odd, then there exists D1 > 0 such that (1.3) has at

=1
least one non-constant positive solution provided that di > D .

Proof. From the above arguments and A* € (Amy A1) for some m > 1, it follows
that there exists a constant D; > 0 such that

)\+(d1,d2) € ()\m,)\m+1), )\_(dl,dg) S ()\O;Al) for all dl Z 51.

We aim to show that (1.3) has at least one non-constant positive solution if d; > D;.
Prove the conclusion by contradiction and assume that the assertion is not true
for some d; = d; > D;. By Theorem 4.2, there exists D3 > 0 such that (1.3)
has no non-constant positive solution for all do > D3. Moreover, we can choose
dy = &\2 > D3 sufficiently large such that A* < A;. Then we have

0<)\_(d1,d2) </\+(d1,672) <)\1, 51 <d Sgl (48)



3270 G. Guo, F. Guo, B. Li & L. Yang

For t € [0,1], we define

~ p
[tdi + (1 — t)dy] " (a — —a—)
G(u, t) — ]-p+ kop 7
AR B DO LA
[tdg + (]. t)dz] (1 iy ”U)
and let
A(t) :=DoG(u*;t)
| Qtkan)ftdy + (1= t)di) (1 + kap)[tdy + (1 — t)dy]
- aP p—1—kaP

(1+ kaP)[tdy + (1 — t)ds] (1 + kaP)[tdy + (1 — t)da]

Think about the following problem

—Au=G(u;t), z€9Q, du=0, xz¢cd (4.9)

Obviously, system (4.9) has a unique positive constant solution u.. Note that u
is a positive solution of system (1.3) if and only if it is a positive solution of (4.9)
for t = 1. Since the operator (Z — A)~!: C(Q) — C(Q) exists and is compact, we
know that w is a positive solution of (4.9) if and only if u satisfies

Liwt)=u— (—A+ )" {G(u;t) + u} =0 on X. (4.10)
Further calculations to get

Dy L(u*;0) =T — (—A+TI)" 1 (A(0) +T),
DyL(u*;1) =T — (~A+T)" (A1) + ),

where
a? D
di(1+ka?)  di(1 + ka?
A(0) = 1 aj o) P l<1 i_ kgp)
dy(1+ ka?)  da(1 + kap)
d1(1—|—kaP) d1(1—|—ka1’)
A) = aP p—1—ka?
do(1 4 kaP)  do(1 + ka?)

Next, we calculate the number of negative eigenvalues of D, L(u*;1) on X.

Since X is composed by ?13 X;, we have
i=0

>

dim E(\;) = Y dim E(\;).
>0, H(X\;)<0 i=1

According to (4.7), we can obtain

~ aP
H(Xo,d1) = =

—— >0,
dyD3(1 + ka?)
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H(Ni,dy) >0 foralli>m+1,  H(A,dy) <0 forall 0<j<m.

m
Thus, 0 is not an eigenvalue of the matrix A;Z—.A(1) for any ¢ > 0, and ) dim E(\;)
i=1
is odd by the hypothesis. For ¢t = 0, Theorem 4.2 implies that £(u;0) has the only
positive solution u* in X, and from (4.8), it is easy to see that H();) > 0 for all
i >0and > dimE(\;) =0.
i=1
By Theorem 3.1, there exist positive constants C' and C depending on p, k, do
and |Q|, such that any positive solution (u,v) of (1.3) satisfies

C < u(z),v(x) < C on Q.

Let Q) = {u € X|C < u < C on Q}, then L(u;t) # 0 for w € 0Q;. By the
homotopy invariance of topological degree, we have

deg(L(+;0),0,91) = deg(L(+;1),0,4). (4.11)

According to our hypothesis, both equations £(u;0) = 0 and L(u; 1) = 0 have only
the non-negative solution u* in 4, and from the formula (4.6), we have

S dim E(\;)
deg(L(+;0),0,9;) = index(L(:;0);u*) = (—1)= —1,

ij dim E(\;)
deg(L(+1),0,9) = index(L(~1);u*) = (—1)= _

-

-1,

which is contradictory with (4.11) and thus the proof is completed. O

5. Steady-state bifurcation

In this section, we focus on a detailed qualitative analysis on the steady-state bi-
furcation for system (1.3) in one-dimensional space. Related works can be found
in [9,10,13,19,38]. Assume Q = (0,7) and consider the steady-state problem

P
—d1Au=a — %, x € (0,m),
uv?
_dQA'U = m -V, T € (0,7(-)7 (51)
u' =1 =0, r=0,m.

Furthermore, we shall give the structure and direction of bifurcation solutions. For
convenience, we translate (u*,v*) to the origin by the translation (u,?) = (u —
u*, v—v*) and still denote @, ¥ by u, v, respectively. Then (5.1) turns to the following
system

+ u*)(v 4+ v*)P
—du =a— (u 0
e R ¥ (R T v € (0,m),
* *\p
—do" = (u+u*)(v+v) —(w+v), z € (0,7), (5.2)

1+ k(v +v*)P

u =v =0, z=0,m.
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5.1. Local steady-state bifurcation

In this subsection, taking d; as a bifurcation parameter, we shall prove the existence
of positive solutions bifurcating from E*. The Crandall-Rabinowitz bifurcation the-
orem is used to derive bifurcations from simple eigenvalues. For the case of double
eigenvalues, we resort to some space decomposition techniques and the implicit
function theorem.

Let X = {(u,v) € W22(0,7) x W22(0,7) : ' = v =0, 2 = 0,7} and
Y = L?(0,7) x L?(0, 7). Define the map F : R x X — Y by

(u~+u*)(v+v*)P

1+ k(v+v*)P
(u+u*)(v+v")P o |’
1+ k(v +v*)P — (v +v7)

div” +a—

F(d,U) = U = (u,v).

dQU” +

Then the solutions of (5.2) are exactly zeros of this map. Clearly, F'(dy, (0,0)) = 0.
By calculations, the Fréchet derivative of F' with respect to U at (0,0) can be given
by

wA-_ P P X
L(dh) = Fir (d,0,0)) = AL PN e}
ik P8 T
whose characteristic equation is given by (2.3) in Section 2.
Define
(H1): p > 1+ ka? and ds < I%;akpap

In this section, we always assume that (H1) is true. Then there exists a largest

—1—kaP
L “ for1<i<i* Let p=0in (2.3).

int i* > 1 h that do)\; < —/————
integer +* > 1 suc at do T Jea?

Then we have

ap(1+d2/\i) .9

d1=d i = 5 )\z =
e Ailp — (14 d2 i) (1 + kaP)]

If we set
dy =di(p,di,d2) = Lin dy i, (5.4)

the local stability of E* is presented in the following.

Theorem 5.1. Assume p > 1 and k > max{0,ko} so that E* is locally asymptot-
ically stable for (2.1). Then the equilibrium E* is locally asymptotically stable for
(1.2) ifdy > (p—1—ka?)/(1+kaP), ords < (p—1—kaP)/(1+kaP) and 0 < dy < di;
the equilibrium E* is unstable for (1.2) if da < (p—1—kaP)/(1+kaP) and dy > df.

Proof. Ifdy, > (p—1—kaP)/(1+ kaP), we have

ap(l + d2)\1)

Di(k) = di\] e

p— (1 + dg)\l)] — > 0,

1+ kaP

for ¢ > 1. This implies that Reu < 0 for all eigenvalues p of L(d;) and E* is locally
asymptotically stable for (1.2).
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Ifdy < (p—1—kaP)/(1+kaP) and 0 < dy < df, we see do; < (p—1—ka?)/(1+
ka?) and dy < dy,; for 1 < ¢ < 4¢*, which leads to D;(k) > 0 for 1 <4 < ¢*. For
i > 1%, we see da); > (p—1—ka?)/(1+kaP) and then still obtain D;(k) > 0. Hence,
we have D;(k) > 0 for all ¢ > 1, which shows the asymptotical stability of E* for
(1.2).

If dody < (p—1—ka?)/(1 + kaP) and dy > dj, let the minimum in (5.3
be attained at j € [1,4*] and thus we have di; > d; j, which implies D;(k) =

dl)\j[ﬁp — (14+daj)] — % < 0. Hence, E* is unstable for (1.2). O

Note that d; ; may be equal or not equal to d; ; when ¢ # j. To obtain the bifur-
cation from the point (di 4, (0,0)) (1 < ¢ < 4p), our arguments will be divided into
two different cases, corresponding to that from the simple and double eigenvalues,
respectively.

Theorem 5.2. Assume that (H1) is satisfied. Then the following statements are
true:

(1) Ifi+# j implies d1; # d1; for arbitrary integers i,j € [1,4.], then (di ;,(0,0))
is a bifurcation point of F(di,U) = 0. Moreover, there is a curve of non-
constant solutions (di(s), (u(s),v(s))) of F(dy,U) = 0 for|s| sufficiently small,
satisfying d1(0) = dy 4, (u(0),v(0)) = (0,0), u(s) = s¢; + o(s),v(s) = se;p; +

o(s) , where ¢; = \/Ecosi:c, € =7

U

1+kap)(‘i:_d2>\i)_p, and di(s),u(s),v(s) are

continuously differential functions with respect to s;

(ii) Suppose that there exist positive integers i,j € [1,1*] and i # j such that
dl,i = dl,j = dl. Let

1 (1
€; e;
Xo={2) € X: [ (ye)ouds= [ (y+e2)05dn =0} (5.6)
0 0
1 2 1 2
A = —gcei — e, Ay = —coejej —cre; —ciej, As = 5026 T Aaf,
(5.7)
where
a? p
i = ) = , 5.8
S Gy ey w e My ;g ey s ey LG
and
_ paP _plp—1) —kp(p+1)a?
1= ——"""73 Ccg = 3 .
a(l + kaP) a(l + ka?)

If 1 +eief #0, 1 +ejef #0 and j = 2i (resp. i = 2j), then (Jl, (0,0)) is a
bifurcation point of F(dy,U) = 0. Moreover, there is a curve of non-constant
solutions (di(w), s(w)(cosw®; +sinw®; +W(w))) of F(d1,U) =0 for |w—wo|
sufficiently small, satisfying dy(wo) = givl, s(wo) = 0,W(wg) = 0, where wy s
any constant satisfying

(resp. tan®wy #
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and dy(w), s(w), W(w) are continuously differentiable functions with respect to
w.

Proof. It is obvious that the linear operators Fy,, Fyy and Fy, are continuous.
Recall that the operator

a? D
diil = 1+ kar 1+ ka?
L(dy ;) = Fy(dy,:,(0,0)) = aP P
do A + —
1+ ka? 1+ kaP

By simple calculations, we have
1
kerL(dy ;) = span{®;}, &;= oi,
€4

aP

(1 + k:ap)(l + dg/\z) —-p

where e; = . The adjoint operator is defined by

a? aP
di i\ — ————
L¥(dy ) — b 1+ ka? 1+ ka?
(di:) = » »
_ do A _
1+ kaP 28+ 1+ kaP

Similarly, we can obtain

1
kerL*(dy ;) = span{®;}, @ = i,
e

p

: . — * )L
p— (Lt kar) 1+ darg)” Since R(L(dy,;)) = (kerL*(d;4))—, we have

where ¢;* =

codim R(L(dy;)) = dimkerL(d; ;) = 1.

Finally, we see

A0 —Ai®;
Fa,u(dy i, (0,0)®; = ®; = )
00 0
and .
(Fa,0(dy4,(0,0))®;, ®F) = —)\i/ P2dr = —\; # 0, (5.10)
0

which implies Fyg,7(d1 4, (0,0))®; ¢ R(L(d1,;)). The proof of (i) is completed.
(ii) Suppose that there are positive integers 4, j € [1,4,] and i # j such that d; ; =
di,; = di. Then we have ker L(d;) = span{®;, ®;},ker L*(d;) = span{®;*, ®," } and

RL@) = {(5.5)7 € Y - / "yt e 2)dide = / "yt et2)byde = 0},
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Obviously, we have dim kerL(d; ) = codimR(L(dy )) =2. The Crandall-Rabinowitz
bifurcation theorem does not hold in this case. Next, we shall use the techniques
of space decomposition and the implicit function theorem to deal with the case of
double eigenvalues.

Rewrite the map FF: RT x X =Y as

dia +a— (uli ZZ)(i +*?;;)p
F(dy. (u,v)) = Notv)
1+k(v + v*)P
u Fl(u,v)
= L(dy) + ;
v F2(u,v)
where F?(u,v) = —F'(u,v) and
1 L o 1 2 1 3 3,4
F*(u,v) = —ciuv — 52V = 5Cauv” — ECav + O(Jul|v|?, |v|*), (5.11)
pa?
= ————"">35
! a(l + kar)?
¢y — P = 1) —kp(p+ 1)a?
a(l + kar)? ,
o = PP = 1)a” — kp(p + 1)a*
’ a2(1 + kar)® ’
oy = PO = D@ =2) — 4kp(p — D(p + D)a” + Kp(p + 1)(p + 2)a

a2(1 + kar)®

We make the decomposition X = X; @ X5 and look for solutions of F' = 0 in the
form

(u,v)T = s(cosw®; +sinwd; + W), W = (wi,wz)7",
where X; = span{®;, ®;}, X, is defined by (5.6) and s,w € R are parameters.
Define a projection P on Y by

u 1
1+ el

{/o (u+eiv)¢idz]<bi+1+eje;{/0 (u+6jv)¢]d4 ;.

Based on the assumption in conclusion (ii), we have 1+e;e;* # 0 and 1+e;e;* # 0.
By simple computations, we have R(P) = span{®;, ®;} = X; C Y, P? = P. Hence,
P is the projection from Y to X; C Y, and then decompose Y as Y =Y, © V>
with Y7 = R(P) and Ys = ker P = R(L(dy)).

Next, we use the implicit function theorem to prove the existence of non-constant
pairs (u,v). Fix wy € R for the time being and define a nonlinear mapping
K(dy,s,W;w) : R xR X X5 X (wg —d,wp+3J) =Y by

P
v

K(dy,s, W;w) = s’lﬁ(dl, s(cosw®; + sinw®; + W))

= L(dy)(cosw®; + sinwd; + W) + s(Fy, F5)7,
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where 152 = 7131 and

ﬁl = —c1(coswe; + sinwe; + wi)(e; coswe; + e sinwe; + wa)
1
- 563(COS wo; + sinwe; + w1 )(e; coswo; + e sinwe; + w2)2
1 . 9
— 562(61' coswe; + e sinwe; + wa)
1 .
- 604(61' coswa; + ejsinwe; + wa)® + o(|s]?).

Obviously, K(cjl, 0,0;wp) = 0. The Fréchet derivative of (dy, s, W;w) with respect
to (d1,s, W) at (dq,0,0;wp) is the linear mapping

K, ,s,w) (d,0,0; wo)(dy1,s, W)

- bi b;
= L(dl)W - d1>\1 COS Wo - dl )‘j sin wo
0 0
o big; b3
+5A;cos?wy + sA5 cos wq sin wy + sAssin’w ,
—¢7 —0ip; —¢3

where Ap, A; and Az are given in (5.7).

We further prove that IC(dl_y&W)(éivl, 0,0;wp) : RxR x X9 X (wg—d,wp+9) =Y
is an isomorphism. We can rewrite

Ic(dl,s,W)(gl'17070;wO)<dla S, W) = g/l + %a % S Yl and % S 1/27

and decompose

®i up oy Ug
=h1®; + , = ho®; + ,
0 V1 0 (%)
where
1—h
l-—e U !
hl = 1 : * # ) = (bw
+ €;€e;
V1 7h1€7;
1-h
1—e. U2 2
hy = —— 4 = 6
1 Lo ¥ ? 7
+ €€ V2 —hgej
Uz
and it is clear that , eYs.
U1 V2

Now, we divide our discussion into two cases j = 2i and ¢ = 2j.
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Case I. j = 2i.
In this case, we easily get

/qﬁ?gbjdx:\/i, /¢>i¢2dx:o and / (;s;”dx:/ $3dx = 0.
0 21 0 ! 0 o 7

2
Then we can obtain J € Y5 and we further need to decompose

_¢?
2 u D u
7 _ h3¢’j + 3 7 ¢z¢] _ h4<I)i n 4 7
—¢? U3 —¢id; V4
where
e —1 i /1 1 0,
e+1/¢¢]x 7eje —|—17é
U 2—h
3 _ ¢ 3¢j c Y27
U3 _¢ - h3e]¢]
ef —1 g 1 e —1
hy = — 2¢.dr = 1| — —L 0
! eie;‘—l—l/o 0i0idr =\ o e s 7 O
u Gip; — haody
! 7o € Ys.
V4 —¢ipj — haeid;

Some arrangements give
K:(dl’s’W) (Jl’ O’ O’ UJO)(dh Sa W) = @1 + %7
where

B =(—d1hi\; coswp + shgAs coswg sinwp)P;
+ (=dyha\;j sinwg + shzA; cos® wy)®; € Y7,

~ Ul U
% :L(dl)W — d1>\¢ COS Wo — dl)\j sinwo
U1 (%)
2 us . U4 .2 ;
+ sAq cos” wy + sA5 cos wo sin wy + sAzsin” wy €Ys.
v3 V4 —¢3
Let ~
K(dl,s,W) (d1,0,0;wp)(dy,s, W) =0. (5.12)

Note that L(d;) is an isomorphism from X, to Y3. Then (5.12) is equivalent to
% = 0 and % = 0. Based on the condition in (5.9), we get dy = 0,5 = 0
from #; = 0. Substituting them into % = 0, we have W = 0, which implies
K(dy,s,wy(d1,0,0;wp) is injective.
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~ U
We further prove ’C(dl,s,W)(dh 0,0; wp) is surjective. For any €Y, we find
(d1,s, W) € R x R x X3 such that

~ u
K:(dl,s,W) (d1,0,0;wp)(dy1, 8, W) = . (5.13)
v

According to the decomposition of Y, there exist a, 8 € R and (ug,vp) € Ya such
that

u Ug
(% Vo

Substitute it into (5.13) to get
—dyh1; coswg + shyAs coswg sinwy = «a,

—dihaAjsinwg + sh3 A4 cos?wy = B,

~ Uy U us
L(d1)W — dy \; cos wy — di\jsinwy + sA; cos? wy (5.14)
U1 V2 U3
2
Uy i uo
+5A5 cos wg sin wy + sAs sin? wy J =
Vg — 3 Vo
Due to wq satisfying (5.9) when j = 24, we have
di — J L Oéthl COS Wy — ﬁh4A2 Sinwo
! v h2h4)\jA2 Sil’l2 wWo — hlhg)\iAl COS2 wWo ’
_ Oéhz)\j tal’le — Bhl)\z
S =8 = .
h2h4)\jA2 SiIl2 wo — hlhg)\iAl COS2 wo
Substituting d; and 3 into the third equation of (5.14), we obtain W = L1 €
v

Ys, where

U UQ _ U _ Uz us

= + di \; cos wy + diAjsinwg — 54, cos? wy
v () U1 V2 U3
Ug ¢2
— 5A5 cos wo sin wg — §A5sin® wy I
2
V4 _¢j
U
= €Y.



The non-existence and existence of. .. 3279

Then we find

(dlasaW):(J17‘§aL71 )7

v

satisfying (5.12). This shows that K(dl,s,W)(dvla 0,0;wy) is surjective.
Therefore, IC(d17s,W)(£lvl,O,0;wo) is an isomorphism from RT x R x X5 to Y.
Apply the implicit theorem for

K(dy,s,W;w) =0, (5.15)

and we know that there is a curve of non-constant solutions (d; (w), s(w), W(w)) of
(5.15) (i.e. F =0) in a small neighborhood of wy, where d; (w), s(w), W(w) are con-
tinuously differentiable functions with respect to w satisfying dq (wp) = 671, s(wp) =
0,W(wo) =0 and W € Xy. Therefore, (di(w), s(w)(cosw®; +sinw®; + W(w))) are

non-constant solutions of F(dy, (u,v)) = 0.
Case II. i =2j.

™ T 1
In this case, we can easily get / qﬁ?d)jdm = 0, and / qbigzﬁfdx = \/2— # 0.
0 0 m

—?
Then " | €Y; and we decompose
2
o3 us Gid; ug
7] = hs®; + : 7] = he®; + :
—3 U5 —¢i¢; V6
where
us ¢? — h5¢; 1 oef—1
= ) ) h5 = 27 * 1 = h’47
U5 —¢7 — hseid; meie +
Ug i — heod; 1 e—1
- 5 hg - 27*71 - h3.
V6 —¢ipj — heej@; meje;

Therefore, we can assume that
’C(dl,s,W) ((Fih Oa 07 WO)(dla S, W)
:L(EZ])W + (—d1h1>\i coswg + shyAsz sin? wo)(I)i

Ui
+ (—diho); sinwy + shzAs coswp sinwg)P; — diA; coswy
U1
. U2 . Us
—diAjsinwg + sAs sin? wy
(%) (%5
2
. Ue o3
+ 8A5 cos wo sin wy + sA; cos® wy

Vg —¢7
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By similar arguments as in Case I, we can prove that IC(dhs,W)(gl, 0,0;wp) is an
isomorphism if wy satisfies (5.9). The conclusion will be derived from the implicit
function theorem. The whole proof is finished. O

Remark 5.1. It follows from the expression of d; ; that if ds, 4, j and p satisfy
d3(1 4 ka?)i?j% + do(1 + ka®) (i* + j%) —p =0,

then for ¢ # j, we have di; = dy ;. For example, taking a = 1,p = 3,k = 1.5 and
d2 = 0.039 leads to dy,1 = dj,2, which can be seen in Fig.9.

Remark 5.2. When j # 2i¢ and ¢ # 2j is not established, the existence of non-
s s

constant positive solutions of (5.1). In this case, we have / ¢f¢>jdx = / qb?(ﬁidx
0 0

= 0, which implies

— 2 — 2 —bih;
¢ %3 and 03 €Y,

62 )\ ¢ $ib;

and we do not need any more decompositions. However, Kq, s w) : (Eivl, 0,0;wo) R %
R x X9 — Y is not an isomorphism at this time. So we can not use the implicit
function theorem to obtain the existence result for the case that j # 2i and ¢ # 2j.

5.2. Global bifurcation structure

In this subsection, we extend the local bifurcation obtained in Theorem 5.2 (i) to the
global one. Let J be the closure of the non-constant solution set of system (5.1) and
I'; the connected component of J U {(dy 4, (u*,v*))}. We further study the global
bifurcation structure and get more information on the bifurcation curve I';. Our
method is based on the global bifurcation theory of Rabinowitz and Leray-Schauder
degree theory for compact operators.

Theorem 5.3. Under the same hypothesis of Theorem 5.2 (i), the projection of
the bifurcation curve T'; can be extended to infinity in (di,,+00). Furthermore,
if dv > di and di # dy; for any integer j > 0, system (5.1) has at least one
non-constant positive solution, where di is defined by (5.4).

Proof. We first rewrite system (5.1) as

aP P
n"no_ _ 1
—du' = T har 1+kaPU+F (u,v), =€ (0,m),
o o1 ko 2 (5.16)
no__
—dyv" = Trar T e v+ F*(u,v), z¢€(0,m),

where F?(u,v) = —F*(u,v) and F!(u,v) can be found in (5.11).
Denote Gg4, : I — 6 by the operator for the following problem

aP
1+ kaP

—dq10" + =1 in (0,m), =0 at z=0,m,

and Gg, : I — 6 for

— 1 — kaP
—d29”+p1+7kapa€=l in (0,71')7 9/:0 at Z‘ZO,TF.
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Let U = (u,v)T, then we have

a? 2(p— 1 — ka?)

p
K(d)U = ( Ga, (v), mGdz(U)'f‘ 1+ kap

1t kar B

Gdz (U))’

and
H(U) = (Ga, (F*(u,)), Ga, (F*(u,v))).

Then the equations in (5.16) can be transmitted to
U=K(d)U+HU,). (5.17)

Note that K(d;) is a compact linear operator on X for any fixed d;y > 0. H({U) =
o(|U]|) for U near zero uniformly on closed dy sub-intervals of (0,00), and it is also
a compact operator on X.

To apply the global bifurcation theorem in [31], we first prove that 1 is an
eigenvalue of K(dy,;) with algebraic multiplicity one. From Theorem 5.2 (i), it
is easy to see that ker(K(di;) — I) = ker(L(dy;)) = span{®;}. Hence, 1 is an
eigenvalue of KC(d;), and dimker(K(di;) —I) = 1. Since the algebraic multi-
plicity of the eigenvalue 1 is equal to the dimension of the generalized null space
U2, ker (K(d,;) — I)™, we only need to verify that ker(K(dy ;) —I)NR(K(d1;)—1I) =
{0}. Let K*(d1 ;) be the adjoint operator of K(d; ;). For any (¢, x) € ker(K*(d1 ;) —
I), we have

aP
1+ kaP

b

B 2(p— 1 — kaP)
1+ ka?

Ga,(X) = &, T far

Gdl,i (90) + Gdz (X) =X

By the definitions of G4, and Gg,, we have

—1—kaP aP
_ d /! — _p
2% 1+ kap <p+1—i—kapx7
dy " p—2— 2ka? 2(p—1—kaP)dy 2(p—1—kaP)dy; — aPdy
—d1X =

1+kar °  ar(l+ kar)ds © (1+ kar)ds

Simple calculations lead to

aP
ker(lC*(dl z) — I) = (ii; (51 = 1 + ka® (;31

7 polokat

1+ ka? 2

In addition, we know
T ~ 2d3a? (1 + kaP)
(DIT(I)LCZ = <0,
/0 * (14 kaP)[(1 + daX;)(1 + ka?) — p]

which means that ®; ¢ (ker(K*(dy;) — 1))t = R(K(d1;) — I). Hence, we have
ker(K(d1,;)—I)NR(K(d1,;)—1I) = {0} and the algebraic multiplicity of the eigenvalue
1 is one.

If dy # dy; is in a small neighborhood of d; ;, then the linear operator I —kC(dy) :
X — X is a bijection and (0, 0) is an isolated solution of (5.17). Define

i(I = K(dy) — H, (d1,0)) = deg(I — K(ds), B,0) = (~1)",
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where B is a sufficiently small ball centered at 0, and p is the sum of the algebraic
multiplicities of the eigenvalues of K(d;) that are greater than one. We next show
that the index changes when d; crosses d;;, which implies for ¢ > 0 sufficiently
small,

Z(I — K(dl,i — E) — H, (dl,i - 6,0)) =+ Z(I - ]C(dlﬂ' + 6) — H, (dlﬂ' + e, O)) (518)

Suppose that p is the eigenvalue of K(d; ;) with eigenfunction (¢, x). Then
(¢, x) satisfies

g = P
! 1+ kaP 1+ kar ™’
P 2(p— 1 — kaP) p—1—ka?
_ d 1 — a _ .
pazx 1—&—/{(11’<p+ 1+ ka? X 1+ ka? hx
Using the Fourier cosine series ¢ = Y. a;¢; and x = > b;¢;, we have
0<j<oo 0<j<o0
a? p
(T dis _
Z (1—|—ka1’+ 1A 1+ ka?
: aP 2(p—1—ka?) p—1—ka?
0<j<o0 — do)\;
! 1+ ka? 1+ ka? ( 1+ ka? 2 )p
s
X / ¢j =0.
b
The characteristic equation is given by
»
12— 2(p—1— kaP)u+ pa -0, (5.19)

aP + dl)\J(l + kap)

where the integer j is from zero to co. For di = dy;, if ¢ =1 is a root of (5.19), we
find that d; ; = dy ; by the definition of dy ; = d1 ; and so ¢ = j by the assumption.
Hence, without counting the eigenvalues corresponding to j # i in (5.19), K(dy) has
the same number of eigenvalues greater than 1 for all d; close to d; ;. Moreover,
they have the same algebraic multiplicities. On the other hand, for j =4 in (5.19),
let u(dy), f(dy) be the two roots of (5.19). Then we have

p—1—ka? — da);(1 + kaP)

w(dy ;) and  pi(dy ;) p—1—ka? + do); (1 + kaP)

If d; is close to dy ;, then we have i(dy) < 1. Since p(d) is an increasing function
with respect to di, we have

w(di;+¢e)>1 and p(di; —e) <1.

Therefore, K(d; ; +¢) has exactly one more eigenvalue which is greater than 1 than
K(d1,; — €) does. By a similar argument above, the algebraic multiplicity of this
eigenvalue is also one. Hence, we verify that (5.18) holds true. Therefore, using
Theorem 1.3 in [31], we conclude that I'; either meets infinity in R x X or meets
(d1,5, (u*,v*)) for some j # 4, di; > 0. Furthermore, by using of the idea of
Nishiura [28] and Takagi [35], the bifurcating curve I'; must be extended to infinity
in R x X. The proof is completed. O



The non-existence and existence of. .. 3283

5.3. Bifurcation direction

In this subsection, the direction of the steady-state bifurcation from simple eigen-
values obtained in Theorem 5.2 (i) is investigated.
It follows from Theorem 5.2 that

dim keI‘FU(dLZ‘, (0, O)) = COdimR(FU(dl)i, (07 0))) = 1,
and kerFy (dy 4, (0,0)) = span{®;}. So X and Y can be decomposed as
X =kerFy(di,,(0,0)® Z and Y = R(Fy(dys,(0,0)) @ Z,

where Z and Z are the complement of ker Fy;(d1 4, (0,0)) in X and R(Fy(d1 4, (0,0)))
in Y, respectively. By (5.10), we get

(Fayu(dyg, (0,0)®;, ®5) = —A; = —i° #0.
We first calculate d{(0). The expression (4.5) in [32] gives

B (Fyu(di i, (0,0))®2, ®F)
2(Fg,u(d1,i,(0,0))®;, ®F)

di(0) =
By calculations, we have
(Fuu(dii, (0,0)®F, ®F) = (ki + lie}) | ¢dx =0,
0

where k; = —1; and

o peil2aP 4 (p — 1)e; — k(p + 1)aPe;]

li =2c1e; + coej =
' ? a(l + kar)?

. (5.20)

Thus we get d{(0) = 0.
Continuing to calculate df(0), which can also be read from [32],

(Fyvu(di, (0,0))®2, ®F) + 3(Fyy(di i, (0,0)) 86, ®F)

dl'(0) = —
1'(0) 3(Fa,u (ds, (0,0))8;, &7 ’

where 6 is the solution of the following problem
Fyy(dy s, (0,0)®7 + Fy(dy i, (0,0))0 = 0.
Some calculations give

4 4 3
(Fuuu(di, (0, 0))<I>§’, o) = ﬁ(mz + nief)/ cos4(i:1c)dx = g(mz + nsel),
0

where m; = —n; and n; = (33 + cge;)e?.
Let 8 = (01, 63). Then it satisfies

Qs ——2 P g ket wc(0.7)
MO T T kar T T ke 2T 0 PRI
a? —1— ka?
d29’2’+1+kap91+p1+kap 0y = —1,¢2, x € (0,7), (5.21)

0/(0) = 0i(x) =0, i=1,2.
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Integrating (5.21) on [0, 7], and solving the linear equation group, we have

" 1 + ka?)l, "
by = — 1K / - (5.22)
0

0 aP

By calculations, we know that

<FUU(d17i,(O,O))<I>i0,<I>;-*>:Cf/ 91¢$dx+cg/ Or¢2dx,
0 0

where
. paPei(er —1) o peilef = Dia? +[(p—1) — k(p + 1)a]}

e a(l + ka?)?’ 2 a(l + kar)?
Multiplying (5.21) by ¢?, we obtain
™ P s s 3
N it — — ez_L/ezz_fk,
i [ ovstde— =2 [ onotin - s [ ongtde =~
2 [
dg/ 92¢d$+1+kp/ 91¢)d+ 1+/€p /02¢dl‘— l
(5 23)
Using integration by parts, we get
T /" 42 4i2 " 2 :
0} ¢idr = - 0;(1 —moi)dx, j=1,2. (5.24)
0 0

Substitute (5.22) and (5.24) to (5.23) to get

ap ) s p s

1i2dy ;) | 010%d ey
ST 1”)/0 107 er1+I~cap/o 20
422(1 + kap)lidl)i

maP

3
2T

a? i p—1—ka? . T 3
—_ 6, ¢2d  _4i%d / Or2ds = ——1;.
1 + ]fa,p /0 1¢’L €z + ( 1 + kap ? 2) 0 2¢’L T 271_

Solve the system above and then we have

(1 + ka?)C3 T 2i%dy ;1;(1 + ka?
B2 / 6167 dar= ,,Cf N i)
0 7O}

where
O} = 4i%[2dy i(p — 1 — kaP) — 8i%dy ;da(1 + kaP) — 3dza®] — 3aP (1 + ka®),
Ci = [aP — 4i*dy i(p — 1 — kP) + 4i®daaP + 16i*dy ;do(1 + kaP)].
In totally, we have

m;(1 —ef) +2m(C7 B +0252)
2T\,

Thus, by the sign of d{’(0), we can establish the following theorem to determine
the local bifurcation direction.

dlll (0) _

(5.25)

Theorem 5.4. The bifurcation from (dy,,(0,0)) obtained in Theorem 5.2 (i) is
suberitical if di’(0) < 0 and it is supercritical if dy'(0) > 0, where di’(0) is given by
(5.25).
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6. Numerical simulations

In previous sections, we establish the stability and existence of spatial pattern for
system (1.2) by the stability analysis, topological degree theory and bifurcation
theory, which indicate the rich dynamics in this system. In this section, we shall
give some numerical examples to illustrate the spatiotemporal patterns formation
corresponding to the analytical results obtained above. Let Q= (0,7). Then we
have A\ = 1.

Example 1. Take a =0.9,p =2,k =0.8,d; = 0.5,ds = 1 and (up, vp) = (1.8311 +
0.2cosx,0.9 + 0.2cosx). Then kg = 0.2346, z; = 0.021. The conditions kg < k <
ko + 1 and daz/d; > z hold true. By Theorem 2.2 (ii), the equilibrium E* is stable
for system (1.2). See Fig. 1.

0.95

: 0.8+
0.85
—" 100 ‘ 100
o P 0.7 4 P //

wn
n

0.95

IS
IS

N
N

0.85

0 20 4 60 80 100 0 20 40 60 80 100
Figure 1. The equilibrium E* of (1.2) is stable for a = 0.9,p =2,k = 0.8,dy = 0.5,d2 = 1.

Example 2. Take a = 0.9,p = 2,k = 0.23 and (ug,vo) = (1.3181 + 0.2cosx,0.9 +
0.2 cosx). System (1.2) has positive periodic solutions. See Fig. 2 for d; = 0.5 and
do = 1.

In addition, we also depict the trajectory graphs of the equilibrium E* for system
(1.2). Obviously, for Example 1, the equilibrium E* is asymptotically stable. See
Fig. 3. However, for Example 2, the equilibrium E* losses its stability and Hopf
bifurcation occurs. See Fig. 4.

Example 3. Take a = 1,p = 3,k = 1.3,dy = 1,d2 = 0.05 and (ug,v0) = (2.3 +
—1— kaP

0.2cosz,1+0.2cosz). Then ky = 1 and from (2.6), \* = W = 6.087 and

A1 = 1. Hence, by Theorem 2.3, the equilibrium E* is Turing unstable for system
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Figure 2. Positive periodic solution of (1.2) for a = 0.9,p = 2,k = 0.23,dy = 0.5,d2 = 1.
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Figure 3. The trajectory graph (left) and phase portrait (right) of (1.2) fora =0.9,p =2,k =0.8,d; =
0.5,dy = 1.
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Figure 4. The trajectory graph (left) and phase portrait (right) of (1.2) for a = 0.9,p = 2,k =
0.23,d1 = 0.5,ds = 1.
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(1.2). See Fig. 5.
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Figure 5. The equilibrium E* of (1.2) is Turing unstable for a = 1,p =4,k =2,d; = 1,d> = 0.05.

Example 4. Take a = 1,p = 3,k = 1.5,ds = 0.045 and (ug,v9) = (2.5 +
0.2cosz,1+ 0.2cosz). It follows from (5.3) that di 1 = 2.6968 and di 2 = 5.9.
By Theorem 5.2 (i), a steady-state bifurcation occurs at d; ;,% = 1,2. And by The-
orem 5.4, the direction of bifurcation from (d; 1, E*) is subcritical and the direction
of bifurcation from (d; 2, E*) is supercritical. See Fig. 6 for d; = 2.7 and Fig. 7 for
dy =5.9.

Example 5. Take a = 1,p = 3,k = 1.5,dy = 0.039 and (ug,v9) = (2.5 +
0.2cosxz,140.2cos x). It follows from (5.3) that dy 1 = di 2 = dAl = 2.5776. By The-
orem 5.2 (ii), a steady-state bifurcation occurs at d; = dAl, which is shown in Fig.
8, where we choose d; = 2.6. We must point out that this steady-state bifurcation
is from the double eigenvalue.

The neutral curves d; with respect to ¢« € R are shown in Fig. 9. Clearly,

di,1 # di,2 in the left of Fig. 9 and d; 1 = di 2 in the right of Fig. 9, which implies
the steady-state bifurcation in Figs. 6,7 are from the simple eigenvalue and that in
Fig. 8 is from the double eigenvalue.
Example 6. Take a = 1,p =4,k = 2,dy = 0.14 and (ug,v9) = (34 0.2cos5z,1 +
0.2 cos 5z). System (1.2) can induce spatially inhomogeneous Hopf bifurcation. See
Fig. 10 for d; = 1.9. Fix do = 0.14, we also find that as d; increases system (1.2)
can still present the steady-state bifurcation. See Fig. 11 for d; = 2.4.
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Figure 6. Steady-state bifurcation solution at the simple eigenvalue of (1.3) for a = 1,p = 3,k =
1.5, ds = 0.045. Here, di = 2.7.

di =5.9 di =59

Figure 7. Steady-state bifurcation solution at the simple eigenvalue for a = 1,p = 3,k = 1.5,ds =
0.045. Here d; = 5.9.
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Figure 8. Steady-state bifurcation solution at the double eigenvalue for a = 1,p = 3,k = 1.5,ds =
0.039. Here d; = 2.6.

Figure 9. The neutral curves d; about ¢ € N for a = 1,p = 3,k = 1.5. Left: do = 0.045; Right:
do = 0.039.
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Figure 10. Positive periodic solution of (1.2) for a = 1,p =4,k = 2,d> = 0.14. Here d1 = 1.9.

d =24
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Figure 11. Positive periodic solution shifts to the steady-state for a = 1,p =4,k = 2,d2 = 0.14. Here

dy = 2.4.
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