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NEW OPERATIONAL MATRIX OF
RIEMANN-LIOUVILLE FRACTIONAL
DERIVATIVE OF ORTHONORMAL
BERNOULLI POLYNOMIALS FOR THE
NUMERICAL SOLUTION OF SOME
DISTRIBUTED-ORDER TIME-FRACTIONAL
PARTIAL DIFFERENTIAL EQUATIONS

M. Pourbabaee®™ and A. Saadatmandi®

Abstract In this article, the orthonormal Bernoulli polynomials (OBPs) and
their properties are applied for concluding a general technique for forming a
new operational matrix of the distributed-order (DO) fractional derivative.
Then, we apply tau approach and obtained operational matrix to solve some
DO time-fractional partial differential equations including distributed-order
Rayleigh-Stokes problem (DRSP) for a generalized second-grade fluid and DO
anomalous sub-diffusion equation. Our methodology reduces the solution of
these problems to a set of algebraic equations. By analysis the error of ap-
proximation by the obtained matrix and comparing between the numerical
solutions and exact result, we can conclude that this operational matrix is
valid to solve the mentioned equations. Also, to confirm the accuracy and the
validity of our technique three examples are provided. Finally, we compare
obtained results from this approach with the achieved results from relevant
studies.
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ernoulli polynomials, fractional differential equations, Rayleigh-Stokes prob-
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1. Introduction

Recently, the study of distributed-order fractional differential (DOFD) equations
has generated a great deal of interest among researchers. DOFD equations provide a
more precise tool to build and illstrate some adequate models for certain dynamical
systems [29]. When the differential orders are integrated within the range of values,
so the DOFD operators appeared [8]. Most analytical methods are complicated
because the exact solution in these techniques obtained with the special functions
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and infinite series. So for numerical solutions, they are inconvenient. To date, there
are several papers published that have been widely studied on how to solve DOFD
equations. Generally, the construction of the new scheme becomes a two-stage
process. In the first step, a quadrature formulae was utilized to estimate the DOFD
equation to a multi-term fractional differential equation (FDE). In the second step,
we solve this multi-term FDE by a suitable numerical technique. Nevertheless,
analytical methods for solving DOFD equations are complicated forms, so in recent
decades, there seems to be a growing interest in the expansion of numerical methods
to solve DOFD equations. For example, Mashayekhi and Razzaghi [35] applied
hybrid functions for solving DOFD equations. Heydari et al. [27] introduced the
orthonormal piecewise Jacobi functions to solve the DO time-fractional Schrodinger
equation. Ye et al. [53] used a compact difference method for a DO time-fractional
diffusion-wave equation. Gao et al. [17] suggested two different methods of both
one-dimensional and two-dimensional DOFD equation. Heydari et al. presented
a numerical method for distributed-order time fractional 2D Sobolev equation in
[25]. We also refer the interested reader to [1,4, 7, 13-16, 23, 24,26, 37,39]. For
approximated the integral term, in definition of (DO) fractional derivative, Diethelm
and Ford applied the trapezoidal rule [12] and the midpoint rule was used in [37,54].
Also, the Simpson’s rule and the composite trapezoidal rule were used in [17,18].

In 2019, for the first time, we constructed operational matrix based on Legendre
polynomials for DOFD equations [41]. Also, we constructed the generalize of this
matrix by use of Miintz-Legendre polynomials in 2022 [42]. It is noted that we work
on these papers on the concept of Caputo fractional derivative. As far as we know,
to date there isn’t any operational matrix has been constructed to solve DOFD
equations by Riemann-Liouville (R-L) fractional derivative. In this study for the
first time, we construct operational matrix by orthonormal Bernoulli polynomials
for DOFD equations in the R-L type. The spectral tau approach and calculated
operational matrix are used to solve some DO time-fractional partial differential
equations. Our methodology converts the solution of this problem to a system of
algebraic equations. For this main we study a class of DO time-fractional partial
differential equations as follows:

GQ(Z7S) _ n(9) 82(](2’7{3)
- ()\+DT ) =49, zefol, Telowl, (LY
with initial condition:
q(2,0) = f(2), (1.2)

and the boundary conditions:

where Dg(ﬂ) denoted DO fractional derivative and 7(+)) is a non-negative smooth
weight function.

For A\ = 1 in Egs. (1.1)-(1.3), we obtain the DRSP for a heated generalized
second-grade fluid with DO time-fractional derivative. Hafez et al. in [20] applied
Jacobi spectral Galerkin method to solve this problem. As pointed by [20], in
order to study the behavior of the solution to DRSP, great attention was paid to
determine a closed-form solution for the particular case n() = (¢ + v — 1), where

€ (0,1) and §(.) display Dirac delta function. Recently, much attention has been
paid to the fractional Rayleigh-Stokes problem [9,11,52]. Certain classical problems
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can be considered as a special case of this model. The authors of [47] obtained the
exact solution of the velocity and temperature fields for this problem by using the
Fourier sine transform and the fractional Laplace transform. To solve this model,
effective numerical methods studies by the researcher, for example, the finite element
approach to the two-dimensional fractional Rayleigh-Stokes model was proposed by
n [11]. Mohebbi et al. [36] compared radial basis functions meshless technique and
compact difference method of two-dimensional fractional Rayleigh-Stokes problem.
Although, the spectral meshless radial point interpolation approach [48], compact
finite difference approximation [9], implicit numerical approximation scheme [50],
reproducing kernel method [33] and other methods [3,6,51,55] have been utilized
for solving fractional Rayleigh-Stokes problem.

For A = 0 in Egs. (1.1)-(1.3), we obtain the modified DO anomalous sub-
diffusion equation [2,32]. This model can be seen as an extension of the anomalous
sub-diffusion equation. The authors of [32] used backward difference method in time
and Galerkin finite element method in space, for solving this equation. Also, the
authors of [2] proposed meshless Galerkin method based upon the shape functions
of reproducing kernel particle method to solve this problem.

A plan of this article organized is as follows: Some basic properties and defi-
nitions of OBPs and fractional derivative operators are prepared in Section 2. In
Section 3 by using OBPs the new operational matrix for FDEs and DOFD equa-
tions are constructed. Section 4 is devoted to the numerical method for solving the
problem given in Egs. (1.1)-(1.3). In Section 5 we obtain the upper error bound for
the operational matrix. Section 6, include our numerical findings and demonstrate
the good performance of the developed approach. Finally, in Section 7 we conclude
with a few concluding remarks.

2. Bernoulli polynomials

Bernoulli polynomials have received considerable attention in numerical analysis.
The classical Bernoulli polynomial of uth degree is defined on the interval [0, 1]
as [19]

Bu®) =Y g,

= (u—¢)k!

in which B.,¢ =0, ...,u are Bernoulli numbers and determined by

T =3
exp(¥) -1 gﬁgﬁ'

Bernoulli polynomials have a lot of useful properties, but they have no orthogonal
properties. In some numerical methods, the orthogonality properties are particu-
larly. So using these polynomials are less appropriate than orthogonal polynomials
such as Chebyshev and Legendre polynomials. To overcome this problem the Gram-
Schmidt orthonormalization process on sets of Bernoulli polynomials of different
degrees are used. For a particular case, on the interval [0, 1] we have [40]

(%) =1,
01(%) = V3(2T - 1),
02(%) = V5(632 — 63 + 1),
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05(%) = V7(20%% — 30%% + 12% — 1),
04(%) = 3(70%* — 140%3 4+ 90T — 20T + 1),
05(%) = V11(252%° — 630T* + 560%> — 210%2 + 30 — 1).

We can find a pattern in the coeflicients of this polynomial by analyzing these coef-
ficients and then introducing the shifted OBPs. So we have the following definition.

Definition 2.1. The OBPs on the interval [0, c| are defind as [22,46]

14 2u — u 2u—g¢ \ gu-s
O, (%) = \/72(—1)< —= U0 (2.1)
s=0 S

Thus, these polynomials satisfy the orthogonality properly as follows [46]

/ 01 (T) Oy o ()T = 8yy, 75 = 0,1,2,...,
0

where 0,.5 displays the Kronecker delta function.

Remark 2.1. Some of the advantages of Bernoulli basis functions are: (i) as said
in [5] Bernoulli basis functions, in comparison with some basis functions provide
more accurate approximations of the problem solution with a fewer number of basis
functions. (ii) The OBPs are simple basis functions, so the implementation of the
Bernoulli operational matrices method is easy. (iii) As said in [34] the Bernoulli
polynomials have fewer terms than shifted Legendre polynomials (SLP). Also, the
coefficient of individual terms in Bernoulli polynomials is smaller than the coefficient
of individual terms in the SLP.

Definition 2.2. The left R-L fractional derivative of order ¥ of ¢(%) is given by
the following formulae [40]

1 an

RL py» _ a
20 = F =) a

T
/ (T—s)"""1g(s)ds, n—1<¥9<n, neN.
0

Here, T'(.) is the the Gamma function.

It is noted that the R-L fractional derivative of the power function satisfies [31,
40]

RLpigs — - I'@o+1)

mséiﬁ, n71§19<n, 5>*1, §€]R (22)

Also, the R-L fractional derivative is a linear operator.
Definition 2.3. The Caputo fractional derivative of order ¢ of ¢(%) is given by

[21,40, 45]

1 T
——— [F(T—s)" Vg (s)ds, n—1<¥<n, neN,
DY) = ¢ =)
4q(2), 9=neN.
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Lemma 2.1. The R-L fractional derivative and the Caputo fractional derivative
satisfy the following relation [31]

Ty

" D3q(T) = “Diq(T) + Z T(s+1-

<=0

(2.3)

so these two fractional derivatives are equivalent if and only if q(g)(O) =0, ¢=

0,...,n—1.

Definition 2.4. For ¥ € (0,1),n(9) >0, n(¥) #0 and 0 < fol n(9)dd < oo, the
distributed-order fractional derivatives in the R-L is defined as [29]

DI g(3) = / 1 n(9) R DL q(T)dv, (2.4)

similar to the R-L fractional derivative, the DO fractional derivative is a linear
operator.

For the approximation of the integral in Eq. (2.4) we use the Gauss-Legendre
quadrature formula on the interval (0, 1) as

1 Y
/0 D) FEDLg(T) = S wpn(en) *E DL o(3), (2.5)
r=0

where {w, }X_, are the corresponding quadrature weights, and {e,}Y_, are Gauss-
Legendre quadrature nodes on the interval (0,1) [28].

Let G = L?[0, ] and ¢(T) be a square integrable function defined over G, then
¢(%) may be expressed in an OBP series as [22]

= i 0Oy, (F)
u=0

where o, = fow ()0, (%)dT, u =0,1,.... We can consider the following
truncated series for ¢(%) as

0(T) ~ qr(T) =D 0uOum(T) = AR 5(T), (2.6)

where
A = [Ozo7 Qlyenny, OéR]T, HR)W(‘Z) = [GO,w(‘I); @Lw(‘Z), ey @R,W(S)]T. (27)
Similarly, a function ¢(z, %) € L?([0,L] x [0,w]) can be approximated by OBPs as
R R
D)= > Ou=(T)0;1(2) = g (T)QMRL(2), (2.8)
u=0 j=0

where the OBP vectors Il (%) and IIg ) (z) introduce similar to Eq. (2.7). The
shifted coefficient matrix Q is also given by
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where

L w
Qyj = / / 4(2,%)0y,x(2)0,.(2)d¥dz, ju=0,1,...,R.
o Jo
Lemma 2.2. The operational matrices of integer derivative of the vector Ilg (%)
are defined as:

d°'Ig (%)

e = DIz (%) where D) = (DW)s, (2.10)

Here DY) is an operational matriz of integer derivative [22].

Also, the integration of ITp (%) from 0 to T can be displayed as

/ : I o (T)dT ~ PIIg (%), (2.11)
0

where, P is an (R 4+ 1) x (R + 1) operational matrix of integration and, similar
to [49], given by

1
L 75 0 0
-1 1
vis Y s 0
w —1
PZE 0 s 0 (2.12)
: 0 S S
(2R+1).(2R+3)
0 0o - ——=t 0

V/(2R—1).(2R+1)

3. Constracting new operational matrices by OBPs

The main contribution of this section is to construct operational matrices for R-L
fractional derivative and DO fractional derivative by using of OBPs. At first we
obtained operational matrix for FDE as follow:

Theorem 3.1. Let Il (%) be orthonormal Bernoulli polynomials vector defined
in BEq. (2.7) and 0 < 9 < 1, then

Dy o (T) = D e o (T), (3.1)

where @1~ is the orthonormal Bernoulli operational matriz of R-L fractional
derivative of order 1 — 4 that defined as

X(O’O) X(Ovl) X(OaR)

DU = | x(w,0) x(w,1) -+ x(w,R) |- (3:2)

X(R7 O) X(Ra 1) e X(Rv R)
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Where x(u, h) is given by

X (u, h)
VR IVET
(*1)§+T (u) <2u—§) F(1*C+u) (h) (Qh—r) Y
u h ¢ u—c . P
XczOr:O u+h—c—r+NHlu+v9—g) . (3.3)

Proof. Using Egs. (2.1) and (2.2) we have

[u 2u—g
S

(1)
_ [142u < s/ \u—¢ e
RLD% ﬁG)u,w((Z) _ — Z —— RLD% ﬂrzu S (34)
s=0

w* < T(u+9 —)

(=1)° I(l—¢+u)
1+ 2u — S u—g ‘
— SU"F’&—R—l’
Ve X

0<u<R.

Now, we approximate T~ <~1*7 based on OBP series as

R
T 2 Y 0y, (), (3.5)
h=0
where
h 2h —r
e )
14 2h r -r “
dy = $u7§71+19cshfrd(z
R e
1) h 2h —r T
\/m : r) \ v
_ 3.6
w ;0 wh=r(u+h—g—r+19) ’ (36)
o)

RLD}I_ﬁ@u;zxr ((I')

(=1)° I(l—¢+u)
_ /2u;1§“: S u—g

wt—<T(u—¢+ 1)
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<_1)T " 2h=r o4—sth—r+d
R h
1+2h r h—r
R
"2 o= () (3.7)
h=0
where x(u, h) is given in Eq. (3.3). -

By applying the linear property of DO operator and by utilize of Gauss-Legendre
quadrature formulae we present the next lemmas:

Lemma 3.1. Letu € N.¢ € Z and ¢ < u, then D" T4 can be approzimated as

wpn(e)I'(u—¢+1)
Fu—s+e)

Y
DIgs o N g g, = : (3.8)

r=1

where {w,}Y_; and {e,}Y_, are the weights and the points of the Gauss-Legendre
quadrature rule respectively.

Proof. According to Egs. (2.2) and (2.5) this proof is complete. O

Theorem 3.2. Suppose Y € N;J > 0, by applying the Gauss-Legendre quadra-
ture rule we can obtain a new operational matriz for DOFD equation by OBPs as
following:

DI, o (T) ~ DN (),

where

DOD) ~

Here @) s the (R+1) x (R+1) orthonormal Bernoulli operational matriz for
DOFD equation and foru=20,...,R and j =0,..., R we have

()= Y

¢=0r=1

(=1)s [u) [2u—¢ wn(e)T(1 - +u)
wh—s ¢ ( )

"¢ Fu—c¢+e)

3 2j -t oWter—s

(=D
[2j+1¢ t)\i—¢
X . 3.9
w ZZ:% ut+j—c—~L+e (3.9)
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Proof. By considering Lemma 3.1 and linear property of DO operator and by
using Eq. (2.1) we have

D10, (%) (3.10)
_ AT e (o) (29 po
[ wh e < u—c
M+ 1 e (—1)5 [u) [2u—¢
~ > do, Tl 0 <u< R,
w wh*
¢=0r=1 S u—gq
Naturally, we can approximate T*~<~1*¢ by truncating series OBPs as
R
T N b0, 2(T), (3.11)
§j=0
in which
by — / qu-slteQ, (T)dT

0
_ 2j +1 i (_;[)Z j 2j —¢ /w (SufgflJre,.ijéd(S
w e\ j—t )70

e [) [P meere
2+ 1 t J—t
=/ . 3.12
w ; u*§+j*£+€r ( )

Combination of Egs. (3.10)-(3.12) conclude that

R

Y
9 211 4 1 u —1)¢ u 2u — S
= S = EONSTINE
w w i
¢=0r=1 S u—gq Jj=0
R u Y
ou+1 s [u 2u—g
A= H = dabs | ©n()
w whTe
=0 ¢=0r=1 (q u—gq
R
=3 (.0)0,=(). (3.13)
§=0

where ((u,j) is given in Eq. (3.9). So the following vector form is held for Eq.
(3.13)

DE"0u=(T) = [((1,0).¢(w. 1), ... C(w R M (T), u=0,.. R (314)

which completes the proof. O
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Remark 3.1. Let n(J) = §(9 — s), witch s € (0,1) and 6(.) is a Dirac delta
functiAon. If we consider Y =r = 1,¢, = s and w, = 1 it is uncomplicated to see
that (") = ©1=?9) Tn the other words the operational matrix of DO fractional
derivative calculated in Theorem 3.2 is generalized the operational matrix of R-L
fractional derivative which is given in Theorem 3.1.

4. Solving problem (1.1)-(1.3)

In the current section, we applay the new operational matrix D) together with
tau method to solve DO time-fractional partial differential equations given in Egs.
(1.1)-(1.3). According to Eq. (2.8), we approximate ¢(z,T) by OBPs as ¢(z,%) ~
Hg’w(S)QHR,L(z). So, by using Eq. (2.10), we can obtained

0%q(2, %
TaEE) o, (0 QDT (). (4.1)
Also, we approximate h(z,%T) as

b(2,%) ~ Il (T HI R (2). (4.2)

Here H is the known matrix and Q is an (R+ 1) X (R + 1) unknown matrix. Now,
by integration Eq. (1.1) from 0 to T and using Eq. (1.2) we have

T a2 T 2 T
q(z,l)—f(z)z)\/o wczm/o D (W) dS+/0 b(z, T)dT

(4.3)
Expanding f(z) by OBPs we obtain

f(z:T) ~ > §,0,.(z) =Of o (T)FIIg . (2), (4.4)

1M

here F is a known (R + 1) x (R + 1) matrix and can be displayed as

fOfl"'fR
F =

Now, by using Egs. (2.11) and (4.1) , we have

32
/ az2 94=3) ye /HT (2)QDP IR (2)dT
0

(/ % d‘S) QDPTIp, (2)

~ I}, (TPTQDP I (). (4.5)
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Similarly by using Egs. (2.11) and (4.2) we obtain
T T
/ h(z,%)dT ~ / O} (DHIIR(2)dT ~ T} (TP HIIR(2).  (4.6)
0 0

Employing Eq. (2.11) and Theorem 3.2, we get

/ pr? (8 ‘gjf)dz ( / prIm, >df> QD@1Lp ()

~ ( / ng,w(s)dz) @ONTQD I (2)
0
~ I} (TP (D) QD (2). (4.7)

By combination of Eqgs. (4.3)-(4.7) we can write residual Ug(z, %) for Eq. (1.1) as

Ug(z,%) = Ig (%) [Q ~F-P7QD® - PT(®")TQD® — PTH} Ip.(2)
= I}, o (DEM R (2),

where
E=Q-F-AP7TQD® — PT(D"NTQD® — pTH.

By considering the tau method we create the following linear algebraic equations
E,;=0, 0<u<R, O0<j<R-2 (4.8)

On the other hand by substituting Eq. (2.8) to boundary conditions given in Eq.
(1.3) we get
O} . (T)QME,(0) = g1 (%), (4.9)

I} ,(T)QMzL(L) = g2(%). (4.10)

Now we collocate Eqs. (4.9) and (4.10) at the shifted Legendre roots ¥, where

1 <u < R+ 1. Thus by combination Egs. (4.8)-(4.10) we obtain (R+1) x (R+1)

algebraic equations. The number of the unknown coefficients «,; is equal to (R +

1) x (R4 1) and by using any standard numerical algorithm to solve the calculated

system, we can obtain «,,;. In this work we apply the fsolve command in Maple to
solve this algebraic system. Consequently ¢(z,¥) can be computed via Eq. (2.8).

5. Upper error bound for operational matrix D)

In this section, we obtain an upper error bound for operational matrix D),
Here, we assume w =1 and 0 < ¢ < 1.

Theorem 5.1. Suppose that I' be a Hilbert space and S be a closed subspace with

finite dimensions of T and {$1, $2,--- ,Sgr} is any basis of S. Let x is an arbitrary
element in I, then it has a unique best approximation out of S such as z* and we
have [10, 30, 3]

G(x, $1,82,...,8R)
G($1,892,...,5R)

lw = 2" =

9
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where

<z,x> <x,8> -+ <x,Sp>
o X < S, > < S1,81 > -0 < §1,Sp >
G($7S1,827"' ,SR) =

< Sp,x > < SR,§1 > -+ < SR,SpR >

Theorem 5.2 ( [44]). Assume q( ) € L?[0,1] and qr(%) is the best approzimation
of 4(T) out of {©0,1(%),01,1(T), -+ ,Or1(T)} as

R
T) =Y au®,1(T) = ATHR (D),

where A and IIg1(%) are defined in Eq. (2.7). So we have
Am 19(%) — qr(T)[2 = 0.
— 00

Also, the error vector E33 o) is an approximation of the DO fractional deriva-

tive of Iz 1 (%) by employing DMW) ig given by

9
6d0

9
~ ed
E%(nw)) = D""p (T) - DR, (T) = '

9
_edR -

According to Eq. (3.11) when we approximated T*~<~!*¢ we have

R
gu—sTlter Z bgrj@jJ(T),

=0

where b,,; calculated by the best approximation. By consider Theorem 5.1 we get

R
Tu—{-‘r&-—l _ Z bqrjej,l(‘z)

j=0 9

_ (G(‘ILL_C_H_S", @0’1(3)7 @1,1(‘2), ey ®R,1(‘I>)) 3
G(00,1(%),01,1(%),...,0r1(%))

(5.1)

Furthermore, by considering the integration error, Eq. (3.10) can be written as
D”w)@ug(‘f)
u 2u—g

=Vvit2u) (-1 D) gu=s

s=0 S u—g
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u u o — S Y
=Vi+tau) (- D d T T 4 M(T) (5.2)
<=0 S u—g r=1
u Y . u u ou — S
=3 ) By T 4 VI (—1)° x M(%),
s=0r=1 <=0 S u—gq
where
u 2u—g
Buor = V14 2u(—1)° X dey.
S u—g

It is noted that M.(%) is the error of estimate integral by Y-point Gauss-Legendre
quadrature formula. M, may be estimated as [38,41].

T d2Y

4Y 492

where ¢ (%,¢) = n(¥) BLD'=Y%F4=< For fixed T € [0,1] and by this assumption
that ¢ (T, &) € C?Y([0,1]) we have

2 d2Y¢ ‘If 7T.2
@i = [P [ Ao < e s

M(%) ~ ¢(%,6), §€[0,1], (5-3)

where

2Y
ﬁgzmax{|d;€;§,£),0<ﬁ,‘z<l}, ¢=0,...,u.

Now, by using Egs. (3.13) and (5.2) we get

R
= |[D"0,1(F) = Y ¢(4,5)0;1(%)
Jj=0 2
u 2u—¢
S IS <+‘T‘1+m2 M
¢=0r=1 s v
R
=D C(,)©;1(T)
Jj=0 2
v R
S ZZB ‘Iu ster—1 ZC u _7 51
¢=0r=1 2
u fu 2u—g
VT Y (-1 M(3)
«—0 S u—g 2
u Y L

SN BT =3NS Bua b 0,4(3)

¢=0r=1 7j=0¢=0r=1 9
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b u 2u—g
H{VIF2u) (1) M (%)
s=0 S u—g
2
u Y R
<Y Buor | T =3 T he0,4(F)
¢=0r=1 7=0 9
U u 2u—g
HVIFt2u) (-1 M.(3)| . (5.5)
=0 S u—g
2
Also, by employing Eq. (5.4) we have
u 2u—¢
‘mz M.(T)
S u—g
2
b u 2u—g¢ T
<Vit2u) A, (5.6)
_ 4
s=0 S u S

where A = max{f;,¢ =0,...,u}. Finally, using Eqgs. (5.1), (5.5) and (5.6) we get
a switable bound for ||egu |l2 as following

u Y ) N
Tu7g71+er,@ %),011(%),...,0 T 2
lled [l2 < ZZ uw( 0,1(%),01,1(%) R ( )))

G(00,1(%),01,1(%),...,0r1(%))

2u—g\ Anr

47, u=0,~-~,R. (57)

u
+V2u+ 1 Z
<=0

S u—g¢

By considering the above discussion and Theorem 5.1, it can be concluded that
by increasing the number of OBP bases and the number of quadrature points, the

vector E@m(ﬁ)) tends to zero.

6. Numerical results

In this section, to illustrate the efficiency of our numerical method, we give three
examples. All the symbolic and numerical computations were performed by using
Maple 17 in a personal computer with 2.20 GHz, Core i7, and 8 GB of memory.

Example 6.1. Firstly, we apply the proposed method on the next modified DO
anomalous sub-diffusion equation on a region = (0,1) x (0,0.5) as follow [32]

3q(z,‘$)_ ! RL 1—9 82(1(27‘5)
b5y _/OF(ﬂ—i—Z) D (822>d19+h(z,5),

with boundary conditions

and with initial condition
q(z,0) =0,
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Figure 1. The absolute error function for R = 4,Y = 6, of Example 6.1.

where h(2,T) = 2T22(1 — 2)? — 4511_53 (622 — 62 + 1). The exact solution of this
example is ¢(z,T) = 22T2(1 — 2)2.

Table 1. Comparison of the L2-error for the present method with the method in [32] for Example 6.1

present method (R = 4) Method in [32]
Y L2-error T L2-error
2 2.90 x 1076 1/16 7.92 x 107°
3 3.43 x 1078 1/32 1.97 x 107°
4 1.26 x 1079 1/64 4.78 x 1076
5 1.60 x 1079 1/128  1.08 x 107¢

The graph for the absolute error function |¢(z,%) — qr(z,%)| with R = 4 and
Y = 6 is plotted in Figure 1. Also, the comparison of L2-error for our method and
the result obtained by using the Galerkin finite element method given in [32] re-
ported in Table 1. From this table, we see that our method has better results if com-
pared with the method in [32] which uses mid-point quadrature rule with 40 points.
For discretized the appeared integral we use Y-point Gauss-Legendre quadrature
formula. Note that this formula is more accurate than mid-point quadrature rule.

Example 6.2. To demonstrate the ability and reliability of the presented method
for the DRSP, we consider the following test [20].

dq(z,%) 9%q(2,%) D*q(z

1
o9(z %) _ RL 1y1—9 )
0% /0 ) D (g Wt 5

(2,%) € 10,1] x [0,1],

9)

+(2, %),

In this example, by considering the exact non-smooth solution in time direction
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q(z,%) = e*T"*2 we can obtain the boundary conditions, initial condition, and the
function h(z, T). We consider three cases for weight function as follow:

o Case i n(¥) =0(W+a—-1), 0<a<l, k=1,
e Case 2: n() =00 +a—-1), 0<a=k<1,
e Case 3: n() =T(¥+k+2), k=0.5,1.5,2.

Table 2. Casel: Comparison of the L®-error of present method in Example 6.2

o CFDA [9] SGM [20] Present method
2 =ht= N=M=5 N=M=10 R=5 R=10
0.1 3.05x10°° 278 x 107%  2.66 x 10~8 45x%x107% 3.2x10°10
0.3 578x107° 3.74x107%  377x10°8 47x107% 1.9x107°
0.5  6.46 x 107° 428 x 1076  3.89 x 1078 44 %1076  47x107°
0.7 643 x107° 3.81 x 1076  2.40 x 108 5.2x107% 6.5 x 1077
09 6.22x107° 2.66 x 107¢  5.96 x 107? 5.1x107% 38x107?
Table 3. Case2: Comparison of the L -error of present method in Example 6.2
a=k INAS [50] RKM [33] Present method
2 _ 14 2 14 1 _ _
™ =h'= ¢ =h' = 5z R=38 R=12
0.5 7.62 x 1074 1.63 x 10~* 1.02 x 107* 1.60 x 1075
0.6 8.42 x 1074 1.78 x 10~* 761 x 1075 1.12x107°
0.7 9.25 x 10~4 1.91 x 104 511x107° 7.1x 1076
0.8 1.01 x 1073 2.03 x 107* 291 x1075 3.7x10°6
0.9 1.11 x 1073 217 x 1074 1.25x107% 1.4 x 1076

Table 4. Case 3: Comparison of the L?-error and L>-error of present method for Example 6.2 with
Y =6

R k=0.5 k=15 k=2

L?-error L*>-error L2-error L*°-error L?-error L*>°-error
5 7.42x107% 8.21x107* 3.25 x 107°  2.81 x 107* 9.52x 1077 5.10 x 1076
10 1.60 x 107¢ 3.71 x10~° 1.60 x 1077 2.90 x 10~6 1.44 x 10711 2.01 x 10710
15 1.07x 1077 5.81 x 1076 429 %1079 2.01 x 1077 9.78 x 10711 1.80 x 107°

The weight functions for cases 1,2 are Dirac delta functions. So according to
Remark 3.1 and by considering » = 1 we can use operational matrix obtained in
Theorem 3.1. In this example, we compare the L>-errors of our method for cases
1,2 with the spectral Galerkin method (SGM) [20], method in [9], method in [50]
and method in [33] in Tables 2 and 3, respectively. It is obvious in these tables
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Figure 2. The L2-error for Casel (left) and Case2 (right) for Example 6.2.

that even for small choices of R and for special weight functions the results are
accurate. Also, Figure 2 shows the graph of the L?-error for specified values of «
and different values of R. Furthermore, Table 4 presents L?-error and L>°-error
results with applying the proposed method for Case 3. These results are in perfect
agreement with the exact solution.

Example 6.3. For the last example we consider another modified DO anomalous
sub-diffusion equation as follow:

3‘1(373)_ ! RL y1—9
o7 _/0 r'(2+9) Dz (

9%q(2, %)

5 )dIh(=T), Q€ (0,1)x(0,05), (6.1)

with boundary conditions
and initial condition
q(z,0) = 0.
The exact solution of this example is q(z,T) = T?sin(272) and

872 sin(272)T(T — 1)

h(z,%) = 2% sin(27z) + (D)

Table 5. Comparison of the L?-error via Y = 3 and various values of R in Example 6.3

R 3 5 7 9 11
L?error | 219x 1072 1.15x 1073 3.86x 107° 1.08 x107% 6.63 x10~7

Table 5 shows the L2-error for Y = 3 and various values of R. It is found that
in Table 5, as R increases, the L2-error decrease. Also, Figure 3 shows the graph of
the absolute error function for R = 13 and Y = 5.
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Figure 3. The absolute error function with R = 13,Y = 5, for Example 6.3.

7. Conclusion

In this article, by using OBPs, we construct new operational matrices of fractional
derivative and DO fractional derivative of the R-L type. By applying these matrices
and the spectral tau method, effective and simple numerical method was developed
to solve some DO time-fractional partial differential equations. Also, in Section 5,
the upper error bound for operational matrix ©(¥) was obtained. In this paper,
for discretized DO we use of Gauss-Legendre quadrature formula. Some examples
were presented in order to confirm the effectiveness of the obtained results. From the
results reported for Examples 6.1 and 6.2 we can conclude that the presented method
get to the exact solution with fewer quadrature point, while some papers such as [9,
32,50], use the more number of quadrature points. A direction of future research
is to apply an operational matrix obtained in this work for solving other classes
of DOFD equations such as DO time-fractional diffusion-wave equation. Also, the
technique presented in this paper can be developed to construct an operational
matrix of DO fractional derivatives based on other orthogonal functions.

Conflict of interest

All authors declare that they have no conflicts of interest.

References

[1] M. Abbaszadeh and M. Dehghan, An improved meshless method for solving
two-dimensional distributed-order time fractional diffusion-wave equation with
error estimate, Numer. Algor., 2017, 75, 173-211.



3370

M. Pourbabaee & A. Saadatmandi

2]

[10]

[11]

[12]

[13]

M. Abbaszadeh and M. Dehghan, Numerical investigation of reproducing ker-
nel particle Galerkin method for solving fractional modified distributed-order

anomalous sub-diffusion equation with error estimation, Appl. Math. Comput.,
2021, 392, 125718.

M. A. Abdelkawy and R. T. Alqahtani, Shifted Jacobi collocation method for
solving multi-dimensional fractional Stokes’ first problem for a heated general-
ized second grade fluid, Adv. Difference Equ., 2016, 114, 17pp.

A. A. Alikhanov, Numerical methods of solutions of boundary value problems
for the multi-term variable-distributed-order diffusion equation, Appl. Math.
Comput., 2015, 268, 12-22.

S. Bazm, Bernoulli polynomials for the numerical solution of some classes of
linear and nonlinear integral equations, J. Comput. Appl. Math., 2015, 275,
44-60.

A. H. Bhrawy, M. A. Zaky and J. F. Alzaidy, Two shifted Jacobi-Gauss collo-
cation schemes for solving two-dimensional variable-order fractional Rayleigh-
Stokes problem, Adv. Difference Equ., 2016, 272, 17pp.

W. Bu, A. Xiao and W. Zeng, Finite difference/finite element methods for
distributed-order time fractional diffusion equations, J. Sci. Comput., 2017, 72,
422-441.

M. Caputo, Linear models of dissipation whose q is almost frequency indepen-
dent -ii, Geophys J. R. Astr. Soc., 1967, 13, 529-539.

Y. Chen and C. M. Chen, Numerical algorithm for solving the Stokes’ first
problem for a heated generalized second grade fluid with fractional derivative,
Numer. Algorithms, 2018, 77, 939-953.

H. Dehestani, Y. Ordokhani and M. Razzaghi, Fractional-order Legendre-
Laguerre functions and their applications in fractional partial differential equa-
tions, Appl. Math. Comput., 2018, 336, 433-453.

M. Dehghan and M. Abbaszadeh, A finite element method for the numerical
solution of Rayleigh-Stokes problem for a heated generalized second grade fluid
with fractional derivatives, Eng. Comput., 2017, 33, 587-605.

K. Diethelm and N. J. Ford, Numerical analysis for distributed-order differen-
tial equations, J. Comput. Appl. Math., 2009, 225, 96-104.

W. Fan and F. Liu, A numerical method for solving the two-dimensional
distributed-order space-fractional diffusion equation on an irregular convex do-
main, Appl. Math. Lett., 2018, 77, 114-121.

G. Ferndndez-Anaya, G. Nava-Antonio, J. Jamous-Galante, R. Mufioz-Vega
and E. G. Herndndez-Martinez, Asymptotic stability of distributed-order non-
linear dynamical systems, Commun. Nonlinear Sci. Numer. Simul., 2017, 48,
541-549.

N. J. Ford, M. L. Morgado and M. Rebelo, An implicit finite difference ap-
proximation for the solution of the diffusion equation with distributed-order in
time, Electron. Trans. Numer. Anal., 2015, 44, 289-305.

G. Gao, A. A. Alikhanov and Z. Sun, The temporal second order difference
schemes based on the interpolation approzimation for solving the time multi-

term and distributed-order fractional sub-diffusion equations, J. Sci. Comput.,
2017, 73, 93-121.



New operational matrix of Riemann-Liouville. .. 3371

[17]

[18]

[19]

[20]

[21]

[25]

[26]

[27]

G. H. Gao, H. W. Sun and Z. Z. Sun, Some high-order difference schemes
for the distributed-order differential equations, J. Comput. Phys., 2015, 298,
337-359.

G. H. Gao and Z. Z. Sun, Two alternating direction implicit difference schemes
with the extrapolation method for the two-dimensional distributed-order differ-
ential equations, Comput. Math. Appl., 2015, 69, 926-948.

A. Golbabai and S. Panjeh Ali Beik, An efficient method based on opera-
tional matrices of Bernoulli polynomials for solving matrix differential equa-
tions, Comput. Appl. Math., 2015, 34, 159-175.

R. M. Hafez, M. A. Zaky and M. A. Abdelkawy, Jacobi spectral galerkin method
for distributed-order fractional Rayleigh-Stokes problem for a generalized second
grade fluid, Front. Phys., 2020, 7, 1-10.

A. Haghbin and H. Jafari, Solving time-fractional chemical engineering equa-
tions by modified variational iteration method as fived point iteration method,
Iranian J. Math. Chem., 2017, 8, 365-375.

M. H. Heydari and Z. Avazzadeh, New formulation of the orthonormal
Bernoulli polynomials for solving the variable-order time fractional coupled
Boussinesq-Burger’s equations, Eng Comput., 2021, 37, 3509-3517.

M. H. Heydari, M. Hosseininia and D. Baleanu, A computational approach
based on the fractional FEuler functions and Chebyshev cardinal functions for
distributed-order time fractional 2D diffusion equation, Alex. Eng. J., 2023, 67,
643—653.

M. H. Heydari, S. Rashid and Y.-M. Chu, Chelyshkov polynomials method for
distributed-order time fractional nonlinear diffusion-wave equations, Results
Phys., 2023, 47, 106344.

M. H. Heydari, S. Rashid and F. Jarad, A numerical method for distributed-
order time fractional 2D Sobolev equation, Results Phys., 2023, 45, 106211.

M. H. Heydari, M. Razzaghi and D. Baleanu, Numerical solution of distributed-
order time fractional Klein—Gordon—Zakharov system, J. Comput. Sci., 2023,
67, 101961.

M. H. Heydari, M. Razzaghi and D. Baleanu, A numerical method based on the
piecewise Jacobi functions for distributed-order fractional Schrodinger equation,
Commun. Nonlinear Sci. Numer. Simul., 2023, 116, 106873.

F. B. Hildebrand, Introduction to Numerical Analysis, Dover Publications, New
York, 1956.

Z. Jiao, Y. Chen and I. Podlubny, Distributed-Order Dynamic Systems: Sta-
bility, Simulation, Applications and Perspectives, Springer, New York, 2012.

E. Kreyszig, Introductory Functional Analysis with Applications, Wiley, New
York, 1978.

C. Li and F. Zeng, Numerical Methods for Fractional Calculus, Chapman and
Hall/CRC, New York, 2015.

L. Li, F. Liu, L. Feng and I. Turner, A Galerkin finite element method for the
modified distributed-order anomalous sub-diffusion equation, J. Comput. Appl.
Math., 2020, 368, 1125809.



3372 M. Pourbabaee & A. Saadatmandi

[33] Y. Lin and W. Jiang, Numerical method for Stokes’ first problem for a heated
generalized second grade fluid with fractional derivative, Numer. Methods Par-
tial Differential Equations, 2011, 27, 1599-1609.

[34] S. Mashayekhi, Y. Ordokhani and M. Razzaghi, Hybrid functions approach
for nonlinear constrained optimal control problems, Commun. Nonlinear Sci.
Numer. Simul., 2012, 17, 1831-1843.

[35] S. Mashayekhi and M. Razzaghi, Numerical solution of distributed-order frac-
tional differential equations by hybrid functions, J. Comput. Phys., 2016, 315,
169-181.

[36] A. Mohebbi, M. Abbaszadeh and M. Dehghan, Compact finite difference
scheme and RBF meshless approach for solving 2D Rayleigh—Stokes problem
for a heated generalized second grade fluid with fractional derivatives, Comput.
Methods Appl. Mech. Engrg., 2013, 264, 163-177.

[37] M. L. Morgado and M. Rebelo, Numerical approzimation of distributed-order
reaction-diffusion equations, J. Comput. Appl. Math., 2015, 275, 216-227.

[38] M. L. Morgado, M. Rebelo, L. L. Ferrds and N. J. Ford, Numerical solution for
diffusion equations with distributed-order in time using a Chebyshev collocation
method, Appl. Numer. Math., 2017, 114, 108-123.

[39] V. G. Pimenov, A. S. Hendy and R. H. De Staelen, On a class of non-linear
delay distributed-order fractional diffusion equations, J. Comput. Appl. Math.,
2017, 318, 433-443.

[40] I. Podulbny, Fractional Differential Equations, Academic Press, New York,
1999.

[41] M. Pourbabaee and A. Saadatmandi, A novel Legendre operational matriz for
distributed-order fractional differential equations, Appl. Math. Comput., 2019,
361, 215-231.

[42] M. Pourbabaee and A. Saadatmandi, A new operational matriz based on
Miintz-Legendre polynomials for solving distributed-order fractional differential
equations, Math. Comput. Simulation, 2022, 194, 210-235.

[43] P. Rahimkhani, Y. Ordokhani and E. Babolian, Fractional-order Bernoulli
functions and their applications in solving fractional Fredholem-Volterra
integro-differential equations, Appl. Numer. Math., 2017, 122, 66-81.

[44] T. J. Rivlin, An Introduction to the Approximation of Functions, Dover Pub-
lications, New York, 1981.

[45] A. Saadatmandi, A. Khani and M. R. Azizi, Numerical calculation of fractional
derivatives for the Sinc functions via Legendre polynomials, Math. Interdisc.

Res., 2020, 5, 71-86.

[46] N. Samadyar and F. Mirzaee, Orthonormal Bernoulli polynomials collocation
approach for solving stochastic Ité-Volterra integral equations of Abel type, Int.
J. Numer. Model., 2019, 33, e2688.

[47] F. Shen, W. C. Tan, Y. Zhao and T. Masuoka, The Rayleigh-Stokes problem
for a heated generalized second grade fluid with fractional derivative model,
Nonlinear Anal. Real World Appl., 2006, 7, 1072-1080.



New operational matrix of Riemann-Liouville. .. 3373

(48]

[49]

E. Shivanian and A. Jafarabadi , Rayleigh-Stokes problem for a heated gener-
alized second grade fluid with fractional derivatives: a stable scheme based on
spectral meshless radial point interpolation, Eng Comput., 2018, 34, 77-90.

U. P. Singh, Application of orthonormal Bernoulli polynomials for approzimate
solution of some Volterra integral equations, Albanian J. Math., 2016, 10, 47—
80.

C. Wu, Numerical solution for Stokes’ first problem for a heated generalized
second grade fluid with fractional derivative, Appl. Numer. Math., 2009, 59,
2571-2583.

X. Yang and X. Jiang, Numerical algorithm for two dimensional fractional
Stokes’ first problem for a heated generalized second grade fluid with smooth
and non-smooth solution, Comput. Math. Appl., 2019, 78, 1562—-1571.

C. Ye, X. N. Luo and L. P. Wen, High-order numerical methods of fractional-
order Stokes’ first problem for heated gemeralized second grade fluid, Appl.
Math. Mech. (English Ed.), 2012, 33, 65-80.

H. Ye, F. Liu and V. Anh, Compact difference scheme for distributed-order
time-fractional diffusion-wave equation on bounded domains, J. Comput. Phys.,
2015, 298, 652-660.

H. Ye, F. Liu, V. Anh and I. Turner, Numerical analysis for the time
distributed-order and Riesz space fractional diffusions on bounded domains,
IMA J. Appl. Math., 2015, 80, 825-838.

M. A. Zaky, An improved tau method for the multi-dimensional fractional
Rayleigh-Stokes problem for a heated generalized second grade fluid, Comput.
Math. Appl., 2018, 75, 2243-2258.



	Introduction
	Bernoulli polynomials
	Constracting new operational matrices by OBPs
	Solving problem (1.1)-(1.3)
	Upper error bound for operational matrix D"0362D(())
	Numerical results
	Conclusion

