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Abstract In this article, the solvability of a class of periodic boundary value
problems with double phase operators and mixed singular terms is considered.
By applying the continuation theorem of Manásevich-Mawhin and techniques
of a prior estimates, some existence results of positive solutions are obtained.
Several numerical examples are given to illustrate the main results.
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1. Introduction

For the past few years, lots of scholars have been studying the issues of differential
equations with double phase operators, the existence and multiplicity of solutions
have been widely studied. The double phase problem originated from nonlinear
materials science. Zhikov found that the hardening properties of materials varied
dramatically with the point known as the Lavrentiev’s phenomenon. In order to
provide the materials with strong anisotropy for the model, using the homogeniza-
tion theory, they studied the following functional in [24-27]:

x 7→
∫

Ω

(|∇x|p + a(t)|∇x|q) dt,

where, in general, 1 < p < q < N and a(·) ≥ 0. The modulation coefficient
a(t) determines the geometry of the composite material consisting of two different
materials with hardening exponents p and q, respectively. Since then, double phase
problems have been studied extensively using variational methods and regularity
theory (see, e.g. [1, 2, 4, 15, 16, 21]).

In [21], Perera and Squassina proved the existence of solutions to the following
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double phase problem:{
− div

(
|∇x|p−2∇x+ a(t)|∇x|q−2∇x

)
= f(t, x), in Ω,

x = 0, on ∂Ω.
(1.1)

They used a cohomological local split to solve an estimate of the critical group
at zero. In [2], Colasuonno and Squassina studied an eigenvalue problem in the
framework of double phase variational integration, introduced nonlinear eigenvalue
sequences through the minimax method, and established the continuity results for
nonlinear eigenvalues to phase changes. Using variational methods, Liu and Dai
[15-16] discussed the existence and multiplicity of solutions to the equation with
double phase operators, and considered the case of sign-changing solutions.

In fact, in the past few years, due to its strong application background in physics
and science (see [5, 22] and the reference therein), periodic problems with singular
terms have also been received extensive attention from scholars (see [3, 6-14, 17-18,
20]). The first study to periodic solutions of the second-order differential equation
with singular terms was published by Nagumo in 1943 (see [20]). After that, in
1987, Lazer and Solimini considered existence results to second order differential
equations in [12], which is a landmark work in the field of periodic problems with
singular terms. They discussed two equations as follows,

x′′(t) +
1

xζ(t)
= h(t),

x′′(t)− 1

xζ(t)
= h(t),

where ζ ∈ (0,∞) is a constant, h ∈ C(R,R) with T -periodic. Using the upper and
lower solution method, topological degree theory, and truncation function technique,
they discussed the singularity of repulsive type and attractive type respectively, and
considered the case under ζ ∈ (0, 1) (which is called the strong force singularity)
and ζ ≥ 1 (which is called the weak force singularity).

Lately, Hakl and Torres in [7] considered the existence results for second-order
differential equations with both attractive and repulsive singular terms as follows:x

′′(t) =
h(t)

xµ(t)
− g(t)

xλ(t)
+ f(t), a.e. t ∈ [0, T ],

x(0) = x(T ), x′(0) = x′(T ),

where h, g ∈ L(R,R+), f ∈ L(R,R) are T -periodic functions, constants µ, λ > 0.
By using upper and lower solution method, they obtained the existence results of
differential equations with mixed singular terms.

In [11], Jebelean and Mawhin considered the existence of periodic solutions with
the p-Laplacian and singular term as follows:{

(φp(x
′))
′
+ f(x)x′ + g(x) = h(t),

x(0) = x(T ), x′(0) = x′(T ),

with φp(s) = |s|p−2s, p > 1, g singular at 0. They used upper and lower solution
method and continuation theorem, extended results of Lazer and Solimini [12].
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In [18], Lu and Yu studied the following equations with mixed singular terms:x
′′(t) + f(x(t))x′(t) + σ(t)xm(t)− ζ(t)

xµ(t)
+

β(t)

xξ(t)
= 0,

x(0) = x(T ), x′(0) = x′(T ),

where f ∈ C((0,∞),R), σ, ζ, β are T -periodic functions, m,µ, ξ are constants. Using
the continuation theorem of Manásevich and Mawhin and techniques of a priori
estimates, the existence of the solution of the problem was given.

Inspired by the above research, this work discusses the periodic solution of the
following double phase problem:(φp(x

′(t)))′ +
(
a · φq(x′(t))

)′
+ g(x(t))x′(t) + σ(t)xv(t) − ξ(t)

xµ(t)
+

ζ(t)

xm(t)
= 0,

x(0) = x(T ), x′(0) = x′(T ),

(1.2)

where f ∈ C((0,+∞),R), σ, ζ and ξ are T-periodic functions with ζ, ξ∈L([0, T ],R),
and σ ∈ L(R,R+), p ≥ q > 1, a ≥ 0, µ > m > 0 and v > 0 are constants.

The interesting points of this paper are as follows. Firstly, as far as we know, few
articles discuss the existence of periodic solutions to ordinary differential equations
with double phase operators with mixed singular nonlinear terms. Secondly, the

nonlinear term − ξ(t)
xµ(t) + ζ(t)

xm(t) includes attractive singular terms with strong or

weak singularities, repulsive singular terms with strong or weak singularities, and
mixed singular terms when ξ(t) 6= 0 and ζ(t) 6= 0, and when x = 0, g(x) may
have a singularity. This is an extension and supplement to [11]. Thirdly, in the
double phase problem, the prior estimation of the solution in this paper is more
difficult than the p-Laplacian operator or the second order operator, especially the
boundedness of |x′(t)|.

The structure of this work is organized as follows. In section 2, we give several
inequalities to prove prior estimates, and some necessary lemmas for subsequent
proofs. In section 3, we obtain the existence of solutions to the problem considered,
which is the main result of our work. In section 4, some numerical examples are
given to illustrate main results.

2. Preliminaries and lemmas

Throughout this article, let:

CT = {x ∈ C(R,R) : x(t+ T ) = x(t) for all t ∈ R},
‖x‖∞ = max

t∈[0,T ]
|x(t)|,

and

C1
T = {x ∈ C1(R,R) : x(t+ T ) = x(t) for all t ∈ R},
‖x‖C1

T
= max{‖x‖∞, ‖x′‖∞}.

For z ∈ L([0, T ],R), define

z+(t) = max{z(t), 0}, z−(t) = −min{z(t), 0}, and z =
1

T

∫ T

0

z(t)dt.

Clearly, z(t) = z+(t)− z−(t) for all t ∈ R.
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Lemma 2.1. Suppose that there are three positive constants K0, K1, and K2, with
0 < K0 < K1, such that
(H1) For all λ ∈ (0, 1], any possible positive T -periodic solution x of

(φp(x
′(t)))

′
+ (a · φq(x′(t)))

′
+ λg(x(t))x′(t) + λσ(t)xv(t)− λ ξ(t)

xµ(t)
+ λ

ζ(t)

xm(t)
= 0,

satisfies K0 < x(t) < K1, and |x′(t)| < K2, for any t ∈ [0, T ].
(H2) Any possible solution z of problem (1.2) satisfies

ξ

zµ
− ζ

zm
− σzv = 0.

(H3) The inequality(
ξ

Kµ
0

− ζ

Km
0

− σKv
0

)(
ξ

Kµ
1

− ζ

Km
1

− σKv
1

)
< 0

holds.

Then, Problem (1.2) has at least one T -periodic solution x, satisfies K0 < x(t) <
K1, for any t ∈ [0, T ].

Proof. Define

φ(x) := φp(x) + a · φq(x).

For each x1, x2 ∈ R, x1 6= x2, we have

〈φ(x1)− φ(x2), x1 − x2〉
=
(
|x1|p−2x1 + a|x1|q−2x1 − |x2|p−2x2 − a|x2|q−2x2

)
(x1 − x2)

=
[
x1(|x1|p−2 + a|x1|q−2)− x2(|x2|p−2 + a|x2|q−2)

]
(x1 − x2)

> 0,

and
〈φ(x), x〉 =

(
|x|p−2x+ a|x|q−2x

)
· x

= |x|p + a|x|q

=
(
|x|p−1 + a|x|q−1

)
· |x|.

So φ is a homeomorphism from R to R, and |φ−1(x)| → +∞ as x→ +∞ (see [3]).
Therefore, using Theorem 3.1 in [19], Problem (1.2) has at least one T -periodic
solution.

Remark 2.1. [18] If ξ̄, ζ̄, σ > 0, then we have µ > m > 0, v > 0, there are two
constants 0 < E1 < E2 such that

ξ̄

xµ
− ζ̄

xm
− σ̄xv > 0, for all x ∈ (0, E1) ,

and
ξ̄

xµ
− ζ̄

xm
− σ̄xv < 0, for all x ∈ (E2,∞) .
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Lemma 2.2. Suppose that x ∈ AC([0, T ],R), satisfied x(0) = x(T ), and k > 1.
Then the following inequality hold:

M −m ≤
(
T

2

) k−1
k

(∫ T

0

|x′(t)|k dt

) 1
k

,

where
M = max{x(t) : t ∈ [0, T ]}, m = min{x(t) : t ∈ [0, T ]}.

Proof. Let

x̃(t) :=

{
x(t), for t ∈ [0, T ];

x(t− T ), for t ∈ (T, 2T ].

Then, x̃(t) ∈ AC([0, 2T ],R). There exist t0 ∈ [0, T ], t1 ∈ (t0, t0 + T ), satisfied

x̃(t0) = m, x̃(t1) = M, x̃(t0 + T ) = m.

Therefore,

M −m =

∫ t1

t0

x̃′(s)ds,

m−M =

∫ t0+T

t1

x̃′(s)ds.

By Hölder inequality, we get

M −m ≤ |t1 − t0|
k−1
k

(∫ t1

t0

|x̃′(s)|k ds
) 1
k

, (2.1)

M −m ≤ |t0 + T − t1|
k−1
k

(∫ t0+T

t1

|x̃′(s)|k ds

) 1
k

. (2.2)

By (2.1) and (2.2), we obtain

(M −m)k ≤ |t1 − t0|k−1

(∫ t1

t0

|x̃′(s)|k ds
)
, (2.3)

(M −m)k ≤ |t0 + T − t1|k−1

(∫ t0+T

t1

|x̃′(s)|k ds

)
. (2.4)

Using the inequality AB ≤ 1
4 (A + B)2, for any A,B ∈ R, by (2.3) and (2.4), we

obtain

(M −m)2k ≤ (|t1 − t0| · |t0 + T − t1|)p−1

(∫ t1

t0

|x̃′(s)|k ds
)(∫ t0+T

t1

|x̃′(s)|k ds

)

≤ 1

4
(|t1 − t0|+ |t0 + T − t1|)2(k−1)

∫ t0+T

t0

|x̃′(s)|k ds

≤ 1

4

(
T

2

)2(k−1)
(∫ t0+T

t0

|x′(t)|k ds

)2

.
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Therefore

M −m ≤
(
T

2

) k−1
k

(∫ T

0

|x′(t)|k dt)

) 1
k

.

The proof is complete.
Now, we embed (1.2) into the following equation family with a parameter λ ∈

(0, 1],

(φp(x
′(t)))

′
+ (a · (φqx′(t)))

′
+ λg(x(t))x′(t) + λσ(t)xv(t)

− λ ξ(t)

xµ(t)
+ λ

ζ(t)

xm(t)
= 0.

(2.5)

Let

E =
{
x ∈ C1

T : (φp(x
′(t)))′ + (a · φq(x′(t)))

′
+ λg(x(t))x′(t) + λσ(t)xv(t)

−λ ξ(t)

xµ(t)
+ λ

ζ(t)

xm(t)
= 0, λ ∈ (0, 1]; x(t) > 0, ∀t ∈ [0, T ]

}
, (2.6)

G(t) =

∫ t

1

g(s)ds, H(t) =

∫ t

1

sµ+mg(s)ds, t ∈ (0,+∞), (2.7)

ξ∗ := max
t∈[0,T ]

ξ(t), ξ∗ := min
t∈[0,T ]

ξ(t),

ζ∗ := max
t∈[0,T ]

ζ(t), ζ∗ := min
t∈[0,T ]

ζ(t),

σ∗ := max
t∈[0,T ]

σ(t), σ∗ := min
t∈[0,T ]

σ(t).

Lemma 2.3. Assume that µ > m > 0, v > 0, and suppose the following conditions
hold:
(A1) g(t) > 0 or g(t) < 0, for all t ∈ R.
(A2)σ ∈ L([0, T ], (0,+∞)), and ξ∗ > ζ∗.
Then, for any x ∈ E, there exist constants η0, η1 ∈ [0, T ], such that

x(η0) ≥ max

{
1,

(
ξ∗ − ζ∗

σ∗

) 1
m+v

}
:= A0,

x(η1) ≤ min

{
1,

(
ξ∗ − ζ∗
σ∗

) 1
m+v

}
:= A1.

(2.8)

Proof. Because of
∫ T

0
x′(t)dt = 0, there exist two points t1, t2 ∈ [0, T ], satisfied

x′(t1) ≤ 0 and x′(t2) ≥ 0.

Thus
φp(x

′(t1)) ≤ 0 and φp(x
′(t2)) ≥ 0,

φq(x
′(t1)) ≤ 0 and φq(x

′(t2)) ≥ 0.

Let t̄, t ∈ [0, T ] be the maximum and minimum points of the (p, q)-Laplacian term
φp(x

′(t)) + a · φq(x′(t)), the above inequalities imply

φp(x
′(t̄)) + a · φq(x′(t̄)) ≥ 0 and (φp(x

′(t̄)) + a · (φq(x′(t̄))
′

= 0,

φp(x
′(t)) + a · φq(x′(t)) ≤ 0 and (φp(x

′(t)) + a · φq(x′(t))
′

= 0.
(2.9)
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Applying (2.9), we deduce

g(x(t̄))x′(t̄) + σ(t̄)xv(t̄)− ξ(t̄)

xµ(t̄)
+

ζ(t̄)

xm(t̄)
= 0,

g(x(t))x′(t) + σ(t)xv(t)− ξ(t)

xµ(t)
+

ζ(t)

xm(t)
= 0.

By condition (A1), we suppose that g(x) > 0, for any x ∈ R. By (2.9), we obtain
x′(t̄) ≥ 0 and x′(t) ≤ 0. It follows that

σ(t̄)xv+µ(t̄) + ζ(t̄)xµ−m(t̄) ≤ ξ(t̄), (2.10)

and
σ(t)xv+µ(t) + ζ(t)xµ−m(t) ≥ ξ(t). (2.11)

It means that
σ∗x

v+µ(t̄) + ζ∗x
µ−m(t̄) < ξ∗,

and
xµ−m(t̄)(σ∗x

m+v(t̄) + ζ∗) < ξ∗.

So, by (2.10), there is a constant η1,

x(η1) < min

{
1,

(
ξ∗ − ζ∗
σ∗

) 1
m+v

}
:= A1.

Similarly, using (2.11), there is a constant η0

x(η0) < max

{
1,

(
ξ∗ − ζ∗

σ∗

) 1
m+µ

}
:= A0.

Then (2.8) is proved.

Lemma 2.4. Assume (A1), (A2) hold, suppose that

B0 := inf
x∈[A0,+∞)

[G(x)− T σ̄xv] > −∞ (2.12)

and

lim
s→0+

(
G(s) +

Tξ+
sm

+
Tζ+
sµ

)
< B0 (2.13)

hold, where G(x), A0, µ are defined by (2.7), (2.8) and (1.2). Then there exists a
positive constant r0, satisfied

min
t∈[0,T ]

x(t) ≥ r0, uniformly for x ∈ E.

Proof. Let x ∈ E, then x(t) satisfies

(φp (x′(t)))
′
+ (a · φq (x′(t)))

′
+ λg(x(t))x′(t) + λσ(t)xv(t)− λ ξ(t)

xµ(t)

+ λ
ζ(t)

xm(t)
= 0, λ ∈ (0, 1].
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Since x ∈ E, there exist t1, t2 ∈ R with 0 < t2 − t1 < T , satisfied

x (t1) = max
t∈[0,T ]

x(t)

and
x (t2) = min

t∈[0,T ]
x(t).

Due to Lemma 2.3,
A0 ≤ x (t1) < +∞,

by assumption (2.12) yields

G (x (t1))− T σ̄xv(t1) ≥ inf
A0≤s<+∞

[G(s)− T σ̄xv(s)] := C0 > −∞. (2.14)

Integrating (2.5) over [t1, t2], we obtain∫ t2

t1

(φp(x
′(t)))

′
dt+

∫ t2

t1

a (φq(x
′(t)))

′
dt+ λ

∫ t2

t1

g(x(t))x′(t)dt+ λ

∫ t2

t1

σ(t)xv(t)dt

− λ
∫ t2

t1

ξ(t)

xµ(t)
dt+ λ

∫ t2

t1

ζ(t)

xm(t)
dt = 0.

By the definition of t1, t2, we obtain∫ t2

t1

(φp(x
′(t)))

′
dt+

∫ t2

t1

a (φq(x
′(t)))

′
dt = 0.

Therefore,∫ t2

t1

g(x(t))x′(t)dt+

∫ t2

t1

σ(t)xv(t)dt−
∫ t2

t1

ξ(t)

xµ(t)
dt+

∫ t2

t1

ζ(t)

xm(t)
dt = 0. (2.15)

It follows from (2.14) and (2.15)

G (x (t2)) = G (x (t1))−
∫ t2

t1

σ(t)xv(t)dt+

∫ t2

t1

ξ(t)

xµ(t)
dt−

∫ t2

t1

ζ(t)

xm(t)
dt

≥ G (x (t1))−
∫ T

0

σ(t)xv(t)dt−
∫ T

0

ξ+(t)

xµ(t)
dt−

∫ T

0

ζ+(t)

xm(t)
dt

≥ G (x (t1))− T σ̄xv(t1)−
∫ T

0

ξ+(t)

xµ(t)
dt−

∫ T

0

ζ+(t)

xm(t)
dt

≥ C0 −
Tξ+
xµ (t2)

− Tζ+
xm (t2)

,

and then

G (x (t2)) +
Tξ+
xµ (t2)

+
Tζ+
xm (t2)

≥ C0. (2.16)

Combining with (2.13), there is a constant r0 > 0, satisfied

G (s) +
Tξ+
sµ

+
Tζ+
sm

< C0, for all s ∈ (0, r0) . (2.17)

Due to (2.16) and (2.17), we get

min
t∈[0,T ]

x(t) = x (t2) ≥ r0.
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Lemma 2.5. Suppose that (A1), (A2) hold, and ζ̄ > 0 for a.e. t ∈ [0, T ]. The
following hypotheses

C0 := sup
x∈[A0,+∞)

[G(x) + Tσxv] < +∞, (2.18)

and

lim
s→0+

(
G(s)− Tξ+

sµ
− Tζ−

sm

)
> C0, for all s ∈ (0, r1) (2.19)

hold. Then there is a positive constant r1, satisfied

min
t∈[0,T ]

x(t) ≥ r1, uniformly for x ∈ E.

Proof. Let x(t) ∈ E, then x(t) satisfies (2.5). By the definition of t1 and t2 in
Lemma 2.4, from (2.8), we get

A0 ≤ x (t1) < +∞,

combined with the assumption (2.18), yields that

G (x (t1)) + T σ̄xv(t1) ≤ sup
A0≤s<+∞

[G(s) + T σ̄sv] := B0. (2.20)

Similarly with Lemma 2.4, we obtain∫ t2

t1

(φp(x
′(t)))

′
dt+

∫ t2

t1

(aφq(x
′(t)))

′
dt = 0.

Integrating (2.5) over [t1, t2], we obtain

G (x (t2))−G (x (t1)) = −
∫ t2

t1

σ(t)xv(t)dt+

∫ t2

t1

ξ(t)

xµ(t)
dt−

∫ t2

t1

ζ(t)

xm(t)
dt.

By ζ̄ > 0 and (2.20), we obtain

G (x (t2)) ≤ G (x (t1))−
∫ T

0

σ(t)xv(t)dt+

∫ T

0

ξ+(t)

xµ(t)
dt+

∫ T

0

ζ−(t)

xm(t)
dt

≤ G (x (t1)) + Tσxv(t1) +
Tξ+
xµ(t)

+
Tζ−
xm(t)

≤ B0 +
Tξ+
xµ(t)

+
Tζ−
xm(t)

,

i.e.,

G (x (t2))− Tξ+
xµ(t2)

− Tζ−
xm(t2)

≤ B0. (2.21)

From assumption (2.19), there is a positive constant r1 > 0, satisfied

G(s)− Tξ+
sµ
− Tζ−

sm
> B0, for all s ∈ (0, r1) ,

due to (2.21), we get
min
t∈[0,T ]

x(t) = x (t2) ≥ r1.
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3. Existence results

Theorem 3.1. Suppose p ≥ q > 1, a ≥ 0, σ > 0, and the hypotheses (A1), (A2),
(2.12) and (2.13) hold. Then for any µ > m > 0 and v > 0, Problem (1.2) has at
least one positive T -periodic solution.

Proof. By Lemma 2.4, there exists a positive constant r0 > 0, satisfied

min
t∈[0,T ]

x(t) ≥ r0, uniformly for x ∈ E, (3.1)

where E is defined by (2.6). Then, we will prove that there are constants M1,M2 >
0, satisfied

max
t∈[0,T ]

x(t) ≤M1, max
t∈[0,T ]

|x′(t)| ≤M2, uniformly for x ∈ E.

Since x ∈ E, we get

(φp (x′(t)))
′
+ (a · φq (x′(t)))

′
+ λg(x(t))x′(t) + λσ(t)xv(t)

− λ ξ(t)

xµ(t)
+ λ

ζ(t)

xm(t)
= 0, λ ∈ (0, 1].

(3.2)

Integrating it on [0, T ], we get

∫ T

0

σ(t)xv(t)dt =

∫ T

0

ξ(t)

xµ(t)
dt−

∫ T

0

ζ(t)

xm(t)
dt. (3.3)

From Lemma 2.3, there exists η1 ∈ [0, T ], satisfied

x(η1) ≤ A1,

which together with Lemma 2.2, we get

|x|∞ ≤ A1 +

(
T

2

) p−1
p

(∫ T

0

|x′(t)|p dt

) 1
p

. (3.4)

Multiplying (3.2) with x(t), and integrating on [0, T ], we obtain

−
∫ T

0

|x′(t)|pdt− a
∫ T

0

|x′(t)|qdt

=− λ
∫ T

0

σ(t)xv+1(t)dt+

∫ T

0

ξ(t)

xµ(t)
x(t)dt− λ

∫ T

0

ζ(t)

xm(t)
x(t)dt.
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From σ(t) ≥ 0 for a.e. t ∈ [0, T ], and by (3.3) we have∫ T

0

|x′(t)|pdt ≤
∫ T

0

ζ(t)

xm(t)
x(t)dt−

∫ T

0

ξ(t)

xµ(t)
x(t)dt+

∫ T

0

σ(t)xv+1(t)dt

≤
∫ T

0

ζ+(t)

xm(t)
x(t)dt+

∫ T

0

ξ+(t)

xµ(t)
x(t)dt+

∫ T

0

σ(t)xv+1(t)dt

≤ |x|∞

(∫ T

0

ζ+(t)

xm(t)
dt+

∫ T

0

ξ+(t)

xµ(t)
dt+

∫ T

0

σ(t)xv(t)dt

)

= |x|∞

(∫ T

0

ζ+(t)

xm(t)
dt+

∫ T

0

ξ+(t)

xµ(t)
dt+

∫ T

0

ξ(t)

xµ(t)
dt− λ

∫ T

0

ζ(t)

xm(t)dt

)

≤ |x|∞

(∫ T

0

2ξ+(t)

xµ(t)
dt+

∫ T

0

ζ−(t)

xm(t)
dt

)
,

with (3.1) and µ > m > 0, yields that∫ T

0

|x′(t)|pdt ≤ T (ζ− + 2ξ+)

rm0
|x|∞.

Combined with (3.4), we have

∫ T

0

|x′(t)|p dt ≤ T (ζ− + 2ξ+)

rm0

A1 +

(
T

2

) p−1
p

(∫ T

0

|x′(t)|p dt

) 1
p

 .

Using the inequality X2 −AX −B < 0, there exists a constant ρ > 0 satisfied(∫ T

0

|x′(t)|p ds

) 1
p

≤ ρ. (3.5)

Obviously, in (3.5), ρ > 0 is independent of x ∈ E. Using (3.4), we get

max
t∈[0,T ]

x(t) < A0 +

(
T

2

) p−1
p

ρ := ρ0, uniformly for x ∈ E. (3.6)

Then, we will prove the boundedness of |x′(t)|. By the definition of t1 in Lemma
2.4, we have

x′ (t1) = 0.

Due to (3.2),∫ t1

t

(φp(x
′(t)))

′
dt+

∫ t1

t

(a · φq(x′(t)))
′
dt+ λ

∫ t1

t

g(x(t))x′(t)dt

+ λ

∫ t1

t

σ(t)xv(t)dt− λ
∫ t1

t

ξ(t)

xµ(t)
dt+ λ

∫ t1

t

ζ(t)

xm(t)
dt = 0.

(3.7)

Since∫ t1

t

(φp(x
′(t)))

′
dt+

∫ t1

t

(a · φq(x′(t)))
′
dt = − |x′(t)|p−2

x′(t)− a|x′(t)|q−2x′(t),
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from (3.7) and (3.5), if G′ = g, we have

|x′(t)|p−1
=

∣∣∣∣a|x′(t)|q−2x′(t)− λ
∫ t1

t

g(x(t))x′(t)dt

+λ

∫ t1

t

σ(t)xv(t)dt+ λ

∫ t1

t

ξ(t)

xµ(t)
dt− λ

∫ t1

t

ζ(t)

xm(t)
dt

∣∣∣∣
≤λa |x′(t)|q−1

+ λ

∣∣∣∣∫ t1

t

g(x(t))x′(t)dt

∣∣∣∣+ λ

∣∣∣∣∫ t1

t

σ(t)xv(t)dt

∣∣∣∣
+ λ

∣∣∣∣∫ t1

t

ξ(t)

xµ(t)
dt

∣∣∣∣+ λ

∣∣∣∣∫ t1

t

ζ(t)

xm(t)
dt

∣∣∣∣
≤a |x′(t)|q−1

+ |G(x(t1))−G (x (t))|+ λ

∣∣∣∣∫ t

0

σ(t)xv(t)dt

∣∣∣∣
+

∫ T

0

∣∣∣∣ ξ(t)xµ(t)

∣∣∣∣ dt+

∫ T

0

∣∣∣∣ ζ(t)

xm(t)

∣∣∣∣ dt
≤a |x′(t)|q−1

+ 2 max
r0<t<ρ0

|G(x)|+ T σ̄ρv +
T ξ̄

rµ0
+
T ζ̄

rm0
.

(3.8)

Using contradiction, we assume that for each constant K, there is t0 ∈ [0, T ], such
that |x′(t0)| > K > 0. Without loss of generality, we fixed

A := 2 max
r0<t<ρ0

|G(x)|+ T σ̄ρv +
T r̄

rµ0
+
T ζ̄

rm0
,

and

K = max

{
1,

(
1− a
A

) 1
1−p
}
.

From (3.8) and the definition of K , we obtain

|x′(t0)|p−q ≤ a+
1

|x′(t0)|q−1

(
2 max
r0<t<ρ0

|G(x)|+ T σ̄ρv +
T r̄

rµ0
+
T ζ̄

rm0

)
,

which means
Kp−q −AK1−q ≤ a.

However, by the definition of K, we have Kp−q −AK1−q > a, which is a contradic-
tion. Therefore, we obtain

|x′(t)| ≤ K, uniformly for x ∈ E. (3.9)

Let K0 = min {E1, r0}, and K1 = max {ρ0, E2}, and E1, E2 are constants
defined by Remark 2.1, then using hypotheses (3.6) and (3.9), any possible positive
T -periodic solution x to (2.5) satisfies

K0 < x(t) < K1, |x′(t)| < K2, for all t ∈ [0, T ].

So it satisfies (H1). Using Remark 2.1 we can obtain

ξ̄

xµ
− ζ̄

xm
− σ̄xv > 0 for all x ∈ (0,K1) ,
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and
ξ̄

xµ
− ζ̄

xm
− σ̄xv < 0 for all x ∈ (K2.+∞) ,

Therefore, (H2) in Lemma 2.1 is satisfied. Also, we obtain(
ξ̄

Kµ
0

− ζ̄

Km
0

− σ̄Kv
0

)(
ξ̄

Kµ
1

− ζ̄

Km
1

− σ̄Kv
1

)
< 0.

So (H3) in Lemma 2.1 is satisfied. Applying Lemma 2.1, Problem (1.2) has at least
one positive T -periodic solution.

Theorem 3.2. Suppose that ζ̄ > 0, σ(t) > 0 for a.e. t ∈ [0, T ], p ≥ q > 1, a ≥ 0
holds, (A1), (A2), (2.18) and (2.19) hold. Then, for any µ −m > 0, v > 0, (1.2)
has at least one positive T -periodic solution.

Theorem 3.3. Assume that ζ > 0, σ(t) > 0 for a.e. t ∈ [0, T ], p ≥ q > 1, a ≥ 0,
and (A1), (A2) hold. Suppose that

lim
x→+∞

(
H(x)− 2T σ̄xv+µ+m

)
= +∞ (3.10)

and
lim
s→0+

H(s) < δ0 − 2Tξ+ − 2Tζ− (3.11)

hold, where H(x) is defined by (2.5), and

δ0 := inf
x∈[A0,+∞)

(
H(x)− 2T σ̄xv+µ+m

)
. (3.12)

Then, there exist two constants ρ2 > r2 > 0, satisfied

min
t∈[0,T ]

x(t) ≥ r2, uniformly for x ∈ E

and
max
t∈[0,T ]

x(t) ≤ ρ2, uniformly for x ∈ E.

Then Eq.(1.2) has at least one T -periodic solution.

Proof. Let x ∈ E, satisfied (2.5). By the definition of t1 and t2 in Lemma 2.4,
with 0 < t2 − t1 ≤ T, x (t1) = maxt∈[0,T ] x(t) and x (t2) = mint∈[0,T ] x(t). Taking
t3 = t1 − T , then x (t3) = maxt∈[0,T ] x(t) and T < t2 − t3 < 2T hold. Furthermore,
by ζ(t) > 0 for a.e. t ∈ [0, T ] and (2.8), we get

A0 ≤ x (t3) < +∞,

which together with (3.12), yields that

H (x (t3))− 2Tσxµ+v+m (t3) ≥ inf
A0≤s<+∞

(
H(s)− 2Tσsµ+v+m

)
= δ0.

Multiplying (2.5) with xµ+m(t), and then integrating it over the interval [t2, t3], we
have∫ t2

t3

(
φp(x

′(t))
)′
xµ+m(t)dt+

∫ t2

t3

(
a · φq(x′(t))

)′
xµ+m(t)dt+ λ

∫ t2

t3

g(x(t))x′(t)xµ+m(t)dt

+ λ

∫ t2

t3

σ(t)xv+µ+m(t)dt− λ

∫ t2

t3

ξ(t)dt+ λ

∫ t2

t3

ζ(t)dt = 0.
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Due to the definition of t1, t2, we obtain∫ t2

t3

(φp(x
′(t)))

′
xµ+m(t)dt+

∫ t2

t3

(a · φq(x′(t)))
′
xµ+m(t)dt

=− (µ+m)

∫ t2

t3

|x′(t)|p xm+µ−1(t)dt− λa(µ+m)

∫ t2

t3

|x′(t)|q xm+µ−1(t)dt

≤ 0.

Therefore, it follows that

H (x (t2))−H (x (t3)) +

∫ t2

t3

σ(t)xv+µ+m(t)dt+

∫ t2

t3

ζ(t)dt ≥
∫ t2

t3

ξ(t)dt,

with T < t2 − t3 ≤ 2T , leads to

H (x (t2)) ≥H (x (t3))−
∫ t2

t3

σ(t)xv+µ+m(t)dt−
∫ t2

t3

ζ(t)dt+

∫ t2

t3

ξ(t)dt

≥H (x (t3))−
∫ 2T

0

σ(t)xv+µ+m(t)dt

−
∫ 2T

0

ζ−(t)dt+

∫ 2T

0

ξ(t)dt

≥H (x (t3))− 2T σ̄xv+µ+m(t3)− 2Tζ− − 2Tξ+.

(3.13)

By using (3.12), we get

H (x (t2)) ≥ δ0 − 2Tζ− − 2Tξ+. (3.14)

From assumption (3.11), there exists a constant r2 > 0, satisfied

H(s) < δ0 − 2Tζ− − 2Tξ+, for all s ∈ (0, r2) , (3.15)

by (3.14) and (3.15), we get

min
t∈[0,T ]

x(t) = x (t2) ≥ r2. (3.16)

Therefore, by (2.8), we obtain

r2 ≤ x (t2) ≤ A1.

Using (3.13) again, we obtain

H (x (t3))− 2Tσxv+µ+m ≤ H (x (t2)) + 2Tζ− + 2Tξ+

≤ max
r2≤x≤A1

H(x) + 2Tζ− + 2Tξ+.

By the assumption (3.10), there exists a constant ρ2 > r2, satisfied

H(s)− 2Tσsv+µ+m > max
r2≤x≤A1

H(x) + 2Tζ− + 2Tξ+, for all s ∈ (ρ2,+∞) .

Therefore, we can imply
max
t∈[0,T ]

x(t) = x (t3) ≤ ρ2. (3.17)

From (3.16) and (3.17), we see that x(t) has maximum and minimum. The rest of
the proof is similar to the Theorem 3.1.
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Theorem 3.4. Assume σ(t) > 0 for a.e. t ∈ [0, T ], and p ≥ q > 1, a ≥ 0, satisfied
hypotheses (A1) and (A2), suppose that

lim
x→+∞

[
H (x (t)) + 2T σ̄xµ+v+m (t)

]
= −∞ (3.18)

and
lim
s→0+

H(s) > δ1 + 2Tξ+ + 2Tζ+, (3.19)

hold, where H(x) is defined in (2.5), and

δ1 := sup
x∈[A0,+∞]

[
H(x) + 2T σ̄xµ+v+m

]
.

Then, there exist two constants ρ3 > r3, satisfied

min
t∈[0,T ]

x(t) ≥ r3, uniformly for x ∈ E

and
max
t∈[0,T ]

x(t) ≤ ρ3, uniformly for x ∈ E.

Then, Problem (1.2) has at least one T -periodic solution.

Proof. Let x ∈ E. If set t4 = t2 − T , then 0 < t1 − t4 ≤ T and x (t4) =
mint∈[0,T ] x(t). Multiplying (2.5) with xµ+m(t) and integrating it on [t4, t1], we
obtain ∫ t1

t4

(φp(x
′(t)))

′
xµ+m(t)dt+

∫ t1

t4

(a · φq(x′(t)))
′
xµ+m(t)dt

+ λ

∫ t1

t4

σ(t)xm+µ+v(t)dt+ λ

∫ t1

t4

g(x(t))x′(t)xm+µ(t)dt

− λ
∫ t1

t4

ξ(t)dt+ λ

∫ t1

t4

ζ(t)dt = 0.

By the definition of t1, t4, we obtain∫ t1

t4

(φp(x
′(t)))

′
xµ+m(t)dt+ λ

∫ t1

t4

(a · φq(x′(t)))
′
xµ+m(t)dt

=− µ
∫ t1

t4

|x′(t)|p xm+µ−1(t)dt− λ(m+ µ)a

∫ t1

t4

|x′(t)|q xm+µ−1(t)dt

≤ 0.

Therefore, there follows that

H (x (t1))−H (x (t4)) +

∫ t1

t4

σ(t)xµ+v+m(t)dt+

∫ t1

t4

ζ(t)dt ≥
∫ t1

t4

ξ(t)dt,

which together with the fact T < t1 − t4 ≤ 2T leads to

H (x (t1)) ≥ H (x (t4))−
∫ t1

t4

σ(t)xµ+v+m(t)dt−
∫ t1

t4

ζ(t)dt+

∫ t1

t4

ξ(t)dt

≥ H (x (t4))−
∫ 2T

0

σ(t)xµ+v+m(t)dt−
∫ 2T

0

ζ(t)dt+

∫ 2T

0

ξ(t)dt

≥ H (x (t4))− 2T σ̄xµ+v+m (t1)− 2Tζ+ − 2Tξ+.

(3.20)
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Using the definition of δ1, we obtain

H (x (t4)) ≤ H (x (t1)) + 2Tζ+ + 2T σ̄xµ+v+m(t1) + 2Tξ+

≤ sup
x∈[A0,+∞]

[
H(x) + 2Tσxµ+v+m

]
+ 2Tζ+ + 2Tξ+

≤ δ1 + 2Tζ+ + 2Tξ+.

By (3.19), there exist a constant r3 > 0 satisfied

min
t∈[0,T ]

x(t) > r3. (3.21)

Combined with (2.8)
r3 ≤ x (t4) ≤ A1,

by (3.20),

H (x (t1)) + 2Tσxµ+v+m (t1) ≥ H (x (t4))− 2Tξ+ − 2Tζ+

≥ min
r4≤x≤A1

H(x)− 2Tξ+ − 2Tζ+.

By applying (3.18), we obtain

H(s) + 2Tσxµ+v+m (t1) < δ1 − 2Tξ+ − 2Tζ+, for all s ∈ (ρ3,+∞).

Therefore, there exists a constant ρ3 > r3 satisfied

max
t∈[0,T ]

x(t) = x (t1) < ρ3. (3.22)

From (3.21) and (3.22), we see that x(t) has maximum and minimum. The rest of
the proof is similar to the Theorem 3.1.

4. Some examples

Example 4.1. Consider the following boundary value problem:
(
|x′(t)|5 x′(t)

)′
+ 5x′′(t) +

(
x2(t) + x−4(t)

)
x′(t) + (cos 2t + 3)x

1
2 (t)− 2 cos2 2t+1

x3(t)
+ sin2 t

x2(t)
= 0,

x(0) = x(T ), x′(0) = x′(T ).

(4.1)

Corresponding to Eq.(1.2), p = 7, q = 2, a = 5, g(x(t)) = x2(t) + x−4(t), σ(t) =
cos 2t+ 3, ξ(t) = 2 cos2 2t+ 1, ζ(t) = sin2 t , µ = 3,m = 2, v = 1

2 , and T = π. By a
simple computation, we obtain σ(t) > 0, and A0 = 1,

G(x) =

∫ x

1

g(s)ds =
1

3
x3 − 1

x5
+

11

3
,

b0 = sup
x∈[A0,∞)

[G(x) + T σ̄xv] = 3− 3π < +∞.

Moreover, we have ξ+ = 2π, ζ+ = π, and

lim
s→0+

(
G(s) +

Tξ+
sm

+
Tζ+
sµ

)
= lim
s→0+

(
1

3
x3 − 1

x5
+

2π

x3
+

π

x2
+

2

3

)
→ −∞.

Obviously, Eq.(4.1) satisfies (2.12) and (2.13). Thus, by Theorem 3.1, (4.1) has at
least one positive π-periodic solution.
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Example 4.2. Consider the following boundary value problem:(φp(x
′(t)))

′
+
(
1
2
φq(x

′(t))
)′

+
(
x7 − 1

x

)
x′(t) + (2 sin t+ 7)x2 − cos t+1

x
13
2 (t)

+ sin2 t

x
1
2 (t)

= 0,

x(0) = x(T ), x′(0) = x′(T ).

(4.2)

Corresponding to Eq.(1.2), p ≥ q > 1, a = 1
2 , g(x) = x7 − 1

x , σ(t) = 2 sin t + 7,

ξ(t) = cos t+1, ζ(t) = sin2 t, µ = 13
2 ,m = 1

2 , and T = 2π. By a simple computation,
we obtain σ(t) > 0, and A0 = 1,

H(x) =

∫ x

1

xµ+mg(s)ds =
1

15
x15 − 1

7
x7 +

8

105
,

lim
x→+∞

(
H(x)− 2T σ̄xv+µ+m

)
→ +∞.

Moreover, we have σ− = 14π, ξ+ = 2π, ζ− = 0, and

δ0 = inf
x∈[A0,+∞)

(
H(x)− 2T σ̄xv+µ+m

)
=

8

105
− 2π,

lim
s→0+

H(s)→ −∞.

Obviously, Eq.(4.2) satisfies (3.10) and (3.11). Thus, by Theorem 3.3, (4.2) has at
least one positive 2π-periodic solution.
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