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EXISTENCE OF POSITIVE PERIODIC
SOLUTIONS FOR DOUBLE PHASE PROBLEM
WITH INDEFINITE SINGULAR TERMS*

Yu Cheng!, Baoyuan Shan' and Zhanbing Bail:f

Abstract In this article, the solvability of a class of periodic boundary value
problems with double phase operators and mixed singular terms is considered.
By applying the continuation theorem of Mandsevich-Mawhin and techniques
of a prior estimates, some existence results of positive solutions are obtained.
Several numerical examples are given to illustrate the main results.
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1. Introduction

For the past few years, lots of scholars have been studying the issues of differential
equations with double phase operators, the existence and multiplicity of solutions
have been widely studied. The double phase problem originated from nonlinear
materials science. Zhikov found that the hardening properties of materials varied
dramatically with the point known as the Lavrentiev’s phenomenon. In order to
provide the materials with strong anisotropy for the model, using the homogeniza-
tion theory, they studied the following functional in [24-27]:

x»—>/(|Vm|p+a(t)|Vx|q)dt,
Q

where, in general, 1 < p < ¢ < N and a(-) > 0. The modulation coefficient
a(t) determines the geometry of the composite material consisting of two different
materials with hardening exponents p and g, respectively. Since then, double phase
problems have been studied extensively using variational methods and regularity
theory (see, e.g. [1, 2, 4, 15, 16, 21]).

In [21], Perera and Squassina proved the existence of solutions to the following
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double phase problem:

—div (|Vz|P?Vz + a(t)|Vz|??Vz) = f(t,z), in Q,

(1.1)
x =0, on 0.

They used a cohomological local split to solve an estimate of the critical group
at zero. In [2], Colasuonno and Squassina studied an eigenvalue problem in the
framework of double phase variational integration, introduced nonlinear eigenvalue
sequences through the minimax method, and established the continuity results for
nonlinear eigenvalues to phase changes. Using variational methods, Liu and Dai
[15-16] discussed the existence and multiplicity of solutions to the equation with
double phase operators, and considered the case of sign-changing solutions.

In fact, in the past few years, due to its strong application background in physics
and science (see [5, 22] and the reference therein), periodic problems with singular
terms have also been received extensive attention from scholars (see [3, 6-14, 17-18,
20]). The first study to periodic solutions of the second-order differential equation
with singular terms was published by Nagumo in 1943 (see [20]). After that, in
1987, Lazer and Solimini considered existence results to second order differential
equations in [12], which is a landmark work in the field of periodic problems with
singular terms. They discussed two equations as follows,

' (0) = 22 = O,

where ¢ € (0,00) is a constant, h € C(R,R) with T-periodic. Using the upper and
lower solution method, topological degree theory, and truncation function technique,
they discussed the singularity of repulsive type and attractive type respectively, and
considered the case under ¢ € (0,1) (which is called the strong force singularity)
and ¢ > 1 (which is called the weak force singularity).

Lately, Hakl and Torres in [7] considered the existence results for second-order
differential equations with both attractive and repulsive singular terms as follows:

ht) 9@t

2 (t) = ) D) + f(t), a.e. t €0,T7,

where h,g € L(R,RT), f € L(R,R) are T-periodic functions, constants g, A > 0.
By using upper and lower solution method, they obtained the existence results of
differential equations with mixed singular terms.

In [11], Jebelean and Mawhin considered the existence of periodic solutions with
the p-Laplacian and singular term as follows:

(6p(2")" + f(z)2" + g(x) = (),
2(0) = 2(T), 2'(0) = 2(T),

with ¢,(s) = |s|P~2s, p > 1, g singular at 0. They used upper and lower solution
method and continuation theorem, extended results of Lazer and Solimini [12].
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In [18], Lu and Yu studied the following equations with mixed singular terms:

o (t) + f(a(t))a’ (t) + o(t)z™(t) - xi(g) " gi(é)) o

x(0) = z(T), 2'(0) = 2/(T),

where f € C((0,00),R), o, (, 8 are T-periodic functions, m, p, § are constants. Using
the continuation theorem of Mandsevich and Mawhin and techniques of a priori
estimates, the existence of the solution of the problem was given.

Inspired by the above research, this work discusses the periodic solution of the
following double phase problem:

{<¢p<x’<t>)>’+(a-asq(m'(t)))#g(m(t))x'(t)+a<t>m”<t> 0, <O _,
2(0) = =(T), 2'(0) = 2/ (T),

where f € C((0,400),R), o, ¢ and £ are T-periodic functions with ¢, £ € L([0, T], R),
and 0 € L(R,RT), p>q>1,a>0, p>m>0and v > 0 are constants.

The interesting points of this paper are as follows. Firstly, as far as we know, few
articles discuss the existence of periodic solutions to ordinary differential equations
with double phase operators with mixed singular nonlinear terms. Secondly, the
weak singularities, repulsive singular terms with strong or weak singularities, and
mixed singular terms when £(t) # 0 and ((¢) # 0, and when & = 0, g(z) may
have a singularity. This is an extension and supplement to [11]. Thirdly, in the
double phase problem, the prior estimation of the solution in this paper is more
difficult than the p-Laplacian operator or the second order operator, especially the
boundedness of |z/(t)].

The structure of this work is organized as follows. In section 2, we give several
inequalities to prove prior estimates, and some necessary lemmas for subsequent
proofs. In section 3, we obtain the existence of solutions to the problem considered,
which is the main result of our work. In section 4, some numerical examples are
given to illustrate main results.

nonlinear term —

includes attractive singular terms with strong or

2. Preliminaries and lemmas

Throughout this article, let:
Cr={z e CR,R): z(t+7T)==x(t) for all t € R},

x = max |z(t
l#lloo = max fo(0)],

and
Cr={xeC'R,R): z(t+T)=ux(t) for all t € R},
[zlley, = max{||2 oo, [|2"]| 00 }-

For z € L([0,T],R), define

zy(t) = max{z(t),0}, z_(t) = —min{z(¢),0}, and z = %/0 z(t)dt.

Clearly, z(t) = z4(t) — z_(t) for all t € R.
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Lemma 2.1. Suppose that there are three positive constants Ko, K1, and Ky, with
0 < Ky < Ky, such that
(Hy) For all X € (0,1], any possible positive T-periodic solution x of

ORI

(dp(a’(£)))" + (a- (@ (1)) + Ag(a())’ (1) + Ao (t)2"(t) - )‘xu(t) )

satisfies Ko < x(t) < K1, and |2'(t)| < K2, for any t € [0,T].
(Hz) Any possible solution z of problem (1.2) satisfies

i—L—Ezvz().
zP zm

(H3) The inequality

& ¢ [
. S K'U . S K'U
(7~ 7 ~7%) (7 ~77) <0
holds.
Then, Problem (1.2) has at least one T-periodic solution x, satisfies Ko < x(t) <

Ky, for any t € [0,T).

Proof. Define

d(x) == dp(z) + a- ¢q(x).

For each z1,x2 € R, z1 # x4, we have

(d(21) — d(@2), 21 — @2)
= (Jz1[P7%21 + a|z1 |7 %21 — |22[P 222 — alza|T%20) (21 — 22)
= [21(je1 P72 + ala1[T7%) = wa(jw2lP7? + alwa|"7)] (21 — 22)

> 0,

and
(6(a),a) = (jo" 2 + afal"~2) - @
= |z[” + alz|*
= (lz["~" + ala|"7") - Jal.
So ¢ is a homeomorphism from R to R, and |¢~!(z)| — +00 as 2 — +oo (see [3]).

Therefore, using Theorem 3.1 in [19], Problem (1.2) has at least one T-periodic
solution. ]

Remark 2.1. [18] If £, {, o > 0, then we have > m > 0, v > 0, there are two
constants 0 < E; < E5 such that

£ — < — gz’ >0, for all x € (0, Ey),
TH xm

and ~ ~
£ ¢

- — = —gz" <0, for all z € (Ey,0).
xh ™
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Lemma 2.2. Suppose that x € AC([0,T],R), satisfied ©(0) = x(T), and k > 1.
Then the following inequality hold:

1

Mmg<§ff<éﬂﬂmwﬁi

M = max{z(t) : t € [0,T]}, m =min{z(t):t € [0,T]}.
Proof. Let

where

. z(t), for t € [0,T7;
z(t) == z(t—T), forte (T,2T).

Then, z(t) € AC([0,2T],R). There exist ¢ty € [0,T], t1 € (to,to + T), satisfied
.%(t()) =m, 5(t1) = ]\47 :’f(to + T) =m.

Therefore,

By Holder inequality, we get

k-1 b k %
Momsin -0l ([T k) (21)
to
P to+T & %
M-m<|to+T —t1] / |2 (s)]"ds | . (2.2)
ty
By (2.1) and (2.2), we obtain
t1 k
o= m)* < =l ([T as). (23)
to
to+T &
(M —m)* <|to+ T — s / ()| ds | . (2.4)
ty

Using the inequality AB < (A + B)?, for any A, B € R, by (2.3) and (2.4), we
obtain

(Mngqmm'm+Tmwl(Lﬁf@ﬁw)Qfﬁﬂf®ﬁm>

t1

IN
=

to+T
uu—m+M+T_mﬂ““/ #(s)[" ds

to

2
1 /T 2(k—-1) /t0+T &
<- = 2 (t)|" ds
15 ([ we
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Mmg<§ff<lﬂfwﬁw>

The proof is complete. O
Now, we embed (1.2) into the following equation family with a parameter A €
(0,1],

Therefore )

3

(@p(2' (1) + (a- (62 (1)) + Ag(a(t))a' (1) + Ao ()" (t)
£() ) (2.5)
Aty T Aamiy =

Let

B={zeCh: (6, 1) + (@~ 6o(a' (1)) + g(x(t)2' (1) + Ao (t)a" (1)
t

—Agi(g) + )\% — 0,0 € (0,1]; 2(t) >0, Vi € [O,T]} , (2.6)
t t
GO = [ glds. 1) = [ s mgls)ds, € (0.400) (2.7)
1 1
£ = tg%gg]é(t), & = tg[lgr;] £(t),
¢ _trer[l(?}%] () = tg[lon%] 2
c* = max o(t), o,:= min o(t
t€[0,T] t€[0,T)

Lemma 2.3. Assume that p > m > 0,v > 0, and suppose the following conditions
hold:

(A1) g(t) >0 org(t) <0, for all t € R.

(A2) o € L([0,T],(0,400)), and £* > (..

Then, for any x € E, there exist constants no,m € [0,T], such that

.'17(7]0) Z max{l, <£*;C*>m+v} = AO,
2(m) < min{l, (’EU‘C)} — A,

Proof. Because of fOT 2’ (t)dt = 0, there exist two points t1,ts € [0, T, satisfied

(2.8)

2'(t1) <0 and 2/(t3) > 0.

Thus
¢p(@'(t1)) <0 and  ¢p(a'(t2)) >0,

¢q(a'(t1)) <0 and  ¢g(2'(t2)) > 0.

Let t,t € [0,T] be the maximum and minimum points of the (p, q)-Laplacian term
op(2'(t)) + a - ¢g(2'(t)), the above inequalities imply

¢p<xl(f>) +a- (bq(m/(f)) >0 and (d)p(x/(f)) +ta- (¢q($'(f))
Gp(' (1) +a-dg(a'(t)) <0 and  (Bp(2' (1) +a- ¢q(2'(2))

!’

)

" )
0. '

/
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Applying (2.9), we deduce

/ o ED B
a(@(D)x' (@) + o (@a"(0) - xh(t) * zm(t) 0
oz )2' (1) + o () — 24 LW

on(t) " zm(t)

By condition (A;), we suppose that g(z) > 0, for any € R. By (2.9), we obtain
2/(t) > 0 and 2/(¢) < 0. It follows that

o (B2 (E) + C(B)=" ™ (F) < £(D), (2.10)

and
a(t)z"TH(t) + ()T (t) > €(1). (2.11)

It means that
oV TH(L) + Gt T () < £,

and
(B (0, )+ C) < €7
So, by (2.10), there is a constant 7,

z(11) < min {1, (50_ C>+} = Ay

Similarly, using (2.11), there is a constant 79

z(mo) < max{l, (f*;c*>m+“} = Ap.

Then (2.8) is proved. O
Lemma 2.4. Assume (A1), (A2) hold, suppose that

By = inf G —Toz"] > — 2.12
pi= o [Gr) = Tow'] > —o0 (2.12)
and . _
T T
lim (G(s) + ﬁ + C+> < By (2.13)
s—0+ sm SH

hold, where G(x), Ao, p are defined by (2.7), (2.8) and (1.2). Then there exists a
positive constant rq, satisfied

min_ z(t) > ro, uniformly for x € E.
t€[0,T]

Proof. Let x € E, then x(t) satisfies

wAf@»%wm¢Aww»%wmmmww+adwﬂ@—AE@)
()
0

+A

=0, Xe(0,1].
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Since x € E, there exist t1,t5 € R with 0 < t5 — t; < T, satisfied

x(t)) = trer[lgl,};] x(t)

and
ty) = i t).
x (t2) tg[lolg]w( )
Due to Lemma 2.3,
Ag <z (t1) < +o0,

by assumption (2.12) yields
G(z(t1))—Taz"(t1) > inf [G(s)—Taz"(s)] := Cy > —o0. (2.14)

Ap<s<+oo

Integrating (2.5) over [t1,t2], we obtain

l2wAﬂ@»ﬂvylzw%mﬂmyw+AKZmﬂmwww+A[2dwﬂ@w

to ta
t
£) dt + A gyg )
o Th(t) 6 T™(t)
By the definition of ¢1,t2, we obtain

| @ty as [ at o) at o

dt =

Therefore,
2 / " i [T E) ()
/t1 g(z(t)x (t)dt+/t1 o(t)x’(t)dt . x“(t)dtJr o ()dt 0. (2.15)

It follows from (2.14) and (2.15)

G o) =G - [ ot [ (@ﬂ—tzﬁéﬂ
T
> G (2 (h)) —/O o ()2 (£)dt — /O Egdt 0 i;((t))dt
T
> G (h)) — Tow*(t) - &
TE, T,
2 CO - i (:2) - m (;;)7
and then L o
G (z(t2)) + Tey Ty > Ch. (2.16)

ah (t2) — x™ (t2)
Combining with (2.13), there is a constant ¢ > 0, satisfied

G(s)+ — f + ﬁ < Cy, for all s € (0,79) . (2.17)

Due to (2.16) and (2.17), we get

in 2(t) =z (ta) > ro.
tg[g};]x() x (t2) > 1o
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Lemma 2.5. Suppose that (Ay), (Az) hold, and { > 0 for a.e. t € [0,T]. The
following hypotheses

Co:= sup [G(z)+Tox"] < 400, (2.18)
z€[Ag,+0)
and _ _
. TS, T¢-
Sl_l,rél+ (G(s) — sm> > Cy, for all s € (0,11) (2.19)

hold. Then there is a positive constant r1, satisfied

min z(t) > r1, uniformly for x € E.
t€[0,T]

Proof. Let z(t) € E, then z(t) satisfies (2.5). By the definition of ¢; and ¢3 in
Lemma 2.4, from (2.8), we get

Ao <z (t1) < +oo,
combined with the assumption (2.18), yields that

G(z(t1))+Tox"(t1) < B <su<pJr [G(s) + T5s"] := By. (2.20)

Similarly with Lemma 2.4, we obtain
ta , to )
[ oy s [ o o) a=o
t1 t1

Integrating (2.5) over [t1, t3], we obtain

G (2(t2)) = G (z (1)) = /tzo(t)x“(t)dw U O

t1 t1 xh (t) t1 xm (t)

By ¢ > 0 and (2.20), we obtain

o (1) 2™ (t)

1% | 1T
k() am(t)

T T .
Glo(t) < Cl= (tl))—/o O(t)w”(t)dtJr/O i:gt)dm/o () 4

< G(x(t1))+Toz"(t1) +

5 TC
<By+ —~+——
BT ORETIOK

ie., o o
_ T T |

x“(tg) xm(tg) -
From assumption (2.19), there is a positive constant 1 > 0, satisfied

TéE,  TC

G(s) — Ter To > By, for all s € (0,71),

SH sm

G (z (t2)) Bo. (2.21)

due to (2.21), we get

i t) = to) > 1rq.
tg[gg]x() z (t2) > 11
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3. Existence results

Theorem 3.1. Suppose p > q > 1, a >0, o >0, and the hypotheses (A1), (As),
(2.12) and (2.13) hold. Then for any p > m > 0 and v > 0, Problem (1.2) has at
least one positive T-periodic solution.

Proof. By Lemma 2.4, there exists a positive constant rq > 0, satisfied

min x(t) > rp, uniformly for x € E, (3.1)
t€[0,T)

where E is defined by (2.6). Then, we will prove that there are constants My, My >
0, satisfied

max z(t) < My, max |z/(t)| < Ma, uniformly for z € E.
te[0,T] te[0,T]

Since z € E, we get

(¢ (' (1)) + (a- dq (&' (1)) + Ag(a(t))2’ (1) + Ao (t)z" (1)
S0\ S g ae (0,1]. 3.2)

Ay T

Integrating it on [0, 7], we get

T e [TE® T )
/O o)z (t)dt = /0 xu(t)dt /0 xm(t)dt. (3.3)

From Lemma 2.3, there exists n; € [0, T, satisfied

I(nl) < A17

which together with Lemma 2.2, we get

|2]os < Ay + (g) (/OT |x’(t)|pdt> " (3.4)

Multiplying (3.2) with z(t), and integrating on [0, 7], we obtain

T T
7/0 |z (t)|pdtfa/0 |2/ (¢)|9dt
[ vt T NS0,
= A/O o)z’ " (t)dt—i—/o (t)x(t)dt )\/o - x(t)dt.

o
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From o(t) > 0 for a.c. ¢ € [0,7], and by (3.3) we have

/OTx,<t)|pdt§ 6(2 ()t — OT tt t+/0Ta 2
g/ (i) (t)dt+ (i t)dt + OTO' Tt

<ol ( [ e, /0 O [ ot )

= 2] (/ +(i)dt+/OTi:(;dt+/0T§2 dt—)\/ xmi )

< / 2£+ /OTC tt t)

with (3.1) and g > m > 0, yields that
- _
T(C-+2
| wora < 2D
0 o

Combined with (3.4), we have

/OT @ dt < T“‘;Qf” (A1 . (f) (/T |:c’<t>|”dt>;) .

Using the inequality X2 — AX — B < 0, there exists a constant p > 0 satisfied

( /0 I ()" ds> T, (3.5)

Obviously, in (3.5), p > 0 is independent of x € E. Using (3.4), we get

< J2]oo

p—1
T\ 7
max z(t) < Ag + () p = po, uniformly for z € E. (3.6)
te[0,7) 2

Then, we will prove the boundedness of |z’ (¢)|. By the definition of ¢; in Lemma
2.4, we have

LL‘I (tl) =0.
Due to (3.2),
[ @@ des [ (@ ol @) e+ n / it
' ty ' t1 é—() t1 C() (37)
+)\/t o(t)z(t)dt — X t xl‘(t)dt+>\ ) J;m(t)dt 0.
Since

/t 1 (¢p(w’(t)))'dt+/t a0y () dt = — | (O] 2! (1) — ala’ ()] (0),
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from (3.7) and (3.5), if G’ = g, we have

|fmﬁ*=aqu*fm—A[1mmmwww

tlé-

| /

t1
/ g(z(t)) dt‘ + A
t

+A /t1 o(t)z(t)dt + X

DNalz/ (O + A

“og) ()
|/ x()dt‘+)\ t xm(t)dt‘ (3.8)
<ale O +[6G(0) - G (@) +A| [t 0y
Tl e Tl ¢
*A:MJ“+A w@Vt
TE  TC

Sﬂfwf%+ﬂmg%JG@N+T@W+—*+—*
O

Using contradiction, we assume that for each constant K, there is ¢y € [0, 7], such
that |2/ (to)] > K > 0. Without loss of generality, we fixed

TF TC
A:=2 Top® + — + —
rorgta<xpo ‘G(CC)‘ + apr + Tg + m?

1—-a =
K—max{l, <A> }

From (3.8) and the definition of K , we obtain

and

- 1 TF  T¢
|2/ (to) [P 1 <o+ ——— <2 max |G(x)|+ Tap’ ++C)
|2 (to)]

ro<t<po 7o TO

which means
KP~1 — AK'"9 < q.

However, by the definition of K, we have KP~7 — AK'~9 > @, which is a contradic-
tion. Therefore, we obtain

|2’ ()| < K, uniformly for z € E. (3.9)

Let Ky = min{F,r0}, and K; = max{pg, E2}, and E;, E, are constants
defined by Remark 2.1, then using hypotheses (3.6) and (3.9), any possible positive
T-periodic solution z to (2.5) satisfies

Ko < z(t) < K1, |2'(t)] < K3, for all t € [0,T].
So it satisfies (H;). Using Remark 2.1 we can obtain
& ¢

xH xm

—az¥ >0 for all z € (0, K1),
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and _ _
i3 ¢ _
- — = —gz¥ <0 for all x € (Ks. + 00),
Tt ™

Therefore, (H3) in Lemma 2.1 is satisfied. Also, we obtain

. .
S K (=2 — > — 5KV ) <.
(7~ 7~ %) (g s~ o) <
So (H3) in Lemma 2.1 is satisfied. Applying Lemma 2.1, Problem (1.2) has at least
one positive T-periodic solution. O

Theorem 3.2. Suppose that { >0, o(t) > 0 for a.e. t €[0,T], p>q>1, a>0
holds, (A1), (A2), (2.18) and (2.19) hold. Then, for any p—m >0, v > 0, (1.2)
has at least one positive T -periodic solution.

Theorem 3.3. Assume that ( > 0, o(t) > 0 for a.e. t €[0,T], p>q > 1,a >0,
and (A1), (Az) hold. Suppose that

. _ — utpt+m —
zgr-ﬁr-loo (H(z) — 2Tox ) =+o0 (3.10)
and o o
lim H(s) < dg—2T¢L —2T(_ (3.11)
s—0t

hold, where H(x) is defined by (2.5), and

0o == inf H(x) — 2T g THTm) 3.12
0 IE[A?,JFOO)( () or ) ( )

Then, there exist two constants pa > ro > 0, satisfied

min x(t) > re, uniformly for x € E
t€[0,T]

and

max x(t) < pa, uniformly for x € E.
t€[0,T]

Then Eq.(1.2) has at least one T-periodic solution.

Proof. Let x € E, satisfied (2.5). By the definition of ¢; and t3 in Lemma 2.4,
with 0 < to —t; < T, (t1) = maxepo,r) #(t) and x (t2) = mingep 7y 2(t). Taking
t3 = t; — T, then x (t3) = max;c(o, 7 #(t) and T' < ty — t3 < 2T hold. Furthermore,
by ¢(t) > 0 for a.e. t € [0,T] and (2.8), we get

AO <z (tB) < +o00,
which together with (3.12), yields that

H (x(t3)) — 2Toz" ™ (tg) > inf  (H(s) — 2Tos" ™) = 6.
Ap<s<+oo

Multiplying (2.5) with x#T™(t), and then integrating it over the interval [to, 3], we
have

/t * (6p( (1)) T (1)t + / (0 bola (1)) 2" (1)t + X / C o) (D ()t

+ )\/Q (O (1)t — A/Q £(t)dt + A/Q C(t)dt = 0.

t3
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Due to the definition of ¢1, t2, we obtain

ta

/tz (aﬁp(w/(t)))'x“*m(f)dt*/t (a- ¢gla’ (1))« (t)dt

= (et m) [ O e daltm) [l 0

t3 tS
<0.

Therefore, it follows that

H(z (tz))—H(:c(tg))Jr/2a(t)x”+ﬂ+m(t)dt+ 2C(t)dt2 zé(t)du

t3 t3 ts
with T' < ty — tg < 2T, leads to

to to

) 21 @) - [ o oa- [Ccoar [Caoa

ts t3 t3

2T
S H (x (ts)) — /O ()2 (1) dt

2T 2T
- C_(t)dt + £(t)dt
0 0
>H (x(t3)) — 2Taz " HH™ (t3) — 2T¢_ — 2T¢E, .

(3.13)

By using (3.12), we get
H (z(tg)) > 6o — 2T(_ — 2T¢,. (3.14)
From assumption (3.11), there exists a constant ro > 0, satisfied
H(s) < 6y —2T¢_ —2TE,, for all s € (0,73), (3.15)
by (3.14) and (3.15), we get

in o(t) = (t2) > ro. 1
in z(t) =@ (t2) 2 7 (3.16)

Therefore, by (2.8), we obtain
T2 S l'(tg) é Al.
Using (3.13) again, we obtain

H (z (t3)) — 2Toa" ™™ < H (x (t2)) + 2T¢_ + 2T¢4
< max H(z)+2T¢_ +2T¢,.

ro<z<A;
By the assumption (3.10), there exists a constant ps > ro, satisfied

H(s) — 2TGs"trtm > max, H(z) +2T¢_ +2T¢,, for all s € (pa, +00).
TesTx A1
Therefore, we can imply
t) =x(t3) < pa. 3.17
tg&}%]x() z (t3) < p2 (3.17)
From (3.16) and (3.17), we see that z(¢) has maximum and minimum. The rest of
the proof is similar to the Theorem 3.1. O]
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Theorem 3.4. Assume o(t) > 0 for a.e. t € [0,T], and p > q > 1,a > 0, satisfied
hypotheses (A1) and (As), suppose that

: = pvtm -
a:ErJlr/loo [H (z (1)) + 2Tox (t)] = —o0 (3.18)
and o o
11%1+ H(S) > 61 + 2T§+ + 2TC+, (319)
s—

hold, where H(x) is defined in (2.5), and

6 := sup [H(z)+2Tsa" "],
z€[Ag,+o0]

Then, there exist two constants ps > r3, satisfied

min_xz(t) > rs, uniformly for x € E
t€[0,T]
and
max x(t) < ps, uniformly for x € E.
te[0,T)
Then, Problem (1.2) has at least one T-periodic solution.

Proof. Let x € E. If set t4 = to — T, then 0 < t; —t4 < T and z(t4) =
mingepo, 7 (t). Multiplying (2.5) with z#*"(¢) and integrating it on [t4,t1], we

obtain
ty

/ (6, (0)) 2 (1)t + / (a- gg(a’ (1))« (t)dt

+ A/tl o(H)z™ Y (1) dt + )\/t1 g(z(t)x’ (t)a™ T H(t)dt

ty t1
A ewdt+x [ c)dt=o.

t4 t4
By the definition of t1,t4, we obtain

t1

/t (6@ (0)) (Ot 4+ A /t (a- ¢ (' (8)) z+m (t)dt

ty
=- M/ | ()" & FETY () dt — N+ M)a/ |2/ ()| a™ TR () dt
ta ty

<0.

Therefore, there follows that

H(xz(t1)) — H(z(ts)) + /tl o)zt () dt + " ¢(t)dt > " &(t)dt,

t4 ty 2

which together with the fact T < t; — t4 < 2T leads to

ty

() > H )= [ oo o [ i [ s

>H(z (t4))—/0 o (£)a O (1)t — O C(t)dt+/() £(t)dt (3.20)

> H (z(ty)) — 2TGx" 0™ () — 2Ty — 2TE, .
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Using the definition of §;, we obtain

H (z(t4)) < H (z (t1)) + 2T, + 2TaxH V™ (ty) + 2T¢,

< sup [H(z)+2Toa"™"T™] 4 2T¢, + 2TE,
zE€[Ag,+00]

<61 +2T¢, +2T¢E,.
By (3.19), there exist a constant 5 > 0 satisfied

in a(t . 3.21
t?ﬂ&f}]z()>r3 (3.21)

Combined with (2.8)
r3 <z (ty) < Ay,

by (3.20),
H (z(t)) + 2Taz" T ™ () > H (v (t4)) — 2T¢, — 2T,
> mi?A1 H(x) —2T¢, —2T¢,.

ra<z<
By applying (3.18), we obtain
H(s) + 2Tz ™ (t1) < 6, — 2TEy — 2TCy, for all s € (p3, +00).
Therefore, there exists a constant p3 > r3 satisfied

t)=x(t1) < p3. 3.22
tg%%]x() z(t) < ps (3.22)

From (3.21) and (3.22), we see that z(t) has maximum and minimum. The rest of
the proof is similar to the Theorem 3.1. O

4. Some examples

Example 4.1. Consider the following boundary value problem:

{ (1" @1/ (8)) + 527 (1) + (2(2) + 24(5)) 2/ (1) + (cos 26 + By (1) — 225 2L - spt —
z(0) = z(T),z'(0) = =/ (T).

(4.1)
Corresponding to Eq.(1.2), p = 7,q = 2, a = 5, g(z(t)) = 2%(t) + 27%(t), o(t) =
cos2t + 3, £(t) = 2cos? 2t + 1, ((t) = sin*t , p=3,m =2,v = %, and T'=m. By a
simple computation, we obtain o(t) > 0, and Ay = 1,

v 1, 1 11
G(z) = /1 g(s)ds = 3T T
bp= sup [G(z)+Toz"]=3—31 < +o0.

z€[Ap,00)

Moreover, we have &, = 27, {, = m, and

lim (G(8)+T§++TC+>: lim <1x3—1+273r+ 7;+2>—>—oo.
X

s—0+ s™m sH s—0+ \ 3 0 T 3

Obviously, Eq.(4.1) satisfies (2.12) and (2.13). Thus, by Theorem 3.1, (4.1) has at
least one positive m-periodic solution.
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Example 4.2. Consider the following boundary value problem:

(@@ O)) + (30u(@O)) + (7 = 3) /() + (2sine + T)a? = <5 4 g,
'(0) = 2/(T).
(4.2)
— 1 0(t) = 2sint + 7,

Corresponding to Eq.(1.2), p > ¢ > 1, a = %, g(z) =
=27 By a s1mple computation,

&(t) = cost+1, C()fsmtufl?’mf and T
we obtain o(t) > 0, and Ay = 1,

1
27

r 1 1 8
H(z) = / ot mg(s)ds = —a' — ?x7 +—,
1

15 105
lim (H(z) — 2Tz ") — 4o0.
Tr—r400
Moreover, we have 7 = 147, £, = 27, (_ = 0, and
b= inf (H(z)—2Tea"mm) = > _on
z€[Ag,+0) 105

lim H(s) — —o0.
s—0+

Obviously, Eq.(4.2) satisfies (3.10) and (3.11). Thus, by Theorem 3.3, (4.2) has at
least one positive 2w-periodic solution.
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