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NONTRIVIAL GENERALIZED SOLUTION OF
SCHRODINGER-POISSON SYSTEM IN R?
WITH ZERO MASS AND PERIODIC
POTENTIAL*

Anran Li', Chongqing Wei and Leiga Zhao?

Abstract In this paper, we are concerned with a class of Schrédinger-Poisson
systems in R® with zero mass and periodic potential. Under some 3-superlinear
assumptions on the nonlinearity, one nontrivial generalized solution is obtained
by a combination of variational methods and perturbation method.
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1. Introduction

In this paper we consider the following Schrédinger-Poisson system

—Au+ ¢u = K(x)f(u), x € R3,
(1.1)
—A¢p =u?, r € R3.
We assume that

(f1) f is a continuous function defined on R and satisfies

lim@: lim@:O.

t—0 1 t—oo 19

(f2) There exist o € (3,6) and R > 0 such that
inf F(t) >0, f(t)t > aF(t), for t € R,
inf F() >0, f(0)t = aF (1), fo

where F(t) :/0 f(&)deg.
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(K) For the case a € (3,4), K is a positive constant function; for the case a €
[4,6), K € C(R?,(0,00)) is a 1-periodic potential function, that is,

K(z+y) = K(x), for every 7 € R and y € Z°.

For simplicity, we assume max K(x) =1 for all @ € (3,6).
xr

Schrodinger-Poisson system arises in many mathematical physics contexts, such
as in quantum electrodynamics, to describe the interaction between a charge parti-
cle interacting with the electromagnetic field. In the mathematical literatures, [6]
proposed an abstract framework to deal with it via variational methods. Since then,
it has gradually become a hot spot for constant attention. A great deal of research
results have been obtained, for example, [2,3,6,8-13,17,20, 24, 26].

Formally, the main difference between system (1.1) and the classical Schrodinger-
Poisson system

—Au+u+ ou = g(x,u), v €R3,
(1.2)

—Ad =2, z € R3,

is that there is no linear term of u in the first equation of system (1.2). In fact,
system (1.1) is a class of zero mass problem since (f1) implies that f/(0) = 0. The
studies on problems with zero mass have been concerned in [1,4,5,7,14,18,19,21,25]
and the references therein. In these aspects, Berestycki and Lions [7] established
the well-known Berestycki-Lions condition which is an almost optimal condition
for the existence of nontrivial solutions to Schrodinger equation with zero mass.
Alves etc [1] obtained one positive solution for elliptic equations in RY with zero
mass and potentials of some integrability or asymptotically periodic assumptions.
Azzollini etc [4] studied a class of Klein-Gordon-Maxwell system with zero mass
and 4-superlinear nonlinearities by a perturbation method. Schrédinger-Poisson
system with zero mass was first noticed by Ruiz [21]. By introducing a new class
of Sobolev type space involving Coulomb energy, one positive solution was got by
the compactness concentration principle method in [21] for the following nonlocal
problem with zero mass

1
— Au+ (u2 * ||) u = |[ulP"u, x € R (1.3)
x

where p € (2,3). Later, the ground and bound states were obtained in [14] for
equation (1.3) with p € (3,6). The existence of radial solutions for equation (1.3)
with p = 3 was also got in [14]. Furthermore, it was pointed out in [14] that
p = 3 is “critical” for equation (1.3). Mercuri etc [19] studied a general type
of Schrodinger-Poisson-Slater system with Riesz potential. Under the variational
setting of [21], Yang and Liu [25] obtained infinitely many solutions for a class
of Schrédinger-Poisson-Slater system with a combination of sublinear and Sobolev
critical terms by a truncation technique and Krasnoselskii genus theory. Recently,
Liu and Moroz [18] studied the asymptotic profile of ground states for a class of
Schrodinger-Poisson-Slater system for the case p € (3,6).

Before stating our main result, we give several notations. For any ¢ € [1, +0o0],
we denote by ||, the norm of the space L(R3). D':2(IR?) is the space defined as the
completion of the functions C§°(R?) with respect to the L? norm of the gradient.
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For every € € (0,1], H}(R?) = {u € L?>(R3) : |Vu| € L*(R?)} is a Hilbert space
equipped with the following norm and inner product

lulle = (/ (|Vul?® + eu?) dx) , (u,v)e :/ (Vu - Vo + euv)dz.
R3 R3

As shown in [4], a generalized solution for system (1.1) is a pair (u,$) €
DY2(R?) x DY2(R?) such that

[ (Fu Vot ouis = [ K@ sds, v e C@),
R3 R3

Vo - Veodr = / u?pdz, © € C&°(R3).
R3 R3

The solution defined above may not be the usual weak solution since the test func-
tions are in C§°(R?) instead of D¥?(R3). It is an interesting problem whether the
generalized solution is also a weak solution.

Formally, the working space associated to system (1.1) is DV2(R3) x D12(R3).
Due to the fact that the Poisson equation in system (1.1) may not have a solution
for some given u € DV2(R3), then the conventional reduction method [6,9] is not
valid for system (1.1) directly. In order to obtain a nontrivial generalized solution
of system (1.1), we firstly consider a perturbed system

—Au+eu+ ¢u = K(z)f(u), x € R3,
(1.4)
—A¢ = u?, x € R3,

where ¢ € (0,1]. For every fixed e, one nontrivial weak solution (ue, ¢, ) €
H(R3) x DY2(R3) for system (1.4) can be obtained by the general minimax princi-
ple [22] and Lions vanishing lemma [16]. Then let £ — 0%, a nontrivial generalized
solution of system (1.1) can be got by a version of Lions vanishing lemma in the
space DY2(R3) (see Lemma 2.2 of [1]).

Our main result is as follows.

Theorem 1.1. Under the assumptions (K), (f1) and (f2), system (1.1) has at least
one nontrivial generalized solution (ug, o) € DV2(R3?) x DV2(R?).

Remark 1.1. Under assumption (f1), f can not be homogeneous. It enlightens
that system (1.1) may enjoy nontrivial solutions. To overcome the difficulty of
nature of zero mass, we use the perturbation method and borrow some ideas from [4],
which is quite different from [21]. Contrast with [4], our study can contain the case
a € (3,4] due to the positive homogeneity property of the solution for Poisson
equation in system (1.4). Following Jeanjean [15], we can get a Pohozaev-Palais-
Smale sequence by the general minimax principle [22] for the case « € (3,4) which
can be turned out to be bounded. Then one nontrivial weak solution for perturbed
system (1.4) is obtained by Lions vanishing lemma. Some boundedness estimates
of the weak solution for perturbed system (1.4) with respect to € are also got which
play an important role in the process of finding a nontrivial generalized solution for
system (1.1).
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Throughout the paper, S denotes the optimal constant in the Sobolev inequality,

[Vol3
veDL2(R3))\{0} 0|2
nontrivial weak solution for perturbed system (1.4) is obtained in Section 2. The
proof of Theorem 1.1 is given in Section 3.

that is, S = . The rest of the paper is organized as follows. One

2. Nontrivial weak solution for system (1.4)

By the standard reduction procedure [6, 9], system (1.4) can be reduced to a
Schrédinger equation with one nonlocal term ¢,,,

— Au+eu+ dyu= K(z)f(u), v € R, (2.1)

where ¢,, is the uniqueness solution of the second equation in system (1.4) for every
fixed u € H!(R?). If u. € H}(R?) is a solution of equation (2.1), it gives rise to a
solution (ue, ¢y, ) of system (1.4).

The variational functional associated to equation (2.1) is given by

Je(u) = 1Hu||§ + 1/ puuide — [ K(z)F(u)dr, u € HX(R?). (2.2)
2 1 Jos -

Under our assumptions, by Proposition 4.1 in [9], J. € C*(H}(R?),R) and its
Fréchet derivative at u is

JL(u)v = /Rs(VuV’u + euv + ¢yuv)dr — . K(2)f(u)vdz, v € HX(R3).

We collect some properties on the nonlocal term ¢, (see, for instance [2,10,26]).

Lemma 2.1. The nonlocal term enjoys the following properties.

(i) If up — u in HX(R3), then, up to a subsequence, ¢y, — ¢, in DV2(R3) and

. . 2 2
liminf [ ¢, u,dx > puu-dx.
n— oo R3 R3

(“) (bu(-er)(') = ¢u( =+ y)7 ye R3.
(i4i) For any a,b,t > 0, let us(-) = tu(t®), then ¢y, (-) = t2@=D e, (t4-).

The following result which resembles the classical vanishing lemma of Lions [16]

plays an important role in obtaining a nontrivial generalized solution of system
(1.1).

Lemma 2.2. (Lemma 2.2 of [1]) Let {u,} be a bounded sequence in D*?(R3), then
either

(i) there exist R,n >0 and y, € R3 such that / [wn|?dx > n; or
Br(yn)

(#4) / |un|9dz — 0, for every q € (2,6) and T > 0.
{xERSI ‘un(x)lzT}

First, we prove the functional J. enjoys the mountain pass geometry structure.
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Lemma 2.3. Under the assumptions (K), (f1) and (f2), there exist po > 0 and
eo € HX(R3) such that ||egl|l- > po and

inf Je(u) > J:(0) = 0> J.(eg), fore e (0,1].
uw€HL(R?), [ulle=po ) 0) (o), f (0,1]

Proof. On the one hand, it follows from (f;) that there exists C' > 0 such that

If()] < C|t|° and |F(t)] < %|t|6, for t € R. (2.3)
Then (2.2) and (2.3) imply that
1 1 1 c
Je(u) = 5||U||§ t1 /Rs pyu’dr — - K(z)F(u)dz > §HUII§ - @IIUIIS-

We conclude that there exists pg > 0 small enough such that for any u € H!(R?)
with 0 < |lu|ls < po, it results that J.(u) > 0. In particular, we have

1 C
Je(u) = §P8 - @Pg >0,

for any u € HX(R?) with [[u]l. = po.
On the other hand, by (f1) and (f2), there exist aj,as > 0 such that

F(t) > a1|t|* — agt?, for t € R. (2.4)
Choosing u € H{(R3) \ {0} with |Va|y = 1, by (iii) of Lemma 2.1, we have
bu, (v) = t2pu(tz), v € R,
where @, (+) = t?u(t-). By (2.4),

3 14 2a9)t 3
J.(@) <= | |Vallde + M/ Wdr + — [ ¢guda
2 ]R3 2 RS 4 ]RS

— a; min K (z)t?*73 [a|“dx.
TzER3 R3
Since 2« — 3 > 3, we have that J.(u;) — —oo, as t — +oo. Thus, by choosing
to > po large enough, we can get J. () < 0 and ||y, || > po for every € > 0, so
we can choose ey = Uy, . O
Then by Lemma 2.3, we can define the level such that

e = 5l e S0

where I'. := {y € C([0,1], H}(R3)) : v(0) = 0, J-(v(1)) < 0}. By the argument of
Lemma 2.3 again,

1 C
ce > 5/}3 - @pg > 0, for every ¢ € (0,1]. (2.5)

Furthermore, by the definition of J., we can get that ¢. < ¢1, for every € € (0, 1]. In
fact, for every v € I'y, since J.(y(1)) < J1(y(1)) <0 and || - |l < |- |l1, then v € T,
for every ¢ € (0,1]. Thus,

< < .
¢ < max Je(v(1)) < max J(1(1))
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The arbitrariness of v leads to ¢. < ¢, for every € € (0, 1].
For the case a € (3,4), following Jeanjean [15], we define a continuous map
®:Rx HY(R3) — H(R?) for 0 € R and v € H}(R?) by

®(o,v)(x) =v(e ™ x), = € R,
For every o € R and v € H!(R?), the functional J. o ® is computed as
e’ ) 6630 9 650 9 30
(Je0®)(o,v) = J(®(0,v)) = —|Vu|5+—]|v]3+— Ppv°dzr—e F(v)dz.
2 2 4 R3 R3
It follows from (f1) that J. o ® is continuously Fréchet-differentiable on R x H(R?).
We define a family of paths
T. = {7 € C((0,1], R x H}(R®)) : 7(0) = (0,0) and (J. o ®)((1)) < 0}.

By a direct calculation, we can get that I'. = {P o5y : 75 € fE} In fact, on the
one hand, for every v € I, setting 7(-) = (0,7()), the definition of ® leads to

®(7(-)) = (). Since
7(0) = (0,0) and (Jz 0 @)(3(1)) = Je(®(7(1))) = J=(+(1)) <0,

then 7 € fs, which implies that I, ZQand T, C {Po7:7 € 1~“€} On the other
hand, for every 7 € I';, setting v = ® o7, by the definition of &,

7(0) = (2 079)(0) = 2(7(0)) = ©(0,0) = 0

and
Je(7(1)) = Je((® 0 7)(1)) = (J- 0 ®)(5(1)) <O.

Thus, {Po7:7 € fg} C TI'.. Therefore, the mountain pass levels of J. and J. o ®
coincide:

ce = inf max (J. o ®)(F(¢)).
Fel. t€[0,1]

By the general minimax principle (see Theorem 2.8 in [22]), there exists a se-
quence {(c,,v,)} C R x H(R?) such that

on =0, (J-0®)(0on,vn) = ce, (Je0®) (0p,v,) — 0, as n — 0.
Since for every (h,w) € R x H(R?),
(Je 0 ®) (op,v5)(hyw) = Pe(®(0p,vn))h + JL(P(0n, v,)) P (00, w),

where P. is the PohoZaev functional
1 3 5
P.(u) = =|Vul3 + —g\u@ + f/ puuide —3 | F(u)de.
2 2 4 Jgs RS

By taking u, = ®(0,,v,), we get a Pohozaev-Palais-Smale sequence {u,} of J. at
level ¢. ((PPS).. sequence for short) which satisfies
Je(up) = cey, JL(un) — 0, Pe(u,) — 0, as n — oo.

For the case a € [4,6), by Theorem 2.10 of [22], there also exists a Palais-Smale
sequence {u,} of J. at level ¢. ((PS).. sequence for short).
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Lemma 2.4. Under the assumptions (K), (f1) and (f2), for every given € € (0, 1],

(i) for the case a € (3,4), every (PPS).. sequence of J. is bounded in H!(R3);
(ii) for the case o € [4,6), every (PS).. sequence of J. is bounded in H!(R?).

Proof. (i) For the case a € (3,4), by calculating 2 x J.(un)up, — 5 X P-(uy), it

follows from (f2) that
12—« 4 -«
[ Pl < #52elu (2-5) [ onuaot o,

Then substituting the last inequality into J.(u, ), we have

2 2 2 2
Je(un) > (3 - > |V, |2 + <1 - a) elun|3 + <3 — a> . bu, uddz + 0, (1).

Since a € (3,4), all the coefficients in the previous inequality are positive. It follows
from J.(u,) — c. as n — oo that for n € N large enough,

2 2
ot 12 (-2 )l

Therefore, {u,} is bounded in HZ(R?).
(43) For the case a € [4,6), let {u,} be a (PS),

|Vun|§

sequence of J.. That is,

Je(up) = ey JL(up) — 0, as n — oo.

Then, by (f2), for n € N large enough,

1 1 1
ot L ol 2 Jen) = 20 ) > (5= 2 )

Therefore, {u,} is bounded in H!(R?). O

Lemma 2.5. Under the assumptions (K), (f1) and (f2), for every given ¢ € (0, 1],
system (1.4) has at least one nontrivial weak solution (u., ¢z.) € HX(R?)x D2(R3).

Proof. For the (PPS).. sequence (or (PS).. sequence) {u,} obtained above,
Lemma 2.4 indicates that {u,} is bounded in H!(R3). It is clear that {u,} is
either

(i) vanishing: for each r > 0, lim sup / udr =0, or
(y,r)

n—oo yeRg B

(i7) mnon-vanishing: there exist r,n > 0 and a sequence {y,} C R? such that

lim sup/ uidw >
B(yn,r)

n—oo

Suppose case (7i) holds and let uy, (z) := un(x + y,). Without loss of generality,
we can assume y, € Z>. The periodic assumption of K and (i7) of Lemma 2.1 imply
that

J () = Jo(upn) — ce and ||JL ()| = ||JL(un)|| — 0, as n — oo. (2.6)
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Furthermore,
P.(uy) = P-(uy) — 0, as n — oo, if {u,} is a (PPS)CE sequence.

That is, {u,} is also a (PPS).. (or (PS)..) sequence of J.. Since {u,} is also
bounded in H!(R3), there exists . € HX(R?), which is nonzero due to the fact
that limsup u2dx > n, such that @, — u. in H!(R?), after passing to a

n—00 B(0,r)
subsequence. A direct calculation shows that J.(u.) = 0. In fact, for every v €
H(R?),

on(1) = (J.(@in), v) = / (Viin Vo + eiint + b iinv — K (2)f (iin)0)dz.

R3

The weak convergence in H!(R?) leads to

/ (Vu, Vv + et,v)dx — (Vu:Vov + euev)de, as n — oo.
R3 R3

By (i) of Lemma 2.1, ¢g, — ¢z, in DV?*(R3). Then ¢z, — ¢z, in L5(R?). Since
v — Uev in L5 (R?) due to [23, Proposition 5.4.7], then

/ Ou, Upvde —>/ Q. Usvdx, as n — 00.
R3 R3

By [23, Proposition 5.4.7] again, it follows from (2.3) that f(@,) — f(@.) in L5 (R3).
Furthermore, since Kv € LS(R?), by the definition of weak convergence in L5 (R3),
we can get that

K(x)f(up)vdx — K(x)f(u:)vdz, as n — oo.
R3 R3
Thus, (J.(u.),v) = 0. That is, u. is a nontrivial weak solution of equation (2.1)
which gives rise to one nontrivial solution of system (1.4).

Therefore, it remains to show that the vanishing case can not occur. On the
contrary, if {u,} is vanishing, then it follows from Lemma I.1 in [16] that u, — 0
in L"(R3) whenever 2 < r < 6. By (f1), for every § > 0 there exists Cs5 > 0 such
that

|f(t)t] < 6t5 + Cslt|9, for some ¢ € (2,6).

0< [ |f(un)yunlds < (5 [ wtarcs | |un|qdz> ,
R3 R3 R3
which implies that

Then

K(z)f(un)updx — 0, as n — oo.
R3

It follows from u, — 0 in L5 (R3) that
/ bu, u2dr — 0, as n — 0.
R3

Then, by (J.(un),u,) — 0, we can get u,, — 0 in H2(R?), which leads to a contra-
diction with (2.5). Therefore, {u,} is non-vanishing. O

At last, we give some uniform boundedness estimates on the families of the weak
solutions {(ue, ¢z, )} for system (1.4).
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Lemma 2.6. Under the assumptions (K), (f1) and (f2),

(7) for the case o € (3,4), there exist by, by > 0 such that

~ 200 — 6 ~
b < ”uaHDlv?(Ri") < by, ||¢175HD1=2(]R3) < by and b% < JE(UE)7

for every e € (0, 1];
(#i) for the case a € [4,6), there exist b, by > 0 such that

by < |[te]| prersy < bs, [|da. || pres) < ba and 2 5o b2 < Jo(t.) < e,

for every e € (0,1].
Proof. On the one hand, it follows from (J.(u.),u.) = 0 and (2.3) that

[ellDrz sy < 5 [Tl e o)

Then

3

- S1
”“s”Dle’(R?") > E = by. (2.7)

On the other hand, for the case « € (3,4), similar to the argument in Lemma
2.4, by Fatou lemma we have

01>C = hmJ u
€
n— 00

> lim inf [( — ) Vi, |2 + (1 - 2) eltin 3 + (2 — 2) ¢anﬂid4
n—00 3 o R3
2 2
> (2-2)ivap+ (1-2)anp+ (3-2) [ onitan

where {@,,} is the (PPS).. sequence of J. which has been obtained in (2.6). Thus,

&

1 1

~ 3ac 2 » 3

HUEHDL?(R% < (2 ! > = by, ||¢175 ||D1v2(]R3) = ( ngEugdx) < by.
a—06 R3

Furthermore, by (2.7) and Pohozaev type identity satisfied by ., we can get
2 2 2 2 ~ ~
Thus, (4) is true.
For the case a € [4,6), by Fatou lemma and (f3), we have

n— oo

> . = lim (Ja@o - L))

2 + —/ ¢u.i2da +/ K(z) (;f(ag)ag - F(ﬂ5)> do

RS
S ACAREIVICARA
:Ja(ﬂe)a
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where {@,,} is the (PS).. sequence of J. which has been obtained in (2.6). Thus,

€

1
~ ~ 2acy \ 2
ullor o < Il < (229) " i= o

Furthermore, by (2.7), we can get that

a—2

7 b? < J(u:) < e <.

0<
(J.(ue),ue) =0 and (2.3) also imply that

~ ~ C - c -
[, daide < Ll < G lelfpragey < gl

Thus,

1 1 1
» 2 Oz Cz2
|m¢wms(/%ﬁM)< el < S8 = b
R3 S S

3 3
2 2

Therefore, (i) is also right. The proof is completed. O

3. Proof of Theorem 1.1

In Section 2, one nontrivial weak solution (., ¢7.) of system (1.4) has been obtained
for every ¢ € (0,1]. We can get one nontrivial generalized solution of system (1.1)
by letting e — 0.

Proof of Theorem 1.1. It follows from Lemma 2.6 that both of {u.} and {¢g.}
are bounded in DV?(R3). Apply Lemma 2.2 to {u.}, if case (ii) of Lemma 2.2 holds
we can get that J(u.) — 0, € — 07 which contradicts with the fact that

) (227, if a e (3,4);
Jo(ug) >
(L =182, if a € [4,6).

In fact, for some given ¢ € (2,6), by (f1), we can get for every & > 0 there exist 75
and Cs such that

og/ | f ()i |da < 5/ ﬂgdx+c5/ .| %dx | . (3.1)
R? R? {a:[ie ()] 275}

Under case (i) of Lemma 2.2, (3.1) and (K) lead to
K(z)f(t.)u.dz — 0, as e — 0.
R3

Together with the fact that (J.(u.),u.) = 0 and ¢z_ is nonnegative, we can get

l|uc|le — 0, / ¢z uzdr — 0, as e — 0.
RS
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By (f1) and (K), we can also obtain

K(x)F(u.)dr — 0, ase — 0.
R3

Then J.(u.) — 0, as ¢ — 0F. Thus, there exist R, > 0 and y. € Z> such that

/ [u:|?dz > n.
Br(ye)

Set Ue(-) = Ue(- + ye), then ¢g_(-) = du. (- + ye) due to (i7) of Lemma 2.1. The
translation invariance results that both of {u.} and {¢g,} are bounded in D':2(R?)
and (U, ¢g,) is also a solution of system (1.4). Thus, up to a subsequence, there
exist ug € DV2(R3) \ {0} and ¢ € DV?(R3) such that

U — ug, dg. — ¢o, in DV(R?), as e — 0T,

Next, we show that (ug, ¢o) is a nontrivial generalized solution of system (1.1).
For every v, » € C§°(R3),

0= (J(a.), ) = / (Vi - Vb + eleth + do it — K(2)f(@)d)de,  (3.2)

R3
/ Véa, - Vidr = / uZpdz. (3.3)
R3 R3
Since @, — ug in DV2?(R3), it is easy to see that
/ Vi, - Vipdr — Vug - Vipdz, as e — 0.
R3 R3

By Holder inequality, one can get that
s/ Uetpdr — 0, as e — 0.
R3

Since ¢ € C§°(R3), by the local compact embedding theorem and Hélder inequality,
we can get

(@ — )]s — 0 and / (e, — olluowldz — 0, as ¢ — 0%
RS

Thus, by Hoélder inequality, we deduce

/R (9.7 — douo)idz

< / (e e — ool [ dz + / Iba. 1o — douol||dz
R3 R3

<165l @ = w0)ilg + [ 105, = dolluolda

-0, ase — 0T,

Since K1 € Cg°(R?) C LS(R3), the fact that f(7@.) — f(uo) in L5 (R3) leads to

K(x)f(u:)dr — K(x)f(uo)vdz, ase — 0.
R3 R3
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Thus, by taking limits as € — 07 on both sides of (3.2), it reaches that

/ (Vug - Vb 4+ ¢pouo))dz = / K(x)f(up)ydz. (3.4)
R3 R3

Similarly, by taking limits as € — 0T on both sides of (3.3), we have
Voo - Vdr = / udpda. (3.5)
R3 R3

Since ug # 0, (3.5) implies that ¢¢ # 0. Therefore, (3.4) and (3.5) indicate that
(ug, ¢o) is a nontrivial generalized solution of system (1.1). The proof is completed.
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