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THE LIE SYMMETRY ANALYSIS, OPTIMAL
SYSTEM, EXACT SOLUTIONS AND
CONSERVATION LAWS OF THE
(241)-DIMENSIONAL VARIABLE
COEFFICIENTS DISPERSIVE LONG WAVE
EQUATIONS*

Meng Jin', Jiajia Yang!, Jinzhou Liu' and Xiangpeng Xin'f

Abstract In this article, the (241)-dimensional variable coefficients disper-
sive long wave equations (vecDLWSs) are studied by the Lie symmetry analysis
method. The infinitesimal generators and geometric vector fields are given.
Optimal system of the (2+1)-dimensional veDLWs are analyzed by Olver’s
method. Based on the optimal system, the (2+1)-dimensional veDLW equa-
tions are reduced to (141)-dimensional equations. A number of new exact so-
lutions of veDLW equations are derived. Some kink solutions and 2-soliton so-
lutions are obtained by using (1/G’)-expansion method and (G’ /G)-expansion
method. Many different types of exact solutions can be obtained by chang-
ing the coefficient functions. By exploring the evolution of the solutions with
function of the coefficients and time ¢, the dynamic behaviors of the solutions
are analysed. At last, the conservation laws of the (2+1)-dimensional veDLWs
are derived based on the nonlinear self-adjointness.

Keywords The (2+1)-dimensional veDLWs, the Lie symmetry analysis, con-
servation laws, (1/G’)-expansion method, (G’/G)-expansion method.
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1. Introduction

Nonlinear partial differential equations (NLPDES) are important models used to de-
scribe nonlinear phenomena in chemistry, biology, physics, etc [5,20]. With the rapid
development of society, the use of NLPDESs is becoming more and more widespread
and intensive. Therefore, the study of the exact solutions of the NLPDEs is of
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great theoretical importance and research value [1,4,26,33]. Moreover, scholars
have proposed various methods to solve the NLPDEs, such as the Hirota bilin-
ear method [3,16], the Lie symmetry analysis [6,12,13,21], the Darboux trans-
formation [8, 17], the inverse scattering method and the Bécklund transforma-
tion [10,14,30]. The Lie symmetry analysis method uses the symmetry of differential
equations and continuous infinitesimal transformations to study the equations. It is
a common method for solving partial differential equations. Due to the limitations
of constant coefficient equations in describing physical phenomena, the study of
variable coefficient equations that introduce some arbitrary functions has become a
hot issue [9].

The (2+1)-dimensional dispersive long wave equations (DLWs) are NLPDEs
[11]. The form of the (241)-dimensional DLWs are as follows

Uyt +Vpg + Uyly + Ulzy = 0,
(1.1)

Vi + Up + UgV + UV + Uggy = 0,

where u, v are two functions of z,y, t.

In reference [29], Kajal et al. used the similar transformation method obtain
some solutions of physical significance for the (2+1)-dimensional DLWs. In reference
[35], Xia et al. derive the Bécklund transform and residual symmetry of the (2+1)-
dimensional DLWs from the standard truncated Painlevé expansion. At the same
time Xia succeeded in reducing the residual symmetry to a Lie point symmetry by
introducing an appropriate auxiliary dependent variable. In this article, we will
study the DLW equation using the Lie symmetry analysis. A crucial variety of
exact solutions can be obtained. The dynamical behaviour of the solutions are also
analysed by drawing figures of the solutions [34].

The (2+1)-dimensional veDLWs are the following form

Fi = uy+a (t) vpe + b (t) (uyug + vtgy) =0,
Fy =v + c(t) (ug + ugv + uvg) + d (t) Uggy =0,

where a (t),b(t),c(t),d(t) are four arbitrary functions. When a(t) = b(t) =
c(t) =d(t) =1, Egs.(1.2) is converted to Egs.(1.1).

This paper is organised as follows: Infinitely generated small elements of the
independent variables are obtained by constructing third-order extensions and Lie
symmetry analysis method in Section 2. The Lie exchange table and the Lie ac-
companying table are derived in Section 3. The invariants are derived [22,23].
The optimal system is determined by discussing the invariants. Based on the opti-
mal system, the reduced equations of Eqs.(1.2) are obtained in Section 4. Various
types of exact solutions, which include kink solutions, periodic solutions and 2-
soliton solutions, are obtained using the (G'/G)-expansion and (1/G’)-expansion
method [7,18,27,37]. In addition, the relevant figures of the solution are given for
discussion in section 5. The nonlinear self-adjointness of (2+1)-dimensional veDLWs
is given. Based on nonlinear self-adjointness, conservation laws are derived in sec-
tion 6. The conclusions of this paper are given in section 7.
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2. Lie symmetry analysis

In this section, the symmetry Lie group of Egs.(1.2) is determined. First, a set of
one-parameter transformations is assumed as follows

where € is an infinitesimal parameter and Z, T, M, P, 171 are the infinitesimal generator

elements. E,?,ﬁ,@,l?} relate to z,y,¢,u,v. The vector field V associated with
Eqgs.(1.2) is given as

-0 0 ~ 0
V—gafx—‘rT&—f—T]afy‘F@%—Fw%. (22)

Subsequently, the Lie symmetry of Egs.(1.2) will be generated by Eq.(2.1). Also,
we can obtain V of the third-order prolongation

0 g 90 -0 z 0 zy O
(3)V v v —~ v —~ Ayi ~TY
E +78t+778 + G +¢ S te +<p auergo Dy
~yt 8 Ty 8 ~Z ~t ~TT 3
+¢ Dy +¢ Dinny + w P o+ Go..’
(2.3)
where
=D, (@ - Euz — Nuy — ?ut) + Eum + Nuye + T Ui,
~Y — -~ — _ - — —
=D, (QO —Eug — Nuy — Tut) + {uxy + NUyy + TUy,
Z)Z’a:y = Dwy (@ - Eua: - /ﬁuy - ?ut) + guwzy + /ﬁuywy + ?utwya
~yt — o — — > — —~
SDy = Dyt <<p — Euy — Ny — Tut) + fumyt + NUyyt + TUtye,
(2.4)
—~TTY — -~ — — - — —~
® = Dxa:y (90 - gux — NUy — Tut) + guxxacy + NUyzay + TUtzay,

x

’(7} =D, ('(7} - Zva: - h\vy - ?Ut) + E'Umc + /ﬁva + Tz,
~t — — —
W =Dy (w — Uy — NUy — T’Ut) + £zt + MUyt + TV,

w - Dzm (77} - va - ?’Uy - 5:Ut) + szmr + ’ﬁvyrx + ?vtzx;

where D,, D,, D; are full differential of z,y,t.
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Applying Pr®V to Eqgs.(1.2) and expanding gives
~yt ~zT Y T — Yy
o +a(lt)y +b(t) {gp Uy + Uy + PUys + up ] =0,
(2.5)

~t

ot [@I 0 uad + Gue + mﬂ L)

=0.
Substituting Eqgs.(2.4) into Eqgs.(2.5) and extracting the derivative coefficients
of each order, a set of decision equations is obtained. Solving it can derive

J(=2(c +e)a(t))dt+ca
a(t) " (2.6)

§=—(ci+tc)r+c3, N=Coy+cs, T=

p=(c1+E)u,Y=(¢+1)v,

where ¢;(j = 1,2,3,4,5) are arbitrary constants. Moreover, a (t),b(t),c(t),d(¢)
must satisfy
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Assigning different values to ¢;(j = 1,2, 3,4,5), the vector field can be obtained

as follows 5 2f (1) dt 5 5
N a(t)dt
. 0 2fa(t)dt8 0 0
- .2 i - - 2.8
Ve Yoz a(t) Ot y@eruau’ (28)

oz’ 4—ma, 5 5‘7y

_These vector fields V; (1 <4 < 5) can be expressed as V=caVi+aeVe+esVs+
C4Vy+ C5Vs.

Besides, the Lie exchange relation of Eqs.(1.2) is given in Table 1 by using
vector fields V; (1<i<b).

3. Optimal system of vcDLWs

In this section, the one-dimensional optimal system of Egs.(1.2) is derived based on
the Lie exchange relation and the Lie accompanying relation [19, 24,28, 31,32].
First, we can easily verify that the vector fields V; (1 <4 <5) is closed in the

Lie bracket operation {Vg, Vv} = V,g Vv — VW\A//g. Based on the exchange relations of

the vector fields, we can find that the transformed Lie groups constitute an infinite
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Table 1. Commutator table.

V] W 7 i i 2
Vi 0 0 V3 2V, 0
Va 0 0 V3 2V4 Vs
Vs A . A 0 0 0
Vi -2V} -2V, 0 0 0
Vs 0 Vs 0 0 0

dimensional Lie algebra. Meanwhile, Lie accompanying Table 2 can be obtained
from Table 1. The Lie series for determining the Lie algebraic representation is

Ad (exp( )Vﬁ)v v, & [Vﬁ,v] 1o {f/ﬁ, [Vﬁ,ffvﬂ . (3.1)

Table 2. Adjoint representation table.

Ad Vi Vs Vs v Vs
Vi Vi Vs Ve ¢ Vie 2 Vs
Vs Vi Vs Vae ¢ Vie % Vse?
Vs Vi+éVs  Va+éVs Vi Vi Vs
Vi Vi+28V, Va+28V, W Vi Vs
Vs Vi Vo—EVs Vs Vi Vs

. 5 . . 5
For vector V' = 37 g4Vj, an arbitrary vector W = > h,V, is chosen and its
pB=1 y=1
accompanying expression is given

Adyy e (V)

e—éeréw

:V—é[ ] ‘;—' [ H (3.2)

w
= (720 + -+ 06) — & [RaVa -+ BV, aVa -+ + 56V ] +0(22)
:<§1f/1 6) (mvl +p6V6) 0 (%),

) i

where p; (i = 1,2,3,4,5) is decided by Table 1 and

p3 = 51§3 + E2§3 — h391 — h3a,
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pa = 251?4 + 25254 - 2H4?1 - 2E4§27
ps = —h2gs5 + h57s, (3.3)

where p; (i = 1,2,3,4,5) must satisfy

¢ B
li +P27¢+ 37¢+ 47¢+ 57(? 0. (34)
99, 09, 093 074 995

Expanding Eq.(3.4) and extracting extracting the coefficient of g, (i=1, 2, 3,4, 5)
can obtain

. 0 0
AR TRATy ¢ -0,
693 994
- _ 0 0 _ 0
h25938¢+294 ¢ ¢ =0,
a94 895
— _ 8¢ _ 0
hs:=g1——9 =0, (3.5)
1893 2893
- 0 0
ha: =29, — ¢ —295— (b =0,
994 994
- _ ad)
hs:g,— =0
2895
Solving Egs.(3.5), we can get the invariant function
(910 295) = F (91,92) (3.6)

where F is a free function about g, .
Based on Table 2, the accompanying transformation matrix can be constructed.

A - 5 .
Applying the accompanying actions of W to V = )" gV, we can obtain
B=1

Adexp(élVl) (V) = ElAdexp(élVl) (Vl) + e + \g/5Adexp(€1\71) (‘/5)
= 91Vi+ g2V + Gae Vs + gae Vi + g5Vs (3.7)

~ R N “ ~\NT
= (?1) 527 \9/3’ ?47 55) Al (Vh V2a ‘/37 V47 V5>

So
10 0 0 0
01 0 0 0
Ai=100e 0 0 (3.8)
00 0 e 210
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Similarly, we can obtain

10 0 0 O 10300
01 0 0 0 01300
Ao=100e* 0 0 |,A43=]00100]:
00 0 e 220 00010
00 O 0 e 00001 (3.9)
1002640 1000 0O
01020 0100 —¢5
As=10010 0|, As=10010 0
000 10 0001 O
000 0 1 0000 1
Thus the general accompanying matrix is A = A;A3A3A44A5. Substituting
Eq.(3.8) and Eqs.(3.9) into A, we get
10 &5 2é4 0
01 &3 2é4 —&5
A=100e 512 0 0 |- (3.10)
00 0 e~ %¥1e722
00 0 0 e%?

The accompanying transformation equation of Eqgs.(1.2) can be expressed as

(gl 92 93 Ga QS) = (51 92 93 94 55)‘4'

Substituting Eq.(3.10) into Eq.(3.11) obtains

gl = glv
g2 = §2a
G5 = 0183 + Gafs + Gae”

Na )Y

Na)Y

5

= 2\91154 + 2_\9/2&:4 + \9/46 € s

— G985 + g5e™.

The optimal system of Egs.(1.2) is assumed as follows

(3.11)

51 6—52 ,
—281-26 (3.12)
(3.13)

V=aVi+ Vot d3Va+ gaVa + 35V

Finally, the several cases of one-dimensional optimal systems are discussed based

on invariant functions.
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Case 1. g, #0,9, #0
Supposing g; = 1(i=1,2),g; = 0(j =3,4,5) and substituting them into

_ A 67616752 _ 6725167252 = 652
Eq.(3.13), we can obtain £3= gj ——— 4= 94 , €5 = gi
gl+g2 2<§1+§2) go
representative element of the one-dimensional subalgebraic optimal system is V=
Vi+ Vs

Case 2. g; #0,9g,=0

. The

- . . ) . - 1
Making g; = 1(i=1),9; = 0(j =2,3,4),95 = 1, we can get & = In—,
95
IR = 28 25, . .
3= g3ev ¢ ,E4= ga¢ — ¢ . The optimal system is V =V + V5.
91 29,
Case 3. g, =0,g,#0

Letting g, = 1(i =2),9; = 0(j = 1,3,4,5) and substituting into Eq.(3.13), we

7 751 752 - 7251 7252 = 52

M, E4= g4° — ¢ , €5 = %. The representative
92 29, g2 )

element of the one-dimensional subalgebraic optimal system is V' = V5.

can obtain é3=

Case 4. g, =0,g,=0

In this case, new invariants ¢ (El, e ,55) =F <g42> have to be found. Ob-
93
viously the new invariants are g3, g,. Next we will discuss the optimal system
according to the new invariants.

Case 4.1. g5 #0,9, #0

Supposing g; = 1(:1=3,4),6; = 0(j =1,2),d5 = 1, the optimal system is
V=Vs+Vi+ Vs
Case 4.2. g3 #0,g, =0

Al\/_[aking 9 =0(i=1,2,4),§3 = a1, J5 = a9, the optimal system is V= alffg +
a2V5.

Case 4.3. g3=0,g, #0
Letting ¢; = 0(i = 1,2,3),9; = 1(j = 4,5), the optimal system is V = Vi + Vs.
Case 4.4. g3=0,g,=0

Supposing §; =0(i =1,2,3,4),§; = 1 (j = 5), the representative element of the
one-dimensional subalgebraic optimal system is V = V5.
In summary, the optimal system of Eqs.(1.2) should be the following

{Vl + ‘72,‘71 + ‘75, ‘72,‘73 + Vi + ‘757041‘73 + 02‘75, Vi + ‘75, VE)} . (3.14)

4. Similarity reduction of the vcDLW

In this section, Egs.(1.2) are reduced based on the optimal system. The Table 3
shows the reduced equations and Table 4 shows the expressions for the coefficient
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functions where a1, a9 are none zero constants.

differential equations only relate to k and .

Table 3. Similarity variables.

Obviously the reduced partial

Case Similarity variables. Reduced PDEs
(25 o (7a) & '
e —a - —a
N 7 = = EnE + BBy, + Fop + 2B, — B + E, =0,
1): Vi+Vs w=ae N 70 ) o2y VO ) u=Bmee 7O u=—14F(ree 70 ExBt BBt Fut 2n S+ 0
FE + FE + By + 26Fy — GF, + F = 0.
4T = 1 i f ——at E.E, + EEq + Fup + KB + B, + E. =0,
@: VitV w=ze TM ooy Hl)dz.”:E(M)e,/ T v= 14 Pl T R bR L B R 4 F - F 0.
(3): W I ;m - (y ;m) / ;1 at ExE; + EEpq + Fun + KBy + B =0,
: w=ae T =y VTWO ) u=Emee TO v=F(ks) FyE + FE, + By + £F + E, — Fis = 0.

— T T EvBe + BEpo + Fan — B — B =0
D T V4T h=a— [ ——dt,c=y— [ ——dt,u=F(r,<),v=F(r,5). b e 1 P = B = B
@: V+Vi+Vs =5 v-I=5 (%) (9 FoE + FE, + Eyng — Fo+ B, — F, = 0.
- 1 FoB + By + Fon — Bog =0,
5. U eTn K==y — [ ——dt,u=E(r<),v=F(r, b e P = B
(5): Va+Vs y jT(t) (%,5) (%) BBt B, Bt By o0
— + . wEE. . — S B2 [ vo? ¥ 2=
©): arVh+asls w=as= 22N ), v = F o). 102BB — araz B+ Fooan® + By =0,

g

—a100F B, — a102EF, + 2% B,y — a0 E, + 1B, = 0.

— e pcmpu=E(rd).v=F(k Fe =0,
M: Vs k=x,¢=yu=E(xs),v="F(rs) F.E+ FE. 4+ E. — F, 0.
Table 4. The expressions of the coefficient functions.
Case The forms of corresponding coefficient functions

1: Vi+V

T(t)

L= L=N"
a(t) = ( () ( ) »

L= L=
), T

@: Vi+Vs

T(t) _ T(t) _ T(t) _ T(t) _

i L=5) L55) L=5) L55)

(B): V2 ,
B e e A

(4): Vs+Vi+Vs a(f)Z?(t)J)(t):?(f)w(t):%:d(t):?(t)

N N T T 1 T
(5): Va+Vs a<t>:?(t)7b(t):?7t)ﬁ (t):?i(t)"d(w:?(t)'
(6) : a1V + azVs a(t),b(t),c(t),d(t) are arbitrary functions.
(1 : Vs a(t),b(t),c(t),d(t) are arbitrary functions.

5. Exact

solutions of the

vcDLWs

(241)-dimensional

In this section, the solutions of Eqs.(1.2) are solved by using (1/G’)-expansion
method and (G’/G)-expansion method.

Firstly, the solutions of Case 4.1 reduced equations in the optimal system are
solved by the (1/G’)-expansion method.

Case 4.1. ‘73 +1741+‘75

At this point, the reduced equations are

E.E.+FEE. .+ F..—E..—FE.=0,

F.E+ FE, + Epp. — Fo + E, — F. = 0.
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At first, the travelling wave transform is assumed to be as follows
E(/{,C):R((}), F(H7§):S(&)a &:H_Uga (52)

where v is the travelling wave speed. Substituting Egs.(5.2) into Eqgs.(5.1) obtains
the following ordinary differential equations (ODEs)

—EE"v — (E')’v+ F" + E"v — E"v? = 0,

(5.3)

FE'+EF +E —E"v—F 4+ Fv=0.

The traveling wave solution of Egs.(5.3) is assumed to be

A Jo%) 1 m A %) 1 n
E@G)=ac+ Y am| = | » F(6)=bo+ > bul = ) » (5.4)
m=1 G n=1 G
where G = G (6) satisfies

G'"+ kG +pu=0. (5.5)

From the homogeneous balance of Egs.(5.3)£— we can get that the value of m
is 1 and the value of n from 1 to 2. So Eqs.(5.4) are

b b
A F=bot ot 2 (5.6)

E=ao+ G’ G’ (G/)Q'

Substituting Eq.(5.5) and Egs.(5.6) into Egs.(5.3) and extracting the coefficients
of all terms of the same power of G’, a set of polynomials is obtained. Letting these
polynomials equal zero, a set of associative algebraic equations for v, ag, a1, by, b1, ba
is obtained as follows

—2up? + by =0,
—va1? +2as =0,
av (1 —v —ap) +b; =0,
ay (1+b0—vk2) —b1(1—ap—v)=0,
(5.7)
vay (—2vp — bkay — 2puag + 2p) + 10kbg + 2pb; = 0,
vay (3vp — 2ka; — 3pag + 3p) + k (4be + 3uby) = 0,
2u (vby + agby + a1by — by — 6vkpay) + 3kabe = 0,
a1 (1 + pbo + 2kby — Tvk? ) + (byp + 2kbg) (v +ag — 1) = 0.
Solving Eqgs.(5.7) can get

U:k—a0+1,a1:2,u,b0:—1,
by = 2(k:—a0 + 1) ks, (58)
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62:2(k7a0+1)u2,

where ag, i1, k are arbitrary constants.
Substituting Eqgs.(5.8) into Eqgs.(5.6), we can get the solutions of Egs.(5.3) as
follow
2u
G’

2(k —ao—l—l /,L(

E = an + —=
(5.9)

F=-1+ k5,

where v =k —ap+1 and G = G (6) batlbﬁeb Eq.(5.5).
Finally, substituting the general solution of Eq.(5.5) into Eqgs.(5.9), the traveling
wave solutions of Egs.(1.2) are obtained
_ 2e1p (k* — kPag + k + k?) (sinh (k6) — cosh (k6)) + &2k (sinh (k&) — cosh (k6))% + 2
(sinh (k&) é1k — cosh (k&) é1k + p)?

)

__sinh (k&) é1kao — cosh (k&) é1kag — 2kp + pag
- sinh (k&) é1k — cosh (k&) é1k + p ’
(5.10)

Figure 1 is evolution of the kink solutions and the 2-soliton solutions determined
by Eqs.(5.10) at ¢ = 1. When 7 (f) is respectively taken as 7 (t) = 1,7 (t) =
sinh (¢t), 7 (t) = cosh (), (a), (b) and (c) are 3D plots for k =1, u = 1,00 = 2,6 =

1 1
1. The corresponding coefficient functions are a (t) = ——,b(t) = ——,
7 () 7 (1)
1 1
—d(t) = —+.
7 (¢) 7 ()

Secondly, the solutions of Case 4.3 reduced equations in the optimal system
are solved by the (G’'/G)-expansion method.

Case 4.3. V, + V5

At this point, the reduced equations are

E5E< + EEH( + Few — Ecc = 07
(5.11)
F.E + FE, + Eppc + By, — F. = 0.

First of all, the traveling wave transform is assumed the same form of Eqs.(5.2).
Substituting Eqgs.(5.2) into Eqgs.(5.11) can get ODEs as

—(E"Y*v— EE"v+F' —E"v? =0,
(5.12)
FE' +EF +E —E"v+ F'v=0.

The traveling wave solutions of Egs.(5.12) are assumed to be
R 00 G/ 00 G/
B@)- S an(G) Fo-Ea(S) (5.13)
m=0
where G = G (6) satisfies
G+ MG+ pG =0. (5.14)
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Figure 1. Evolution of kink solutions and 2-soliton solutions when (a) is 7 (¢) = 1, (b) is T (¢) = sinh (¢)
and (c) is T (t) = cosh ().

Owing to homogeneous balance, the values of m of Egs.(5.13) is from 0 to 1 and
the values of n of Egs.(5.13) is from 0 to 2. So Egs.(5.13) become

!
E200+C1g,
G
@ b 2 (5.15)
F=dy+di— +do| = ) .
0+ 1G+ 2(G>

Substituting Eq.(5.14) and Egs.(5.15) into Eqgs.(5.12) and extracting the coeffi-
cients of all terms of the same power of (G'/G), a set of polynomials is obtained.
Letting these polynomials equal zero, a set of associative algebraic equations for
v, ¢p, 1, dg, d1,ds is obtained as follows
3v—dy =0,

—wver? 4 3dy = 0,

31 (v —da) — 2ds (v + ¢p) — 2¢1dy =0,

vey (VA — Aeg — per) + Ady + 2uds = 0,

vey (—hvde; — 2v — 2¢p) + 10Ady + 2d; =0,

c1 (v)\2 + 2up — 1) —dy (V4 cg) —c1do =0,

vAcr (—2X¢; — 3v — 3eg) + 4p (2d2 — ver®) + A (4hds + 3dy) = 0,

vAer (—v\ = Aeg — 3ucr) — 2vper (v+ 1) +dy ()\2 + Qu) + 6Auds = 0,

v ()\301 + 8A\ucy — Adp — 2,ud2) — ¢ (Ady +2pde) — ¢ (Mdo + 2udy + X) =0,
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A (7’())\01 - 2’Ud2 - 200d2 - 201d1) + 1% (8?)61 - 3Cld2) - ’Udl - Codl - Cldo —C1 = 0.
(5.16)

Solving Eqgs.(5.16) can obtain
co=—v—Ac=—2,dy =2vp—1,

(5.17)
d1 = 2’())\, d2 = 2’U,

where v, A, u are arbitrary constants. Substituting Eqgs.(5.12) into Eqs.(5.15), the
solutions of Egs.(5.12) is derived as follow

!
, (5.18)
Feo 1+2’L})\G,+2’U(G/)
= 2uu —
] a a

where & = K — vs and G = G (6) satisfies Eq.(5.14).

At last, the three traveling wave solutions of Egs.(1.2) are obtained by substi-
tuting the general solution of Eq.(5.14) into Egs.(5.18).

When A2 — 44 > 0,

1 1
VAZ —4p (C1 sinh (2&\//\2 — 4,u> + C5 cosh (2&\/)\2 — 4,u)>

E=— _
C1 cosh (;&\/m> + Cy sinh (;6@) v,
o (A2 —4p) <01 sinh @&\/m) + C5 cosh QJM»
2 C cosh (?m) + Cy sinh <;&m)
- UTV+2’U,LL*1, (5.19)

where ¢ = k — vs and C1, Cy, by, A, i, v are arbitrary constants.

Figure 2 is evolution of the periodic solutions determined by Egs.(5.19) at
t = 2. (a) and (d) are 3D plots, (b) and (e) are 2D plots and (¢) and (f) are
dimensional plots for A = 3.2055, u = 2,v = 21,7 (t) =sin(t),C1 = 2,05 = 1,by =

1 1
1. The coefficient corresponding functions are a (t) = ——,b(t) = ——,c(t) =
(1) 7 (1)
1 1
—d(t) = —.
7 (t) 7 (t)
When A\ — 4 < 0,

Vi — A2 (01 sin (;&\/4/1 — /\2> + C5 cos <;€7 4p — )\2)>

E=- —v
1 1 ’
Cy cos (2&\/4/1 - )\2> + Oy sin <2[7\/4,u — /\2)
1 1
" (4p — 2?) (—01 sin (2&\/4/1 — )\2) + C5 cos (2& 4p — )\2))
F=2

2 C cos (;&\/4;1— )\2> + Cysin <;6\/4,u—>\2>
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Figure 2. Evolution of the periodic solutions.
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)\2
- ”7 +2up — 1, (5.20)

where ¢ = k — vs and C1, Cy, by, A, 4, v are arbitrary constants.

Figure 3 is evolution of the kink solutions and the soliton solutions determined
by Eqs.(5.20) at t = 1. (a) and (d) are 3D plots, (b) and (e) are 2D plots and (¢) and
(f) are dimensional plots for by = 2I,A = 3,0 = 2,v = 1,7 (¢) = tanh (t),Cy =
—21,Cy = 1. The coefficient corresponding functions are a (t) = %, b(t) =

T
1 1 1
7C(t) = Aiﬂd(t) = = 1
7 (1) 7 (1)
When A2 — 44 = 0,

FE = —’UC46 + ’UC3 + 204/046 + C3,
F = —(vCi?N\?6? + 200304026 — 4vC*u6? + vC32\? — 8uC3Caué — 4005
—|—2C426'2 — 4’()042 + 4C3C40 + 2032)/2(04(5' + 03)2, (521)

where ¢ = k — vs and C1, Cy, by, A, 4, v are arbitrary constants.

6. Nonlinear self-adjointness and conservation laws
of vcDLW

Conservation laws play an essential role in the studies of mathematical physical
equations. Firstly, the conservation laws can reflect the characteristics of the change
of motion of the mathematical physical equations. Secondly, having an infinite
number of conservation laws is one of the primary indicators of integrability of dif-
ferential equations. Finally, the conservation laws can also be used to prove the
existence and uniqueness of solutions. There are many ways to solve the conser-
vation laws of equations, such as Noether theorem, eigenvalue method and adjoint
equation method, etc [2,15,25,32,36]. In this section, the nonlinear self-adjoint and
conservation laws of Egs.(1.2) are discussed using adjoint equation method.

6.1. Nonlinear self-adjointness

The Lagrange form of Eqgs.(1.2) is

L =afuy + a(t)ves +b(t) (uyus + utiyy)]
(6.1)

+0 (v + ¢ (t) (ug + uzv + wvy) + d (t) Ugay]

where u, v are two new independent variables about z,y, t.
The adjoint equations of Egs.(1.2) are as follows

. oL
===
- ==

fl 07

f2* 07
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()

Figure 3. Evolution of the kink solutions and the soliton solutions.
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where
0L OL oL oL oL oL oL
- D, — Dy~ + Dy~ + Dyp—— — Dy ———
S au T auz Y auy + Ty 8umy + yt auyt TxYy 8ua:my7 (6 3)
oL _OL 0L oL . 0L '
ov o ov v (9’Uz ¢ 3Ut o avzz .

Substituting Eq.(6.1) and Eqs.(6.3) into Eqgs.(6.2), the accompanying system of
Egs.(1.2) can be derived as follows

J15 =Ty + b (t) ultipy — c(t) (1 4+v) 0y — d () Ugay,
(6.4)

fof = =0+ a(t) gy — c(t) vy

The (2+1)-dimensional veDLWs are said to be a nonlinear self-adjointness sys-
tem if Eq.(6.4) satisfies the following conditions

i ’ﬁzd’l(w,y,t,uﬂ))75:¢2(w,y,t,u7v) =i Fy + /_\12F2,
(6.5)
f2* |ﬁ:qbl(z,y,t,u,v),5:¢2(z,y,t,u,v) = A1 F1 + Ao By,
where ¢1 (z,y,t,u,v) # 0, ¢ (,y,t,u,v) # 0 and \;; (4,7 = 1,2) are undetermined
coefficients.

Substituting Egs.(1.2) and Egs.(6.4) into Eqgs.(6.5) and extracting the coeffi-
cients of u, v, we can obtain

5\11 = 5\12 = X21 = 5\22 = 07
¢1, = 0,01, = 0,02, = 0,02, =0,
¢1yt +b (t) u¢1$y —C (t) (¢2:c + U¢2x) —d (t) ¢2x2§y =0,

_¢2t +a (t) (blz — C (t) U(bgz = 0

(6.6)

Solving Eqgs.(6.6) can obtain

Lok Rt B )+ Fa (). (6.7)

b2 (m,y,t,u,v) =F (y)+F1 (t)a

(bl (3%?/7157% U) =

where Fy (), F> (y), F5(t), Fy (t), F5 (y) are arbitrary functions.
Obviously ¢1 (z,y,t,u,v) # 0, ¢a (z,y,t,u,v) # 0, we can obtain that Egs.(1.2)
are nonlinear self-adjointness. We also can learn

L =a[uy +a(t)ves +b(t) (uyus + utigy)] (6.8)

+0 [y + ¢ (t) (ug + ugv + uvy) + d (1) Ugay]

where @, 0 are arbitrary functions.
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6.2. Conservation laws

Next we will construct the conservation laws for Egs.(1.2). For simplicity, we let

U = ¢1 = 71,0 = ¢2 = 72, where 71,7, are arbitrary constants. At this point
Eq.(6.8) becomes

L= [y + a(t) vee + b () (uyue + utgy)] (6.9)
+72 [V + ¢ (1) (ug + ugv + uvy) + d (1) Ugay] -

It is well known that the conservation laws are formulated as

0 (A 0 /A 0 /A

- (¢)+ % (¢)+ = (¢) =o. (6.10)
with different C., C'y, C, based on Egs.(2.8). Depending on the different vector fields
and C, Cy, Cy, we discuss the following:

- o 2 t)dt 0 0 0
Case 1. For vector field V; = BT f;((t))at + U +(v+1) 5o Ve can
get
. t) dt
Wi =u+uzx + 2utfai,
a(t)
Fa(t)at (6.11)
Wg :v+1+vwm+2vta7
a(t)
In this case, the corresponding conservation vectors are
A 1
Cy = o) 2a(t) (b(t) uyués +uc(t) éa (v+1) +a(t)vyér)

—a (t) x (d(t) UzayCo + UyrC1 + v:C2)
+2 /a (t) dt (b (t) é1 (uyuy + wuy) + ¢ (t) éo (wvy +vuy +ug) + a () vyér) |,

A f a (t) dtut%a (t) f a t) dtug,

Cy = | 3us + ugexr — 2 +2 1,
S U (a(®)? a®@ |7
Ja(t) dtugy, .
+ <3um 4+ Ugga® + 2 o) d (t) o,

A 1
Cy = 0] [2 /a (t) dt (b(t) &1 (uyug + utzy) + ¢ (t) é2 (ugv + uvy + uy)
a
+UzpC1a () + d () UpayCo + (UyeCr + 2062)) + E2a (t) (vVgz +v + 1)].
(6.12)
~ 2 t)dt
Case 2. For vector field V5 = —x% - f;((t))aat + ya% + u%, we can obtain
. t)dt
Wi =u+ uzx —uyy—l—Quth;((g),
(6.13)
. t) dt
Wo = vpx — yvy + 211,5&.

a(t)
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In this case, the corresponding conservation vectors are

C, = ﬁ [2a(t) (b(t) uyués + uc (t) véy + uc(t) éa + a (t) vyér)

—a (t) z (d (t) UpgyCa + UyrCr + v162)

+2 / a(t)dt(b(t)ér (uyus + utye) + ¢ (t) éa (uvy + vue + ug) + a () vapeér) |

Cy =y (b(t) &1 (uyug + utgy) + ¢ (t) C2 (Uzv + uvg) + a (t) Vgatr + ugc (t) éo

+d (t) UpgyCo + Uyr + v162)

d
+ | 3us + g — QUthf)d—zfd—gcz(zf) + 2uy, Ja(t)de 61
(a () a(t)
N 1 ) ) A
Cy = o) [2/a(t) At (b (1) &1 (tytiy + Utlyy) + ¢ (£) & (Ugv + Uvy) + Vapéra (L)

+uzc(t) éo + d (1) UpayCo + (UyeC1 + 20482)) + C2a (t) (Voz +v+1)] . (6.14)

- 0
Case 3. For vector field V3 = 2’ we can gain
i

Wl = Uy,
(6.15)
WQ = —Vg.
In this case, the corresponding conservation vectors are
éz == éQd (t) ua:;vy + éluyt + éQUta
Cy = _éluxt - é2d (t) Uz, (616)
ét = —éQ'Ux.
A 1 0
Case 4. For vector field V; = ———, we can get
a(t) ot
~ Uyt
1= — N
a(t)
1
. (617)

In this case, the corresponding conservation vectors are

o é1b (t) (uyue + uuye) + éac (t) (uev + uvy + ug) + vara (t) é

T a(t)

)
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d
Ugzed (t) E2a () + Grupa (t) — Erue—a(t)

A dt
C, = — ’
! (a(t))®
G = ¢1b (t) (UyUaz + Ulgy) + E2¢(t) (UaV + vz + Uz) + a (E) Vol + d () UzayCo + Uytér
- a(t) '
(6.18)
N 0 .
Case 5. For vector field V5 = 20 we can obtain
Y
Wl = —uy,
(6.19)
W2 = —Uy.

In this case, the corresponding conservation vectors are

Cp = —1b (1) (uy? + uyyu) — éac (t) (uyv + uy + vyu) — vaya (t) e,
éy = é1b (t) (uyux + uu;cy) + 620 (t) ('qu + uv, + Ux) +a (t) Ua/‘"];él + Utég, (620)
Ct = _éQUy.

Substituting C’z, éyv C’t in the above five cases into Eq.(6.10), we can discover
that the conditions are satisfied. So the conservation laws of veDLWSs are obtained.

7. Conclusion

In this paper, the exact solutions of (241)-dimensional veDLWs have been inves-
tigated by using the Lie symmetry analysis method. The infinitesimal genera-
tors and vector fields of veDLWs have been firstly obtained by the Lie symmetry
analysis method. Based on the vector fields, the representative elements of the
one-dimensional subalgebra of the optimal system have been calculated by Olver’s
method. And reducing veDLWs obtained the ODEs. The reduced equations have
been solved in different methods to obtain the exact solutions of analysis. Some
of these exact solutions have physical significance, such as kink solutions, periodic
solutions and 2-soliton solutions. The evolution of the solutions in the figures have
been used to illustrate the dynamic behaviors of the solutions. Finally adjoint equa-
tion method was used to find that analysis is the nonlinear self-adjointness. The
conservation laws of analysis have been obtained.
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