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FINITE-TIME BLOW UP OF SOLUTIONS FOR
A FOURTH-ORDER VISCOELASTIC WAVE
EQUATION WITH DAMPING TERMS
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Abstract In this paper, a class of fourth-order viscoelastic wave equations
with damping terms is studied. First, the local existence and uniqueness of
weak solutions for the proposed problem are proved by the linear approxi-
mation and the Faedo-Galerkin method. Next, a special case of the original
problem is considered. Then, under some suitablely sufficient conditions on
the relaxation functions and by using contrary arguments, we show that the
corresponding problem in this case does not admit any global solutions. Ulti-
mately, we prove the finite-time blow up of solutions in case of negative initial
energy.
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1. Introduction

In this paper, we consider the following initial-boundary value problem for a fourth-
order viscoelastic equation

) 5 ‘
Utt + Uggrx — Utz — % |:M (xvtauauasv ||ua:(t)H ):| +/0 g(t - S)’U/II(S)dS

= f(z,t,u,up,uy), 0<z <1, 0<t<T, (1.1)
w(0,t) = u(1,t) = Uz (0,8) = uze(1,¢) =0, (1.2)
u(z,0) = do(x), u(z,0) = aq(x), (1.3)
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where p, f, g, Gg, U1, are given functions satisfying conditions specified later. In

Eq. (1.1);, the nonlinear term p (m,t,u,uz, Huw(t)||2) depends on the integral
1
Justt)]? = [ 4 (1) do

In view 0(% structure, Eq. (1.1) is a very complex model and can be considered
as a generalized one-dimensional model of fourth-order viscoelastic wave equations
with Kirchhoff term. It is clear that the model in hand does not exist in the
first place, however, of which more special forms have been mentioned in literature
describing a variety of important physical processes. So we will introduce its de-
velopment and evolution to show its background by listing several related models,
For example, it concerns in some extensible beam models describing evolution of
transverse deflection of an extensible beam obeying continuous dynamics, of which
the original equation was proposed by Woinowsky-Krieger [28], and given by

L
Ut + QUggge + (B + k/ uidm) Ugy = 0, (1.4)
0

where [ represents an initial axial displacement measured from the unstressed state
and u(x,t) represents the transverse deflection of an extensible beam of natural
length L whose ends are held a fixed distance apart. In [1], An studied a model
related to elastoplastic-microstructure flows to explore the immediate post-critical
behavior of the solutions

Ut + Yaoze = B (u3),, € (0,1), t >0, y>0, B#0. (1.5)

For considering other wide applications in connection physics and mechanics
related to some special cases of Eq. (1.1), we refer to nonlinear resonance of rect-
angular plates [7], or time-periodic transverse oscillations of a rod under external
forces [8], or viscous flows in materials with memory [23] and the references therein.

After its appearance, numerous extensively interesting mathematical results of
Eq. (1.5) such as local existence, global existence, asymptotic behavior and blow up
in finite time of solutions have been investigated. As N = 1 (one-dimensional case),
with substituting o (u,), for 8 (u2) and adding the dissipative term u;, Yang [34]
considered Eq. (1.5) in the form

Ut + Uggrs + )\ut =0 (uiv)zv HAS (07 1)7 t > 07 (16)

where o(s) is a given nonlinear function and A > 0 is a real number. Then, if the
initial energy is positive and suitably small, the global existence and asymptotic
behavior of weak solutions are proved. Moreover, under some sufficient conditions
on initial data and with the negative initial energy, the solution of Eq. (1.6) blows
up in finite time. In [4], Chen and Lu considered Eq. (1.6) with replacing the weak
dissipative term wu; by the strong dissipation —u,.; and with the various boundary
conditions. In the case that the nonlinear source f is a C'(R) function and f’(s) is
bounded below, they proved the existence and uniqueness of the global generalized

solution and the global classical solution, and also considered the finite time blow up
S

with negative initial energy and the exponential decay with F'(s) = / f(r)dr > 0.
0
Later, by using potential well method, Xu et al. [30] have extended and obtained
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the same results in [4] of finite time blow up with the initial energy E(0) satisfying
0 < E(0) < d (the depth of potential well). However, in their paper, the cases
E(0) = d and E(0) > d were still an unsolved problem. In the frame of potential
well theory, it seems that the initial energy must be less than the depth of potential
well, so the high arbitrary initial energy case without such restriction becomes a
very interesting and important problem. Subsequently, this unsolved problem has
been solved and showed in some recent works, see for example [9] , [27], [35] (in one-
dimensional case), in which the authors established the finite time blow up of the
solutions for the corresponding problem with arbitrary positive energy and suitable
initial data.

For multi-dimensional forms, the following model of fourth-order equations

gy — M (/ﬂ IVl dac) VAU + A2u — 0l + glug) = Fu), (1.7)

named Kirchhoff plate equations and considered as a generalization of the Woinowsky-
Krieger model to describe the large deflection of the plate [3], attract a lot of interest
and are studied in various directions like local existence, global existence, nonexis-
tence, stability and asymptotic behavior of solutions [11], [12], [15], [18], [30], [29],
[33]. Indeed, when « = 0, g = ¢ \ut|m_2 ut, f = f(z,t), Lan et. al. [11] applied
the Galerkin method and the weak compact method to Eq. (1.7) to obtain the
existence and uniqueness of global solutions. Afterward, the same results of [11]
have been extended by Long and Thuyet [18] in which the weakly nonlinear damp-
ing € |u,5|o“71 u; was replacing by the continuous and non-decreasing function g of
Nemytsky-type operator. For Eq. (1.7) with weakly nonlinear damping and source,
e, a =0, M =1, g=|u|™ %u, f=|ul""?u, Ouaoua et al. [22] considered a
nonlinear equation of Timoshenko type and then proved the local existence giving by
the Faedo-Galerkin method, the global existence under suitable assumptions with
positive initial energy, and the algebra stability of solution based on Komornik’s
integral inequality. Once again, the blow-up phenomena of solutions at arbitrary
positive energy has been attracted a great deal of attention. In [29] , Wu and Tsai
studied Eq. (1.7) in case of the absence of dispersions, i.e., @ = 0 and ¢ = 0, and
established the blow-up properties with small positive initial energy after verifying
the local existence by using the contraction mapping principle, and the global ex-
istence under some restrictions on the initial data. In the framework of potential
well, considering Eq. (1.7) with nonlinear weak damping, linear strong damping
and nonlinear exponential source, precisely as o = 1, g = [ug|" " uy, f = |ul’ ' u
very recent Yang et. al. [33] have proved the blow-up phenomena of solutions with
the high arbitrarily initial energy E(0) > 0 and the linear weak damping (r = 1).
In addition, the local existence by using the contraction mapping principle, and
the results of global existence, nonexistence and asymptotic behavior of solution for
both subcritical initial energy level and critical initial energy level have also been
discussed. Meanwhile, by exploiting the properties of the Nehari manifold and by
constructing the appropriate and relaxed sufficient conditions, Liu et al. [15] used
directly the relationship between the energy functionals associated with Eq. (1.7) in
two-dimensional case and a =0, g = uy, f = |u\p71 u to obtain the global existence
and finite-time blow up of solutions without the aid of d.

)

It is worth mentioning to the following abstract model of fourth-order equations
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including nonlinear strain and dissipative terms in the form

N
g — AU+ A%u — alAuy + Y

= ai%az(uxz) + g(ut) = f(u)7 (18)

in which a large amount of attention in various directions like well-posedness of
weak solution, global existence, asymptotic analysis and blow up in finite time have
been investigated. Actually, Esquivel-Avila [6] studied Eq. (1.8) with a =0, o; =
lzi|™ 22, g =0, f = |ul""?u, and established some sufficient conditions on the
initial data to obtain the global solution and the finite time blow-up solution when
E(0) < d. Before that, Yang [34] has considered Eq. (1.8) witha =0, g =u, f =0
and the strain term in more general form o; = ;(z;), including the global existence
and exponential decay with large initial data and small initial energy, and the finite
time blow up of solutions in one-dimensional case N = 1. Recently, the results
n [6], [16], [17], [34] were extended to that given in [12], [32], [33]. Precisely, also
in the structure frame of the potential well theory, the results of global existence,
asymptotic behavior and blow up of solutions for both subcritical initial energy
level and critical initial energy level have been proved; moreover, the finite-time
blow up of solutions at arbitrarily positive initial energy has been discussed. There
have been a large number of published papers on fourth-order equations that it is
difficult to list all results; thus, we refer here more some recent models of fourth-
order equations with various characteristic term such as [5] with nonlinear boundary
damping and interior source, [15] with weak damping term and exponential source,
[14] with Hardy-Hénon potential and polynomial nonlinearity, [21] with variable-
exponents, [31] with nonlinear damping and nonlinear source.

Considering that the above mentioned papers are devoted to the models with
the single linear/nonlinear weak damping term or the single strong damping term
sometimes the combinations of two of them; meanwhile few viscoelastic versions of
the problem with a memory term, see [2], [19], [25], [26] and the references herein as
examples; in which the authors got the existence of global attractor and asymptotic
stability. Normally, the presence of memory term is one of factors causing decay
property of solution energy for corresponding system; thus, problems with memory
term seem difficult to obtain results of blow-up phenomena of soutions; in our
observation, there seem have been no published results of finite-time blow up of
solutions for fourth-order equations. In the present paper, we shall consider below
a more general case with both the weak damping term and the strong damping term
and the memory term, in which the finite-time blow up of solutions for the problem

(1.1) in the case f = —Aug + f(u,uy) and p=p (Hum(t)HQ) Uy + p1 (u, uy) shall be
studied. Precisely, we consider the initial-boundary value problem as follows
0
U + Mg + A%u — Ay — 9 {,u (||ux(t)||2> Uy + ,ul(u,ux)]

¢
—/g(t — $)Ugy(z, 8)ds = f(u,ug), 0 <z <1,¢t>0,
0
w(0,t) = u(1,t) = uzs(0,¢) = uzyr(1,t) =0,

(1.9)

u(z,0) = ag(z), ue(z,0) = u1(z),

where A > 0 is a given constant and g, @y, i, 41, g, f are given functions. Then,
under suitable assumptions on initial data and some contrary arguments, we show
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that Prob. (1.9) does not admit any global solutions. Finally, by constructing the

appropriate energy functionals and using arguments of continuity, we prove that the

solution of Prob. (1.9) blows up in finite time. To best our knowledge, there seems

no results of finite-time blow up of solutions for fourth-order viscoelastic problems

such as Prob. (1.9) that includes both the weak damping term u; and the strong
t

damping term —u,,; and the viscoelastic term g(t — $)ugy(x, s)ds. Thus, our

paper tries to answer this issue and also mentions to the solvability and the finite-
time blow up of solutions for Prob. (1.1)-(1.3). In order to obtain the expected
results above, we study Prob. (1.1)—(1.3) according to the following structure.
In Section 2, some required preliminaries are introduced. In Section 3, the local
existence and uniqueness of solutions for Prob. (1.1)-(1.3) are proved by the linear
approximation and the Faedo-Galerkin method. In Section 4, we consider a special
case of Prob. (1.1)-(1.3) provided by Prob. (1.9). Then, under some suitablely
sufficient conditions on the relaxation functions and by constructing appropriate
energy functionals together with contrary arguments, we show that Prob. (1.9)
does not admit any global solutions and its solution for the negative initial energy
case blows up in finite time.

2. Preliminaries

Put Q = (0,1). Throughout this paper, we use the following notations: ||| =
2y s I-llgm = [l zm(q) (m is a natural number) and denote |||y to be a

1
norm in a Banach space X. Also, we use notation (u,v) = / u(z)v(z)dx being a
0

scalar product in L? or a dual pair of a linear continuous functional and an element
of a function space.
Let u(t), v'(t) = w(t) = u(t), v’ (t) = we(t) = 6(t), ugp(t) = u(t), vge(t) =
0 0?
Au(t), Upps(t) = Aug(t), Uppes(t) = A%u(t), denote u(w,t), %(m,t), T;(x,t),

ou 9%u u o*u

%(z,t), @(x,t), ﬁ(z,t), @(x,t), respectively.

Let 1({;* > 0, Wlthaf € Ck([O’ 1} X [O’T*] X RB)’ f = f(x7tayla"' ay3)7 we put
le = %, Dgf = 87{, Di+2f = (9y with ¢ = 1,2,3, and Daf = D?l "'Dgsf,
a=(ar,ap,a3) €Z3, o] =y +ag+az =k, DO O f = f.

On H',--., H* we use the following norms

2 2\ 2
lolls = (ol + oz %) (2.1)
and
2\ 2
2 J'u .
”'U”H1 = ”'U”Hifl + Ort ; 1=2,3,4, (2.2)
respectively.
Put

Hy ={ve H" :v(0) =v(l) = 0}, (2.3)
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H*N H} = {ve H?:v(0) =v(1) =0},
H;i ={ve H*: v(0) = v(1) = Av(0) = Av(1) = 0},

1
ay(u, p) = /0 Au(z)Ap(x)dz, Yu,p € H> N H},

1
as(u, ) z/ A?u(z)A%p(z)dx, Yu,p € H;.
0

Then, it is not difficult to prove the following lemmas (see [13]), hence the proofs
of which are omitted the details.

Lemma 2.1. The imbedding H' — C° (Q) is compact and Hv||C0(§) < V2|l s
for allv e H'.

Lemma 2.2. The imbedding H} < C° (Q) is compact and
1
Il < llvalls 75 ol < Noall < ffvll g s for allv e Hj.

H; is a closed subspace of H' and, on H{, two norms v — ||v| z: and v —
|lv.|| are equivalent norms.

H? N H} is a closed subspace of H? and, on H? N H{, two norms v — |[|v]| ;2
and v — ||Av|| are equivalent norms and

lAll < lloll= < V3IIAl], Vo € H? N H}.

Hy, is a closed subspace of H* and, on Hj, two norms v — [ ;2 and v —
||A2v|| are equivalent norms and

1820]| < o]l g < V3 || A%]], Vo € H.

Lemma 2.3. The symmetric bilinear form aq (-,-) defined by (2.3)s is continuous
on (H?>N H}) x (H? N HY) and coercive on H* N HE. Furthermore,

(i) lai(u,v)| < V3| Au| |Av]|, Yu,v € H? N Hy,
(ii) ay(v,v) > ||Av|®, Vo € H2 N H.
Similarly, we also have the following lemma.

Lemma 2.4. The symmetric bilinear form ag (-,-) defined by (2.3)s is continuous
on H;& X H;; and coercive on H;;. Furthermore,

(i) laz(u,0)] < V5 [[A%l| A%
(i) ag(v,v) > HA21}||2, Yo € H,.

, Yu,v € H,

Lemma 2.5. There is a Hilbert orthonormal base {wj};il of L? including the
eigenfunctions corresponding to the eigenvalues A; of the problem —Aw; = Ajw; in
(0,1), w; (0) =w; (1) =0, and satisfies

(Z) 0<)\1§)\2§§)\J§, lim )\j:—l—oo,

Jj—+oo

(ii)  (wjz,ve) = Nj{w;,v), Yo € HY, j=1,2,---.
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Moreover, {w;/\/A;}32; is also a Hilbert orthonormal base of H} with respect
to the scalar product (ug,vy).

The proof of Lemma 2.5 can be found in [ [24], p.87, Theorem 7.7], with H = L?,
V = H§ and (ug,v,). Further, the Hilbert orthonormal base {w;} given in Lemma
2.5 can be explicitly determined by

wj (x) = V2sin (jrz), A = (jn)°,j =1,2,--- . (2.4)

Lemma 2.6. (i) The sequence {w;/\;} is a Hilbert orthonormal base of H* N H{
with respect to the scalar product ay (-,-) .

(ii) The sequence {wj//\?} is also a Hilbert orthonormal base of Hf# with respect
to the scalar product asg (-, ).

On the other hand, w; satisfies the following boundary value problem:

Aw; = )\fwj in (0,1),

3. Local existence and uniqueness

For a fixed T™ > 0, we make the following assumptions:

(A1)  (tp,u1) € H;%é x (H?> N HY);

(A2) g€ CO([0,T7]);

(A3) e C[0,1] x [0,T%] x R? x R,);
(Ag)  f € C%(0,1] x [0,T*] x R?) such that

f (Oat,0707y3) = f (lvtaoaoay?)) = 07 vt € [O7T*L VyB e R

Definition 3.1. A function u = u(z,t) is a weak solution of (1.1) if u € Vp = {u €
L>(0,T; Hy) : v’ € L>®(0,T; H> N Hy) N L* (0,T; H* N Hy) , u” € L>(0,T; L?)},
and satisfies
(u"(t), w) + (uy (1), wa) + (Au(t), Aw) + (p[u] (t), wa) (3.1)
t
= [ gt = 9 uale) wds + (Slul(e). ).
0

for all w € H> N H}, a.e., t € (0,T), together with the initial conditions
u(0) = g, u'(0) = @1, (3.2)
where
ulul (2,8) = o (10,8l ), w2, ), Jlua (9
flul(z,t) = f(x,t,u(z, t), v (x,t), u. (2, 1)) .
For each M > 0, we put

Ky = Ku(f) = flle2(a,) = > 1D Fllco(an) - (3.4)

la]<2
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K = Kaa(p) = ez (an) = Do 1D Hlloo(ay) -

|| <2

where

||f||CO(AM) = sup |f($7tayla"' 7ZU3>|7

(z,ty1,,y3)EAM

”“”CO(AM) = sup |t yn, -, y3)],
(z,t,y1,- ,y3)EAM

Apnr = [0,1] x [0,T*] x [-M, M]? x [—v2M,~/2M],

Apr =10,1] x [0,T%] x [-M, M] x [—v/2M, /2M] x [0, M?].
For every T € (0,T*], we put
Vr ={v e L>(0,T; Hy) : v € L>(0,T; H* N Hy) N L* (0,T; H* N Hy)
v" € L*(Qr)}, (3.5)
which is a Banach space (see Lions [13]) with respect to the following norm
olly, = maX{HUHLoo(o,T;H;) ; ”U/”L°°(O,T;HQQHé)ﬁL"’(O,T;H?’ﬁH(}) ) HUH||L2(QT)} .

(3.6)
We also introduce the Banach space

Wi(T) = {v e C°([0,T); H* N Hy) N CY([0,T]; L?) : o € L*(0,T; Hy)},  (3.7)
with the corresponding norm
||”HW1(T) = ||”HCO([0,T};H20H01) + ”vHCl([O,T];L?) + ”v,”Lz(O,T;H(})
= [|Avll oo, 73522) + 1Vl oo, 79522y + 1Vl L2 0,7302) - (3.8)
For every M > 0, we consider two sets
W(M,T)={veVr:|ovl,. <M},
Wi(M,T) = {v e Vy:v" € L>®0,T;L?)}. (3.9)

We construct a recurrent sequence {u,,} defined by choosing the first term
ug = Ug, and suppose that
Um—1 € W1 (M, T), (3.10)

then we find u,, € W1(M,T) (m > 1) such that w,, satisfies the following problem
(i (£), w) + (U (1), war) + (Aum(t), Aw)
= f(fg(t - s)<umm(s),wz>d5

+ (E(t), w) — (pm (t), we), Yw € H* N HY,

(3.11)

um(o) = 120, u{m(o) - ﬂla
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where

M[umfl](fvt) =K (x,tum,l(mj), vumfl(xat)v ||Vum,1(t)\|2> )
Fo(@,t) = flum—1](z,t) = f (2, t, um—1(2, ), up_1 (%), Vim_1(z, 1)) . (3.12)

=
3
B
=
|

The existence of u,, is given by the following theorem.

Theorem 3.1. Let (A1) — (A4) hold, then there are positive constants M and T
such that, for ug = o, there exists a recurrent sequence {u,} C Wi (M,T) defined
by (3.10)-(3.12).

Proof. The proof of Theorem 3.1 spends several steps as follows.

Step 1. Faedo-Galerkin approzimation. Consider the basis {w;} for L? as in (2.4).

Put
k

uP ) =3 ety (3.13)

j=1

where c*) are determined by the following system of linear integro-differential equa-

tions "
() (8) ,w5) + (@ (1), wja) + (Augy) (1), Aw;)
:Amwww%@mmw+mmmm—wmmwﬁ1gﬁw,@w

ult (0) = ok, @ (0) = iy,

in which
k
Uk = Z aﬁk)wj — g strongly in H:;, (3.15)
j=1
k
U1 = Zﬂ;k)wj — 11y strongly in H? N H&.
j=1

The system (3.14)-(3.15) is equivalent to a system of linear intergal equations
that can be rewritten in the following form

) = Ulel], (3.16)
where
k k
Cgf) (Ciniv Y CEYLI)iI)’
Ulel®)] = (T[eP), -, Uple®)),
U [e1(6) = GE (1) + FF [eP)(t),
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ﬁj('k) Ajt ' Aj(t=s)\ (
Tj(l—e ])+)\j/0 (1—6 i )(Fm(s),wj>ds,

<Fm(t)’wj> = <Fm(t)awj> - </’Lm(t)7ij> , 1< .7 < k, 0<t<T.

GW(t) = ol +

Using Banach’s contraction principle, it is not difficult to prove that the fixed

point equation (3.16) admits a unique solution P = (cmi, R f:,)ﬂ) € C([0,T]; R¥),
thus we omit the details of the proof.

Step 2. Priori estimates

Putting

S (1) = |Au (e H + 2wt H2+HA2u;’§)(t)H2 (3.17)
+ao] + o] + Jaipo]
er ! (sl + ostool s fastzof o)

then it follows from (3.14) and (3.17) that
t 2 2 2
500 = 510 - 200) [ (Justko)| + o]+ |auio]) as
0

= gt —s) G160 + (Al (9. Al 1)

© ) Aull ]ds
= / dr / r—s[ u®) (1) + (Aul (s), Auld (1)

+ (M) ]ds

+2 /O t <Fm(s> + AF(s), 0l (s) — Aaffms)} ds (3.18)

2/(: (o), 8 () — i) (5) ) s

- 2/(: <,um(s), A%g’;;(s)> ds + 2/(: Hagy(s)
7

=SW0)+> 1.

Jj=1

Taking the derivative of F,(z,t) and p,(z,t) (in (3.12)) up to second order and
doing some calculations, we get the following lemma.
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Lemma 3.1. If (A3)— (A4) hold, then the following estimates are valid

(i) | Fma()l] < (1+3M)Ky = FYp,

(ii)  |AF, ()] < (1+18V2M +9v2M?) Ky = F{Y,
(i) [|ma ()] < (1+2M) Kap = pfy,
(i) e (D] < [1+ (4+2\f)M+(2+4f)M2+4\fM3]KM_M§W>,
(@) pma @) < 2 | pma (0)] +2T2W

)

(3.19)
where

FiY) = (1+3M)Kyy,
Fg = (1+18VAM +9v2M?) Koy, (3.20)

= (1+42M) Ky,

uf} — [1 + (4+2f2) M+ (2 +4\f2) M? +4\/§M3} Ky
Using Lemma 3.1, and the following inequalities

2ab < va® + %b{ Ya,b € R, Vv >0, (3.21)

ozl < |Av]|, Yo € H? N Hy,

we can estimate I; — Is on the right-hand side of (3.18) as follows

n=200 [ (Juzo] + Jauo ] « s o
< 2g(0) |/( A ) + [ aut >H)ds<4|g<o>|/0ts,%><s>ds
I =2 / glt —s) [<u£fi> (), ul®) (£))ds + (Au®(s), Au® (1))

T (Au®) (s >,Au$if;<t>>}ds

mx

<4/ lg(t — s)[\/ S¥) (s \/T
<+ ( / ot = )1/ 515
< V8P + gl / S (s)ds, (3.22)
s =2 / i [ )| Uil 1) + (Bl (9. Aufd 1)

T Aul(s), Aul®) <r>>] s

< 4/t dr/r 19— )| /5B (/5P (r)ds
0 0

2
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< 4\/IT*||9/||L2(0,T*) /Ot S’T(,’f)(s)ds,
L= 2/t <Fm(s) + AF(s), @™ (s) — Au§j§>(s)> ds
0
t
<2 / (En () + 1AFn ) (| )] + || 2l (s) ) as
< 2TK}, (2 +18V2M + 9\/§M2)2 + /1t Sk (s)ds,
0
Iy = 2 /0 t <um(s),u£’i;(s> - Au%“;(s)} ds
t
<2 [l ([0 + aiis) ) as
< 22Ky /t \/Haﬁ,ﬁ%(s)HQ + HAu%i(s)Hst
0

t 9 5 1
< 27/ (Haggf;(s)H + |[aay )| >ds+vTK12w
0
< 2SB() + TR,
v

¢
For Is = —2/ <um(s),A2ug§;(s)> ds, we use integral by parts and estimate
0

for Ig as follows
t
o =2 [ (). A%00)()) ds
0
t
= =20 (1), AU O) + 20 (0), A%01) + 2 [ (). A2l (5)) ds
0
t
= 2<me<t)7 AQ’U’S::) (t)> - 2<Mm(0)7 A2'(]Ol~cac> - 2/ </J’/m:v(5)a Azugrli)(s)> ds
0
t
< 2 e O [ A20)| + (2000 0): A0} [+ 2 [ it (9] | 47025 5
t
< 2 s O]/ SE(0) = 200 (0), 8%1r) + 2 [ it (9] /S (51
0
1 _ t
<SSO + 2 N DI + 2] Gam (0), Aoz | + 2057 / V/Sin (s)ds
1 2 -
<SP0 + 1 [2ima O + 272 [uZ] ] + 2 0. A% 329
@|? ' (k)
+T‘MM’ + | Sy (s)ds
0
k) 2 2 2- 2 @|?
= S0) + = lrtme O + 2] o (0), A%iope)| + (14 577 ) T[]

t
+/ S5 (s)ds.
0
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t 2

For I7 = / Huﬁ,’f)(s)H ds, we estimate as follows.
0

Rewriting (3.14); by

(i) (t) ,w;) — (Aall) (£),w;) + (A%ul) (t), w)) + /tg(f — 5)(Aulf) (s), w;)ds
0
= <Fm(t)7wj> + <me(t)’wj>7 1< <k,

replacing w; with uS,’f) (t) and then integrating, we obtain

Jasool

— (A 0), ilY) (1) — (A2l (1), (1)

[ o 0 61,8 s+ (F 0,58 ) + (e 0,50 0)
< ([Jaapm)|| + |azuo| + /Ot lg(t = 91| A (s) | ds

I En Ol + N 1) [[50)

< [HAuL’f)(t)H + HA2U£,’§>(t)H +/0t gt — 5)] HA“( Hds—’_KM-l— ‘#(1)”2

< 4“(M§Ji>(t>H2 + HNu;ﬁ)(t)H? n (/Ot 96t — )| [2u® (s)| dS)
o]

4 18%) (1) (/ lg(t )( )d8>2+<KM+‘“5\14)D2]

2
<4 [sﬁ,’:><t> 0l ore / ssyas-+ (s + Juf)|)].

therefore

I = Q/t Hugp(s) 2

< 8/ <S<k>( )+ gl 22079 / S®) (5)ds + (KM+ ‘ﬂ(l)) )dr (3.24)
0
< 8T (K + |y ) +8(1+7° ||g||iQ(OVT*)) / S5 (5)ds
0
1
Combining the estimates (3.18), (3.22), (3.23), (3.24), and choose v = g Ve get

S8 (1) < S + T Dy (M) + Dy (M) / t S (s)ds, (3.25)
0

where

S = 280(0) + 4 | {1 (0), A%Toks) | + 24 |t (0)]% (3.26)
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@

_ 2
Dy(M) =2 [GK?W +2 (2 +18V2M + 9\/§M2) K2+ (1+1277) |[u? ‘

2
* 2 2 /T
Doy(M) =4 [5 +2(g(0)] + 4T ||9||L2(0,T*) +12 ||g||L2(0,T*) +2VT Hg/HLz(O,T*)} :

By the convergences given in (3.15), there exists a constant M > 0, independent
of k and m, such that

= ~ ~ ~ 2 ~ ~ ~
St < 2 (1 8a0k]1* + | Adiorall® + || A%0x |* + lae ] + fivee |* + | Ada]*)
+ 4|l 0) ] | Ao | (3.27)

+ 24| Dy pftior] (0) + Dapaliton] (0)aioks + Dapaliion] (0)Adig ||
2
< MT’ for all m, k € N.

It follows from (3.18), (3.22)-(3.24), (3.27) that
M? ¢
Sk (1) < —~ + TD1(M) + Dy(M) / S (s)ds. (3.28)
0

Note that, we can choose T € (0,7*] such that

(J\f + TDl(M)> exp (T Dy(M) < M?, (3.29)
and
kp = (2 + \2) \/TD1(M) exp(TDy) < 1, (3.30)
where
Di(M) =8[K3, +2(1+ M)*K3,], (3.31)

™ 2
Dy =2 [1+219(0)| + 493 20.7) + 2VT7 9/l 20,1 -

Then, by (3.28) and (3.29), we obtain

m

S (1) < M? exp (=T Do(M)) + Da(M) /0 t S5 (5)ds. (3.32)

By using Gronwall’s lemma, we deduce from (3.32) that
S (t) < M? exp (—TDa(M) exp (tD2(M) < M?, (3.33)
for all t € [0,T], for all m and k. This leads to the fact that

u®) e W (M,T), for all m and k. (3.34)
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Step 3. Limiting process. From (3.34), there exists a subsequence of {ugf)} denoted
by the same symbol such that

ugf) — U, in L (O,T; H;;) weak™®,

¥ in L (0,T; H2 N HY) weak*,

a5 in L2(0,T; H® N HY) weak, (3.35)
k)

ak) in  L?(Qr) weak,

U € W (M, T).

Taking the limitations in (3.14) as k — oo, we get that u,, satisfies (3.11), (3.12)
in L2 (0,7). On the other hand, by (3.11); and (3.35),, we have that

t
ul = Aul, — Au,, — / g(t — 8) Ay, (8)ds + pime + Frn € L™ (O,T; L2) ,
0

Um € W1 (M, T). Hence, Theorem 3.1 is proved completely. O
By Theorem 3.1, we prove the existence and uniqueness of weak solution of (1.1)
which is given by the following theorem.

Theorem 3.2. Let (A1) — (A4) hold. There are two postive constants M and T
such that {um} converges strongly in Wi (T) to u € Wy (M,T) being the unique
weak solution of (1.1). Moreover, the following estimate is claimed

um = ully, 7y < Crkyr, for allm €N, (3.36)

where kr € (0,1) is defined by (3.30), (3.31) and Cr is a constant independent of
m.

Proof. First, we shall prove that {u,} is a Cauchy sequence in Wj (T). Let
Wy, = Upm41 — U Then 4, satisfies

(wll (t),w) + (W, (£),ws) + (Awy, (t), Aw) (3.37)

= [ ol = 9,021+ (B (0)0) = (0,2, Voo € B2 1 12,

Wm (0) = w;n(o) = 07

where

Fm (t) = Fnt1 (t) - Fn (t) =f [um] (t) —f [umfl] (t) ’ (338)
fim (1) = pant1(t) = pan (8) = o [um] (8) — o [um—1] (2) -

Taking w = w}, (¢) in (3.37) and after integrating in ¢, we get

S (t) = —29(0) / e ()] ds + 2 / 9t — 8) (W (3), Wy (1))
9 / dr / 3 — 8) (e (5), wima (r))ds (3.39)
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t t
42 [ (B (s) 0l (9) ds =2 [ (o () i (9)ds
:J1+(?]2+J3+J4+J5, ’
where ;
S (t) =y, (D7 + | Awn, ()] +2 / [0, (3)II” dis. (3.40)

It takes no difficulty to prove the lemma below.

Lemma 3.2. If (A3) — (A4) hold, then the following estimates are confirmed

(i) || Fwm O < 2Kar |lwim-1llw, (7
(i) Nam @I < 201+ M)Kps [|wm—1llyy, (z) -

Using Lemma 3.2, and evaluating in a similar way as above, the terms J; — J;

are estimated as follows

7y = —29(0) / e ()] ds < 2]g(0)| / 5, (3)ds

Jy = 2/0 gt — 8) (W (8), W (t))ds

IN

' 2
s @1 4 ([ lgte = 9 (o)1 )

IN

1 b
150+ gl 70y [ Snlo)ds
0
t r
Js = —2/ dr/ g'(r — 8) (Wi (8), Wiy (1))ds
0 0
¢
<VT iz [ Sls)ds
¢
Jy = 2/ (F (s),wy, (s))ds
0
¢
< 4TK?, ||wm_1|\€V1(T) +/0 Sm(s)ds,

Js = -2 / (i (5), W (5))dls

/||me |ds+2/ ()12 ds

£) + 8T(1+ M)’ K3y w1l o -

| /\

<

pM>—~

It follows from (3.39), (3.41), that
Si(t) < TDAOM) vy + Dz [ S (5)ds
0

where D (M), Dy are defined as in (3.31).

(3.41)

(3.42)



3574 L. T. M. Thanh, L. T. P. Ngoc, N. H. Nhan & N. T. Long

By using Gronwall’s lemma, we derive from (3.42) that

where kp < 1 is defined as in (3.30), (3.31). This implies that

M m
H’U,m-',-p - u7n||W1(T) < mkip, Vm, pE N. (344)
It follows that {u,,} is a Cauchy sequence in Wi (T'). Then there exists u €
W1 (T) such that
U, — w strongly in Wy (T). (3.45)

On the other hand, u,, € W (M, T), there is a subsequence {umj} of {uy,} such
that

U, — U in L>® (O,T; H;i) weak*,
u;nj — in L (O,T; H?N H&) weak™®,
Uy, — ! in L? (0,T; H* N H}) weak, (3.46)
u;;lj — u” in L?(Q1) weak,
ue W (M,T).
Note that
[Em = f [ulll oo 0,22y < 2K 0 lum—1 = tllyy, (1) » (3.47)

e = plulll oo 0.7, 2y < 201+ M) K [[um—1 = ullyy, 7y -
Hence, we derive from (3.45) and (3.47) that

F,, — f[u] strongly in L* (0,T; L?), (3.48)
tan — p[u] strongly in L™ (0,T; LQ) .
Taking the limitations in (3.11) and(3.12) as m = m; — oo, it implies from

(3.45), (3.46) and (3.48) that u € W (M, T) and satisfies (3.1)-(3.3).
Further, by the assumptions (As) — (A4), we obtain from (3.1) and (3.46)5 that

t
o = Au' — Ay — / g(t — s)Au(s)ds + %p[u] + flu] € L>(0,T;L%).
0

Thus, u € Wy (M, T). This confirms that u is a weak solution of (1.1).
Next, we prove the uniqueness of weak solutions of (1.1) as follows.
Let uq, us € W1 (M, T) be two weak solutions of (1.1). Then v = u; —us satisfies

(0"(8), w) + (v (8), we) + (Av(t), Aw) + (u[w](t) — pluz](t), we)

= /O g(t — 8)(vy(8), we)ds + (flur](t) — flus](t),w), Yw € H*N H,

(3.49)
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Taking w = v’ (¢) in (3.49) and integrating in ¢ , we get

Z@)=2AcwlfAr—gwagw;vmu+2A<ﬁmﬂ@—fmﬂwxuw»%
*2A<MMKQ*HWﬂ@%%@»%7 (3.50)

where .
Zuw=w%wW+HAwwW+2ﬂjwu®Wd& (3.51)

Then it follows from (3.50)-(3.51) that

Z(t) < pur t Z (s)ds, (3.52)

where pas = 47 ||gl[72 (0 ) + 8V2Kar + 16(1 + M)?K3,.

By using Gronwall’s lemma, we obtain that Z (t) = 0, i.e., u = u; — ug = 0.
This claims the uniqueness of solutions of (1.1 ). Thus, Theorem 3.2 is proved
completely. O

4. Blow-up of solutions

This section is devoted to studying of the finite-time blow up of the solution of the
problem (1.1) in the case

f = 7>\ut + f(uaux)a
= (e (0))) e+ o (0, 0).

Precisely, we consider the initial-boundary value problem as follows

s + Mg + A2 — Ay — a% [u (||ux(t)||2) w4 ,ul(u,ux)}

t
—/ g(t — 8)ugy(z,8)ds
0
= flu,uz), 0 <o <1,t>0,

w(0,t) = u(1,t) = uge(0,8) = uge(1,¢) =0,

’LL((E,O) = ﬂ'O(‘r)a ut(xao) = ﬂl(x)a

where A > 0 is a given constant and ug, u1, i, t1, g, f are given functions satisfiying
the following assumptions

(A1) (@0, @1) € HY x (H? N HY);

(Ay) e C?*(Ry) and there is a positive constant i, such that
p(z) = p, V2 € Ry

(A3) geCHRy);

(Ay)  feC?(R?), uy € C? (R?).
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By the same method used for the proof of Theorem 3.2, the problem (4.1) has
a unique local solution provided by the following theorem.

Theorem 4.1. Suppose that (A1), (Ay)— (A4) hold then the problem (4.1) admits
a unique local solution satisfiying

ue L>®(0,T; Hy) N C([0,T); H* N Hy) N C*([0,T]; L?), (4.2)
u' € L>(0,T; H* N Hy)NL* (0, T; H* N Hy) N C°([0,T]; L?),
u” € L*=(0,T; L?),

for a sufficiently small T > 0.

In what follows, we will consider the existence of local solution of (4.1) in the
case that the initial datum is less regularized.

(Ay) (o, in) € (H2 N HY) x L?;

(Ay) e C?*(Ry) and there is a positive constant i, such that
1 (2) > s, V2 € Ry

(A3) geC'(Ry);

(A4) There is a function F € C3(R?;R) and positive constants a, 3, do,
with «, 8 > 2, such that
(i) ?}% (u,v) = f (u,v), 88% (u,v) = —p1 (u,v), for all (u,v) € R
(i) F(u,v) < ds (1 +ul® + |u|ﬁ) , for all (u,v) € R2.

Then, we also get the local solution existence given by the theorem below.

Theorem 4.2. Assume that (A1), (As), (As), (A4) hold, then the problem (4.1)
has a unique local solution

u e Wyi(T) = {veC’0,T); H* N H}) N C*([0,T); L?) : v' € L*(0,T; Hy)}, (4.3)

for a sufficiently small T > 0.

Proof. In order to obtain the existence of a weak solution, we use standard argu-
ments of density.

With T* > 0, let us consider (@, @1) € (H*> N Hj) x L%
Let {(@om, U1m)} € C5° (]0,1]) x C§° ([0, 1]) be a sequence such that

Gom — o stronglyin  H? N HE,

Uy, — U1 stronglyin L2,
For all m € N, suppose that {ag,,} satisfies compatibility conditions

A'&Om (O) = AﬂOm(l) =0. (45)
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Then, for each m € N and the conditions of Theorem 4.1, there exists a unique
function u,, such that

(U (), 0) X (1 (8), ) + (U (1), 02) + (Bt (1), A)
11 (et () ) Gt (8), )

= / g(t — 8) (Uma(s),v,) ds,Yv € H* N H} (4.6)
0

+ (f (U (), e (t) ,v) — (1 (W (t), Uma (), v2)

um(O) - uOnu u;n(O) - ﬂlnu

and
U € L°(0, Trn; Hy,) N CO([0, T]; H? 0 Hy) N CH([0, Tl L?),
wl, € L(0, Ty H2 N HY) N L2 (0, Tr; H 0 HE) N CO([0, T} L2),  (47)
ull € L°°(0, Tp; L?).
Priori estimates. Replacing v with «],(¢) and then integrating, we obtain

() < Si(t)
=S, —2/ F(tom (), Gome (z))dz — 2g(0 / (|t ( )|| ds
¢
+2/ Gt — ) (U (5), 1 (1)) ds
0
t T
— 2/ dr/ g (r — 8) (Uma(8), Ume (1)) ds (4.8)
0 0
1
+2/ Fum (1), e (2, ) )da
0
1
= Sm(O) — 2/ f(ﬂom(l')7ﬁomm(1'))dx + I+ Iy + I3+ Iy,
0
where fi, = min{1, p., 22} and
- 2 2 2 K 2 ¢ 2
Snt) = i O + 180, O + (O + [ a0 s+ [ (9] s,
, 9 9 Humw(t)HQ t , 2
Sn(t) = lan O + 18 7 + ez +2 [, (9] ds
+ 2)\/ [|lur, ( | ds, (4.9)
_ 2 ~ 2 |"‘~"0mz‘|
5n(0) = Nl + 1850l + [ pte)i
Similarly to the above estimates, we evaluate the terms I; — I3 as follows

I = —24(0) / s ()2 ds < 219(0)] / 5, (s)ds, (4.10)
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t B 1 t
I, = 2/ g(t — 8) (Uma(8), Uz (t)) ds < 4Sy, (1) + 5 HgHi2(0’T*) / S (s)ds,
0 0

t

t r
I; = —2/ dr/ 9'(r = 8) (Uma(8), uma (1)) ds < 2VT*||¢|| 120 7+ Sn(s)ds.
0 0

S~

0

For the term I4, using the hypothesis (;14), (i), we get

1
I = 2/ Tt (2,8), e (1, 0))d < 23424 [t (1) [0 + J1oma (D] 75] - (4.17)
0

In order to evaluate |[u,(t)||7. . We use the estimate below
t
[t (2, 1) = |tgm (2)]” + a/ |t (22, 8)|* 7% U (2, 8)til, (, ) ds
0

t
< Jdom (@) + o / e ()" el (2, 8)] s,
0

then
1 t 1
Jim (Ol < lon 5.+ | (/ it () ds) (2, 5)| da

t 1 1

— Jliom||% + / (3] ds / Wi, (z, 5)| dx
t

< om0 [ unel@) ()] (4.12)
t — a—1 —

< flion 5. +a [ ( sm<s>) S (s)ds
0

n o
= ||ﬂ0m||%a + a/ < Sm(5)> ds.
0

In order to evaluate ||ty (t)||§5 . We use the estimates below
t
e (2, 8)]” = |Gome (2)]° +,8/ [t (2, )| ™% U (2, 8)0L,, (2, 8)ds
0

t
< Jfioma (@)|® + B / ltma (2, )P [t (2, 8)] s,
0

and

[Uma (2, 5)| < ﬁ\/llumz(S)HQ + (| At (5)[1* < V24/ S (s)-
Then

t
ftma (2, 8)[° < iioms (2)|° + 8 / tma (2, 8P~ [t (2, 8)] ds
0

B—1

< fiome@)* +5(v2) " [ (5ul)) ato s

Thus, integrating in « from 0 to 1 for the above inequality, we have

e O = Vionels +8 (v3) ™ e [ (509) " ot



Finite-time blow up of solutions 3579

= ||tomallss + B (ﬂ)ﬁf1 /Ot (M) o ds/o1 !, ()| dz

~ t 1 P L -1
< lldomsZs +4 / [t (9 ds + 225 / (Sun(s)) " ds

. - 1 (A -
< ||u0mx||§ﬁ+78,,L(t)+5522ﬂ 1/ (Sm(s))ﬁ ' ds. (4.13)
0

We deduce from (4.11), (4.12) and (4.13), the term I, is evaluated as follows

L= zfolf(um(x,t),um(x,t))dx < 24 [1+ lum (Ol + s (D)1
= 24+ 24 [l ()5 + s (1)
< 2dy + 2dy {||a0m||§a + a/ot ( Sm(s))a ds} (4.14)
24 [lomal o +18m0) + 5827 [ (S)) ™ s
— 2, + 24, (HaOmnga + HaOmxnﬁﬁ) + 2day S0 (1)

t [e] 7 t
+ 20 /0 ( Sm(s)) ds+%52zﬂ /0 (Sm(s))" " ds.

fl

By combining (4.8), (4.10) and (4.14), and choosing v = ——————
2 (1+24;)

, we get

9]
3
IN
i
3
+

hﬁ‘

(S
“

m(s))ds, 0 <t < T, (4.15)

where

_ 2 v .
Som = = {sm(o) i /0 Fliiom (@), iome (z))dz

*

+2ds (14 lliom 5o + lomall7s ) |

4 / (1 + 2622) 2
V() = oo | WO+ VT g 2000 + =5 — Il | 5 (4:16)
i 1+ 2dy ) 2291
2 o 2
L2 [y, (1020) P27
s [

By the convergences given in (4.4), there exists a positive constant M; indepen-
dent of m, such that B
Som < My, for all m € N. (4.17)

It follows from (4.15) and (4.17) that

Sp(t) < My + /t U (Sm(s))ds, 0 <t < T, (4.18)
0
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Then, by solving the nonlinear Volterra integral equation (4.18) (based on the
methods in [10]), we get the following lemma.

Lemma 4.1. There exists a positive constant T depending on T (independent of
m) such that

Sn(t) < Or, Ym €N, Vt € [0,T], (4.19)
where Cp is a constant depending on T only.

Lemma 4.1 allows us to take T, =T forall m.
Next, we shall prove that {u,,} is a Cauchy sequence in Wi (T). Put wy,, ;| =
Uy, — UL, ﬂOm,l = Uy, — Uol, ﬂlm,l = U1m — 1. It follows from (46) that

(18,0 + A1) 1(8,0) + (wh s o(0),v2) + (Dt (£), Av)

1 (s (O ) ot o(8), )
= [ (e 1) = 1 (e D1 ) | A (t),v)
- " ) (2 (5), 00 s - (Fn (0,00 (6) — F(8), 008,

— {1 (U (8)y U (1)) — 11 (g (£), w12 (2)), vz) , for all v € H2 N HE,

Wi, 1(0) = Tom,1, wy, ;(0) = Uam,i-

(4.20)
Taking v = wy, ; = up, — u; in (4.20) and then integrating with respect to t, we
obtain
)\*Sm,l( ) < Sml( )
= S +2/ dr/ T—s<wm1x mlw( )>ds
t
=2 [ s (e ()7 ) (Wt (5,01 4(5) dis (4.21)

+ 2

[ (ltma (5)117) = 1 (e ()1 | (Ata (), 0] 1(5)) s

+2 [ (f(um(s), uma(s)) = f(ur(s), uz(s)), w1 (5)) ds

t
-2

o\o\&o\“o\

(11 (U (8), Uma (5)) = pa (ur(5), wia(5)), Wy g o () ds
5
= Sm.1(0) + pr
where A, = min{1,2A}, and

t t
Sm,l(t):ijn,l(t)Hz—#||Awm,l(t)||2+2)\/o Hw;l,l(s)||2ds+2/0 [wh ()] ds,
(4.22)

t t
Bt (t) = [ (87 + [ Awma(8)]2 + / et ()] ds + / ey o ()] ds,
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Sima(0) = [urm — uy||* + || Augm — Aug||”.

We will evaluate the terms on the right-hand side of (4.21) as follows.
Put

Hmax = Sup H (Z) 5
0<2<Cr
Lr(pw) = sup. w(z),
>zx0r
Lr(f) = sup (ID1f(y; 2)| + [D2f(y, 2)1) »
0<y<vCr, 0<z<2vCr

Lr(p1) = sup (|D1p11(y, 2)| + [ D2pa (y, 2)1) -
0<y<vT7r, 0<2<2y/C7

Using the following inequalities |[wy, ; »(£)]|* < ||Awp,(t)]?, and

1
2ab < va® + =b%, Va,b e R, Yy > 0,
v

we get estimates of I, — I, as follows.
The term I,.

h=2 [ g — 8) (g (), wlp g o (1)) dis
<2 / ey o () dr / 190 — )] Tt =(5)]] d
< 2/0 Hw;nl w(r)Hdr/OT lg(r — s)] S’m’l(s)ds

<2 U s )] ] - [/ ([ tatr-9) sm,ws)ds)er]
< 2/SaOVT lall oo | [ t 8o -

. 1, t_
< Sma®) + 2T Lol 7 | Snatsras.
0
The term Is.
Bo= =2 [ (7)), 9)
t
< Ut / | Aw ()] el o (5)]] ds
k ’ 2 1 2 t 2
<y [ why o) ds + =12 | 1| Awma(s)]| ds
0 Y 0
_ 1, t_
S ’YSm,l(t) + ;p’max SmJ(S)dS'
0

The term Is. From the below inequality

‘N (Humx(s)||2) — U (Hulx(S)Hz)‘

(4.23)

(4.24)

(4.25)

1/2

(4.26)
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<L) | lttma ()1 = e (5)]?

SQ@LT(M) me,l 1(5) “
<2/CrLr(p) [Awnm(s)],

we infer that
=2 [ [ (e )17) = (e )?)] Buats) 5 5

<ACrLr () [ 18wa(5)] i) ds (427)

t
<201 Lo(p) / Sy i(s)ds.
0

The term I,. From the below inequality

[[f (um (), tma (5)) = f(wi(s), wa(s)) |
<Ly (f) (lwm i () + lwm.i 2 (s)]l]
<2L7(f) llwm,i «(s)|
S2Lp(f) [Awm i (s)];

we have
I=2 / (F (tm(3), tma()) — F(ur(s), uta(5)), w1 (5)) ds
<ALy (f) / | Aty ()] [ (5)]| ds (4.28)

t
S 2LT(f)/ S’m,l(s)ds.
0
The term I5. Similarly, from the following inequality

(121 (tm (8), uma (8)) = 1 (wi(s), wiz ()| < 2L (p1) [[wm 1 2 (3)]]
< 2Ly () [|Awnm i (s)]],

it follows that

B = =2 [ (9, (5)) = 00 (5) s () 0 (9)
< 7/0 | wr w<s>\12ds+%/0 101 (i (8), U (5)) — pur (wr(8), wia ()| ds
< [Nt o ds+ 2 2 0) [ 18 (0) s (4.29)

- 4 b
< Sa0)+ 213 n) [ Snals)ds.
0

Ax
By combining the estimates (4.21), (4.25)-(4.29) and choosing v = 5 Ve obtain

t
Syni(t) < Ry + Dr / Sy i(s)ds, (4.30)
0
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where
2 2 2 2
Rm,l = Tsm,l(o) = )\7 (”ul’m - ull” + HAUO’"L - AuOl” ) 3 (431)
_ 4 3 * 2 2 2
Dr = = |5 (T l9llz2q0,2+) + Himaxe +4L7 (1) ) + CrLr(p) + L (f) | -
By Gronwall’s lemma, we deduce from (4.30), that
Smi(t) < Rygexp(TDr) = R2,;, ¥t €[0,T], Vm, [ €N. (4.32)
Hence
Wil W (T) = ||Ame”C°([O,T];L2) + ||w7/’ﬂ,l||00([0,T];L2) + Hw;nJHLQ(O,T;Hé)

< 3Rm,l — 0, asm, | — co. (4.33)

This confirms that {u,,} is a Cauchy sequence in W7 (T'). Then there exists
u € Wy (T) such that
U, — u strongly in Wy (T). (4.34)

On the other hand, by (4.19), there exists a subsequence {uy,, } of {u,} such
that

Uy, —»u in L>(0,T;H> N Hj) weak*,
Up,, —u' in L (0,73 L?) weak*, (4.35)
u, —u' in  L?(0,T;Hj) weak.
J
Moreover, by (4.23), we deduce that
[ (tm, tma) — f(uauz)”c([o,T];LZ) < 2Ly (C7) [Jum — U||W1(T) ) (4.36)
||:U'1(um7um9c) - ﬂl(UqU;c)Hc([O’T];[;) < 2LH1 (CT) ||Um — UHWI(T) ,

2 2
o Q) = (Usal®) | 2y < 29O L) ot =l -
It follows from that (4.34), (4.36) that
I (U ) — f(uyug) in  C([0,7T]; L?) strongly,
:ul(urru Uma:) — M1 (’U,7 um) in C([07 T]v L2) Strongly, (437)
p (Jmal) = 1 (Il ?) i C([0,T]) strongly.

By using the convergences (4.34), (4.35) and (4.37) to pass the limitations in
(4.6), we have u € W1 (T) satisfying the problem

0 (0),0) A (0),0) + (e (8) v0) + (D), Av)
i1 (e (0)1%) aa(8), v)

= /0 gt — ) (ug(s), vz) ds + (f(u(t), us(t)),v) (4.38)

— {p1(u(t), ug(t)),vs), for all v € H2 N HY,

U(O) = 1]0, UI(O) = ’111.
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Finally, the uniqueness of a weak solution is obtained by using the well-known
regularization procedure due to Lions, see Ngoc et. al. [20] as an example.

Theorem 4.2 is proved completely. O

In order to study of finite-time blow up of the solution of the problem (4.1), we
make the following assumptions

(B2) p € C(Ry) and there are two positive constants g, Y. such that
(1) u(y) > ps > 0, for all y > 0,
y
() i) < . [ (), for all y > 0
0
(B3) g€ CHRy)N LY(R,) such that
(i) 0< g(oo) E/ g(s)ds <1,
0
(i) ¢’ (t)<0<g(t), forallt>0;
(B4) There is a function F € C3(R?;R) and positive constants dy, dy, da,
a, @, B, with o, &, > 2,i=1,---, N, such that
(i) 88—'5 (u,v) = f(u,v), aa—': (u,v) = —py (u,v), for all (u,v) € R?
(i) wf (u,v) —vps (u,v) > diF(u,v), for all (u,v) € R?;
(iii) d [v]” < F (u,0) < do (1 +ul® + |v|B) , for all (u,v) € R?;
P(p = 2X.) pis
(p—1)2

Remark 4.1. The example below shows that there are two functions f(u,v),
11 (u, v) satisfying (By) . Indeed, we consider

Fu,v) = Bk [u] 2 u o],

pi1(u,v) = —ak; |v|o‘_2 v — vko |u|ﬁ |11|AY_2 v,

(Bs) 2X« <p<di; 0<g(oo) <

where k1, ks > 0, a, 3, v > 3 are constants and min {a, 8+ v} > p.

It is clear that
Flu,v) = ky [0]* + ko Jul® o],
is a C3(R?%R) function and satisfies
: oF OF 9
(l) %(uav)_f(uﬂ})v %(uav)__:ul (u7v)7 V(”?“)ER ’
(i) wfi(u,v) —ops (u,v) > diF(u,v), V(u,v) € R?,

(iii)  dy [v]* < F(u,v) < da (1 + |ul® + |v\5) ,

_ _ k _
where d; = min{a, 8 +7} > p, d1 = k1, da = k1 + ?2, a =26, f = max{a, 2v}.

So (By) is satisfied.
Putting

%oz 11
L / w(z)dz. (4.39)

Lo . 1. . 1.,
H(0) = / F(to(z), s (v))dr — 3 [ ||” — 3 Ao — 3
0 0
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Theorem 4.3. Let (By) — (Bs) hold, then for any (i, 1) € (H?> N Hy) x L? such
that H(0) > 0, the weak solution u of (4.1) blows up in finite time, i.e., there is a
positive constant T, such that

1im7 <||U(t)||H2mH3 + ||u/(t)||) = oo

t—T

Proof. First, we prove that
the problem (4.1) does not admit any global weak solutions. (4.40)

Arguing by contradiction, we assume that the problem (4.1) admits a global
weak solution

ue C'Ry; H*N HY) NCHR; L), o € LE.(0,00; Hy). (4.41)

We define the energy functional associated with (4.1) by

B(#) = 2 W @I + 509 )1 (142
llwa ()11
g 1O+ [ ne)az = gto) (ol

1
7/0 F (u(z,t), u.(x,t)) da.

Put H(t) = —E(t), V¢t > 0. Multiplying both sides of (4.1); by «/(x,t) and then
integrating the obtained equation, we have

H' (1) = |[u, ()] + Al (0)]I” = % (g *w) () + 59 () lus(O)]* = 0. (4.43)

This implies that
0< H(0) < H(t), YVt >0, (4.44)

so we deduce from (4.42) that

) ) llua (£)11 )
[/ (O + (g% w)(t) + [[Au@)]” + /O (z)dz — g(t)) [Jua(t)]]

) (4.45)
< 2/ F (u(z, t), u,(x,t)) dz, Vt > 0.
0
Now, we define
L) = H(1) + ew(t), (4.46)
where N )
Y(t) = (W' (t), ult)) + §||U(L‘)H2 + §||uz(t)||2, (4.47)
for £ small enough and
0<n<i 2/(1-2y)<a. (4.48)

2
In what follows, we show that there is a constant (; > 0 such that

L(6) 2G [H() + 1/ ()1 + [[ua (6)]7 + [ Au()* + IIUx(t)II(ia] : (4.49)
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Multiplying both sides of (4.1); by u(z,t) and integrating over [0, 1], it leads to
2
00 = O~ 8w ~ s (1)) e (s (1)) (150)

+ /O 9(t = 8)(ua(s), ua(t))ds + (f(ul(t), uz(t)), u(t))
= { (u(t), us (1)), us (1)) -

Therefore
L'(t)=(1—n)H "(t)H'(t) + e’ (t) > ey’ (t). (4.51)

By (f_lb4) , we obtain

(f (), ua (£)), u(t)) — (ua (u(t), ue (1)), ua(t)) = dl/o F (u(z,t), ug (2, 1)) da,

1
/ F (u(e, 1), us (2, 1)) dz > dy s (8)] e -
0
(4.52)
On the other hand, by (B2), (Bs), we get

llue (812
N0 1 (e () =~ / =)z, (4.53)

(v [ e (B ) ol

1

’ p _ 2
[ ot = 9uateua01as = ~Sgx )0+ (1- 3 ) a0 a0l @50

It implies from (4.50), (4.53); and (4.54) that
) s ,  fl=@I »
Pi(t) 2 [ (@O = [[Au@)]]” = X*/O pz)dz = 5 (g *u)(t)

1\ _ 2 !
n <1—2p> 90) L)1 + vy | F (o 0), s, 0) o

+(1—)ds [/01 F (ula, 1), ua(z, 1)) dx] (4.55)

llus (0117
=IO = 18O~ [T ae)az = Faeu)

1

_ 2 !
+ (125 ) SO 1O + 0 [ 7 (ulo st )
1

(1= S0 H(E) + 5 (1= ) [ (O] + (1~ 61)da(g ) (1)

_|_

(
%(1 — 81)dy

) llue (¢)]1? )
lAu(t)]” + / u(z)dz — 5(1)) s (2)]

= {1 + %(1 — (51)d1} ||u'(t)||2 + 51d1/0 F (u(z,t), uy(x,t)) do

£ (=) dH() + 3 [ 81)ds — p] (95 u)(0)
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v (bo-an-x) | O e (50160 = 1) lau(o

N {1 -2 -30- andl} 3(0)) llua (1)

Because of d; > p, hence we can choose §; € (0,1) such that (1 — d;)d; = p,
then it follows from (4.52)2, (4.53)2, (4.55) that

W)= (14 5) @) + 51d151 lua(®l5e +pH(E) + (5 = 1) |Au(@)?

+(5-x) [ O e+ 1——) 9(0) 1w (1)
> (14 2) I @I + drdady e ()30 +pHE) + (5 = 1) [ Au(t)]*
(2= %) el 01 ~ 2500 o) (4.56)

> (1 + g) Hu’(t)||2 + 61d1dy lug (D)7 + pH () + (g _ 1) ||Au(t)||2
(p—1) P=20)pe N e
2p |: (p—1)2 a( ):| Iz (O -

— 2Xx) Mo .
By 0 < g(o0) W, we deduce from (4.51) and (4.56) that there is
p—
a constant ¢; > 0 such that (4.49) holds.
From the formula of L(t) and (4.49), we can choose £ > 0 small enough such
that

+

L(t) > L(0) > 0, Vt > 0. (4.57)
Using the inequality
4 r 4
(Z mi> <4r-t fo, forall r > 1, and x1, -+ ,24 > 0, (4.58)
i=1 i=1
we deduce from (4.46) and (4.47) that
LY =m)(g) (4.59)

1/(1— 2/(1— 2/(1—
<Const [H(t) + [{u(t),u () + lu(@ O~ + Jua (0]
Using Young’s inequality, we have

(), u ()T < a7 Ol () O (4.60)
1—-129 s 1 , 2
< s = MO + 55 W@

< Const ([lu(®)|* + 1w O)])

where s =2/(1 — 2n) < o as in (4.48).
Combining (4.59) and (4.60), it implies that

L0 () < Const [H(E) + [ ()1 + lu@]° + [u(@) [ + a7
(4.61)
We need the following lemma.
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Lemma 4.2. Let 2 <7y, rq, r3 < «, then we have
ol + ol + el <3 (all® + xS ) Vo € B,

The proof of Lemma 4.2 is not difficult, so we omit the details.
Using (4.61) and Lemma 4.2 with 7o = s = 2/(1 — 2n), ro = r3 = 2/(1 — ), we
obtain

Ll/(l—n)(t)
<Const [H(®) + [/ (0 + e (DI + ()5 + [ Au()]?], ve> 0. (462)
It follows from (4.49) and (4.62) that
L'(t) > QLY (1), vt >0, (4.63)

where (2 is a positive constant.
Integrating (4.63) over (0,t), it leads to

_ 1-n 1 1—n
[/ (=m) ) > —_ 1 ,0<t< T, = —__ T =n/(=m)(0). 4.64
®) Gn Ti—t C2m ©) ( )

The estimate (4.64) shows that

lim L(t) = +oc. (4.65)

t—T,

On the other hand, by (4.46) and (4.47), we have
/ A 2 1 2
0<L(t) s1+H@) +e | W@ u@)] + @I + Slue@®I ). (4.66)

However, because of the fact that u € C°([0,T.]; H> N H}) N CY([0, T.]; L?), it
A 1
implies that the function ¢ —s H(t) + ¢ (||u’(t)|| )l + 5 Ju(e) | + 2||ux(t)|2)

is continuous. Hence, the right-hand side of (4.66) is bounded. This is contrary to
(4.65). Thus, (4.40) holds.
Next, we put

Too = sup{7 > 0: (4.1) admits a unique solution u € Wy (T)}. (4.67)

By (4.40), we have To, < +00. We now prove that

tim (l[e(®)l 2y + 10 @) = +oo. (4.68)

t—T

Indeed, assume that (4.68) is not true, there exist a constant M > 0 and an
increasing sequence {1,} C (0,7 ), Trn — Two such that

lw(T)ll g2y + 10/(Tm) || < M, ¥m € N.
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Then, for each m € N, the problem (4.1) has a unique weak solution

Us € Wi (T T + 0) = {v € CO[Tyn, Ty + o); H* N HY) N CH([Ty, Trn + 05 L?) :
v' € L3(Tyn, T + 05 HY) Y,

corresponding to the initial data
(ue(Tin); wilTm)) = (W(Tm), v (Tin)),
with o > 0 independent of m € N.

By the fact T,, — T and the definition of T, we obtain T}, + 0 > T, for
m € N sufficiently large. Then the function @ defined by

u(t), 0<t<Tn,

=g

—~
~
|

u*(t)7 Tm S t S T’V?L + 07

is a weak solution of (4.1) on [0,7}, + o]. This is contrary to the fact that the
interval [0,Ts] is maximal interval on which the equation (4.1) admits a weak
solution. Thus, (4.68) holds. Theorem 4.3 is proved. O

Remark 4.2. In some previous papers, the results of the finite time blowup for
negative initial energy were derived in case of that the nonlinearity is less com-
plex, for example such as in [4] and [30] with the nonlinearity f(us),. Recently,
with the same nonlinearity, the authors in [9] and [27] have proved that the blow-
up property occurs in finite time for arbitrary positive initial energy and suit-
able initial data. In our paper, the nonlinear quantities in the first equation of
the problem (4.1) are considered with more complicated forms, precisely that are
—% [u (||u$(t)||2) Uy + 1 (u,uw)} and f(u,uy). Therefore, it is very difficult to
construct sufficient conditions for which the finite-time blow up for positive initial
energy of the solutions for the problem (4.1) is established, and hence this is still
open.
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