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Abstract The concept of super-homogeneous function is introduced, suffi-
cient and necessary condition for best matching parameters of bounded opera-
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1. Introduction and super-homogeneous function

Let p > 1, o € R. Define the weighted normed sequence space [} and the weighted
Lebesgue function space Lj by respectively

I 1
o = {a — {an) : Jllpa = (Znﬂanw) < +oo},
n=1

1

50 +50) = { /@) Wl = - s lf@Pas) < oo,

Let K(n,z) > 0. The discrete operator

oo

Ti(@)(2) = 3 K(n.2)an, a={a,} €l

n=1
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and integral operator

+oo
To(f)n = ; K(n, ) f(x)dz, f(x)€ L¥(0,+00)
with K (n,x) as the kernel can realize mappings from sequence space to function
space and from function space to sequence space.

It is a basic problem in operator theory to discuss the boundedness of operators
and the calculation of operator norm. Whether an operator is bounded or not is
related not only to the kernel of the operator, but also to the various parameters of
the space. Whether the operator norm can be computed is a much deeper question
when this operator is bounded. If the norm expression of the operator can be
obtained when the operator is known to be bounded, then the relevant parameters
are said to be the best matching parameters.

In 1925, [1] obtained the famous semi-discrete Hilbert inequality

too 2°

[ s < Gl (L)

s
p

where %—i— % =1(p>1,¢>1),a={ay} €ly, f(x) € Ly(0,+00), and the constant
factor ﬁ is the best value. For operators

a

00 400 z
e =3 L = [

n-+x

since (1.1) is equivalent to the operator inequalities ||T7(a)|, < ﬁﬂdﬂp and
P

17" (f)llg < sz fllgs it follows that T’ is a bounded operator from [, to

sin(Z
L,(0,+00), T" is a bounded operator from L,(0,+c0) to lg, and ||T7| = |77 =
s
sin(f) "

Later, the above results were generalized to solve the problems of bounded-
ness and operator norm calculation formula of many discrete and integral opera-
tors with homogeneous kernels, generalized homogeneous kernels and several non-
homogeneous kernels in weighted normed sequence space and weighted Lebesgue
space (see [3,4,9,11-16]).

In 2015, [5] abstractly discussed for the first time the problem of best match-
ing parameters of discrete operators with quasi-homogeneous kernel in weighted
Lebesgue space, and obtained sufficient condition for the best matching parameters
and formula for calculating the operator norm. In 2016, [7] further solved the suf-
ficient and necessary condition for best matching parameters of discrete operator
with generalized homogeneous kernels and the norm calculation formula in weighted
normed sequence space, which opened a new era of research on best matching pa-
rameters of operators, followed by a large number of research results (see [2,6,8,10]).

In order to take a broader perspective to explore the best matching parameters
of operators and operator norm, we introduce the concept of super-homogeneous
function, which is used to unify homogeneous functions, generalized homogeneous
functions and several non-homogeneous functions.

Definition 1.1. Let 01,09,71,72 € R. If K(u,v) satisfies

K(tu,v) =t K (u, t™v), K(u,tv) =t"2K(t™u,v)
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for all ¢ > 0, then we say K(u,v) is a super-homogeneous function with parameters
{017027T17T2}'

Obviously, if Ki(u,v) is a homogeneous function of order A, then Kj(u,v) is a
super-homogeneous function with parameters {A, A, —1, —1}, and it can be seen that
the super-homogeneous function is a generalization of the homogeneous function. If
G(z,y) is a homogeneous function of order A, then Ko (u,v) = G(u*,v*2) (A A2 #

0) is a super-homogeneous function with parameters { A1, A, —%7 —i—f} If H(x)

is a real function, then K3(u,v) = H(u*v*?) (A Ay # 0) is a super-homogeneous

function with parameters {0, 0, i—;, /A\—’;‘}
Suppose that K(u,v) is a super-homogeneous function with parameters

{o1,09,71,T2}. Then
K(tu,v) = t7 K (u, ™) = tT T2 K ({71 2q v),

it follows that 77 = 1 and o7 + 7102 = 0 in the general case. Therefore, our
discussions are all under the conditions that 7179 = 1 and o1 + 1100 = 0.
To avoid repetition, in this paper we always write

A= [ S K was@ar =" [ K2
a, f) = S n, x)ay f(z x—n:1 ; n,x)ay, f(z)dz,
)= [ Koed, Wals) = [ K1,

0 0

where a = {a,}.

2. Some lemmas
Lemma 2.1. mb—a=7 —01 —1 and 7sa — b =1 — 02 — 1 are equivalent when
and only when 7179 =1 and o1 + 1102 = 0.

Proof. A sufficient and necessary condition for equivalence of mb—a =1 —01—1
and 7ma — b = 75 — 02 — 1 is that the augmented matrix of the system of linear
equations

ry— T2 =-T1+o1+1,
7'2.131—.132:7'2—0'2—1

has rank 1, i.e.

1 —T1 77’14’014’1

1 = Rank
T2 -1 T2—0'2—1
1 -7 o
= Rank .
T2 -1 —09
:Rank ].77'17'2 O 0'1+7'102 7

T2 -1 g9

this is equivalent to 775 = 1 and o1 + 702 = 0, so Lemma 2.1 holds. O
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Lemma 2.2. Let K(u,v) be a super-homogeneous function with parameters
{o1,09, 71,72}, and 7112 # 0.
(i) If mb—a =1 — o1 — 1, then Wy(—a) = ﬁWl(—b);

(it) If Toa — b =19 — 09 — 1, then W1(—b) = ‘T12|W2(—a);
(11i) If K(t,1)t~* decreases on (0,+00), then
+oo
w1(n,b) = K(n,z)z " de = no 1 =Dy, (—b),
0

wa(z,a) = ZK(n,x)n*“ < zo2t @Dy, (—g).
n=1
Proof. (i) From mb—a =7 — o1 — 1, we have %1(01 —a+1)—1=-b,so0
—+o0
Wa(—a) = K(1,¢™)tor—4dt
0

1 tee L (o1—a+1)-1
= ||/ K(,u)um" du
T1 0

I
= ﬁ/ K(1,u)udu
T1 0
1
W

(=0).

Tl
(ii) Similarly, it can be proved that Wy (—b) = -1 Wa(—a).

e
(iii) Since K (u,v) is a super-homogeneous function, we have

+oo
@1(n,b) = nt K(1,n"z)z " dx
0
“+oo
= po1tmb-n K(1,t)t~dt
0

— nUl+Tl(b_1)W1(—b)7
and notice that K (t,1)t~* decreases on (0, +00), it follows that

Wo(x,a)

o0
= z72 Z K(x™n,1)n™¢
n=1

o0
= g2t Z K(z™n,1)(x™n)~¢
n=1
+oo
< go2tme K(z™u,1)(z™u)"*du
0
+oo
= gotreel) K(t,1)t~*dt
0

_ x02+7'2(@—1)W2(_a)_
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Lemma 2.3. Let 7 = 1, 01 + 1100 = 0. If K(u,v) is a super-homogeneous
function with parameters {o1,09,71,72}, and b —a =1 — o1 — 1, then

1 1

1 1 1 \s 1 \7

Wi = () wien = () o e
|71 |72

Proof. It follows from Lemma 2.1 that 71b—a = 71 —01—1 and qa—b = 79 —09—1

are equivalent, then mb—a =7 —o; — 1 and 7ma — b = 75 — 02 — 1 are true at the

same time. Hence, from Lemma 2.2, we can obtain (2.1). O

3. Sufficient and necessary condition for the best
matching parameters of the semi-discrete
Hilbert-type inequality with super-homogeneous
kernel

Theorem 3.1. Suppose that % —|—% =1(p > 1,¢g > 1), a,b € R, im» # 0,
K(u,v) > 0 is a super-homogeneous function with parameters {o1,09,71,72}, 0 <
Wi(=b) < 400, 0 < Wa(—a) < +00, b—a — (11 —o1 — 1) = ¢, both K(t,1)t~*
and K (t, 1)t7a+% are decreasing on (0,400).

(i) Denote a = a(p—1)+71(b—1)4+01 and B =b(qg—1)+72(a—1)+02. Then

we have the following Hilbert-type semi-discrete inequality

+oo

A(K,a,f) = / S K(n,@)anf(@)de < W (~0)Wy (~a)]jallpallf
n=1

|<1757 (3'1)

where @ = {an} € 13, f(z) € LI(0,+00). When 112 = 1, 01 + 1102 = 0, and
mb—a=m —o1—1, (8.1) is reduced to

i INd
A(K,a f) s( ) Wi (=5)llpap1 | Fllasa—s

7]

1
1\~ 5
~ () W@l 1l (32)
(i) If ime = 1 and o1 + 1102 = 0, the constant factor of (3.1) is optimal when
and only when mb—a =7 —o1—1, i.e. a and b are the best matching parameters.

Proof. (i) Introducing the matching parameters a and b, according to the mixed
Holder inequality, we have
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= (i n®®P=V|q,, [Por (n, b)> ’ </+0° 2PV ()]s (2, a)dx) ’
0

n=1

1 1 i v
< WY (bW (~a) (Z ”“<”‘”+“<b—”+“|anl”>

n=1

1
~ </ l,b(ql)+‘r2(a1)+02|f($)|qdz> q

0
=W (=0)W5 (—a)llallp.allfllq.s.

so (3.1) is proved. O
Ifrnm=100+m02=0,and mb—a =17 — o1 —1, according to Lemma 2.1, we
find 9a—b = 79 —09—1. According to mb—a =71 —01—1 and ma—b =19—09—1,
the calculation gives a = ap — 1 and 3 = bg — 1, then, according to Lemma 2.3, we
know that (3.1) is reduced to (3.2).
(ii) Sufficiency: Suppose that 1b—a = 7 —o1 — 1. According to (i), it is known
that (3.1) becomes (3.2). If the constant factor (ﬁ)%Wl(fb) in (3.2) is not the

best possible, then there exists a positive constant My < (i)%Wl(—b) satisfying

[71]

A(K,a, f) < Mollllp.ap—11fllg.bg—1- (3.3)

If 11 < 0, for sufficiently small € > 0 and sufficiently large NV > 0, taking

{Q n=1,2--,N—1,
a, =

ap—Tie 5

n 7 , n=N,N+1,---

0, 0<x<l,
xTr) = q+e
/(@) {x "

then

1
1 P
|> . (3.4)
Since 7 < 0, we have n™ < N7 when n > N, thus

K,a,f)

T1E +OO €
= Z n "t ( K(n,w)acqux>
1

(
00
n=N
0o

T1€E +oo
= Z not vt ( K(l,nﬁa:)qudx)
n=N 1
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—+oo
n

M

o1—at 47 (b+E) - ( K(l,t)t_b_zdt)

n’1

+oo
n“l““l(bl)*ﬁf(/ K(17t)t_b‘§dt>

“+ o0
n—1+ﬁ€< K(l,t)t‘b‘idt>

n=N

o

N

3
Il

-

n=N nT
e +00 .
>y o time K(1, )t %dt
n=N N7
+oo —+o0 .
> / tHmEqe K(1,t)t7 " adt
N N1
Y p_=
= _—_NT" K(1,t)t b~ dt. (3.5)
IT1le NT1

By (3.3), (3.4) and (3.5), we have

+
1 75

_p_= 1 \7”
K(1,6)t th§M0<),
|71] NT1

|71

thus

1 “ T1IE e —b—=

NT K1, )t~ 5dt < M. (3.6)
NT1

Considering ¢ as a sequence of positive terms tending to 0, by the well-known Fatou
Lemma, we have

+o0 +00
K(1,t)t~bdt = / lim inf K (1, t)t_b_idt
NT1 NT1  e—0t
+oo ;
< liminf K(1, t)t_b_adt7

e—0t NT1
so by setting e — 07 in (3.6), we get
1\¢ [+
() K(1,t)t~bdt < My,
71 N71
then letting N — 400, and noting 7, < 0, we have

( : )ém(—b):( : >é K@ rra <

|71] |71] 0

this contradicts My < (
best possible.
If 71 > 0, for sufficiently small ¢ > 0 and sufficiently large NV > 0, taking

1
[T1

‘)%Wl(—b). Therefor, the constant factor in (3.2) is the
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then

Mollallp,ap-1[lflla.ba-1

v/ N 3
= M, ( Z n=1iT “E) (/0 x‘Hsdx)
5 N i
( 1= Tlsdt) (/ x_1+5dx>
0

and

° T1E N
= Znid* » (/ K(n,x)x“qda:)
0
Tl& N €
Ul_a_?(/ K(l,nTlx)x_b+4dz>
0
o Nn™1
- an—a— 5 ti(b=5)-m (/ K(l,t)t—b+2dt)
0
oo Nn™1 .
= Zn‘l‘ﬁf(/ K(l,t)t_b+th>
0
2N .
> Zn—l—m(/ K(l,t)tb+th>
n=2 0

+o00 2T1IN .
> / t—l—mdt/ K(1,t)t~ " adt
0

1 2N .
= —2—715/ K(1,t)t T adt.
T1€ 0

M

It follows from (3.3), (3.7) and (3.8) that
1\ . [N .
() 2"TENTG / K(1,t)tTadt < M.
T1 0
Similarly, using the Fatou Lemma yields
22N 272 N i
/ K(1,t)t7dt < liminf/ K(1,t)t b rade.
0 e—=0t Jo

Thus, by setting ¢ — 07 in (3.9), we have

1 3 272N
( ) / K(1,t)t~bdt < M.
T1 0

(3.9)
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Then, letting N — +oo yields

1\7 1\7 [t L,
Y e = (L / K1, 1)t—tdt < M,
1 i 0

This still contradicts My < <\Tll|)%W1(_b)7 so the constant factor in (3.2) is also
the best possible.

1 1
Necessary: Suppose that the constant factor W (—b)Wy' (—a) in (3.1) is the best
value. Since 775 =1 and o1 4+ 109 = 0, it follows that o109 # 0 or 01 = g2 = 0.

If 0109 # 0, then 7, = —Z—; and 75 = —Z—?, thus mb—a =717 —01 —1is
transformed into o1b + 02a = 01 + 09 + 0109, and from b —a— (11 —01 — 1) =¢
we get 01b + 02a — (01 + 02 + 0102) = —coa. Let

c c
O'1b+026l—(0’1+0’2+0’10’2)20/, a’:a— ,bI:b—i.
a2p 014

It is easy to see that 010’ + 09a’ = 01 + 09 + 0102, a = a’p—1 and = b'qg— 1.
And since

Wa(—a)
+oo “+oo -
= K(t, 1)t~ °dt = K(1,¢" 72 )t adt
0 0
+oo ’
= |2 K(1,uu " ordu
o1lJo
o d
- 72 Wl(_b—i_i)y
g1 g1

(3.1) is reduced to the equivalence inequality

1
o9 |9

1 1 c
Wi (=b)Wy' (=b+ —)|lal
g1 01

A(K.a, f) <

parp—1||fllgprg—1- (3.10)

Note that the constant factor of (3.1) is the best possible, and thus the best constant
factor of (3.10) equivalent to it is

1
o9 |9

WP (=b)W (=b+ —).
o

In VieW Of alb/ +0’20,l = 0 +O'2 +0'10'2’ we have le/ _ a/ =7 -0 — 1. And Since
Kt 1) = K(t, ) o = K(t, 1)t 7 = K(, 1)

decreases on (0, +00), it follows from the previous proof of sufficiency that the best
constant factor for (3.10) should be

1 1
1 a g2 a C/
— ) Wi (=b) = |=Z| Wi(=b+ —),
<71|) 1=0) 01 i Ulq)
so we get
CI 1 1 C/
Wi(=b+ —) =W (=)W (=b+ —). (3.11)

01q 01
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According to Holder integral inequality, we have

C/

Wi(—b+ —
1( Olq)

’

—+o0
= / t7ra K(1,t)t~bdt
0

+oo 1 too 1
< < K(l,t)tbdt> </ t%K(l,t)tbdt>
0 0

W oW (—b+ D), (3.12)

g1
From (3.11) we known that (3.12) should take the equal sign, and according to

the condition that Holder integral inequality takes the equal sign, we have tor =
constant, so ¢ = 0, which gives mb—a =17 —0o1 — 1.
If 01 =09 =0, then 71b —a =7 — o7 — 1 is reduced to 716 —a = 7, — 1. Since
AL

T1To = 1, we can set 71 = b and 79 = i—f, so b —a =71, — 1 is further reduced to
A1(b—1) = Ag2(a —1). And letting
1! /!

MO—1D)=Mla—1)=¢, ' =a+—, bt =b— =
Wb=1) = dafa =1 =" o' =+ 1 o

then by calculation we can get A1 (b — 1) = Ag(a” — 1), a=d"p—1, f=b"q -1,
and

WQ(*(I)
—+oo
= K(t, 1)t7odt
0
+o0 A
= K(1,t5% )t~adt
0
Aa| [T —b+<
=|= K(Liwu "> du
A1l Jo
Ao o
= |=|\Wi(=b+ —
)\1 1( + )\1)?

thus (3.1) is reduced to the equivalence inequality

/!

1 1 c N
Wy (=b)Wy* (=b+ /\*l)Hanp,a”p*l | fllg,brrg—1- (3.13)

1
)\2‘7

AK.a.f) < |§

Since the constant factor of (3.1) is the best possible, and thus the best constant
factor of (3.13) equivalent to it is

C//

WY (D)W (=b+ ).
1

1
)\2‘1

At

Since A1 (b —1) = Aa(a” —1), ;b —a” = 71 — 1. Similarly, from the previous proof
of sufficiency, it follows that the best constant factor in (3.13) should be
1 g A g c’
— ) Wi(=b") = |22 Wi (=b+
(|7'1> 1(=) A1 i A1gq

);



3602 Q. Zhao, Y. Hong & B. He

thereby having

C/I

Aq

CI/

) = Wi (O (bt ).

Wi(—b+

Similarly, using the condition that Holder integral inequality takes an equal sign,

we can also obtain t*1 =canstant, so ¢’ = 0, which gives b —a =1 — 1.

4. The best matching parameters and norm formu-
las for the operators with super-homogeneous
kernel

Let K(n,z) > 0. For the operators

—+oo

Tl(a’)(x) - Z K(nvx)any TQ(f)n = K(n,x)f(x)dx (41)

n=1 0

with K (n, ) as the kernel, according to the basic theory of Hilbert-type inequalities
(see [4]), the semi-discrete Hilbert-type inequality (3.1) is equivalent to the following
operator inequalities

T3 (@) lp,p(1-p) < WY (=0)W5' (—=a)llp.a

1 1
IT2(flga0-q) < WY (=0)W5' (=a)]| fllq,,

thus, the equivalence theorem of Theorem 3.1 can be obtained.
Theorem 4.1. Suppose that %Jr% =1(p>1,g>1),a,beR, e #0, K(u,v) >
0 is super-homogeneous function with parameters {o1,09,71,72}, 0 < Wi(=b) <
+00, 0 < Wa(—a) < +00, ib—a— (11 —0o1 —1) = ¢, K(t,1)t™% and K(t,1)t"*" 5
are decreasing on (0,+00), and the discrete operator Ty and the integral operator
Ty are defined by (4.1).

(i) Denote a = a(p—1)+71(b—1)4+01 and B =b(qg—1)+72(a—1)+02. Then
Ty is a bounded operator from Iy to Lg(l_p)(o, +00), Ty is a bounded operator from
Lqﬁ(O, +00) to l?(lfq), and

ITu]| < WP (=0)Wy' (—a), [ Ta] < WP (=b)Wy' (—a).
1) If mm =1 and 01+7102 = 0, then when and only when mb—a =71 —01—1,
(it) y
a and b are the best matching parameters, i.e.
IT1]| = | T2|l = WY (=b)Wy (—a).
When 11b—a = 71 — o1 — 1, the operator norms of Ty : lgp’l — L](gbq_l)(l_p) (0, +00)
and Ty : qu_l(O7 +0o0) — léap*l)(lfq) are

mi=1mi = () wien = () o
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Taking a = % and b = % in Theorem 4.1, then b —a = 1 — 07 — 1 reduces to

% = % + 01, and when % = % + 01, there holds a = = 0, so from Theorem 4.1

we have:

Corollary 4.1. Suppose that % + % =1(p>1,¢>1), n2 #0, K(u,v) >0 s a
super-homogeneous function with parameters {o1,09,71,T2}, 0 < Wl(—%) < +00,

0< WQ(**) < +o00, E = +o1=c K(t,1)t t77 and K(t, 1)t_%+% are decreasing
on (O,—!—oo) and the opemtors T and Tg are defined by (4.1).
i) Denoting o = = — - +01 and — 22 + g9, then T is a bounded operator
q p q

from 1, to L,(0,+0c0), TQ is a bounded operator from L4(0,400) to l,, and

1 11 T 1 11
Ti|| K WP (=)W1 (==), | Ta|| < WP (—=)WJi(—==).
1Tl < Wi ( q) 5 ( p) T2l 7 ( q) 5 ( p)

(it) If 17 = 1 and o1 + 1100 = 0, then

T3l = I1Tall = W (~ )W ()
1| = | Ta|| = WP (=)W (—=
gt P p
when and only when ™ = X 4 o1, When % = %Jr o1, the operator morms of

Ty : 1, — Ly(0,400) and Ty : Ly(0,+00) — I, are

Il = 1Tl = <|T11|>3W1(_<11) - (;)lw—;).

Corollary 4.2. Suppose that % —I—% =1(p > 1, > 1), 1 >0, Ay >0, and
0 < ¢1 < co. Then the discrete operator Ty defined by

M oz
S o
nkl + cyzr2

n=1

b~

2y, A2,
is a bounded operator from Z;H_ 2Py, L2" !

defined by . R R
T [ <n+m)f(x)dx

(0, +00), the integral operator Ty

n M + ciz2

q—1

A
is a bounded operator from Lglf%)qﬂ(O, +00) tolg 27, and

27 1 1
IT3]| = 1)) = ( )
l/q/\l/p \/* \ﬁ

Proof. Let
nM + CQ.%‘AQ
nM +cize )

K(na) =n

Then K (u,v) > 0is a super-homogeneous function with parameters {0, 0,— )\—; —22

Takea:1+’\71 andb:l—%?. Since oy =0,00, =0, 74 = — i; and 7o = /\ ,We
have 7175 = 1 and 71b — a = 11 — 01 — 1. Letting o(t) = In(t* + co) — In(tM + 1),
then
, /\1t>\1_1 /\1t>\1_1 (CQ — 01)>\1t>\1_1
2 (-T) = t)\l +CQ - t)\l + c1 = _(t)\l +62)(t)‘1 +Cl) < 07
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so ¢(z) is decreasing on (0, +00). And in view of A\; > 0, we deduce that

o Co t_l_%l
t)‘l + 1

K(t,1)t™* =1In ( = o)1=

is decreasing on (0,400). And since

Wi(-b)
“+oo
= K(1,t)t~bdt
0

+oo A
:/ (20 gy
0 1+C]tk2
2 [ (14t \[T [T X(ep —cp)t3re!
_ [té In <+62 < ) +/ Q(CQA c1)t? . dt]
A2 14+t )|, o (T4+et?2)(1+ cath2)

+oo t%)\zfl
=2(¢cy — dt
(02 61)/) (1+Clt/\2)(1+62t)‘2)

4(cy — 1 tee g 1 tee g
= (2 — 1) / du — / ———du
AQ Cy —C1 Jg 1+ clu2 Ca —C1 Jg 1+ 62U2

4(02/\; = (2\/6(; —a) 2‘/5(:2 - Cl)>

27r < 1 1 )
ver e
setting t = =, we have

WQ(—CL)

+oo +oo
th 1
- K(t,l)t’“dt:/ In (2570 )12y
0 0 c1 + t/\l

+oo A
/ In (1 o )Jé—ldu
0 1+ cju

(%)

After a simple calculation, one can also obtain

A
a=alp-1+nb-1+0 = (145 )p-1

B=blg—1)+m(a—1)4+0y= (1—)\22)q—1,

a(l—q) = [(1+/\21>p—1](1—q)=—/\21q—1,
s0-n=|(1-2)e-1]a-n =31

and

() =) 52 (e - 0) - i (- )
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In summary and according to Theorem 4.1, we know that Corollary 4.2 holds.
O
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