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INVARIANT ANALYSIS AND CONSERVATION
LAWS FOR THE SPACE-TIME FRACTIONAL

KDV-LIKE EQUATION

Jian-Gen Liu1,†, Xiao-Jun Yang2,3, Yi-Ying Feng4 and Lu-Lu Geng2

Abstract Fractional calculus plays an essential role in describing nonlinear
phenomena appears in applied sciences. In this article, we handle mainly the
Korteweg-de Vries (KdV)-like equation which can be used to depicted the
shallow water waves evolution mechanism in the sense of the space-time frac-
tional derivative of the Riemann-Liouville. Firstly, on the basis of the Lie
symmetry analysis technology, the symmetry of this considered model was
constructed. Then, this equation can be changed into a fractional ordinary
differential equation with the help of the Erdélyi-Kober fractional operators.
Subsequently, the one-parameter group of Lie point transformation and a spe-
cial type exact solution of this researched model were also obtained. Lastly,
based on the nonlinear self-adjointness, conservation laws of the space-time
fractional KdV-like equation can be found. These results can provide us with
a new scheme for studying space-time fractional differential equations.

Keywords Invariant analysis, similarity reduction, one-parameter transfor-
mation lie group, nonlinear self-adjointness, conservation laws.
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1. Introduction

Due to fractional calculus in describing nonlinear phenomena has unique interpre-
tation than integer calculus, there are a lot of papers in this areas [28, 36, 42].
Fractional differential equations often appear in various directions, such as ap-
plied mathematics, physics, optimized control and signal processing [10, 34, 40, 41],
etc. It is known that there are many approaches to deal with the mathematical
physics [1,11,25]. However, fractional differential equations were handled more dif-
ficult than integer differential equations. Regarding this situation, scientific workers
advanced many powerful mathematical tools to deal with them, such as the finite
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difference method [27], the spectral methods [6] and the fractional Lie symmetry
method [3, 9, 14,23,24,35,38,43] and others.

In this article, we apply the fractional Lie symmetry method to solve the space-
time fractional KdV-like equation [7] in the sense of the factional derivative of the
Riemann-Liouville, which reads

Dα
t u+Dβ

xu+ auuxxxxx + buxuxxxx + cuxxuxxx = 0, 0 < α, β 6 1, (1.1)

where a, b and c are free parameter.
The Lie symmetry method plays an essential role in solving differential equa-

tions including partial differential equations and ordinary differential equations of
fractional order or integer order [20,44]. In recent years, the Lie symmetry method
was used to handle the time fractional differential equations [5,15,21,26,37]. How-
ever, there are a few papers to solve the space-time fractional differential equa-
tions [2,13,18,22]. The aims of this paper are utilized the fractional Lie symmetry
approach to obtain the symmetry, similarity reduction, one-parameter group of Lie
point transformation, exact solution and conservation laws of this considered equa-
tion.

2. Preliminaries

In this section, we show the definition of fractional derivative of Riemann-Liouville,
which can be used to solve this problem in this article [16,33].

Definition 2.1. [16,33] The Riemann-Liouville fractional derivative of a function
u(t) with independent variable t, for α > 0, is given by

Dα
t u(t) =


dmu(t)
dtm , α = m ∈ N,
1

Γ(m−α)
dm

dtm

∫ t
0

u(s)

(t−s)α+1−m ds, m− 1 < α < m, m ∈ N,
(2.1)

where Γ(·) is the Euler’s Gamma function.

Definition 2.2. [16,33] The Riemann-Liouville fractional derivative of a function
u(x, t) with independent variables x and t, for α > 0, is given by

Dα
t u(x, t) =


∂mu(x,t)
∂tm , α = m ∈ N,
1

Γ(m−α)
∂m

∂tm

∫ t
0

u(x,s)

(t−s)α+1−m ds, m− 1 < α < m, m ∈ N.
(2.2)

The Riemann-Liouville fractional derivative has the following simple properties.

Dα
t C =

C

Γ(1− α)
t−α and Dα

t t
γ =

Γ(1 + γ)

Γ(1 + γ − α)
tγ−α,

where C is an arbitrary constant.

3. Symmetry analysis of Eq.(1.1)

3.1. Description of the symmetry analysis for the space-time
fractional PDEs

Here we give a general idea to deal with the space-time fractional partial differential
equations (PDEs) with two independent variables x and t by using the fractional
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Lie symmetry method [2, 13,18,22]. That is to say

F (x, t, u,Dα
t u,D

β
xu, uxx, uxt, ...) = 0, α > 0, β > 0, (3.1)

where Dα
t and Dβ

x were defined in the sense of the Riemann-Liouville fractional
derivative.

An one-parameter (ε) group of Lie point transformation has the forms [2, 4, 13,
18,22,30,32]

∼
t = t+ ετ(x, t, u) +O(ε2),
∼
x = x+ εξ(x, t, u) +O(ε2),
∼
u = u+ εη(x, t, u) +O(ε2),

∂αũ

∂t̃α
=
∂αu

∂tα
+ εηα,t(x, t, u) +O(ε2),

∂β ũ

∂x̃β
=
∂βu

∂xβ
+ εηβ,x(x, t, u) +O(ε2),

∂2 ∼u

∂
∼
x2

=
∂2u

∂x2
+ εη2x(x, t, u) +O(ε2),

...,

∂k
∼
u

∂
∼
tk

=
∂ku

∂xk
+ εηkx(x, t, u) +O(ε2),

(3.2)

where ξ, τ, η are infinitesimals, and ηkx, ηα,t, ηβ,x are the extended infinitesimals.
Eq.(3.1) with the one-parameter Lie group (3.2) has the following vector field

X = τ(x, t, u)
∂

∂t
+ ξ(x, t, u)

∂

∂x
+ η(x, t, u)

∂

∂u
, (3.3)

such that the space-time fractional prolonged generator can be seen that [2,13,18,22]

pr(α,β,n)X = X + ηα,t
∂

∂Dα
t u

+ ηβ,x
∂

∂Dβ
xu

+ η2x ∂

∂uxx
+ ....+ ηnx

∂

∂unx
, (3.4)

where n is the order of Eq.(3.1), and unx = ∂nu
∂xn .

Meanwhile, the operators ηnx(n = 2, 3, ...) and ηα,t, ηβ,x can be shown as [2, 4,
13,18,22,30,32]

ηα,t = Dα
t (η) + ξDα

t (ux)−Dα
t (ξux) +Dα

t (Dt(τ)u)−Dα+1
t (τu) + τDα+1

t (u),

ηβ,x = Dβ
x(η) +Dβ

x(u(Dx(ξ)))−Dβ+1
x (ξu) + ξDβ+1

x (u) + τDβ
x(ut)−Dβ

x(τut),

η2x = Dx(ηx)− u2xDx(ξ)− uxtDx(τ),

...,

ηkx = Dx(η(k−1)x)− ukxDx(ξ)− u(k−1)xtDx(τ),
(3.5)

where Dx and Dt are the total derivative operators [4, 30,32]

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ uxt

∂

∂ux
+ ... ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ ... .
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Here applying the generalized Leibnitz’s rule [31]

Dα
t (f(t)g(t)) =

∞∑
n=0

α

n

Dα−n
t f(t)Dn

t g(t), α > 0, (3.6)

with α

n

 =
(−1)

n−1
αΓ(n− α)

Γ(1− α)Γ(n+ 1)

and the chain rule for composite function [29]

dmg(y(t))

dtm
=

m∑
k=0

k∑
r=0

k

r

 1

k!
[−y(t)]r

dm

dtm
[y(t)k−r]

dkg(y(t))

dyk
,

the fractional extended operators ηα,t and ηβ,x through a series of rigorous calcu-
lations can be given by the following forms [2, 13,18,22]

ηα,t =
∂αη

∂tα
+ (ηu − αDt(τ))

∂αu

∂tα
− u∂

αηu
∂tα

+

∞∑
n=1

[

α

n

 ∂nηu
∂tn

−

 α

n+ 1

Dn+1
t (τ)]Dα−n

t (u)

−
∞∑
n=1

α

n

Dn
t (ξ)Dα−n

t (ux) + µα,

(3.7)

and

ηβ,x =
∂βη

∂xβ
+ (ηu − βDξ(ξ))

∂βu

∂xβ
− u∂

βηu
∂xβ

+

∞∑
n=1

[

β

n

 ∂nηu
∂xn

−

 β

n+ 1

Dn+1
x (ξ)]Dβ−n

x (u)

−
∞∑
n=1

β

n

Dn
x (τ)Dβ−n

x (ut) + µβ ,

(3.8)

where

µα =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

α

n

 n

m

k

r

 1

k!

tn−α

Γ(n+ 1− α)

× (−u)r ·Dm
t (uk−r)

∂n−m+kη

∂tn−m∂uk

and

µβ =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

β

n

 n

m

k

r

 1

k!

xn−β

Γ(n+ 1− α)
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× (−u)r ·Dm
x (uk−r)

∂n−m+kη

∂xn−m∂uk
.

The invariance criterion for the space-time fractional PDEs (3.1) can be ex-
pressed as [2, 13,18,22]

pr(α,β,n)X(F )|F=0 = 0, (3.9)

where pr(α,β,n) is the space-time fractional prolonged generator (3.4).
In what follows, we apply the above processes to yield the vector field (3.3) to

the space-time fractional KdV-like equation (1.1).

Remark 3.1. In order to maintain the structure of the Riemann-Liouville frac-
tional derivative, the following conditions need to satisfy

τ(x, t, u)|t=0 = 0 and ξ(x, t, u)|x=0 = 0. (3.10)

3.2. Symmetry of Eq.(1.1)

Here we apply this processes of the above stated to get the vector field (3.3) of
Eq.(1.1). At the beginning of, we assume that Eq.(1.1) is invariant with the aid of
the one-parameter Lie group (3.2), then the transformed equation writes

Dα
t ũ+Dβ

x ũ+ aũũxxxxx + bũxũxxxx + cũxxũxxx = 0, 0 < α, β ≤ 1. (3.11)

By means of one-parameter Lie group (3.2) and invariant equation (3.11), the sym-
metry equation of this researched model can be obtained

ηα,t+ηβ,x+aηuxxxxx+auη5x+bηxuxxxx+buxη
4x+cη2xuxxx+cuxxη

3x = 0. (3.12)

Substituting (3.5) together along with equations (3.7) and (3.8) into (3.12),
equating different powers of function u and its various derivatives to zero, then after
a series of treatments, the over-determined system of linear fractional differential
equations can be yielded by

ηuu = τu = τx = ξu = ξt = 0,

ατt − βξx = 0, αuτt − 5uξx + η = 0,

βξxx − ξxx − 2ηxu = 0,−ατtt + τtt + 2ηtu = 0,

auηxxxxx +Dβ
x(η)− uDβ

x(ηu) +Dα
t (η)− uDα

t (ηu) = 0,α

n

Dn
t (ηu)−

 α

n+ 1

Dn+1
t (τ) = 0, n = 1, 2, ... ,

β

n

Dn
x (ηu)−

 β

n+ 1

Dn+1
x (ξ) = 0, n = 1, 2, ... .

(3.13)

Solving the over-determined system (3.13), we can obtain the values of τ, ξ and η
of the forms

τ = c3βt+ c2, ξ = c3αx+ c1, η = −c3αβu+ 5c3αu, (3.14)

where c1, c2 and c3 are arbitrary free constants.
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Considering the conditions (3.10), we get

c1 = c2 = 0. (3.15)

Hence, the vector field (3.3) becomes

X =
t

α

∂

∂t
+
x

β

∂

∂x
+ u(

5− β
β

)
∂

∂u
. (3.16)

In what follows, according to the above general vector field (3.16), this original
equation (1.1) can be further reduced.

4. Similarity reduction of Eq.(1.1)

In this section, on the basis of the known vector field (3.16), the space-time fractional
KdV-like can be changed into lower dimensional differential equation of fractional
order through the Erdélyi-Kober fractional differential operators.

For vector field X = t
α
∂
∂t + x

β
∂
∂x + u( 5−β

β ) ∂
∂u , it has the following characteristic

equation
βdx

x
=
αdt

t
=

βdu

u(5− β)
. (4.1)

As a result, the similarity transformation and similarity variable

u = t
α(5−β)

β f(ξ), ξ = xt−
α
β , (4.2)

can be yielded, respectively.
We can see that the following result.

Theorem 4.1. Upon the similarity transformation u = t
α(5−β)

β f(ξ) with similarity
variable ξ = xt−

α
β , the space-time fractional KdV-like equation (1.1) can be reduced

into a nonlinear ordinary differential equation of fractional order of the form

(P
1−α+

α(5−β)
β ,α

β
α

f)(ξ) + ξ−β(D−β,β1 f)(ξ) + affξξξξξ + bfξfξξξξ + cfξξfξξξ = 0 (4.3)

with the left Erdélyi-Kober fractional operator and the right Erdélyi-Kober fractional
operator [17]

(Pσ,α$ f)(ζ) :=

m−1∑
j=0

(σ + j − 1

$
ζ
d

dζ
)(Kσ+α,m−α

$ f)(ζ), ζ > 0, $ > 0, α > 0,

m =

 [α] + 1, if α /∈ N,

α, if α ∈ N,

and

(Dσ,β
$ f)(ζ) :=

m∑
j=0

(σ + j +
1

$
ζ
d

dζ
)(Iσ+β,m−β

$ f)(ζ), ζ > 0, $ > 0, β > 0,

m =

 [β] + 1, if β /∈ N,

β, if β ∈ N,
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where

(Kσ,α
$ f)(ζ) :=


1

Γ(α)

∫∞
1

(χ− 1)
α−1

χ−(σ+α)f(ζχ
1
$ )dχ, if α > 0,

f(ζ), if α = 0,

and

(Iσ,β$ f)(ζ) :=


1

Γ(β)

∫ 1

0
(1− χ)

β−1
χσf(ζχ

1
$ )dχ, if β > 0,

f(ζ), if β = 0,

are the left Erdélyi-Kober integral operator and the right Erdélyi-Kober fractional
integral operator [17].

Proof. Taking n − 1 < α < n, n = 1, 2, 3, .... According to the definition of
fractional derivative of Riemann-Liouville, we have

∂αu

∂tα
=

∂n

∂tn
[

1

Γ(n− α)

∫ t

0

(t− s)n−α−1
s
α(5−β)

β f(xs−
α
β )ds]. (4.4)

Considering v = t
s , the above equation becomes

∂αu

∂tα
=

∂n

∂tn
[

1

Γ(n− α)
tn−α+

α(5−β)
β

∫ ∞
1

(v − 1)
n−α−1

v−(n−α+1+
α(5−β)

β )f(ξv
α
β )dv]

=
∂n

∂tn
[tn−α+

α(5−β)
β (K

1+
α(5−β)

β ,n−α
β
α

f)(ξ)].

(4.5)
We note that the ξ = xt−

α
β and φ(ξ) ∈ C1(0,∞) have the relations of the form

t
d

dt
φ(ξ) = −α

β
ξ
d

dξ
φ(ξ). (4.6)

Further, equation (4.5) becomes

∂αu

∂tα
=

∂n−1

∂tn−1
[tn−α−1+

α(5−β)
β × (n− α+

α(5− β)

β
− α

β
ξ
d

dξ
)(K

1+
α(5−β)

β ,n−α
β
α

f)(ξ))]

= ... (n− 1 times)

= t−α+
α(5−β)

β

n−1∏
j=0

(1− α+
α(5− β)

β
+ j − α

β
ξ
d

dξ
)(K

1+
α(5−β)

β ,n−α
β
α

f)(ξ)).

(4.7)
As a result, we have

∂αu

∂tα
= t−α+

α(5−β)
β (P

1−α+
α(5−β)

β ,α
β
α

f)(ξ). (4.8)

Similarity, the space fractional derivative ∂βu
∂xβ

has

∂βu

∂xβ
=

∂n

∂xn
(

1

Γ(n− β)

∫ x

0

(x− ϕ)
n−β−1

t
α(5−β)

β f(ϕt−
α
β )dϕ). (4.9)
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Let s = ϕ
x , then Eq.(4.9) becomes

∂βu

∂xβ
=

∂n

∂xn
(

1

Γ(n− β)
xn−βt

α(5−β)
β

∫ 1

0

(1− s)n−β−1
f(sξ)ds)

= t
α(5−β)

β
∂n

∂xn
[xn−β

1

Γ(n− β)

∫ 1

0

(1− s)n−β−1
f(sξ)ds]

= t
α(5−β)

β
∂n

∂xn
[xn−βI0,n−β

1 f ](ξ).

(4.10)

For ξ = xt−
α
β , the following relation holds:

x
d

dx
φ(ξ) = ξ

d

dξ
φ(ξ). (4.11)

Hence, Eq.(4.9) as follows:

∂βu

∂xβ
= t

α(5−β)
β

∂n−1

∂xn−1
[
∂

∂x
(xn−βI0,n−β

1 f)(ξ)]

= t
α(5−β)

β
∂n−1

∂xn−1
[xn−β−1((n− β + ξ

d

dξ
)I0,n−β

1 f)(ξ)]

= ... (n− 1 times)

= t
α(5−β)

β x−β
n∏
j=1

((−β + j + ξ
d

dξ
)I0,n−β

1 f)(ξ)

= t
α(5−β)

β x−β(D−β,β1 f)(ξ).

(4.12)

As a result, we have
∂βu

∂xβ
= t

α(5−β)
β x−β(D−β,β1 f)(ξ). (4.13)

Substituting equations (4.8) and (4.13) with (4.2) into Eq.(1.1), it can be translated
into the following form

(P
1−α+

α(5−β)
β ,α

β
α

f)(ξ) + ξ−β(D−β,β1 f)(ξ) + affξξξξξ + bfξfξξξξ + cfξξfξξξ = 0.

This proof is completely finished.

5. One-parameter Lie group and exact solutions of
Eq.(1.1)

5.1. One-parameter Lie group of Eq.(1.1)

In this subsection, we want to find the one-parameter group of Lie point trans-
formation of the space-time fractional KdV-like equation through the vector fields
(3.16). Here we need to consider firstly the following initial problems [4, 30,32]

d(x∗(ε))

dε
= ξ(x∗(ε), t∗(ε), u∗(ε)), x∗(0) = x,

d(t∗(ε))

dε
= τ(x∗(ε), t∗(ε), u∗(ε)), t∗(0) = t,

d(u∗(ε))

dε
= η(x∗(ε), t∗(ε), u∗(ε)), u∗(0) = u,

(5.1)



Invariant analysis for the space-time fractional KdV-like equation 9

where ε� 1 is a small parameter.
Solving the initial problems (5.1) with the vector fields (3.16), the one-parameter

group of Lie point transformation g(ε) of Eq.(1.1) has

g(ε) : (x, t, u)→ (e
1
β ·εx, e

1
α ·εt, e

5 - β
β ·εu). (5.2)

We can obtain the following result of the one-parameter group of Lie point
transformation of Eq.(1.1).

Theorem 5.1. If u = f(x, t) is a solution of the space-time fractional KdV-like
equation, then

u = e
β−5
β εf(e−

1
β ·εx, e−

1
α ·εt) (5.3)

is also solution to Eq.(1.1).

5.2. Exact solutions of Eq.(1.1)

In this subsection, we consider two types special exact solutions for Eq.(1.1). First
of all, we suppose that Eq.(1.1) has the solution of the form

u = u(t). (5.4)

Inserting equation (5.4) into equation (1.1), we have

Dα
t u(t) + Λ · u(t) = 0, (5.5)

where Λ = 1
Γ(1−β)x

−β .

Applying the Laplace transform method [19], a solution of Eq.(5.5) can be writ-
ten as

u =

n−1∑
k=0

bkt
α−k−1Eα,α(−Λ · tα), (5.6)

where Eα,α(·) is two-parameter Mittag-Leffler function [39].
Then, we assume that Eq.(1.1) has the solution of the form

u = u(x). (5.7)

Plugging Eq.(5.7) into Eq.(1.1) has

Dβ
xu+ Π · ux + auuxxxxx + buxuxxxx + cuxxuxxx = 0, (5.8)

where Π = 1
Γ(1−α) t

−α.

We once again apply the fractional Lie symmetry method to deal with equation
(5.8). As a result, the vector field of Eq.(5.8) can be shown as

X = − 1

β − 5
x
∂

∂x
+ u

∂

∂u
. (5.9)

On the basis of the vector field (5.9), we can do similar discussions as the above
given. Here we omit them.

Remark 5.1. According to Theorem 5.1, we know that

u = e
β−5
β ε ·

n−1∑
k=0

bk(e−
1
α ·εt)α−k−1Eα,α(− e−ε

Γ(1− β)
x

−β
· (e− 1

α ·εt)α),

is also solution of Eq.(1.1).
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6. Nonlinear self-adjointness and conservation laws
of Eq.(1.1)

6.1. Nonlinear self-adjointness of Eq.(1.1)

In this subsection, we apply the concept of the nonlinear self-adjoint to construct
conservation laws of the space-time fractional KdV-like equation [2,8,12,13,18,22].

A formal Lagrangian function [2, 13] for Eq.(1.1) can be written as

L=p(x, t)(Dα
t u+Dβ

xu+ auuxxxxx + buxuxxxx + cuxxuxxx), (6.1)

where p(x, t) is a new function.
The adjoint equation of the space-time fractional KdV-like equation (1.1) is

given by

A∗ =
δL

δu
, (6.2)

where δ
δu is the Euler-Lagrange operator [2, 13]

δ

δu
=

∂

∂u
+ (Dα

t )∗
∂

∂(Dα
t u)

+ ...+ (Dβ
x)∗

∂

∂(Dβ
xu)

+

∞∑
k=1

(−1)
k
Di1i2...ik

∂

∂(uj)i1i2...ik
.

(6.3)
Here (Dα

t )∗ and (Dβ
x)∗ are adjoint operators of Dα

t and Dβ
x .

Therefore, the adjoint equation (6.2) of Eq.(1.1) has the form

A∗ =(Dα
t )∗p+ (Dβ

x)∗p− c(pxxxuxx + 2pxxuxxx) + b(pxxxxux + 4pxxxuxx

+ 6pxxuxxx + 3pxuxxxx)− a(pxxxxxu+ 5pxxxxux + 10pxxxuxx + 5pxuxxxx)

=0.
(6.4)

Taking p = ψ(x, t, u)(ψ(x, t, u) 6= 0), its different partial derivatives are shown by

px = ψx + ψuux,

pxx = ψxx + 2ψxuux + ψuuxx + ψuuu
2
x,

pxxx = ψxxx + 3ψxxuux + 3ψxuuu
2
x + 3ψxuuxx + 3ψuuuxuxx + ψuuxxx + ψuuuu

3
x,

pxxxx = ψxxxx + 4ψxxxuux + 6ψxxuuu
2
x + 6ψxxuuxx + 4ψxuuuu

3
x + 12ψxuuuxuxx

+ 4ψxuuxxx + 4ψuuuxuxxx + 6ψuuuu
2
xuxx + 3ψuuu

2
xx + ψuuxxxx

+ ψuuuuu
4
x,

pxxxxx = ψxxxxx + ψuuxxxxx + 5ψxuuuuu
4
x + 10ψxxuuuu

3
x + 10ψxxxuuu

2
x

+ ψuuuuuu
5
x + 15ψxuuu

2
xx + 5ψxxxxuux + 10ψxxxuuxx + 10ψxxuuxxx

+ 5ψxuuxxxx + 10ψuuuuuxxu
3
x + 10ψuuuuxxxu

2
x + 10ψuuuxxuxxx

+ 30ψxuuuuxxu
2
x + 30ψxxuuuxuxx + 20ψxuuuxuxxx + 15ψuuuuxu

2
xx

+ 5ψuuuxuxxxx.
(6.5)

Then, substituting equation (6.5) into equation (6.4), we have the self-adjoint
condition

δL

δu
|p=ψ(x,t,u) = µE, (6.6)
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where
E = Dα

t u+Dβ
xu + auuxxxxx + buxuxxxx + cuxxuxxx

and µ is an undermined coefficient.
Expanding (6.6) and comparing the coefficients ψ and its various partial deriva-

tives, we obtain
v = â = constant. (6.7)

In what follows, we will use it to construct conservation laws of Eq.(1.1).

Remark 6.1. For adjoint operators (Dα
t )∗ and (Dβ

x)∗, they have the following
relations with the Caputo factional derivative as follows:

(Dα
t )∗ = (−1)nIn−αv (Dn

t ) = C
t D

α
v ,

(Dβ
x)∗ = (−1)mIm−βz (Dm

x ) = C
t D

β
z ,

with

In−αv f(x, t) =
1

Γ(n− α)

∫ v

t

(s− t)n−α−1
f(x, s)ds, n = [α] + 1,

Im−βz f(x, t) =
1

Γ(m− β)

∫ z

t

(s− x)
m−β−1

f(s, t)ds, m = [β] + 1.

6.2. Conservation laws of Eq.(1.1)

On the basis of the vector field (3.16) and nonlinear self-adjointness, conservation
laws of the space-time fractional KdV-like equation were obtained. We have been
known that a vector (Ct, Cx) needs to meet the following equation

Dt(C
t) +Dx(Cx)|(1) = 0 (6.8)

that contains for all solutions of Eq.(1.1).
For fractional derivatives cases, we require the existence of the fractional gen-

eralization of the Noether operators. Fortunately, this thing have been done in
papers [2, 8, 12, 13, 18, 22]. Here we directly give the t-component of conserved vec-
tor of the form

Ct =

n−1∑
k=0

(−1)
k
Dα−1−k
t (W )Dk

t

∂L

∂(Dα
t u)
− (−1)nJ1(W,Dn

t (
∂L

∂(Dα
t u)

)), n = [α] + 1,

(6.9)
where

W = η − τut − ξux
is the Lie characteristic equation of vector field (3.3) and

J1(f, g) =
1

Γ(n− α)

∫ t

0

∫ T

t

f(s, x)g(υ, x)

(υ − s)α+1−n dυds,

is an integral transformation.
In the same idea, the x-component of conserved vector can be similarly given

by [2, 8, 12,13,18,22]

Cx =

m−1∑
k=0

(−1)
k
Dβ−1−k
x (W )Dk

x(
∂L

∂(Dβ
xu)

)− (−1)mJ2(W,Dm
x (

∂L

∂(Dβ
xu)

)),

m = [β] + 1,

(6.10)
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where

J2(f, g) =
1

Γ(m− β)

∫ x

0

∫ X

x

f(s, t)g(r, t)

(r − s)α+1−n drds.

For vector field (3.16) of Eq.(1.1), the Lie characteristic equation becomes

W = −x
β
ux −

t

α
ut +

5− β
β

u. (6.11)

Without loss of generality, we taking v = 1 to construct conservation laws of
Eq.(1.1) with Eqs.(6.9) and (6.10), respectively.

The t-component of conserved vectors of Eq.(1.1) is found by

Ct =
5− β
β

I1−α
t (u)− x

β
I1−α
t (ux)− 1

α
I1−α
t (tut).

The x-component of conserved vectors of Eq.(1.1) is given by

Cx =
5− β
β

I1−β
x (u)− 1

β
I1−β
x (xux)− t

α
I1−β
x (ut).
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