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Abstract For fractional derivatives (−∆)
s
2 , we establish Adams-Moser-

Trudinger type inequalities with singular term 1
|x|α under Lorentz norm and

Lp norm on bounded open domains, and get the sharpness of all inequalities.
Furthermore, we obtain the sharpness with a more general method.
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1. Introduction

Let Ω be an open domain with finite measure in Rn. The Sobolev embedding
theorem shows that W k,p

0 (Ω) ⊂ Lq (Ω) for 1 ≤ q ≤ np
n−kp and kp < n. However,

there is no W k,p
0 (Ω) ⊂ L∞ (Ω) in the borderline case kp = n. Yudovich [32],

Pohozave [23] and Trudinger [29] proved that W 1,n
0 can be embedded in Orlicz

space. In fact

sup
u∈W 1,n

0 (Ω), ‖∇u‖Ln(Ω)≤1

∫
Ω

exp(β |u|
n
n−1 )dx < +∞ (1.1)

for some β > 0. Moser [21] gave the best constant β > 0 in the inequality (1.1),
that is

sup
u∈W 1,n

0 (Ω), ‖∇u‖Ln(Ω)≤1

∫
Ω

exp(βn |u|
n
n−1 )dx < +∞, βn = nω

1
n−1

n−1 . (1.2)

The constant in (1.2) is sharp in the sense that for any β > βn, the supermum in
(1.1) is infinite. The inequality (1.2) is known as Moser-Trudinger inequality.

The Hardy inequality is(
n− 1

n

)n ∫
Ω

|u|

|x|n
(

log R
|x|

)n dx ≤ ∫
Ω

|∇u|n,
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where R ≥ essupΩ|x|. Thus it is very natural to establish in relationship between
Hardy inequality and Moser-Trudinger inequality. Inspired by the Hardy inequal-
ity, Adimurthi and Sandeep proved a singular Moser-Trudinger inequality with the
sharp constant in [2].

Theorem A ( [2]). Let Ω be an open and bounded set in Rn. There exists a
constant C0 = C0(n, |Ω|) > 0 such that∫

Ω

exp(β|u|
n
n−1 )

|x|α
dx ≤ C0

for any α ∈ [0, n), 0 ≤ β ≤ (1 − α
n )βn, any u ∈ W 1,n

0 (Ω) with
∫

Ω
|∇u|ndx ≤ 1.

Moreover, this constant (1− α
n )βn is sharp in the sense that if β > (1− α

n )βn, then
the above inequality can no longer hold with some C0 independent of u.

There is another improved Moser-Trudinger inequality on the disk in R2, which
was recently proved and studied in [3, 19]:

sup
u∈W 1,2

0 (B), ‖∇u‖2≤1

∫
B

exp
(
4π|u|2 − 1

)
(1− |x|2)

dx <∞.

Wang and Ye [30] proved an interesting Hardy-Moser-Trudinger inequality on
the unit disk in R2, which improves the classical Moser-Trudinger inequality and
the classical Hardy inequality at the same time. Namely, there exists a constant
C0 > 0 such that∫

B

exp

(
4πu2

H(u)

)
dx ≤ C0 <∞, ∀u ∈ C∞0 (B) \ {0},

where

H(u) =

∫
B

|∇u|2dx−
∫
B

exp
(
4π|u|2 − 1

)
(1− |x|2)

2 dx.

Recently, there are many excellent results for the Moser-Trudinger inequality
[6–8,24].

In 1988, Adams [1] generalized the Moser-Trudinger inequality to high order
Sobolev spaces. He gave the following theorem in [1].

Theorem B ( [1]). Let Ω be an open and bounded domain in Rn. If m is a positive
integer less than n, then there exists a constant C0 = C(n,m) > 0 such that for any

u ∈Wm, nm
0 (Ω) and ‖∇mu‖

L
n
k (Ω)

≤ 1, the inequality

sup
u∈Ckc (Ω), ‖∇ku‖

L
n
k (Ω)

≤1

∫
Ω

exp(β|u|
n
n−k )dx < C0|Ω|

holds for all β ≤ β(k, n), where

β(k, n) =


n

ωn−1

[π n2 2kΓ( k+1
2 )

Γ(n−k+1
2 )

] n
n−k , where k is odd,

n
ωn−1

[π n2 2kΓ( k2 )

Γ(n−k2 )

] n
n−k , where k is even,
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and, ∇k := ∇∆
k−1

2 for k odd and ∇k = ∆
k
2 for k even. Moreover the constant β

is sharp in the sense that

sup
u∈Ckc (Ω), ‖∇ku‖

L
n
k (Ω)

≤1

∫
Ω

exp(β|u|
n
n−k )dx =∞

for β > β(k, n).

Adams [1] gave the the result of fractional Laplace operator f = (−∆)
n
2pu, for

more fractional operators we can see [28].

Theorem C ( [1]). Let Ω be an open and bounded domain in Rn. Fix p ∈ (1,∞).
For α ∈ (0, n) and f ∈ Lp(Ω), we consider the Riesz potential Iαf defined as

Iαf(x) =

∫
Ω

f(y)

|x− y|n−α
dy.

Then

sup
f∈Lp(Ω), ‖f‖Lp(Ω)≤1

∫
Ω

e
n

ωn−1
|In
p
f |p
′

dx ≤ cn,p|Ω|, p′ =
p

p− 1
.

The constant n
ωn−1

is sharp in the sense that

sup
f∈C∞0 (Bδ), ‖f‖Lp(Bδ)≤1

∫
Bδ

e
γ|In

p
f |p
′

dx =∞ for every δ > 0, γ >
n

ωn−1
.

In 1996, Alvino, Ferone and Trombetti established the Moser-Truding inequality
on bounded domain in Lorentz-Sobolev space in [5].

Theorem D ( [5]). Let Ω be an open and bounded domain in Rn, n ≥ 2, and let
f ∈ C∞0 (Ω) be a function compactly supported in Ω such that: ‖∇f‖n,p ≤ 1, 1 ≤
q ≤ ∞. We have:
(i) if 1 ≤ q <∞ then:

1

|Ω|

∫
Ω

exp(β|f |
q
q−1 )dx ≤ c0 <∞, ∀β ≤ βn,p = (nν

1
n
n )

q
q−1 ;

(ii) if q =∞ then:

1

|Ω|

∫
Ω

exp(β|f |
q
q−1 )dx ≤ c0 <∞, ∀β < βn,∞ = nν

1
n
n .

This constant βn,p is sharp in the sense that if β > βn,p, then the above inequality
can no longer hold with some c0 independent of f .

Lu and Tang gave the Moser-Trudinger inequalities on any bounded domain in
Rn with Lorentz-Sobolev norms in [17].

For the fractional Adams-Moser-Trudinger type inequalities, Luca gave the fol-
lowing result.

Theorem E ( [20]). For any p ∈ (1,∞) and positive integer n, set Kn,s :=
Γ(n−s2 )

Γ(n2 )2sπ
n
2
, βn,p := n

ωn−1
K−p

′

n,np
. Then for any open set Ω ∈ Rn with finite measure,

we have

sup

u∈W
n
2p
,p

0 (Ω),
∥∥∥(−∆)

n
2p u

∥∥∥
Lp(Ω)

≤1

∫
Ω

exp(βn,p|u|p
′
)dx ≤ Cn,p|Ω|. (1.3)
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Moreover the constant βn,p is sharp in the sense that we cannot replace it with any
larger one without making the supremum in (1.3) infinite.

In 2008, Angel [4] gave the Adams type inequalities in bounded domain of
Lorentz space:

Theorem F ( [4]). Let m be a positive integer satisfying 1 ≤ m < n and let
q ∈ (1,+∞),

βn,m =


π
n
2 2mΓ(m2 )

ω
n−m
n

n Γ(n−m2 )

, where m is even,

π
n
2 2mΓ(m+1

2 )

ω
n−m
n

n Γ(n−m+1
2 )

, where m is odd.

Then there exists a constant C = C(n,m, |Ω|, q) such that∫
Ω

exp(βn,m|u|q
′
)dx ≤ C, (1.4)

for every u ∈ Wm
0 L

n
m ,q(Ω) fulfilling ‖∇mu‖

L
n
m
,q(Ω)

≤ 1. The result is sharp in the

sense that the left-hand of (1.4) with βn,m replaced by any larger constant cannot
be uniformly bounded as u ranges among all functions from Wm

0 L
n
m ,q(Ω) satisfying

‖∇mu‖
L
n
m
,q(Ω)

≤ 1.

For the fractional Adams inequalities in Lorentz space, Xiao and Zhai [31] proved
the following results in 2010.

Theorem G ( [31]). Suppose that 0 < s < n, q ∈ (1,∞) and Ω is a bounded open
domain. Then there exists a positive constant Cs,q,n depending on s, q, and n such
that ∫

Ω

exp

(
β| f(x)

‖(∆)
s
2 f‖

L
n
s
,q(Ω)

|q
′

)
dx ≤ Cs,q,n|Ω| (1.5)

holds for all

β ≤
(

n

ωn−1

)q′ n−sn
K−q

′

s,n

and
supp((−∆)

s
2 f) ⊆ Ω, ‖(−∆)

s
2 f‖

L
n
s
,q(Ω)

<∞.

Furthermore, no number greater than
(

n
ωn−1

)q′ n−sn
K−q

′

s,n can replace β in (1.5),

where Ks,n =
Γ(n−s2 )
π
n
2 2sΓ( s2 )

.

For more fractional operator [11,25–27].
In this paper, we will first give singular sharp Adams inequalities with fractional

Laplace operators in Lorentz space and Lp space. We will establish the sharpness
with a more general method.

Theorem 1.1. If q ∈ (1,∞), 0 < α < n, then there exists a positive constant Cs,q,n
depending on s, q and n such that

∫
Ω

exp

(1− α
n )β

∣∣∣∣∣ f(x)∥∥∥(−∆)
s
2 f

∥∥∥
L
n
s
, q (Ω)

∣∣∣∣∣
q′


|x|α
dx ≤ Cs,q,n,α|Ω|1−

α
n , (1.6)
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for all

β ≤
(

n

ωn−1

)q′ n−sn
K−q

′

s,n

and supp((−∆)
s
2 f) ⊆ Ω,

∥∥(−∆)
s
2 f
∥∥
L
n
s
, q (Ω) < ∞. Furthermore, no

number greater than
(

n
ωn−1

)q′ n−sn
K−q

′

s,n can replace β in (1.6).

Now we consider the Adams-Moser-Trudinger type inequalities with singular
term 1

|x|α under Lp norms. We observe that the requirement supp((−∆)
s
2 f) ⊆ Ω

is necessary in Theorem 1.1, and Adams applies this result to the function f =
(−∆)

n
2pu where u is smooth and supported in Ω̄, and p = n

k . Here it is crucial that
when n

p ∈ N, then the support of f does not exceed the the support of u, so that

Adams, result in [1] can be applied. This is not the case when n
p /∈ N. In fact, the

support of (−∆)
s
2u can be the whole Rn for general s > 0 even if u is compactly

supported.
In order to circumvent this issue, instead of using the Riesz potential we will

write u in terms of a Green representation formular

u(x) =

∫
Ω

Gn
p

(x, y)(−∆)
n
2pu(y)dy,

which holds for a suitable Green function which we construct using variational
methods, and which we can sharply bound in terms of the fundamental solution of
(−∆)

n
2p in Rn.

Next, we will first give singular sharp inequality with fractional Laplace operator
and establish the sharpness with a more general method.

Theorem 1.2. For any p ∈ (1,∞) and positive integer n, set Kn,s =
Γ( (n−s)

2 )
Γ( s2 )2sπ

n
2
,

βn,p = n
ωn
K−p

′

n,np
. Then, for any open set Ω ⊂ Rn with finite measure, we have

sup

u∈W
n
p
,p

0 (Ω),
∥∥∥(−∆)

n
2p u

∥∥∥
Lp(Ω)

≤1

1

|Ω|1−αn

∫
Ω

e(1−αn )βn,p|u|
p
p−1

|x|α
dx ≤ C(n, q, α).

And the constant
(
1− α

n

)
βn,p is sharp in the sense that the above supremum is

infinite for any β >
(
1− α

n

)
βn,p.

2. Proof of Theorem 1.1

We know that from [31]

f(x) = Ks,n

∫
Rn

(−∆)
s
2 f(y)

|y − x|n−s
dy, ∀x ∈ Rn (2.1)

with

Ks,n =
Γ(n−s2 )

π
n
2 2sΓ( s2 )

.

Theorem 1.1 is immediately obtained from (2.1) and Lemma 2.1 below-a sharp
result about the Riesz potential.
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Lemma 2.1. If q ∈ (1,∞), 0 < α < n, then there exists a positive constant Cs,q,n
depending on s, q and n such that

∫
Ω

exp

[
(1− α

n )β

∣∣∣∣ Is∗f(x)
‖f‖

L
n
s
, q (Ω)

∣∣∣∣q′
]

|x|α
dx ≤ Cn,p|Ω|1−

α
n (2.2)

holds, where

β ≤
(

n

ωn−1

)q′ n−sn
,

and
supp(f) ⊆ Ω, ‖f‖

L
n
s
, q(Ω)

<∞.

Furthermore, no number greater than
(

n
ωn−1

)q′ n−sn
can replace β in (2.2).

Proof of Lemma 2.1. By O′Neil′s [22] result,

u∗(t) ≤ (Is ∗ f)∗(t)

≤ 1

t

∫ t

0

I∗s (τ)τdτ

∫ t

0

f∗(τ)dτ +

∫ ∞
t

I∗s (τ)f∗(τ)dτ

≤ (
ωn−1

n
)
n−s
n

[
n

s
t−

n−s
n

∫ t

0

f∗(τ)dτ +

∫ |Ω|
t

f∗(τ)τ−
n−s
n dτ

]
.

Let t = |Ω|e−τ . We get(
1− α

n

) 1
q′
(ωn−1

n

)n−s
n

u∗(|Ω|e−τ )

≤
(

1− α

n

) 1
q′ n

s
(|Ω|e−τ )−

n−s
n

∫ ∞
τ

f∗(|Ω|e−σ)(|Ω|e−σ)dσ

+

∫ τ

0

(
1− α

n

) 1
q′
f∗(|Ω|e−σ)(|Ω|e−σ)−

n−s
n (|Ω|e−σ)dσ

:=

∫ ∞
0

a(σ, τ)ϕ(σ)dσ.

Here ϕ(σ) = f∗(|Ω|e−σ)(|Ω|e−σ)
s
n , if σ > 0, and

a(σ, τ) =

{
1− α

n , 0 ≤ σ < τ <∞,
(1− α

n )ns (|Ω|e−τ )−
n−s
n (|Ω|e−σ)−

n−s
n , 0 ≤ τ < σ <∞.

Now, we need a result similar to the Lemma 1 in Adams [1]: Let a(s, t) be a
nonnegative measure function in [0,∞] × [0,∞] such that a(s, t) ≤ 1, for a.e. 0 ≤
s < t. Assume that

sup
t>0

(∫ ∞
t

a(s, t)q
′
ds

) 1
q′

= b <∞.

Then there exists a positive constant C = C(q, b, α) such that∫ ∞
0

e−Fα(t)dt ≤ C,
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for every nonnegative measure function ϕ in (0,∞) satisfying
∫∞

0
ϕ(s)qds ≤ 1,

where

Fα(t) = (1− α

n
)t− (1− α

n
)

(∫ ∞
0

a(s, t)ϕ(s)ds

)q′
.

It is easy to know that a(σ, τ) ≤ 1, for a. e. 0 ≤ σ < τ, when 0 ≤ τ < σ <∞,∫ ∞
τ

a(σ, τ)q
′
dσ = (1− α

n
)

∫ ∞
τ

[n
s

(|Ω|e−τ )−
n−s
n (|Ω|e−σ)−

n−s
n

]q′
dσ

=
(

1− α

n

)
(
n

s
)q
′
(|Ω|e−τ )−q

′ n−s
n

∫ ∞
τ

(|Ω|e−σ)q
′ n−s
n dσ

=
(

1− α

n

)
(
n

s
)q
′ n

q′(n− s)
<∞

for τ > 0, which can imply

sup
τ>0

∫ ∞
τ

a(σ, τ)q
′
dσ <∞,

and

‖ϕ‖q
Lq

(0,∞]

=

∫ ∞
0

[f∗(|Ω|e−σ)(|Ω|e−σ)q
′ s
n ]qdσ

=

∫ |Ω|
0

(f∗(t)t
s
n )q

dt

t

= ‖f‖q
L
n
s
,q(Ω)

= 1.

Using above result, we obtain

∫
Ω

exp
(

(1− α
n )( n

ωn−1
)q
′ n−s
n |u(x)|q′

)
|x|α

dx

≤
∫ |Ω|

0

exp

(
(1− α

n
)(

n

ωn−1
)q
′ n−s
n |u∗(t)|q

′
)(ωn−1

n
t−1
)α
n

dt

= |Ω|1−αn
∫ ∞

0

exp

(
(1− α

n
)(

n

ωn−1
)q
′ n−s
n |u∗(|Ω|e−τ )|q

′
− (1− α

n
)τ

)
dτ

≤ |Ω|1−αn
∫ ∞

0

exp

((∫ ∞
0

a(σ, τ)ϕ(σ)dσ

)q′
− q′(1− α

n
)τ

)
dτ

= |Ω|1−αn
∫ ∞

0

e−Fα(τ)dτ ≤ C|Ω|1−αn ,

where Fα(τ) = (1− α
n )τ − (1− α

n )
(∫∞

0
a(σ, τ)ϕ(σ)dσ

)q′
.

Now we will prove the (1− α
n )( n

ωn−1
)q
′ n−s
n is the best one for Ω = B : the unite

ball centered at the origin, let f ≥ 0 such that Is ∗ f ≥ 1, for x ∈ Br := {x ∈ Rn :
|x| ≤ r} with 0 < r < 1, from (1.6) it follows that

∣∣∣∣BrB
∣∣∣∣1−αn |Br|αn 1

rα
e

(1−α
n

)β

‖f‖q
′

L
n
s
,q
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≤
∣∣∣∣BrB

∣∣∣∣1−αn 1

|Br|1−
α
n

∫
Br

e

(1−α
n

)β

‖f‖q
′

L
n
s
,q

|x|α
dx

≤
∣∣∣∣BrB

∣∣∣∣1−αn 1

|Br|1−
α
n

∫
Br

e

(1−α
n

)βIs∗f(x)

‖f‖q
′

L
n
s
,q

|x|α
dx

≤ 1

|Br|1−
α
n

∫
B

e

(1−α
n

)βIs∗f(x)

‖f‖q
′

L
n
s
,q

|x|α
dx

≤ C,

and (
1− α

n

)
β ≤ ‖f‖q

′

L
n
s
,q(B)

(
(1− α

n
) log

∣∣∣∣ BBr
∣∣∣∣+ log(rα|Br|−

α
n ) + logC

)
≤ ‖f‖q

′

L
n
s
,q(B)

(
(1− α

n
) log

∣∣∣∣ BBr
∣∣∣∣+ log |B|αn + logC

)
.

So β ≤ n limr→0(log 1
r )[Cap

WL
n
s
,q (Br;B)]q

′
, where

Cap
WL

n
s
,q (E;B) = inf ‖f‖

L
n
s
,q(B)

,

and E is a compact subset of B. Where the infimum is taken over all f ≥ 0 vanishing
on the complement of B, and

Is ∗ f(x) ≥ 1, on E.

By the proof of Theorem 1.2 in [1], for any ε > 0, we can choose 0 < r < 1 small
enough such that

Is ∗ fr(y) ≥ 1, on Br,

with

fr(y) =

{
1

ωn−1(1−ε) (log 1
r )−1|y|−s, r < |y| < 1,

0, otherwise,

and

h(y) =

{
|y|−s, r < |y| < 1,

0, otherwise.

Then the domain of h∗(t) is (rn ωn−1

n , ∞), where

h∗(t) =

{
( tn
ωn−1

)−
s
n , rn ωn−1

n < t < ωn−1

n ,

0, otherwise.

Consequently,

‖fr‖Lns ,q(B)
= ‖t

s
n−

1
q f∗r (t)‖Lq(0,|B|)

≤ 1

ωn−1(1− ε)
(log

1

r
)−1

(∫ ωn−1
n

rn
ωn−1
n

[
(
tn

ωn−1
)−

s
n t

s
n−

1
q

]q
dt

) 1
q
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=
n

1
q

ωn−1(1− ε)
(
ωn−1

n
)
s
n (log

1

r
)

1−q
q .

This gives

Cap
ẇL

n
s
,q (Br;B) ≤ ‖fr‖Lns ,q(B)

=
n

1
q

ωn−1(1− ε)
(
ωn−1

n
)
s
n (log

1

r
)

1−q
q .

Finally, a simple computation yields

β ≤ n lim
n→0

log
1

r

(
n

1
q

ωn−1 (1− ε)
(
ωn−1

n
)
s
n (log

1

r
)

1−q
q

)q′

=

(
n

ωn−1

)q′ n−sn
.

This completes the proof of Lemma 2.1.

3. The proof of Theorem 1.2

In order to prove the Theorem 1.2, we need some preparatory work.

Lemma 3.1. ( [16]) The fundamental solution of (−∆)−
s
2 on Rn is Fs(x) =

Kn,s|x|s−n, in the sense that Fs ∈ Ls(Rn) and (−∆)−
s
2Fs = δ0 in the sense of

tempered distributions. Moreover (−∆)−
s
2 (Fs ∗ f) = f for every f ∈ S(Rn).

Lemma 3.2. ( [14]) Let 0 < p < ∞, 0 ≤ α < n, and Ω ⊂ Rn be an open set with
bounded measure. Then there is a constant C0 = C0(p, q) such that for f ∈ Lp(Rn)
with support contained in Ω, then

∫
Ω

exp

(
(1− α

n ) n
ωn−1

∣∣∣ Iγ∗f(x)
‖f‖p

∣∣∣p′)
|x|α

dx ≤ C0, (3.1)

where Iγ ∗ f(x) =
∫
|x− y|γ−nf(y)dy is the Riesz potential of order γ.

For the proof of sharpness of Theorem 1.1, we will give a more general conclusion.
We hope obtain the following result:

sup

u∈W̃
n
p
,p

0 (Ω),
∥∥∥(−∆)

n
2p u

∥∥∥p
Lp(Ω)

≤1

∫
Ω

f(|u|)e(1−αn )βn,p|u|p
′

|x|α
dx =∞,

for any f : [0,∞)→ [0,∞) with

lim
t→∞

f(t) =∞, f is Borel measurable. (3.2)

Obviously, the above f(t) is not necessarily increasing with exponent.
Similar to standard Moser function, Adams, test function is smooth and com-

pact, he obtains the W
k,nk
0 -norms with a precisely method. However, when k is no
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longer an integer even number, the Adams way is much more complex. So we have

to prove the fractional Laplacians norms
∥∥∥(−∆)

n
2pu
∥∥∥
Lp(Ω)

.

In fact, we can prove the following result in a slightly stronger form.

Lemma 3.3. Let Ω ⊂ Rn be a domain with finite measure and let f : [0,∞) →
[0,∞) be a Borel measurable satisfying limt→∞ f(t) =∞. Then

sup

u∈W̃
n
p
,p

0 (Ω), ‖u‖p
Lp(Ω)

+
∥∥∥(−∆)

n
2p u

∥∥∥p
Lp(Rn)

≤1

∫
Ω

f(|u|)e(1−αn )βn,p|u|p
′

|x|α
dx =∞,

where βn,p = n
ωn−1

(Kn,np
)p
′
.

In order to prove Lemma 3.3, we need the following Moser type functions. Set
two smooth functions η, ϕ such that 0 ≤ η, ϕ ≤ 1,

η ∈ C∞c (−1, 1), η = 1 on (−3

4
,

3

4
),

and
ϕ ∈ C∞c (−2, 2), η = 1 on (−1, 1).

For ε > 0, we set

ψε(t) =

{
1− ϕε(t), if 0 ≤ t ≤ 1

2 ,

η(t), if t ≥ 1
2 ,

and

vεε(x) =

(
log

1

ε

)− 1
p
(

log

(
1

ε

)
ϕε(|x|) + log

(
1

|x|

)
ϕε(|x|)

)
, x ∈ Rn,

where

ϕε(t) =
1

ε
ϕ(
t

ε
).

Lemma 3.4. ( [12]) Let

uε(x) = |ωn−1|−
1
p 2

n
p′ π

n
2 Γ(

n

2p′
)

1

Γ( n2p )γn
vε(x).

For 1 < p <∞ there exists a constant C > 0 such that

∥∥∥(−∆)
n
2puε

∥∥∥
Lp(Rn)

≤

(
1 + C

(
log

1

ε

)−1
) 1
p

,

where Γ is gamma function and γn = (n−1)!
2 |ωn|.

Proof of Lemma 3.3. Without loss of generality, we can assume that B1 ⊆ Ω,
let uε be defined as in Lemma 3.4, we claim that there exists a constant δ > 0 such
that

lim
ε→0

∫
Bε

exp

(
(1−αn )βn,p|uε|p

′

‖uε‖pLp(Rn)
+
∥∥∥(−∆)

n
2p uε

∥∥∥p
Lp(Rn)

)
|x|α

dx = lim
ε→0

Iε ≥ δ.
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Then Lemma 3.3 follows at once, since uε →∞, on Bε as ε→ 0, and

sup

u∈W̃
n
p
,p

0 (Ω), ‖u‖p
Lp(Ω)

+
∥∥∥(−∆)

n
2p u

∥∥∥p
Lp(Rn)

≤1

∫
Ω

f(|u|)e(1−αn )βn,p|u|p
′

|x|α
dx

≥ Iε
|x|α

inf
x∈Bε

f(|uε(x)|).

Let ε = e−k. Noting that

lim
k→∞

[−k + k(1 +
C

k
)−

p′
p ] = −C p

′

p

and using the results of Lemma 3.4,

Iε
|x|α

≥ |B1|εnen log 1
ε (1+C(log 1

ε )−1)
− p
′
p

e−kα

= |B1|e−kne
n−α
n (n log ek(1+C 1

log ek
)
− p
′
p )

= |B1|e−kn+n−α
n (kn+(1+C 1

k )
− p
′
p )+kα

= |B1|e−kn+kα+kn(1+C
k )
− p
′
p

= |B1|e(n−α)(−k+k(1+C
k )
− p
′
p ).

So,
Iε
|x|α

≥ |B1|e(n−α)C p′
p .

This completes the proof of Lemma 3.3.
Now, we begin to prove Theorem 1.2.

Proof of Theorem 1.2. Set f := |(−∆)
n
2pu| ∈ Lp(Ω). Using Lemma 3.1, we get

|u(x)| ≤
∫

Ω

|Gn
p

(x, y)|f(y)dy ≤ Kn,np
In
p
f(x).

Then, for ‖u‖pLp(Ω) ≤ 1, by Lemma 3.2,

∫
Ω

exp

(
(1− α

n ) n
ωn−1

∣∣∣∣ Inp ∗f(x)

‖f‖p

∣∣∣∣p′
)

|x|α
≤ C0,

we obtain

1

|Ω|1−αn

∫
Ω

exp (1− α
n )βn,p ||u|p

′

|x|α
dx ≤ 1

|Ω|1−αn

∫
Ω

exp (1− α
n ) n

ωn−1

∣∣∣∣ Inp ∗f(x)

‖f‖p

∣∣∣∣p′
|x|α

dx

≤ C0|Ω|1−
α
n .

We can obtain the sharpness by Lemma 3.3.
This completes the proof.
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