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INTEGRALS ON WEIGHTED MORREY
SPACES*

Feng Liu!, Zunwei Fu? and Yan Wu??

Abstract In this paper, we establish the boundedness and compactness the
variation operators of commutators of singular integrals with rough kennels
Q € LYS™') for some ¢ € (1,00] on the weighted Lebesgue and Morrey
spaces. Our main results represent significant improvements as well as natural
extensions of what was known previously.
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1. Introduction

Let m € N. The m-th iterated commutator of singular integral is defined as
Taw(f)(2) = lim Ty (f)(x),

where

@ = [ 0 - )" s

Here b € BMO(R™) and € L'(S"1) is homogeneous of zero and satisfies
/ Q(0)do(0) = 0. (1.1)
S’nfl

For convenience, we denote TQ y» = Tayp for m =1 and TQ p = To for m = 0. Let
Ta = {Ta,c}es0 and 7;2 Y, = {TQ b, 6}€>0 For p > 2, the p-variation operator of Tg
is defined by

Vo(To)(f)(2) = sup ‘/ . Q(m_y)f(y)dyr)l/p,

i \0 |.Z’ - y|n
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where the above sup is taken over all sequences {g;} decreasing to zero. Analogously,
the p-variation operator of 7¢, can be given as

Vo(T33) (f) ()
= su 3 ) — mQz —y) e
o 57:\1?0 (; li+1<|$y<5i (b( ) b(y)) ‘l‘ - y|" f(y)dy‘ ) ’

where the above sup is taken over all sequences {¢;} decreasing to zero. For conve-
nience, we denote V,(7q%) = V,(Ta) when m = 0.

Over the last several years, a considerable amount of research has been done
to study variational inequalities of various integral operators. This study was ini-
tiated by Lépingle [18] who established the variational inequality for general mar-
tingales (see [23] for a simple proof). Similar variational inequalities for the er-
godic averages were obtained by Bourgain [1] via Lépingle’s result. Since then,
Bourgain’s work has inaugurated a lot of investigations on the variational inequal-
ities in harmonic analysis (see [3,5,6,8,14,19,20,22]). The study of the variation
operators for rough singular integrals began with Campbell, Jones, Reinhdd and
Wierdl [3] who established the L?(R™) (1 < p < oo) bounds for V,(7q), provided
that Q € Llog™ L(S™~1). This result was essentially improved by Ding, Hong and
Liu [8] to the case Q € H'(S"!) since Llogt L(S"') ¢ H'(S"™'), which is a
proper inclusion. The weighted result for V,(7q) was first studied by Ma, Torrea
and Xu [22] who proved that V,(7q) is bounded on LP(w) for 1 < p < oo and
w € A,(R™), provided that Q € Lip,(S"~!) for a > 0. Later on, the above re-
sult was improved by Chen, Ding, Hong and Liu [5] to the case € L9(S"~1) for
some ¢ > 1. More precisely, the authors of [5] showed that if Q € LI(S"~!) for
some ¢ > 1 satisfying (1.1), then V,(7q) is bounded on LP(w) for ¢’ < p < oo and
w € A,/qe (R™). For the commutators of rough singular integrals, Chen, Ding, Hong
and Liu [6] proved that if b € BMO(R") and Q € L9(S"!) for some g > 1 satisfy-
ing (1.1), then V,(7qz) is bounded on LP(w) for ¢’ < p < oo and w € A/, (R™).
Recently, Liu and Cui [19] investigated the boundedness and compactness for the
p-variation operators for commutators of singular integrals on the weighted Mor-
rey spaces. For more progresses on commutators of some integrals, we refer to the
papers [2,4,10,11,13,25,26].

Let us recall the definition of weighted Morrey spaces.

Definition 1.1. (Weighed Morrey spaces). Let 1 < p < coand 0 < 8 < 1. For
a weight w defined on R", the weighted Morrey space MP+?(w) is defined by

MPP(w) = {f € L (w) : [|fllare5 ) < o0},
where

1 1/p
Blw) = su — ) [Pw(z)dx ,
s = swn (s [ [f@)Puieis)

where the supremum is taken over all balls in R".

The weighted Morrey spaces MP»? (w) were originally introduced by Komori and
Shirai [16] who established the bounds for the Hardy—Littlewood maximal operator,
fractional integral operator and the Calderén—Zygmund singular integral operator
on MP#(w). When 8 = 0, the space MP#(w) is just the classical weighted Lebesgue
space LP(w). When w = 1, the space MP?(w) reduces to the classical Morrey
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space MP#(R™). More progresses on Morrey spaces were much investigated in
[12,15,24,27,28].
We now introduce partial result of [19] as follows.

Theorem A ( [19]). Let Q € Lip,(S™1) for some a > 0 and Q satisfy (1.1). Let
p>2,1<p<oo,0< B <1 andwe A,(R™). Then

(i) If m € N and b € BMO(R"™), then

Vo (T&) (Dl arws ) < CllbIEwo@n | flam sy, VF € MPF(w).
il m € an S , then 18 a compact operator on
(i) If N\ {0} and b € CMO(R"), then V,(T3}) i
MPB(w).
It is well known that
Lip,(S"™') € LY(S"™1), Va>0, 1<q<oo.

Note that the above inclusion relationship is proper. Very recently, Zhang, Liu
and Zhang [30] investigated the boundedness and compactness for the p-variation
operators for commutators of singular integrals on Morrey spaces. In order to
introduce the main result of [30], let us introduce one notation. Let 1 < g < co and
set

1
F(q) ;:/0 "”QT@(H | log 8])dd < 0. (1.2)

Here wq(0) denotes the integral continuous modulus of €2 of degree ¢ defined by

wal0) = S (/S, \Q(Tx’)—Q(x’)wda(x'))”q

lloll<s

and 7 is a rotation in R™ and ||7|| := sup,/cgn-1 |72’ — 2’|. The main result of [30]
can be listed as follows.

Theorem B ( [30]). Let m € N, p > 2, 0< f < landl < p < co. Let
Qe LY(S" 1) for some q > 1 satisfying (1.1).

(i) Ifb € BMO(R™), then
Vo (TE) ()l age5 @) Snoppom 10180 @n) 1 F I ap5@nys VS € MPP(R™).
(i) If b € CMO(R") and F(1) < oo, then V,(73%) is a compact operator on
MPB(R™).

Based on the above, it is natural to ask the following
Question 1.2. Does Theorem A hold if Q € LY(S"~1) for some ¢ > 17
This question can be addressed by the following result.

Theorem 1.1. Let m € N\ {0}, p > 2, 0 < 8 < 1land 1 < p < oo. Let
Q € LYS"Y) for some q > 1 satisfying (1.1), ¢ < p < o0 and w € Ay (R™).
Then

(i) The operator V,(Tq) is bounded on MPP(w).
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(i) Ifb € BMO(R"™), then

Vo (T8 ) ()l are-o o) Snapopon 1B Ento@n 1 arrs Y € MPP (w).

Theorem 1.2. Let m € N\ {0}, p > 2,0 < 8 < 1landl < p < oco. Let
Qe LI(S"1) for some q > 1 satisfying (1.1), ¢ < p < oo and w € Ay, (R"). If
b€ CMO(R") and F(q) < oo, then V,(Tg",) is a compact operator on MPB(w).

Remark 1.1. There are some remarks as follows:

(i) It should be pointed out that the condition F(q) < co was firstly introduced
by Chen, Ding and Wang [7] who proved that if b € CMO(R™) and F(q) < oo,
then Tq is a compact operator on MP-#(R™), provided that 0 < 8 < 1,
1<p<ooand Qe LI(S" 1) with ¢ > 1/(1 — B) satisfying (1.1).

(i) We remark that the conditions Q € L9(S"~!) for some ¢ € (1, 00] and F(q) <
oo are strictly weaker than the condition 2 € Lip, (S"~!) with some a > 0.
Thus, Theorems 1.1 and 1.2 essentially improve the conclusions of Theorem
A when g = oo.

(iii) Theorems 1.1 and 1.2 can be regarded as the weighted version of Theorem
B.

(iv) When 3 = 0, Theorem 1.2 implies the compactness of V,( é’fb) with m > 1
on LP(w), which is new, even in the special case m = 1.

(v) When 0 < 8 < 1, Theorems 1.1 and 1.2 are new, even in the special case
m = 0.

(vi) Note that L(S"') ¢ L(log™ L)?(S"~') ¢ H'(S"!) for any ¢ > 1 and
B > 1. It is unknown whether the corresponding results in Theorems 1.1 and
1.2 also hold under the condition that Q € L(log™ L)*(S™~') for some o > 1
or more generally Q € H*(S"~1)?

(vii) The corresponding results also hold for 7¢y", under the same conditions of
Theorem 1.1.

Actually, we shall prove Theorem 1.1 by establishing a more general result. Let
us give one definition.

Definition 1.3. Let m > 1 and b = (b1,...,by) be a suitable vector function. Let
T = {Té”EE}OO with m > 1, where T is given by

20y

m

2@ = [ T - be)K e s

1

For p > 2, the p-variation operators of 7;2"% is defined by

Ve = s (S [ I - s nsms])”,

g0

where the above sup is taken over all sequences {g;} decreasing to zero. Clearly,
Vo(TI) = V,(Tg) if by = b for all 1 < j < m.

Theorem 1.1 follows from the following result.
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Theorem 1.3. Let m €N, p>2,0< B <1and1 < p < oo. Let Q € LI(S"1)
for some q > 1 satisfying (1.1). Let b= (b1,...,bw) with each b; € BMOR"™). If
¢ <p<ooandw € Ay (R"), then

Vo(Te) (Dllaers wy Snpgm [T I0slleso@n | fllarm s, VF € MPP(w). (1.3)
j=1

Remark 1.2. By a slight modification of the proof of Theorem 1.2, it is not difficult
to conclude that the compactness result of Theorem 1.2 also holds in the multilinear
setting. That is, if b = (by,...,by) with each b; € CMO(R™), then V,(7]%) is a

compact operator on MP#(w) for ¢ < p < oo and w € Ap /e (R™), provided that
Q € LI(S"1) for some g > 1 satisfying (1.1) and F(q) < occ.

Remark 1.3. We believe this is the first time that such the boundedness and
compactness for variation operators for commutators of rough singular integrals on
weighted Morrey spaces are studied.

The rest of this paper is organized as follows. In Section 2 we present the proof
of Theorem 1.3. The proof of Theorem 1.2 will be given in Section 3. We would
like to point out that Theorem 1.3 is based on a criterion on the weighted Mor-
rey space boundedness of a class of operators (see Proposition 2.1). The proof
of Theorem 1.2 is based on Theorem 1.3, some approximation arguments followed
from [29], smooth truncated techniques followed from [17], some compactness char-
acterizations of LP(w) and MP+#(w) and some known techniques following from [19].
However, some new techniques are needed in the weighted setting. The main novelty
is on how to accommodate these ideas to prove the main results.

2. Proof of Theorem 1.3

Before establishing the proof of Theorem 1.3, let us present some notation and
lemmas, which are the ingredients of proving Theorem 1.3.

Throughout this paper, the letter C or ¢, sometimes with certain parameters,
will stand for positive constants not necessarily the same one at each occurrence,
but are independent of the essential variables. If there exists a constant ¢ > 0
depending only on ¥ such that A < ¢B, we then write A <y B. For any p € (1,00),
we let p’ denote the dual exponent to p defined as 1/p+ 1/p’ = 1. For € R™ and
r > 0, we denote by B(z, ) the open ball centered at 2 with radius r. For ¢t > 0 and
B := B(z,r) with € R" and r > 0, we denote tB = B(z,tr). Let b= (by,...,by)
and @ be a cube of R". For 1 < j < m, we denote b; o = ﬁfQ bj(x)dx. Let
A C R", we use x4 to denote the characteristic function on A. We now introduce
an useful inequality:

(i‘/ e F(x,y)dy\p)l/pg/n P, y)|dy, (2.1)
1 Yeipi<lz—yl<e;

i=

for all x € R™, any arbitrary functions F defined on R™ x R™, where p > 1 and {¢;}
is an increasing or decreasing sequence of positive numbers.
We start with the definition of A, weight class.
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Definition 2.1. (A, weight). A weight is a nonnegative, locally integrable func-
tion on R™ that takes values in (0, c0) almost everywhere. For 1 < p < o0, a weight
w is said to be in the Muckenhoupt weight class A,(R™) if there exists a positive
constant C such that

l—p’ p—1 C
Q cubes in R» \QI/ |Q‘ / w(z)' Pde) < C. (2.2)

The smallest constant C' in inequality (2.2) is the corresponding A, constant of w,
which is denoted by [w]a,

We now recall the definition of BMO(R™).
Definition 2.2. (BMO(R") space). The BMO(R") space is given by

BMO(R") :={f € Llloc(Rn) : ”f”BMO(]R") = HMﬁf”L‘”(R") < oo},

where M* is the sharp maximal function, i.e.

M f(x) = = sup |Q|/ 1f(y) — foldy,

where the supremum is taken over all cubes @ in R™ that contain the given point
T.

The following result presents some properties for A, (R™) weights and BMO(RR")
functions, which are very useful in the proofs of main results.

Lemma 2.1. ( [19]). Let 1 < p < oo and w € A,(R™). Then

(i) There exists a constant § € (0,1) such that wi*? € A,(R™). Both 0 and
[wHG]AP depend only on n, p and the A, constant of w.

(ii) There exists a constant € € (0,1) such that w € Ap_(R").

(iii) The measure w(z)dx is doubling, i.e. for all X > 1 we have

wp | POQ)
Q cubes in R™ ’LU(Q)

< [w]a, AP

(iv) There exists a constant v, > 1 such that

(2Q

~—

g

inf > Yoo
Q cubes in B* w(Q) — ¥
(v) If b€ BMO(R™), then
» 1/p
sup | @) ~boPula i) " =, Ibllatogen)-
Q@ cubes in R™

For convenience, we always use the weighted Morrey spaces associated to cubes.
Let 1 <p<ooand 0 < f < 1. For a weight w defined on R", the weighted Morrey
space associated to cubes is defined by

M7 (w) o= {f € L, (w) : || fll570.5 () < 20}



Variation operators for commutators of rough singular integrals 269

where

)P 1/p
gy = sup /|f Puw(@ydz)

Q Cubes in R™
where the supremum is taken over all cubes in R™. In [19], the authors pointed out
that if the weight w is doubling, then MP#(w) = MP(w), i.e.
11 5705y = 1 (2.3

For 2 € L'(S"1), the maximal operator with rough kernel €2 is defined by

Mo = [ 005 vl

The following lemmas were proved by Lu, Ding and Yan [21].

Lemma 2.2. ( [21]). Let Q € LY(S™ 1) for some q > 1 satisfying (1.1). If ¢ <
p<ooandw € A,/ (R™), then Mg is bounded on LP(w).

Lemma 2.3. ( [21]). Let Q € LY(S"1) for some q € [1,00) satisfying (1.1). Then
for R > 0, there exists a constant C' > 0 independent of R such that for x € R"

with |x| < R/2,
_ 1 . |/ R
(f =g S0 copr (i [0 2illas),
Relyl<2r | [y =" [yl B Jualer) 9

Here wy(0) is given as in Theorem 1.1.

Applying Lemma 2.3, we have

Lemma 2.4. Let n > 0 and |h| < Ze='/". Suppose that Q satisfies (1.1) and
F(q) < oo with g € (1,00). Then there exists a constant C > 0 independent of 7
and h such that

/ > ‘ |$$_y+h) =)y < On(1+ F(o) (M7 ) (@)

y+hm o=yl
(2.4)
Here M is the Hardy-Littlewood mazimal operator defined on R™.
Proof. By a change of variable and Holder’s inequality, we have
[l
o—yl>n | €=y + A" |z —y|™
(oo}
—y+h Qz—y
< / ‘ A n) L n) | f(y)|dy
e 0 2kn<|z—y|<2k+1y |{,C —y+ | | - ‘
Qz+h) Q)
f dz 2.5
/2kn<| |<ortin |z +R[" 2" (=)l (2:5)

qdz) 1/q

(/ Qz+h)  Qz)
2kp<|z|<aitip | |2+ R[? |2|™

/ fa— )"
n<‘ ‘<2k+1 A z z .
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Invoking Lemma 2.3, we have

(/ Q(z+h) B Q(z) qdz>1/q
2kn<|z|<2k+1n ‘Z + hln |z|n

) (hl/25n) 4y, (6)
< C(2Fn)~m/e Inl +/ —22ds
<2’“” Ih)/(2k+1n) O )

< ety (2t

1 IRl/25n) 4y (6)
+t— L2 (1 + |log é])ds ).
TR ey 50 [ogaas)

(2.6)

Combining (2.5) with (2.6) implies that

[ R Sy
fo—yl>n |z —y+h" |z —yl i
1 R/ 2T0) 4y, (8)
<C ke 4 7/ —42(1 4+ |log 8])dé
Z( TTF T oy, 5 (¥ 11080 )

((2,3 o =)
< COI(IfI7) (@) (Zr 1/’7+n2 /
k=0

< C(L+ F(q)n(M(f17) (@)

|hl/(2*n) 5

) (14 Jlog 5|)d5)
Bl (254 )

This proves (2.4) and completes the proof. O
In order to prove Theorem 1.3, we shall establish the following result.

Proposition 2.1. Let 0 < 3 < 1, m € N and Q € LY(S" 1) for some q > 1
satisfying (1.1). Let b = (b1, ..., by) with each b; € BMO(R™) for 1 < j < m and
T be a linear or sublinear operator satisfying

12(z — )| 17
O I 1) - sl sl (27)
and .
I1T(f)l L w) < Co H b5 lBMo@M | fllrwy, YV € LP(w) (2.8)
j=1

forq <p<ooandwe A,y (R"). Then we have

m

T )05 w) Smomps.cr.cs | ] 105 lBMOGERR)
j=1

Fllarrs )y, Vf € MPP(w).
(2.9)

Proof. Let f € Mp’ﬁ(w) and 8 € (0,1). Fix a cube Q = Q(xo, 7). To prove (2.9),
by (2.3), it suffices to show that

1/p m
wiop | ITOE@ruEE) " < cTlilovow o, (210)

j=1
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where C' > 0 is independent of xg, 7 and by, ..., by,.
Let us decompose f as f = fxa2q + fX(2g)c- Then we have

; /|T x)|Pw( )dm)l/p
< ﬁw /Q IT(/xo) () o) e

(o |, Txeor @Pueir)

=: Il + IQ.

1/p

By (2.8) and Lemma 2.1 (iii), we have

i 1 1/
I Seop [ 1IBslIBMO RS (W /2Q |f(:v)|Pw(az)dm> »

Jj=1

Seap ﬁ 1165 |lBMO (RR) ((12)((25)))610(21@)5 /2Q \f(yc)|pw(x)dgc)1

Seampw [ I105lvo@) |1l 5705 y-
j=1

In view of (2.11) and (2.12), for (2.10) it suffices to show that

L Snsp LT 10 lmvo @) 1 15705 ()

=1

Fix z € Q. Note that for any k¥ > 1 and z € 2*+1Q \ 2¥Q. Tt holds that

2k 42 > (2L 1 1)r > |2 — 20]oo + |2 — 20|00

> 2 — 2|oo > |2 — Toloo — |7 — Toloo > (28 — 1)r > 2k 1p,

It follows from (2.7) and (2.14) that

T(fX(2B) )( )l

120z —2)| 1
c b d
saf R I AIIf(:)ld=
=Cy ki_liM/WQ\% (z —2)| | | |b; (= 2|1 (2)]d.

Fix k> 1 and let E = {1,...,m}. Observe that

m m

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

~ Z (H|b ,ﬂmm)( [T 18u(2) = b zgl)-

TCE per veE\T
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This together with (2.15) implies that

IT(fx@B)) ()|
<Gy ( I lbu(@) - bu,2k+1c2|) (2.16)
TCE per
2@ =2)I( T bol=) = buswergl) £ ()ldz

1
>< —
k
‘2 +1Q| 2k+1Q\2kQ VEE\T

Fix 7 C E. By Lemma 2.1 (i), there exists ¢ € (0,1) such that w'*€ € 4,/ (R™).
Let t = %. One can easily check that ¢ € (¢/,p) and there exists
d € (1,00) such that 1/t +1/¢+ 1/6 = 1. By Holder’s inequality,

: 9 —2)I( TT o) = bogessol) £ ()ld

|2k+1Q| 2k+1Q\2kQ VER\T
1 1/q 1/t
< Qx — 2)|%dz / 2)|tdz 2.1
< g (Lo 20— 900) ([ isera)” @an

X</2k+1Q\2kQ ( IT b2 - b”’Qk“Q‘)édZ)l/é'

VvEE\T

By (2.14) and some changes of variables, one has

/ Oz — 2)|%dz < / 0z — 2)|%dz
2F+1Q\2FQ 2k 1r<|z—z|o0 <2k +2p

< |Q(2)|9d=
2k =1y 2| 0o <2k+2p
< [Q(2)]9d= (2.18)
2k—1p<l|2|<2k+2/nr
2k+2 /o
< / |Q(9)|qdo(0)/ u" " tdu
Sn—1

2k—1p

Sn (2kr)n‘|ﬂ||%q(sn—1)~

On the other hand, there exists {r;}ieg\+ C (1,00) such that ZieE\T 1/r; =1.
By Hélder’s inequality and a well-known property for ||b||gymo(rn), We obtain

5 \1/8
(/ (II (o) = buengl) d2)
2MHIQ\2FQ VvEE\T
1/(ory)
< T1 ([, 1) = buasgl™z)
E 2k+1Q
vEENT (2.19)
Smon H 1251 QIM T |1by || Bymo )

vEE\T

S [26T1Q)M0 H b | BMO (R -
veE\T

!
Let s = p/t. One can easily check that (1+¢) (1— (5) ) =1-sand J; =1-
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(% 1) - By Holder’s inequality,

([, 1era)"

1/p NN VICHD
< (/2k+1Q|f(z)|pw(x)dz> (/wa(x)l dz) (2.20)
IO
< w(2k+1Q)5/P||f|Mp7[3(w)(/2k+le(x)1 dz) .

Since w't€ € A, (R™) and (1+¢€)(1 — (p/q')’) =1 — ¢, then

/ w(z) dz
2k+10Q

— w(z)IHO0=0/a)) g, (2.21)
2k+1Q)

< R ([ s

) —1/(p/q' 1)
21+1Q ’

By Holder’s inequality, one has
1/(1+e)
w(2F+1Q) :/ w(z)dz < (/ w(m)1+€dx) |2k+1Qe/(1+e)
2k+1Q 2k:+1Q

which together with (2.21) implies that

/ w(z)l_sldz
2k+1Q

1/(p/d'~1)
< 1+4e p/q 1 19k+1)((p/q") ( k+1,|—€ k+1 1+6> (222)
< T QN (2101 (2 1Q)
< [w1+5] piq/q—l |2k+1Q|(;D/q pra w(2k+1Q) ,(1+e)
Note that 1/(s't) = (1/¢’ —1/p)/(1 + €). Then
¢(l+e¢ 1 (p/d) de  ptdle
(p—d)st p st (p—q)st pd(1+e)

This together with (2.22) and (2.20) implies that

([, 1era)"

<pq w(2EIQ)P T e C=ura 17115705 ) (2.23)
Sp.a w(2k+1Q)T ‘Qk—HQ|m f|‘]\7p,ﬂ(w)'
It follows from (2.17)-(2.19) and (2.23) that
BTG L A TT )= sl 0
< |2kj1Q|(2k Q] gagsn-1yw(@HQ) T |26+ Q| TFS 9 P 5705 ()
<2101 T b lntoery (224

vEE\T

B=1
Smmpan T1 Iolsvoen @) 7 17570y
vEE\T
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where in the last inequality of (2.24) we have used —1 + pé’,‘é‘ﬂi) =0 and %Jr 14+i=
1. Combining (2.24) with (2.16) implies that

L Sermmpac Y, L1 10 lsmo@n) 1155w B (2.25)
TCEveE\T
where
1 > 1/p
13 = (7/( 2k+1Q 7| |bt ok+1 |) ($)d$> .
W@ Jo L2 L1102 =20

By Lemma 2.1 (iv) and Minkowski’s inequality, we have

I3 < (w(lQ)/Q (kz_:l( ZIHIQ ) H by (z M2k+1Q|) (x)d:p)l/p
i . WM)( / (H b (@ M2"+1Q|> (ﬂf)dx)l/p-

k=1 HET

One can choose {t;}ie, such that ¢; € (1,00) and ), 1/t; = 1. By Holder’s
inequality, one has

( / (H [bu(#) = bzl ) (w)dx)l/p
71/pH (/Q( . (7) —bM72k+1Q|)ptuw(3§)dz>1/(ptu).

HET

Fix p € 7. By Minkowski’s inequality, Lemma 2.1(v) and the fact that [b, o —
byort1gl Sn (B +1)||bullBMmo®n), we have

/ |b u2k+1Q|p “w( )d:l?
< w(Q)V "B ~ buargl + /Q bu(@) = byl w(w)de)

Snm (B + 1w (Q)l/(pt“)||b;LHBM0(Rn)-

It follows that

) 1/(ptu)

1/(Ptu)

A=p)(k+1)

I3 Snm w( 1/”2% © Tk + Dw(@Y ) b o
HET
A=) (k+1)
Snom H 16, |lBMO (RR) Z%u ’ (E+1)™
HET
Snym.p,s H 16, |lBMO (RR) -
HET

This together with (2.25) leads to (2.13). This completes the proof of Proposition
2.1. L]

Remark 2.1. (i) One can easily check that Mg satisfies (2.7) with m = 0. By
Lemma 2.2 and Proposition 2.1, we see that Mg is bounded on MP?(w) if
Q € L9(S" 1) for some ¢ > 1 satisfying (1.1), ¢ < p < 00, 0 < B < 1 and
w e Ap/q ( n)
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(i) It is clear that Tq satisfies (2.7) with m = 0. Applying [21, Theorem 2.2.3]
and Proposition 2.1, we see that Ty, is bounded on MP+#(w) if Q € L9(S"1)
for some ¢ > 1 satisfying (1.1), ¢ <p <o0,0< B <1 and we A,/ (R").

(iii) It was shown in [9, Theorem 3| that the maximal singular integral operator

)
T3 ( = sup ‘ / dy
Q e>0 |lz—y|>e |:L' - y|n ( )

is bounded on LP(w) for ¢ < p < oo and w € A,/ (R"), provided that
b € BMO(R") and Q € L9(S"~1) for some ¢ > 1 satisfying (1.1). This together
with Proposition 2.1 implies that T¢ is bounded on M P:#(w), provided that
b € BMO(R"), Q € L4(S"!) for some ¢ > 1 satisfying (1.1), ¢ < p < oo,
0<pB<landwe A, (R").

(iv) It was shown in [21, Theorem 2.4.4] that Tq; is bounded on LP(w) for ¢’ <
p < oo and w € A,/ (R"), provided that b € BMO(R™) and Q € L9(S"™1)
for some ¢ > 1 satisfying (1.1). One can easily check that T ; satisfies (2.7)
with m = 1. These above facts together with Proposition 2.1 imply that Tq
is bounded on MP+#(w), provided that b € BMO(R™), Q € L(S"~1) for some
q > 1 satisfying (1.1), ¢’ <p <00, 0< < 1and w € A,/ (R™).

We now prove Theorem 1.3.

Proof. [Proof of Theorem 1.3] It was shown in [5] that V,(7q) is bounded on
LP(w) for ¢ < p < oo and w € A, (R™). It was also shown in [6, Corollary
1.4] that V,(Tg,) is bounded on LP(w) for ¢ < p < oo and w € A,/ (R") if
b € BMO(R™). These together with [6, Theorem 1.1] imply

IVo(T3 ) (P e w) Snp.p.m H 1b5llBMo@™) | fll o (w)> VS € L (w).
j=1

This proves Theorem 1.3 for the case 5 = 0. On the other hand, one can check that
Vo(T;) satisfies (2.7). These together with Proposition 2.1 leads to (1.3). O

3. Proof of Theorem 1.2

In this section we prove Theorem 1.2. In order to prove Theorem 1.2, we need the
following proposition, which gives some characterizations that a subset in MP*8 (w)
is a strongly pre-compact set.

Proposition 3.1. ( [19]). Let 1 <p <00, 0< 8 <1 and w € A,(R"). A subset
T of MPA(w) is strongly pre-compact set in MP#(w) if § satisfies the following
conditions:

(i) § is bounded, i.e.
sup || fll aze.5 (wy < 005
fes

(ii) § uniformly vanishes as infinity, i.e.

Nhn+1 | fxEx a8 (w) = 0, uniformly for all f € §,

where En = {z € R™;|z| > N}.
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(iii) § is uniformly translation continuous, i.e.

lim sup |[|f(-+h) = f()lames@) =0, uniformly for all f € .
r—0 heB(0,r)

Now we prove Theorem 1.2.
Proof. [Proof of Theorem 1.2] Let p, 8, p, 2, w be given as in Theorem 1.2. At
first, we shall prove that if V,(7;,) is compact for any b € C2°(R™), then V,(T.2,)
is compact for any b € CMO(R") "Actually, for a fixed b € CMO(R") and € € (0 1)
there exists b. € CZ°(R"™) such that ||b. — b|lpmorn) < €. Clearly,
b —b™ = (be — D) (BT H Wb T,

g
For convenience, we set

m—1 m—2 m—1

—

- — —— - ——
bl:(bE*b’bsa"' abs)abQZ((bsfbabea"' absab)a"' abm:((bs*b,ba"’ 7b)'

It is not difficult to see that

AUS ) = V(T () ()]
= :li% ‘ /1+1<|x z|<e ( ) - be(z))m - (b($) - b(z))m)
1/p
xK(m,z)f(z)dz’ )
< VT (@),

Combining this with Theorem 1.3 and Minkowski’s inequality implies that

HVP(T;(nbE)(f) = V(T (Nl agr-2 (w)

< ZHV Kb HMP B (w) 5717107,3 EHfHMT’ B (w)y
which combining with [29, p. 278, Theorem (iii)] implies that to obtain the com-
pactness for V,(TF,) with b € CMO(R™), it suffices to prove the compactness for
Vo (TRY,,) with b e C‘X’(R")

In what follows, we let b € C°(R™). We want to show that V,(Tg",) is compact
on MP#(w). For any n > 0, we define the function §, by

2
2(2) = ) (1= o I41) )
It is clear that 2, € L9(S"™!) and Q,, satisfies (1.1). By [30, (3.4)], one has

V(T3 o) () (@) = V(T3 () @)] Sa (1)) + bl e o)) Mo f ().

This together with Remark 2.1 (i) implies that

V(782 ) () = Vo(Ta5) (Dllarrswy < Cnllfllar sy, Vf € MPP(w).  (3.1)
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By (3.1) and [29, p. 278, Theorem (iii)], to prove the compactness for V,(73%), it
suffices to prove the compactness for V,( Q”;,b) when 1 > 0 is small enough. For
8 >0, let

F =V (Tay o))+ 1 f lageswy < 13-
To prove the compactness for Vp(ﬁbe it is enough to show that F satisfies the
conditions (i)-(iii) of Proposition 3.1 when 7 > 0 is small enough. Let n € (0,1).
By Theorem 1.1 and (3.1), we have

Vo (T ) (Pl 2o ()
SV (T30 D)) = Vo(T3 ) ()l arws ) + (Vo (T3 ()l arwes )
< Clflmvew) <C;

when || f[|prp.6 () < 1. This yields that F satisfies Proposition 3.1 (i).

Let b be supported in a ball B = B(0,7). Fix f € M?#(R™) with || f[| e mn) <
land Ex = {x € R" : |z| > N} with N > max{nr,1}. By (2.1) and a change of
variable, we have

VT ) () )
< [ 1o - a5l
So @+ Bl [ el (5.2
S (V= 1@+ i)™ [ ISR 2l

—n "7 n m
So (V=117 (3) (b(@)] + 6]l ()" Mar (),
when z € Ey. By (3.2) and Remark 2.1 (i), one has

—n(M
178, (Pt ) Smam (N = 1))~ (2

) Il oy | sy (3:3)

which implies that F satisfies Proposition 3.1 (ii).
Finally, we verify the condition (iii) of Proposition 3.1. It suffices to show that
for any € € (0,1/4), there exist a small number n > 0, § > 0 and v > 0 such that

Vo (T p)(F) 4 R) = V(TG ) (F)(Mlagrs w) < Cle+€7) (3-4)

when \h| <Jd. Weset n=¢, 6 = i6*1/6 and let [h| < 4. It is clear that |h] < {5
and l < e. By the definition of V (Tz "), we have

0% (7Ez b D@ +h) =Vp(Tg) »)()(2)]

< sup ( \ / (b + 1) = b(y)™
€i\0 git1<|z+h—y|<e;

- (o) — )" D gy |)

i+1<‘I*y|§€z‘ | - y|n

Quz+h—y)

Py — f(y)dy

(3.5)

< Nf(x) + Jof(x) + J3 f(x).
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where

ni@= s (S [ (G h) o) - 0 b))

Si\,‘o <
p) 1/p

Xﬂﬁx:w
Taf () i= sup (f} | / oy MR b))

fy)dy
|z —y|™ )
61‘,\0

(B - R e )

(@)= sup (3] [ 04w - P )

£iN0 [z +h -yl
1/p
X(X8i+1<‘$+h—y|SEi (y) - X6i+1<‘$—y|§€1 dy’ )

For Jy f. It was shown in [30] (see [30, (3.12)]) that

m—1

Jif( Nmnb|h|Z|b (ZVp(TQ)(b“f)(x)—f—MQf(x)). (3.6)

n=0

This together with the boundedness part of Theorem 1.1, Remark 2.1 (i) and
Minkowski’s inequality implies that

m—1
1Sl aewo8 () Semonb ( Z Vo (T) (V" )Nl a5 () + HMQf||MP~5(w)>
p=0 (3.7)
Sm,n,b’p,ﬂ |h|

For Jof. By (2.1), Lemma 2.4 and a change of variables, one has

Ei\o
(Qn(x +h—y) _ Qy(z —y)
|z +h—y[" |z —y|"
<([b(x + k)| + [|b]| oo (rn))

[ [rn e
lz—y|>7F ‘
<

nw) < (S| e n -

)i s i) 3

y)

P — [l
C(Ib(x + )] + [1bl] oo () (1 + F(@))n(M (| |7 ) ()9,

Note that p > ¢’ and w € A,/,(R"). By the M?/98(w) boundedness for M, we
get

’ ’ / 1 / it ’
ILAFITN Y gy = I ANy = WA Dy = 1 o )-
This together with (3.8) leads to

12 f | azr.5 wy < ClOIE5 eyl 1l are-6 () Semops € (3.9)
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It remains to estimate Jgf By Lemma 2.1 (ii), there exists € € (0, 1) such that
w € Apsg—e(R"). Let s = ﬂ It is clear that s < ¢ because of p > ¢’. Moreover,
e =p/s’. It was proved in [30] (see [30, (3.22)]) that

J3f(2) Sns (1b(@ + h)| + [[b]] poo )™ BV o
[y + 1) f(z—y)I° NV :
U )"

|y|nts—t

By Holder’s inequality, one finds

/ €2, (y+h)f(w—y)lsdy

e

< Q h)f(z —y)|*
SZ 122 (y + )f(_ﬂf1 y)| dy
o2 2nlyl<2i-1n ly|m+s (311)
= / 1/(a/s) '
>(/ [ =)o/ dy)
j=0 Y20 n<|y|<297 1y
Q h)|4 s/q
(/. LAPESTI
2y<y|<ai-ty [Y|(PTITH/
Observe that e
’ 1/(q/s !
/ 5= )"0/ dy)
i-2n<|y|<2i-1n (3.12)
(29 =1y =3/ (M (| f|29/@=)) () =5/,
On the other hand, note that |y| > |y + h| — |h| > %|y + h| when |h| < 2 and
|y 4+ h| > Z. Then we have
2+ 7,
P L | |(n+s—1)q/s Y
20-2n<|y|<29 -1y [Y )
</ 0y + W)l
 J2i2n<y|<2i— 1y |y+h|> 2 y|(nts=a/s
o QA+ b
T Jargepyi<ai-tg yrnz g [y + | Ds
<c 2y W, (3.13)
20 =3p<|y+h|<2in ‘:lé)—(&— ﬁ‘(nJrsfl)tI/s
2|9
s¢ (n+s—Da/s

2i-3n<|z|<20n |Z|

27n
<Ol gy [ oy
2i=3y
< C||Q|\qu(sn71)(2]‘77)"7(”*8’1)‘1/5.
It follows from (3.11)-(3.13) that

[ enseour,
ly|>7

‘y|n+s—1

< O gy (ML @) ()10
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X Z(ijln)”(lfs/lﬂ (2jn)ns/q7(n+5,1)
=0

J
0

< O agn1y (M| 129/ @) (@) =/2 Y (277 g) > H!
=0

< Ol ggn-nyn™ M| 127/ 07) (@) =/ (3.14)

In light of (3.10) and (3.14) we would have
m h|\1/¢' s —s s—
Iaf (@) S (Wt Bl ey (20) 1 a0 ) o, 3.15)

Note that w € A, /q—p/s (R™). By the MP/4'=2/s"B (1) bounds for M, we see that

s —s 5— s —s 1/s—1
N DYy = [P DM

s —s)1/s—1
= A O

- ”f”MP*ﬁ(w)’
which together with (3.15) implies that
hiN1/s ,
T3 f 1 arr.8 (w) Smmns,,b (|7I|) 1l arw.8 (w) Smonas.Q.a6,f evs, (3.16)

It follows from (3.5), (3.7), (3.9) and (3.16) that

V(T80 )+ 1) = VT3 o) ) Ollates () Smanpis,pass 6+ €7).
This leads to (3.4) and finishes the proof of Theorem 1.2. O
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