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Abstract This paper is a survey on three types of integral operators and their
applications based on the research work of the authors and their cooperators
in the recent decade. The first type is the average operator, including Hardy
operators, Hausdorff operators and Hardy-Littlewood maximal operators. The
second is the oscillatory type integral operator, such as one-sided oscillatory
integral operators, Fourier transforms, fractional Fourier transforms and lin-
ear canonical transforms. The third type is the singular integral operators,
including Hilbert transform, Riesz transforms, Cauchy type operators, etc.
We mainly investigate their norm estimations, boundedness, weighted estima-
tions, compactness characterizations and their properties in various function
spaces.
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1. Introduction

In [68], Stein mentioned that there are three important types of operators in har-
monic analysis, namely average operators, oscillatory integrals and singular inte-
grals. The average operators, including Hardy operators, Hausdorff operators,
Hardy-Littlewood maximal operators, etc. Properties of these operators in Eu-
clidean space have been well studied, and a large number of results have been
obtained. In this paper, we also focus on the boundedness of such operators and
their commutators in the setting of homogeneous groups and local fields.

For a locally integrable function b and an integral operator T', the commutator
operator for a proper function f can be defined by [b, T|f := Tp(f) = bT(f)—=T(bf).
During the past decade, the theory of commutator has developed in a variety
of directions, such as the role in studying the regularity of solutions to PDEs,
see e.g. [42,49,53-55], the characterizations of function spaces see e.g. [15,56-59)].
On the Euclidean space, we also obtained some different characterizations of cen-
tral Campanato spaces via the boundedness and compactness of commutators of
Hardy type operators. More precisely, we proved in [52] that commutators of
Hardy operators, including the fractional Hardy operator, are compact operators
on LP(R™)(1 < p < o0) spaces if and only if the symbol functions of commutators
belong to CVMO(R™) spaces (the central BMO(R™) closure of C°(R™)). In [27],
we addressed two characterizations of BMO(R™) type space via the commutators
of Hardy operators with homogeneous kernels on Lebesgue spaces by exploiting the
center symmetry of Hardy operator deeply and by a more explicit decomposition
of the operator and the kernel function. In [29], we obtained characterizations of
commutators of several versions of maximal functions on spaces of homogeneous
type. In addition, we provided weighted version of the commutator theorems by
establishing new characterizations of the weighted BMO space.

On the p-adic field, we established sharp estimates for the p-adic Hardy and
Hardy-Littlewood-Poélya operators on power-weighted Lebesgue spaces. Also, we
proved that the commutators generated by the p-adic Hardy operators, the frac-
tional p-adic Hardy operators, Hardy-Littlewood-Poélya operators and the central
BMO functions are bounded on L?(|x|fdz), more generally, on Herz spaces [24,30].
For the weighted version, in [71], we established necessary and sufficient conditions
for boundedness of weighted p-adic Hardy operators on p-adic Morrey spaces, p-adic
central Morrey spaces and p-adic A-central BMO spaces, respectively, and obtained
their sharp bounds. We also gave the characterization of weight functions for which
the commutators generated by weighted p-adic Hardy operators and A-central BMO
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functions are bounded on the p-adic central Morrey spaces. This result is different
from that on Euclidean spaces due to the special structure of p-adic integers.

In the setting of the Heisenberg group, we obtained the sharp (p,p)(1 < p < o)
estimate for the Hardy operator, and got the best constant in the weak type (1,1)
inequality for the Hardy operator. We also established the boundedness for the
Hardy operator from H' to L'. Moreover, for 1 < p < oo, we described the differ-
ence between M, weights and A, weights and obtained the characterization of such
weights using the weighted Hardy inequalities [73]. For the weighted version, we
characterized the weights w for which the weighted Hardy operator H,, is bounded
on LP(H"), 1 < p < oo, and on BMO(H"™). Meanwhile, the corresponding operator
norm in each case was derived. Furthermore, we introduced a type of weighted
multilinear Hardy operators and obtained the characterization of their weights for
which the weighted multilinear Hardy operators are bounded on the product of
Lebesgue spaces on the Heisenberg group. In addition, the corresponding norms
were worked out [14].

In [46,47], we studied the Hausdorff operator, defined via a general linear map-
ping A, on weighted Herz spaces and weighted Morrey spaces in the setting of the
Heisenberg group. Under some assumptions on the mapping A, we established
its sharp boundedness on power-weighted Herz spaces, power-weighted Lebesgue
spaces and power-weighted Morrey spaces on the Heisenberg group. In addition, we
obtained the boundedness of commutators of such Hausdorff operators on power-
weighted Morrey spaces on the Heisenberg group.

We defined weighted Hardy spaces by means of their atomic characterization
on the Heisenberg group in [72], and established the sharp boundedness of Haus-
dorff operators on power-weighted Hardy spaces. Moreover, we obtained suffi-
cient and necessary conditions for the boundedness of Hausdorff operators on local
Hardy spaces on the Heisenberg group. In [70], we obtained the boundedness from
Lebesgue spaces to Hardy spaces for fractional Hausdorff operators and their com-
positions with Riesz transforms. We also established the boundedness for two kinds
of special Hausdorff operators, the Hausdorff-Poisson operator and the Hausdorfl-
Gauss operator, on Hardy spaces.

The theory of singular integrals and function spaces has a central role in mod-
ern harmonic analysis with extensive applications to other fields such as PDEs,
capacity theory and potential theory, see [9, 16,39, 50, 60-62, 64, 66,67, 75]. Using
the properties for the Hilbert transform and Clifford analytic techniques, Gu et.
al [32, 33, 38] established the Riemann-Hilbert problems in Clifford value Holder
spaces and Lebesgue p-integrable spaces. Based on the Newton embedding method,
Gu et. al [34-37] also obtained the existence and uniqueness for the nonlinear
Riemann-Hilbert problem and also gave the error estimation for the approximate
solutions in the Newton embedding procedure.

In section three, we focus on oscillatory type integrals related to the one defined
by Ricci and Stein [45], which have been an essential part of harmonic analysis;
three sections are devoted to them in the book [68]. The Fourier transform (one of
the most important and powerful tools in theoretical and applied mathematics), the
Bochner-Riesz means and the Radon transform are some versions of oscillatory in-
tegrals. In this section, we considered one-sided oscillatory integral operators, frac-
tional Fourier transforms, and linear canonical transforms. The one-sided weighted
classes of Muckenhoupt type were used to study the weighted weak type (1,1) norm
inequalities for the one-sided oscillatory singular integrals. Furthermore, we gave
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the weighted norm inequalities for commutators of the one-sided oscillatory integral
operators.

Motivated by analyzing non-stationary signals, there are many results about the
Fourier transform of fractional order. Nowadays, the fractional Fourier transform
(FRFT for short) has found various applications in scientific research and engineer-
ing technology, such as swept filter, artificial neural network, wavelet transform,
time-frequency analysis, time-varying filtering, complex transmission, PDEs and so
on (see, e.g., [5,22,76-80]). We studied the L? theory of the FRFT and FRFT
properties of L' functions via the introduction of a suitable chirp operator. We
solved the problems of convergence and studied the FRFT inversion problem via
approximation by the fractional Gauss and Abel means. Moreover, the regularity
of fractional convolution and results on pointwise convergence of FRFT means and
the LP multiplier results and a Littlewood-Paley theorem associated with FREFT
were also considered.

In section four, we collect our works for some singular integral operators in
complex analysis, including Hilbert transforms, Riesz transforms, Cauchy type op-
erators, Cauchy-Szegd projection operators, etc. Further study on singular integrals
and related PDEs leads to commutators of these operators. There are quite a num-
ber of recent results on the characterizations of commutators in the above forms for
singular integrals in different settings. Inspired by these classical results above, it
is natural to ask whether these results hold on stratified Lie groups, especially on
Heisenberg groups. Note that in several complex variables, the Heisenberg group H"™
is the boundary of the Siegel upper half space, which is holomorphically equivalent
to the unit sphere in C™. And hence, the role of the Riesz transform on H" is sim-
ilar to the role of the Hilbert transform on the real line. There are also some other
works about singular integrals, see e.g. [2,21,63] for multilinear integrals and [43]
for Marcinkiewicz integrals.

Duong-Li-Li-Wick [18] established the characterization of the BMO space on
stratified nilpotent Lie groups via the boundedness of the commutator of the Riesz
transforms. This extends the well-known Coifman, Rochberg, Weiss theorem [15]
on Euclidean space to the setting of stratified Lie groups. In [7], we obtained the
characterization of compactness of the commutators of R; with respect to VMO,
the space of functions with vanishing mean oscillation on stratified Lie group, which
extends the well-known result of Uchiyama [69] on Euclidean spaces.

The quaternionic Heisenberg group H"~! plays a fundamental role in quater-
nionic analysis and geometry. Its analytic and geometric behaviors are different from
the usual Heisenberg group in many aspects, e.g., there is no nontrivial quasicon-
formal mapping between the quaternionic Heisenberg group while quasiconformal
mappings between Heisenberg groups are abundant. The quaternionic Siegel upper
half space can be identified with the quaternionic Heisenberg group H"~!. In [6],
Chang, Markina and Wang determined the kernel of the Cauchy-Szeg6 projection
on quaternionic Siegel upper half space. We further obtained its explicit formula [4],
and then based on this, we proved that the Cauchy—Szegé projection on quaternionic
Heisenberg group is a Calderén—Zygmund operator. We also obtained a suitable
version of pointwise lower bound for the kernel, which further implies the character-
ization of the boundedness and compactness of commutators of the Cauchy—Szegs
operator via the BMO and VMO spaces on quaternionic Heisenberg group, respec-
tively.

Recently, Lanzani and Stein [40] studied the Cauchy—Szegd projection operator
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in a bounded strongly pseudoconvex domain D in C", whose boundary bD satisfies
the minimum regularity condition of class C2. They obtained the L?(bD) bounded-
ness (1 < p < 00) of a family of Cauchy integrals {C.}., We studied the commutator
of these Cauchy type integrals, and showed that the commutator [b, €] is bounded on
LP(bD) (1 < p < 00) or on weighted Morrey space LY (bD) (v € Ap,1 < p < 00) if
and only if b is in the BMO space on bD. Moreover, the commutator [b, C] is compact
on L?(bD) (1 < p < o0) or on weighted Morrey space L5 (bD) (v € Ap, 1 < p < 00)
if and only if b is in the VMO space on bD. Our method can also be applied to
the commutator of Cauchy—Leray integral in a bounded, strongly C-linearly convex
domain D in C" with the boundary bD satisfying the minimum regularity C1:!.

2. Average operators

We begin with some function spaces which are needed in this section. Let 1 < p <
00. Then for any ball B C R"”, the classical Campanato space and Morrey space
are defined by the following norms (see e.g. [56,57])

1/p
1 1
I£llenaan) = sup e (Im - fB|de) lp<A<i/n
and
1 (1 Y/
Hf||Mp,A(Rn) — st};pW <|B|/B |f(x)|de> , —1/p<A<0,

respectively. The excellent structures of the spaces CP*(R"™) and MP-*(R") render
them useful in the study of PDEs and the Sobolev embedding theorems. The central
version of these spaces are defined by the following norm [58]

1/p
1 1
1£llgpr gy =: SUD f = Fao.mPde
cra @) = 20 1B, \ [BO0,7)] Js0m ©n)

and

, | 1/p
£ 35 ey = sup fPde | .
@) =20 1B, \IBO,7)] S

If A = 0, then CP°(R") = CMOP(R") (the bounded central mean oscillation func-
tion space) with the equivalent norm

1 1/p
y ny — S i f - pd .
I esronery =512 int (5757 170) — Pty

Ifo< i< %, then CP0(R™) = CMOP*(R™)(the A-central bounded mean oscillation
space) [24].

2.1. Average operators on Euclidean fields

In this subsection, we focus on Hardy operators in R™. The n—dimensional Hardy
operator and its dual operator on R™ are defined by [13] as

1

" Jaln

Hi(x) / f(y)dy, = € R"\ {0}
ly|<|z|
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and

mf) = [ 1) 4 o e R {0},

y1>lel (Y

respectively. In [24], we gave some characterizations of CMOP(R™) for 1 < p < oo
by the boundedness of H; and H;, on Lebesgue spaces as:

b e CMO™> PP} (R™) = Hy(H;) : LP(R") — LP(R™),

where % + ﬁ = 1. Zhao and Lu [84] characterized C'MOP*(R") with more restric-
tions on A as

b e CMO™™> PP PN RY) = Hy(Hy) : LP(R™) — LI(R™),

11
0<A=--—-,1<p< .
P q

We settled the characterization for the case —1/p < A < 0 under the assumption
that b satisfies the following mean value inequality [56]

sup £(z) = f] < - /B (@) — foldz.

In [58], we obtained the boundedness characterization of CP*(R™) as follows.

Theorem 2.1. Let 1 < p <oo,—1/p<A<0, =1/p; <\ <0,i=1,2 1/p=
Z?Zl 1/piy A = Z?:l X and let b satisfy the mean value inequality. Then the
following statements are equivalent:

(a) be P2 (RY);

(b) Both Hy and H; are bounded operators from MP>*2(R™) to MP*(R™).

The mean value inequality is very important in the proof of the Theorem 2.1. If
we drop this assumption, the following result can be deduced under some stronger
condition.

Theorem 2.2. Let 2 < p < oo and —1/(2p) < A < 0. Then the following state-
ments are equivalent:

(a) beCrARM);

(b) Both Hy and H; are bounded operators from MP*(R™) to MP> (R™).

For 0 < a < n, the n—dimensional fractional Hardy operator and its dual
operator are defined by (see e.g. [24])

1 n
Haf@) = s [ Sy, v <R\ (0)

and

mfe = [ AW sew g0,
lyl>lal 1Y]

respectively. In [24], we gave some characterizations of CMOP(R")(1 < p < o) via

the boundedness of H, ; on both Lebesgue spaces and Herz spaces. For A < 0, we

gave some characterizations of C»*(R") in [58] as follows.
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Theorem 2.3. Let p, A, p;, \i,i = 1,2, b as in Theorem 2.1, 0 < a < min{n(1 —
1/p),n(A2 + 1/p2)} and let B = Ao — a/n. Then the following statements are
equivalent:

(a) beCrh(®rm);

(b) Both Huyp and H, , are bounded operators from MP2B(R™) to MPA(R™).

Theorem 2.4. Let 2 < p < 00, —1/(2p) < A <0, 0 < a < min{n(l —1/p),n(A +
1/p)} and let B = X\ — a/n. Then the following statements are equivalent:

(a) beCPMNR™);

(b) Both Hyyp and H},, are bounded operators from MPB(R™) to MP2(R™).

The study for the compactness of operators can be traced to Uchiyama [69]
where the characterization of LP—compactness of T, was obtained when T is the
Calderon-Zygmund singular integral and b € VM O(R™). Since then, many results
were obtained for the compactness of commutators on different function spaces, see
e.g. [1,10,11]. In [52], we explored the compactness of H, and H; on LP(R™) space
as

be CVMO(R"™) <= Both [b, H] and [b, H*] are compact on LP(R"),

where CVMO(R™) denotes the CBMO(R™) closure of C2°(R™).
In [27], we considered the following Hardy operator with homogeneous kernel,
which was introduced by Fu, Lu and Zhao in [28].

1

~Jaln

Hof (2) /| Ol DIy, 2 B\ {0}

where () satisfies

Qtz) =Qz) VEi>0 &z eRY (2.1)
/S"i1 Q(z")do(2") = 0; (2.2)
QeLis" ) vg>1. (2.3)

Similarly, we can define the dual operator of Hq as

. -~ Uz —y)f(y)
Haf=)= /|y|>z P

So far, there is little information on the function characterizations by the bound-
edness and compactness of commutators for Ho and H), this is because known
results for the inverse function characterizations highly depend on the smoothness
of the kernels, see e.g. [56] for Q € C°°(S"~1). Since then, much work was being
spent on weakening the conditions of €2, for example the following so-called Holder
condition of the log type

A

A
2

(log 27)

If Q satisfies (2.4), then Q € L9(S"!) and also satisfies

[Q(z") — Q)] < with A >0, v>1 and 2/,5 € S""!1. (24)

1
/ qu@(l+|log(5|)d5<oo with ¢ > 1.
0
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If 2 satisfies (2.1) and (2.3), Fu, Lu and Zhao [28] obtained the boundedness of
[b, Ho] on LP(R™) with b € CBMO(R™). In [27], we gave some characterizations of
CBMO(R™) when ( satisfies (2.1), (2.2) and (2.4).

Theorem 2.5. Suppose that ) satisfies (2.1), (2.2) and (2.4). Then

(a) b € CBMO™™{P:sH(R™) with % + % +1 =1 forq>1= both Hqy and HE
are bounded on LP(R™).

(b) Both Hop and H¢, , are bounded on LP(R") = b€ CBMO(R").

Theorem 2.6. Let ) satisfy (2.1), (2.2), (2.4) and b€ BMO(R™). Then

be CVMO(R"™) <= Both Hgqyp and H{, are compact on LP(R™).

2.2. Average operators on p-adic field

In the past two decades, there is an increasing interest in the study of harmonic
analysis on p-adic field and their various generalizations and the related theory of
operators and spaces. For a prime number p, let Q, be the field of p-adic numbers.
It is defined as the completion of the field of rational numbers Q with respect to
the non-Archimedean p-adic norm | - |,. This norm is defined as follows: |0], = 0;
if any non-zero rational number z is represented as x = p? 7, where v is an integer
and integers m, n are indivisible by p, then |z|, = p~7. It is easy to see that the
norm satisfies the following properties:|zy|, = |z|p|ylp, |z +ylp < max{|z|p,|y[p}-
Moreover, if |z|, # |y|p, then |z +y|, = max{|z|,, |y|p}. It is well-known that Q, is
a typical model of non-Archimedean local fields.

" . . - .
The space Q) consists of points z = (x1,22, -+ ,xpn), where z; € Qp, j =
1,2,---,n. The p-adic norm on Q} is
x|, := max |z; x € Q.
| |P 1<j<n | J IP’ Qp

Denote by B, (a) = {z € Q) : |z — al|, < p7}, the ball with center at a € Q) and
radius p?, and by S,(a) := {z € Q) : [ — al, = p”} the sphere with center at
a € Q and radius p7, v € Z. It is clear that S, (a) = B,(a) \ By-1(a).

Since Q} is a locally compact commutative group under addition, there exists
a Haar measure dz on Qp, which is unique up to positive constant multiple and is
translation invariant. We normalize the measure dx by the equality

By (0)

where |E|g denotes the Haar measure of a measurable subset E of Q). Then
|By(a)lz = p™, |Sy(a)|la = p""(1 —p~") for any a € Q.

The following definitions of function spaces can be found in [30,71,74].

Let 1 < ¢ < oo. A function f € Lj, (Qp) is said to be in CBMO(Qy), if

loc
1
q

1
f a(Qnr) := Sup 7/ flx)—f ddr | < oo,
|| HCB]\/[O (QP) ez ‘B'\/(O)|H By ‘ ( ) Bw(0)|

where
1

fB’Y(O) = |BW(0)|H /B_Y(O) f(ZC)dJI
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It is obvious that L>°(Qy) C BMO(Qy) C CBMOY(Qy).

Let By = By(0), Sy = B \ Bx—1 and xj is the characteristic function of Sy.
Suppose that « € R, 0 < ¢ < 0o and 0 < r < co. The homogeneous p-adic Herz
space K01(Qy) is defined by

Ke9(Qr) = {f € Lioo(Qp) : Il xea(an) < OO}’

where

+o0o %
S kagq q
11l re2a @) ( > p ||ka||Lr(Q;)>

k=—oc0
with the usual modifications made when ¢ = 0o or r = oco. It’s easy to see that
Kg'(Qp) = L9(|z]gdz), KO9(Qp) = LU(QY) for all 0 < ¢ < 0o and a € R.
Let 1 <g<ooand \> —%. The p-adic Morrey space Lq”\((@;) is defined by

L9N@) = { € (@) - 1 fll g og < 0}

where

1
q

1
[fllLar@ny = sup 7/ |f(z)|*d
O weqpaez \ 1By ()l Vb @

~

Clearly, L2~1/9(Qp) = L1(Qp), L0(Qr) = L>(Qp).
Let A € R and 1 < ¢ < oo. The non-homogeneous p-adic central Morrey space
B4(Qp) is defined by

1
q

1
[ fllBax(qny == sup 7/ If(z)|%dz | < oo.
e B, S

The homogeneous p-adic central Morrey space Bq*A(Qg) is defined by

~

11

1
1 / ¢

303 (Qn) = SUp | ———= fl@)]%dz | < .
Barg) yez<|37|}w 1@ )

Obviously, Bq7>‘((@;’) C B‘L)‘(QZ). If 1 < ¢ < go < 0o, by Holder’s inequality
2q2,\ (M1 2q1,\ (M1 Amn Ann
B®Qy) c B*(Qy), B®Qp) c BMHQy),
for A € R. When A < —1/¢, the spaces Bq’A(QZ) and BY*(Qp) reduce to {0}, and
Sg_1 _1
Bt (Qy) = BY(Qy) = LU(Qp)-
Let A < % and 1 < ¢ < oo. The space CBMO(V‘(Q;L) is defined by the condition

1
q

|f(z) - walqdl“) < 0,

~

1
I lomonsap =sup o [
q (Qp) ~EZ |B’y|}—1+)\q B
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where fp = |B I fB xz)dx. When A = 0, the space C’BMOQ’)‘(QZ) is just
CBMO(Qp). If 1 < q1 < g2 < oo, by Holder’s inequality, we have

CBMO”*Qp) c CBMO™ Q)

for A € R. By the standard proof as that in R™, we can see that

q

ez c€C

1
I flleBymos A(Qp) "~ Sup inf <|B |1+,\q / |f(z) — C|qd117>

‘Y

2.2.1. Hardy operators on p-adic field

For a function f on Qj, the p-adic Hardy operators are defined as follows

1

Jl

WP f () = / f(de, e {0},
B(0,|z|p)

v 10, .
= [ TEwO)

where B(0, |z],) is a ball in Q) with center at 0 € Q) and radius |z[,. Let
b € Lioe(Qp). The commutators of HP,HP* with b are denoted by Hy, HD™, re-
spectively. In [30], we obtained the sharp estimates for H? and H?* on L4(|z|5dx).

Theorem 2.7. Let 1 < g < oo and a < n(q—1). Then

* 1- p_n
1P oot e ooty = IH" entetgan s Loaiyan = T e
1,01 _
where ito = 1.
In particular, when o = 0, we have
HP — ||HP* 1-
[ ||L‘1(Qg)—>L<I(Q;;) = |L<1(Q;;)—>Lq(@g) = 1_71,;
where 1 —|— - = 1. Obviously, the L? norm of H? on Q) depends on n, however, the

L4 norm qu H on R™ is independent of the dimension n.

In [30], we also got the boundedness of commutators of Hardy operators on
homogeneous p-adic Herz spaces.

Theorem 2.8. Let 0 < ¢ < g2 <00, 1 <r <ooandbe CBMOmaX{T/’T}(QZ).
Then

(1) If « < %, then M} is bounded from K7 (Qp) to K92(Qp);

(2) If « > =2, then Hy™ is bounded from K7 (Qy) to K92 (Qp).

Corollary 2.1. Suppose that 1 < q¢ < co and b € C BMO™ax{4".a} (Qp)- Then
1) Ifa< %, then Hy, is bounded from LI(|x|ydx) to LI(|x|5dx);
(2) If @ > —n, then ’Hp’ is bounded from Li(|x|5dx) to Li(|x|5dx).
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2.2.2. The Hardy-Littlewood-Pdélya operator on p-adic field
The Hardy-Littlewood-Poélya operator on R is defined by

+oo
Tf(z) = /O fy)

max(, )
And its norm on Lq(R+), 1<g<oo,is HTHL'?(]R*)*}L‘I(R*) = qq_il
In [30], we considered the p-adic of Hardy-Littlewood-Pdlya operator which is
defined as
TP (x) = / Ly)dy, r € Q.
Qp

max(|zlp, [y],)

We obtained the sharp estimates of TP on L(|x[5dx).

Theorem 2.9. Let 1 < g< oo and =1 <a<q—1. Then

a+1
1 1 T g
1T || La (|22 do)— La (|2 dz) = (1 - ) =T t P = |
v v p 1—ps o 1 —p T«

1 1
where = + = = 1.
T

When a = 0, we can see

1
1 1 P
17" La(@,)—Le(@,) = (1 - ) — + - |-
p 1—p @ 1—p «

2.2.3. Weighted Hardy operators on p-adic field

On p-adic field, the weighted p-adic Hardy operator ’Hi is defined by
Hy f(2) = i f(tz)p(t)dt,

where ¢ is a non-negative function defined on Z;. Obviously, if » =1 and n =1,
then ’Hz is just reduced to the p-adic Hardy operator H? on Q,.

In [71], we got the following sufficient and necessary conditions of weight func-
tions, under which the weighted p-adic Hardy operators are bounded on p-adic
Morrey, central Morrey and A-central BMO spaces.

Theorem 2.10. Let 1 < ¢ <00, O, = [, [t[2*)(t)dt, we have

(i) when —1/q¢ < A <0, then M}, is bounded on LIMQp) if and only if ©, < oo.
Moreover, ||’HZ||Lq,A(Q;,)_,Lq,x(@g) =0O,; .

(ii) when —1/q < XA <0, then 7—[5} is bounded on B*(QP) if and only if ©, < co.
Moreover, HIHQHB"'*(QZ)HB‘L*(QQ)) =0,;

(iii) when 0 < X < 1/n, then ’Hi is bounded on CMOq”\(QZ) if and only if ©, < .
MO’I"GOU@’(’, ||Hi”CMOQ’*(Q;})HCMO"')‘(Q;})) = @n

Corollary 2.2. Let 1 < g < oo, then
. _ 1
(i) when —1/q <A <0, then [|HP||Ler(@,)—Ler(@,) = %"

. —_ -1
(ii) when —=1/q <X <0, then |HP|| gox (g, - Bar(Q,) = %,’

o1
(lll) when 0 S A< 1, then HHP||CMOq’>‘(Qp)—>CMOq‘>‘(Qp) = 1_11)_%
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Denote by ’Hp ., the commutator of the weighted p-adic Hardy operator Hp and
locally 1ntegrable function b. We established the following sufficient and necessary
condition for weight functions to ensure that H¢,b are bounded on p-adic central
Morrey spaces.

Theorem 2.11. Let 1 < ¢ < q1 < 00, 1/qg = 1/q1 + 1/q2 and —1/q1 < X < 0.
Assume that 1) is a positive integrable function on Zy. Then for any b € CMO%(Q})

the commutator MY, , is bounded from th’\(QZ) to B‘V‘((@;}) if and only if

1
Y(t)[t]n* log, ——dt < oo.
z [tlp

When b € CMO‘M(Q;}) with X\ # 0, we have the following conclusion.

Theorem 2.12. Let1<qg<q <00, 1/¢g=1/q1 +1/q2, =1/g <A <0, =1/q1 <
)\1<0,0<)\2<% and A = A1 + Ao. If

/ PO dt < oo,
Zy

then for any b € CMO%=*2 (Qp), the corresponding commutator ’Hi’b is bounded
from B‘“’)‘l(Qg) to Bq’/\(QZ),

2.3. Average operators on the Heisenberg group

The Heisenberg group H" is a non-commutative nilpotent Lie group, with the un-
derlying manifold R?" x R and the group law [70]

!/ / / !
(Il,l’z, c, Top, 172n+1)(5171, Loy 7I2nax2n+1)
n

’ ’ ’ / / /
:<‘T1 + 27,22 + Ty, 0, Tan + Ty, Tan41 + Top+1 +2 § (xjxn+j - xjxn+j)>'
j=1

The identity element on H" is 0 € R?"*+1, while the element 2~ inverse to x is —x.
H"™ is a homogeneous group with dilations

Or (X1, @2, , Top, Tapt1) = (rTy, rag, - ,r:vgn,rsznH), r > 0.

The Haar measure on H" coincides with the usual Lebesgue measure on R?" x R.
We denote the measure of any measurable set £ C H" by |E|. Then

|0, (E)| = rQ|E\, d(6,x) = rQdz,

where Q = 2n + 2 is called the homogeneous dimension of H"™. The Heisenberg
distance derived from the norm

1
2n 4
‘l‘lh: (Z.’L‘ ) +x§n+l 5

where & = (21, %2, , Tan, Tan+1), is given by d(p,q) = d(¢~'p,0) = |g~'p|s-
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For r > 0 and « € H", the ball and sphere with center  and radius r on H"
are given by B(z,r) = {y € H" : d(z,y) < r} and S(z,r) = {y € H" : d(z,y) = r},
respectively. And we have

|B(LL‘7T)| = ‘B(O7T)| = QQTQ7

where

The area of S(0,1) on H" is wg = QQq.
Let 1 < p < co. We say that a weight w € A,(H") if there exists a constant C
such that for all balls B,

(o o) iy ) <

We say that a weight w € A; (H") if there is a constant C such that for all balls B,

|B|/ dx<Cess€1§fw( x).

We define

U 4@,

1<p<oo

A close relation to Ao (H™) is the reverse Holder condition. If there exist r > 1 and
a fixed constant C such that

(27 weera )W 1 e

for all balls B C H™, we then say that w satisfies the reverse Hélder condition of
order r and write w € RH,(H") (cf. [46] and references therein).

2.3.1. Hardy operator on the Heisenberg group

Let f be a locally integrable function on H". The Hardy operator on H™ [73] is
defined by

1

Hf(z): = | 0, |z|n)] B(0,|z|s)

fy)dy, x<H"\{0}.
The weak L (H™) space L'°°(H") is defined as the set of all measurable functions
f on H" satisfying
£l L1oeny :=sup A|[{z € H" : | f(x)| > A}| < oc.
A>0
A (1,00,0)-atom is a compactly supported L*°(H™) function f such that (i)

there is a ball B whose closure contains supp(f) and satisfying || f|« < |B|™1; (ii)

J f(z)dz = 0.
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The Hardy space H!(H") can be defined by
H'(H") = {f € L'(H") Zxkfk Z|Ak| <oo},

where each fj, is a (1, 00, 0)-atom, and the H* norm of f can be defined by || f|| 1 n)
:= inf Y ;7 [Ak|, here the infimum is taken over all the decompositions of f =
>k Ak fr as above [19].

In [73], we obtained the following boundedness of H on the Heisenberg group.

Theorem 2.13. Let 1 < p < o0, then
(i) H is bounded from LP(H"™) to LP(H"™). Moreover,

p
|‘H‘|LP(H"‘)—>LP(H"L) = pj7 1<p<oo,

IHl oo (rimy— Loo (m) = 1.

(ii) H is bounded from L*(H™) to L*>°(H™). Moreover, |[H|| 11 pn)— 1.0 ny = 1.
(iii) H is bounded from H'(H") to L'(H").

Remark 2.1. (i) H is not bounded from L*(H") to L'(H"). For example, we can
take

fo(w) = ‘szB(O,R)(z)v a>—Q.
It is casy to see that fo € L*(H"), and || fol| 11 un) = woR*T9 /(o + Q). But

Hfo() = 4 QIR Q@+ a), 2| <R,
’ QR |2, /(Q+a), 2| > R,

does not belong to L' (H").
(ii) H is not bounded from H!(H") to H'(H"). To illustrate this, we take

1-29 1
folz) = WX{WIQ}(I) + WX{1<|z|hgz}(I)~

Then fy is a (1,00, 0)-atom of H*(H"), and

1-29 1— 29z, @
Hfo(x) = WX{|x|h§1}($) + quqzlhgz} ().

It is clear that
/Hfo(a:)dx = —%an #0.
Thus Hfy ¢ H'(H").

It is known that the Hardy-Littlewood maximal operator on R" is bounded from
L?(v) to LP(w) if and only if (w,v) € AP(R™) . On the Heisenberg group, a pair
of nonnegative weights (w,v) belongs to the class A,(H"), 1 < p < oo, if when

l<p<oo
sup (;/ (m)dx) (Bé'/Bv(m)l—p’del < o0,
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and when p =1,

1
E/Bw(x)dac < Cxingv(x)'
In the Euclidean space, the characterization of the weights (w,v) for the n-

dimensional Hardy inequality

[ os@ru@i<c [ @y, 1<p<o,
n Rn
was obtained by Dréabek et al. in a skillful method.

The good weights (w,v) for H were called M, weights [83], 1 < p < co. A
natural question is that whether M, weights exist on the Heisenberg group. If
they exist, do the corresponding results hold for these M, weights? We provided
affirmative answers to these questions.

Assume that (w, v) is a pair of nonnegative functions. (w,v) is called an M7 (H")
weight if for almost all x € H",

/ | |x|fLQw(x)dx < C essinf|y), <qv(z), a>0,
T|p>o

for some constant C. (w,v) is called an M,(H") (1 < p < 1) weight if

7

P P
sup / ||, Pw(x)da / v(z) P da < 00,
0<a<oo \ Jla|p>a |z|n <o

where 1/p+1/p’ = 1. If w = v, we say that w € M,(H"), 1 < p < 0.
The weighted Hardy inequalities on the Heisenberg group can also characterize
M, weights [73].

Theorem 2.14. Let w and v be nonnegative weight functions on H". For 1 < p <
q < 00, the inequality

{/n w(z) (Hf(z))? dx}; <C {/ v(x)f(x)de}P , (2.5)

holds for f > 0 if and only if

1 1
Y

q
A:= sup / |x\;qu(x)dx / v(z) P dx < 00.
0<a<oo |z|n>a |z <o

Moreover, if C is the smallest constant for which (2.5) holds, then

bS]

A< Qo0 < APV pi.

Corollary 2.3. Let w and v be nonnegative weight functions on H". For 1 <p <
o0, the inequality

{ [ vty dx}’l’ <ol [ wwrwpar). 2.6

holds for f > 0 if and only if (w,v) € My,. Moreover, if C is the smallest constant
for which (2.6) holds, then

A< QoC < Ap'7pr.
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2.3.2. Weighted Hardy operators on the Heisenberg group

Let w : [0,1] — [0,00) be a function, the weighted Hardy operators H,, on H™ [14]
is defined as

1
wa(x) L= /U f(é}:z:)w(t)dt,

for a measurable function f on H™. The adjoint operator of the weighted Hardy
operator, the weighted Cesdaro operator is defined as

1
Cof@) = [ 61t Outtydr, o

which satifies

f@)(Hug)(e)dz = [ gla)(Cuf) (@
HTL

n

Here f € LP(H"), g € LI(H"), 1 < p < 00, ¢ = p/(p—1), Hy, is bounded on LP(H")
and C,, is bounded on L4(H").

Recall that the space BMO(H™) is defined to be the space of all locally integrable
functions f on H" such that

1
”fHBMO(H”) (= sup 7/ |f(z) — fBldx < oo,
Bcin |B| Jp

where the supremum is taken over all balls in H".
In [14], we gave the characterization of w when H,, and C,, are bounded.

Theorem 2.15. Let w: [0,1] — (0,00) be a function and let 1 <p < co. Then
(i) Hy is bounded on LP(H™) if and only if

/1 5 w(t)dt < co. (2.7)
0

Moreover, if (2.7) holds, then

1
_Q
IHwll Lo (@m) - Lo Em) =/ t~r w(t)dt.
0

(ii) Hy is bounded on BMOH™) if and only if
1
/ w(t)dt < oo. (2.8)
0
Moreover, if (2.8) holds, then

1
[HuwllBaro@m)—prmogmn) =/ w(t)dt.
0

Theorem 2.16. Let w: [0,1] — (0,00) be a function and let 1 < g < co. Then
(i) Cy is bounded on L1(H™) if and only if

1
/ t= QU Dy () dt < oo. (2.9)
0
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Moreover, if (2.9) holds, then

1
[Cooll Lo (mm)— Lo r1m, =/ t=QU=V Dy (t)dt.
0

(ii) Cy is bounded on BMO(H") if and only if
1
/ t~Qw(t)dt < oco. (2.10)
0

Moreover, if (2.10) holds, then
1
Cuwll MO @)~ BMO@EN) :/ t=Quw(t)dt.
0

2.3.3. Hausdorff operator on the Heisenberg group

Let ® be a locally integrable function on H™. The Hausdorff operators on H" are
defined by

ot = [ TG Toate) = [ G4,

where A(y) is a matrix-valued function [12] and we assume det A(y) # 0 almost
everywhere on the support of ®. In the above definition, we note that Tp 4 = T
if we choose a special matrix A. For a matrix M, we will use the norm |[|[M| =
SupwEH”7 z#0 |M.’17|h/|.’1)|h

Suppose @ € R, 0 < p, ¢ < oo. Let w be a weight on H", B, = {x € H" |
|z|n, < 28}, Dy = By, \ Br_1. The homogeneous weighted Herz space qu"p(H”; w) is
defined by

Ko ("5 w) = {f € L, (8" \{0}0) 5 |l snu) < 0}

where
+oo

1/p
11l s ={ ) w(Bwap/Qnﬂzq(Dk,M} .

k=—oc0
In [46], we obtained the following boundedness estimates.

Theorem 2.17. Let 1 <p < oo, 1 < q1, g2 <00, —0 < a1 <0, az € R and
1/gn + a1/Q = 1/g2 + a2 /Q. Suppose that w € Ay, 1 <~ < oo, with the critical
index 1y, for the reverse Hoélder condition and g1 > qayrw/(Tw — 1).

(#) If1/q1 + a1/Q > 0, then for any 1 < d < 1y,

||T‘1>,Af|‘['{;"22’p(]}]1n;w) = O3||fHK;"11’p(H”;w)7

where

d _ —ya
= [ Bl artgprm jag-eay
lawli<t |yl
i}
+/|A( M‘detA—l(y)|v/q1||A(y)||Q*f/ql—(Q/q1+a1)(6—1)/6dy.

i1 lyl?
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(%) If1/q1 +a1/Q <0, then for any 1 < § < 1y,

||T<I>,Af|‘1'(§22ﬂ”(mn;w) = O4||fH1‘<§11'P(Hn;w)7

where
®
Cy = / | (%)Hdet A—l(y)p/ql||A(y)||Q'y/q1—(Q/q1+a1)(5—1)/5dy
lawli<t |yl
D(y _ —va
e[ 2 an e Ay
X ES Ty

The result for the case v = 1,p < 1 was also obtained in [46].

If |[A=1(y)|| and ||A(y)||~* are comparable, we can obtain the following sharp
result.

Theorem 2.18. Let 1 <p, g < o0, —Q < B <00, o € R and ® be a nonnegative
function. Suppose that there is a constant C' independent of y such that A=Y (y)| <
CllA|I! for all y € supp(®) . Then To 4 is bounded on KgP(H";|-|?) if and
only if

), ,— a
/ (Q) A=Y (y)||(@FAA/a+a/Q) gy < 0.
me [yl

Let @ be a locally integrable function on H". If b € L;,.(H"), the commutator
of Hausdorff operator is defined by

T of =bToaf — Toa(bf).

Define
b1 ) — P(y) ) [b(z) — "
()@= [ 0] (A B b AW d
b,2 ) = P(y) 2) () — .
(ras)w= | @ (AW ble) b (A

It is clear that
T4l = TYATHTIAS

Theorem 2.19. Let 1 < p1, pa, ¢ < o0 and —1/p1 < A < 0. Suppose that w € A,
with the critical index ry, for the reverse Hélder condition. If p1 > paqry/(re — 1),
then we have that, for any 1 < § < 1y,

||T'I>,Af||Lp2A(Hn;w) = Ol”fHLm,A(Hn;w)v

where

- (y)| ( A2\ ONG-1)/5
Cy — /| ( |) 1AW dy

Awist g \ldet Ay)

DI IADIC ™ o
+/|A<y>|a w12 (|detA<y>|> A= dy.
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Theorem 2.20. Let 1 < p, p1, p2, ¢ < 00 and —1/p; < A < 0. Suppose that
w € Ay with the critical index 1y, for the reverse Hélder condition. If 1/p > (1/p1+
1/p2)qry/(rv — 1) and g < pa, then we have that, for any 1 < § < 1y,

”Tg,Af”LpA(Hn;w) j 02Hf”Lpl,A(Hn;,w)||b||CMop2(Hn;w),

where

/p1
Cy :/ |q)(y)‘ < HA(y)HQ )q ? ”A(y)”Q/\(Jfl)/E
a1yl \ldet A(y)|

Q
X max { ||(|1 t(A)(H T log, ||A(y)||} dy

@) [ 1AW " g
+/lA<y>|<1 1| <|det A(y)|) 1Al

1AW 1
ma { det A()] 82 ()] } @

Especially, if ||[A=1(y)|| and || A(y)|| ! are comparable, the following sharp results
hold.

Theorem 2.21. Let 1 < p < o0, —1/p <A < 0,-Q < a < o0 and ® be a
nonnegative function. Suppose that there is a constant Cy independent of y such that
A= ()| < Col|A(y)||~" for all y € supp(®). Then Ty 4 is bounded on LP *(H™; |-
%) if and only if

/ 2W) ) 4y @My < oo, (2.11)
He |y |h

Theorem 2.22. Let 1 < p, p1, p2 < 00, 1/p = 1/p1 + 1/p2, —1/p1 < XA < 0,
—RQ<a<ocoandpy > (Q+a)/Qif0<a< oo orps >1if —Q < a<0. Suppose
that ® is a nonnegative function and there is a constant Cy independent of y such
that |A71(y)|| < CollA(y)||~* for all y € supp(®). If b € CMOP(H™;| - |) and
(2.11) holds, then we have the following conclusions.

(i) Tg 4 ts bounded from P (H”; |-1%) to i /\(H”; |- %) if and only if

(I) [0
/ 2) ) 4y 1@+ f1og, LA dy < oo.
A<t |yl$

(ii) Tq, “a is bounded from Lpo MH™ | - [2) to L MH;| - |2) if and only if

P
[y TG gy 40y < o0
la =1 lyl7

Let S(H") be the Schwartz class on H". Its dual space S'(H") is the space of
tempered distributions on H". For f € S'(H") and ¥ € S(H"), the nontangential
maximal function My f of f with respect to ¥ is defined by

Myf(zx) = sup  [f*T.(y)], (2.12)

lz=tylp<r<oco
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where W,.(y) = r~9W(5,-1y). The nontangential grand mazimal function Mnyf is
defined by

M) f(x) = \pesiﬁlT\NglMWf(x)' (2.13)

For 0 < p <1, let N, = [Q(1/p — 1)] + 1. The Hardy space HP(H™) [19] is
defined by
HPH") ={f e S'(H"): My, f € LP(H")}
with
1f e @y = [1M(nv,) fll o @y -

The ordered triplet (p,q,a) is called admissible if 0 < p <1< ¢ < o0, p #q,
a € Nand a > [Q(% — 1)], where [] is the integer funcion. Let (p,q,«) be an
admissible triplet. A function a € LI(H") is called a (p, ¢, a)-atom [19] centered at
x if it satisfies the following conditions:

(i) There exists a ball B(xg, ) such that supp(f) C B(zg,7);

(i) | flloqeny < |BJ7 75

(iii) an f(z)P(z)dx = 0, for any polynomial P of homogeneous degree less than
or equal to a.

A function a € L1(H") is called a big (p, q)-atom centered at xg if there exists a
ball B(zo,r) with r > 1 such that it satisfies (i) (ii), see [3].

If (p, ¢, @) is an admissible triplet, the atomic Hardy space HE ,(H") is the set of
all tempered distributions of the form % A f; (the sum converging in the topology
of &), where each f; is a (p, ¢, a)-atom and }; [A;[P < oo.

If f € HY ,(H"), the quasi-norm || f| gz () (it is a norm when p = 1) is defined
by
1

[ flez ey = inf (Z )\j|p>
7

where the infimum is taken over all (p, ¢, a)-atom decompositions of f.

Given a weight w € A, and an admissible triplet (p,q, [@Q(gw/p — 1)], & w-
(p,q, [Q(qw/p — 1)]-atom centered at xy with respect to w will be a function a
satisfying the following three conditions.

(i) There exists a ball B(xg, ) such that supp(a) C B(zg, ).

. i1, 1,

(i) llallzs,@ny < w(B(zo,7))a "7, if ¢ < 00 or [af|pemn) < w(B(zo,r))” 7, if
q = oo.

(ili) [in a(z)a’dz = 0, for all multi-indices I = (i1,i2, - ,izn41) € N1 with

|| = iil i + 2i2n41 < [Q(quw/p — 1)].
Let w € A be a weight and let 0 < p <1 < ¢ < co. A tempered distribution
f € &' belongs to HE (H™) if and only if f can be written as a series

f = Z)\jaj, (2.14)
J

(the sum converging in S’), where each a; is a w-(p,q, [Q(¢w/p — 1)])-atom and
> IAj[P < 0o. Moreover, by setting || f/;» (s to be the infimum of the sums over

all decompositions (2.14), one obtains the norm for such space.
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The local maximal functions are defined by taking supremum over 0 < r < 1
instead of 0 < r < 0o in (2.12) and (2.13):

Myf(z)= sup [f*T.(y),
|171y|h<7"51
M(N)f(ff) = sup M\I/f(x)'

ves,||¥||n<1

Let 0 < p < 1. The local Hardy space h?(H") is defined by
hP(H") = {f € S/(H"): My, f € LP(H")}

with .
I fllneny = 1M () fll o @)

In [72], we got the following behavior of Hausdorff operators on power-weighted
Hardy spaces and local Hardy spaces

Theorem 2.23. Let ® be a nonnegative function. Suppose that A(y) € Aut(H") al-
most everywhere and there exists a constant M independent of y such that ||A= (y)||
< MJA@)] .

(i) Let —Q < a < Q and o # 0. If all entries of the same row of A(y)
are nonnegative uniformly or nonpositive uniformly on y € supp(®), then Te 4 is
bounded on Hll»l;’;(Hn) if and only if

Q

d
[ A e aev 4= )] dy < oc.
i S

(it) If there exists at least one row of A(y) such that all entries of such row

are nonnegative uniformly or nonpositive uniformly on y € supp(®), then Ty 4 is
bounded on H*(H™) if and only if

®(y -
/ | (Q)I ‘detA 1(y)‘dy<oo.
me o |yly

Theorem 2.24. Let ® be a nonnegative function. Suppose A(y) € Aut(H"™) almost
everywhere. If there exists a constant M independent of y such that |A= (y)|| <
M||A(y)|| 7, then Ty a is bounded on h'(H") if and only if

/ &'Z;Idemfl(y)lmax{lyln(\\Afl(y)ll”)}dy
A=t (m)l<1 Y|/

)
+/ %|detA_1(y)|dy
A=t ()lI>1 [yl

<00.

Let ® be a locally integrable function on H". The fractional Hausdorff operator
on H" [70] is defined by

@((5 —1{E)
Tasl@) = [ =G s 08
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We shall define two kinds of special Hausdorff operators. If ® is a Poisson kernel
associated to sub-Laplacians on the Heisenberg group, the corresponding Hausdorff
operator Ty, written as Tqﬂ, is called the Hausdorff-Poisson operator. It is known
that Poisson kernels have the semigroup property:

(I)s * (I)t(l') = (I)S+t(l'),
for s,t > 0. If ® € S(H"™) satisfies another group relation:

q)s * (I)t(l') = @W(x),

for s,¢ > 0, then the corresponding Hausdorff operator, written as T, is called the
Hausdorff-Gauss operator.
In [70], we obtained the boundedness of Hausdorff operators on Hardy spaces.

Theorem 2.25. Suppose ® is radial, 0 < 5 < Q and

S Gl
|$|h

Assume 0 <p<1l,a=Q(1/p—1) and 1/p=1/q+ 3/Q. If ¥ € Ty NTy_c for
some sufficiently small € such that o — e > 0, then

1Ts,5(f)|Laqny = I fll v Eny,

where T, is the Lipschitz space of order a (see Section 3).

Theorem 2.26. Let % <p<1. We have

T8 (P)llereny =N f Il ere m)-

Theorem 2.27. For all 0 < p < o0,

ITS ) bz gmy =2 11 F Lo oy

3. Oscillatory type integral operators

3.1. One-sided oscillatory integral operators

The study for one-sided operators was motivated by their natural appearance in
harmonic analysis; for example, in the study of one-sided Hardy-Littlewood maximal
operator [48]

z+h T
M* f(x) = sup - / FW)ldy & M~ f(z) =sup+ / @)l dy
x x—h

r>0 b

arising in the ergodic maximal function. Sawyer introduced the one-sided A, classes
Af, A by the following conditions in [48]:

-1

Al Af(w):= sup (C_la)p/:w(x) dx (/bcw(w)l_p/ dx)p < 00,

a<b<c
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p—1
1 ¢ b :
AT Az (w) = 1=p
» , (w) as<111)[<)c c—ar /b w(z) dz (/a w(zx) da:) < o0,

when 1 < p < oo; also, for p = 1, Af : M—w < Cw, A7 : Mtw < Cw for some
constant C.

We say a function K is a one-sided Calderén-Zygmund kernel [26] if K satisfies
the condition as that of Calderén-Zygmund kernel and

/ K(z)dx
a<l|z|<b

with support in R~ = (—00,0) or RT = (0, +00).
The one-sided oscillatory integral operator T and T~ were defined in [26] as

<C, 0<a<bd

T*f(z) = lim ePEN K (2 —y) f(y)dy = p.v. / e PV K (@ —y) f(y)dy

64)0+ T+e x
and
xTr—e . xr .
T~ f(z) = lim e PN K (@ — y) f(y)dy = p.V-/ e PN K (z — y) f(y)dy,
e—=0t J_ o

where P(z,y) is a real polynomial defined on R x R, and K are the one-sided
Calderon-Zygmund kernel.
We obtained the weak (1,1) boundedness of Tt in [26] as follows:

Theorem 3.1. If w € A7, then there exists a constant C depending on the total
degree of P, C(K) and Af (w) such that

sup Aw({z € R« [T f(z)] > A}) < Ol fllp(w)
A>0

for f € S(R).
One-sided BMO spaces were introduced in [44] and defined as
BMO* :={f: fi € L, ||f|nmo+ = | fElle=},

and
BMO™ :={f: f* € L®|fllzao- = | f )=},

where fi and fﬂ were the one-sided sharp maximal function which were defined as
4 1 x+h 1 x+2h +
fimswr [ (w5 [ 1)
h>0 I Jy hJosn

+
P l x B 1 z—h
== iipo h /th <f(y) h /:r72h f) W

with 2t = max{z,0}. The commutators formed by Tt and b € BMO™ can be
defined as follows.

7 (@) = pv. [ T PED Kz — ) (b(x) — b)) f(y)dy

x

and
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for b € BMOT(R). The high order commutators of TH(T~) and b €
BMO*(BMO™) are

o0

fﬁ*fu>:pv/’e”@wKu—yﬂww—mwff@My

x

and
xT

T2 fa) = pv. [ PEVK () 0a) - b)) F0)dy,
where k € ZT.

In [51,65], we established the boundedness of commutator for Tf "+ and Tf " as
follows.

Theorem 3.2. Let1l < p < oo and T+ be the one-sided Calderon-Zygmund singular
operator. _

(1) Ifw e A;“ and T+ is of type (L?,L?), then Tb+ is bounded on LP(w) for
every b € BMO™, where the norm independent on the coefficients of P.

(2) Ifwe Ay and T~ is of type (L?,L?), then T, is bounded on LP(w) for
every b € BM O™, where the norm independent on the coefficients of P.

Theorem 3.3. Let 1 <p < oo and k € Z*.

(1) Ifwe A;: and T is of type (L?, L?), then Tbk’+ is bounded on LP(w) for
every b € BMO™, where_the norm independent on the coefficients of P.

(2) Ifwe A, and T~ is of type (L?, L?), then Tbkﬁ is bounded on LP(w) for
every b € BM O™, where the norm independent on the coefficients of P.

We shall say that f in S’'(2_o, 00) belongs to the one-sided Hardy space H (w)
[25] if

o 1/q
wmmw:</ mﬁwmwmmM) <oo, 0<g<l
and w € Af(p > 1). A function a(x) defined on R is called a g-atom with respect
to w(z) if there exists an interval I containing the support of a(x) such that

(a) I C (2-c0,00) and w(I) < oo,

(b) llallz~ < w(T)1s,

(¢) [I| < dist(x_oo,I), and [, a(x)dx = 0.

It is easy to check that H (w) C L*(w). In [25], we proved the following results.

Theorem 3.4. Let P(x) be a polynomial which satisfies P'(0) = 0 and w € A} .
Then there exists a constant C > 0, which depends only on Af(w) and the degree
of P(x) (not its coefficients), such that

1T fll L1y < Cllf Ny (w)
for all f € HY (w).

Corollary 3.1. Let P and w be in the above Theorem. Then T is bounded from
L>(w) into [H{ (w)]*, where [H{ (w)]* is the dual space of H{ (w)

In [25], we also gave a criterion for the weighted LP-boundednesss of 7.
Theorem 3.5. Let P(x,y) be a real polynomial, K be a one-sided Calderon-

Zygmund kernel and b(r) be a bounded variation function on [0,00). For1l < p < oo

and w € A}, we have
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(a) The operator

(oo}

T (@) =po [ Wy - o)K@ - 1) )iy

is of type (LP(w), LP(w)).
(b) The operator

TH'f(z) = po /OO e PEVb(y — 2)K (z — y) f(y)dy

x

is of type (LP(w), LP(w)). Here its norm depends only on the total degree of P(x,y)
and A} (w), but not on the coefficients of P(x,y).

Furthermore, we have

Theorem 3.6. Let w, p and K be as in the above theorem. Then the following
statements are equivalent:

(a) If P(x,y) is a nontrivial polynomial (P(x,y) does not take the form Py(x)+
Py (y), where Py and Py are polynomials defined on R ), then the operator T is of
type (LP(w), LP(w)).

(b) If P(z,y) satisfies P(x,y) = P(x — h,y — h) + Po(x,h) + Pi(y,h) with
h € R and Py and P, are polynomials defined on R, then the operator T is of type
(17 (w), LP (w)).

(¢) The truncated operator

. z+1
%*m»:pu/ K(x — )/ (y)dy

is of type (LP(w), LP(w)).

By the above two theorems, we can easily obtain the following result for the
maximal operator corresponding to T'":

Theorem 3.7. Let w, p and K be as above. Then the maximal operator

T, f(x) = sup
e>0

/‘e”@wK@—yV@My
x+e

is of type (LP(w), LP(w)), where its norm depends only on the total degree of P(x,y),
but not on the coefficients of P(x,y).

Very recently, the authors [23] further give the characterizations of one-sided
Triebel-Lizorkin spaces and the boundedness for commutators. These results com-
plement the missing components in the one-sided singular integral operator and
function space theory studied before.

3.2. Fractional Fourier transforms

Theory of the FRFT has been developed on the Schwartz space S(R) and L?(R),
while we focus on the FRFT on L!'(R). On L!(R), problems of convergence arise
when certain manipulations of functions are performed and FRFT inversion is not
possible.
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For f € L'(R) and o € R, the fractional Fourier transform of order « of f is
(c.f. [8]) defined by

J2Z Kol 0)f(t)dt, a #nm, neN,
(Faf)(@) =1 f(z), o = 2nm,
f(==), a=(2n+ 1),

where
t2 z2
Kq(x,t) = Ay exp [27m' (2 cota — xtesca+ 5 cot a)]
is the kernel of FRFT and
A, =+V1—icota.

From [8], we can see that F, is a bounded linear operator from L*(R) to L*°(R).
For f € L'(R), F.f is uniformly continuous on R.

Theorem 3.8 (Multiplication formula). For every f,g € L*(R) and o € R we have
+oo —+oo
| Fan@eeie= [ i@ Fag)a)da.

Let f,g € L*(R). Define the fractional convolution of order o by

+oo
(£g) e =emaeore [ emeote ft)g(c — t)dt = Moo (Maf #9) (2).
The L' dilation of a function ¢ is defined as

oe(x) = %gb (g) , Ve>0.

The following is a fundamental result concerning fractional convolution and approx-
imate identities [8].

Theorem 3.9. Let ¢ € L'(R) and [T ¢(x)de = 1. If f € LP (R),1 < p < o0,
then
(i)
tg | (#%..) 1], =
(i) if in addition ¢ (z) = sup |¢(t)] € LY(R), then

[t]> =]

lim (f%gbs) () =f(z), ae z€eR,

e—0

where ¥ is the decreasing radial dominant functions of ¢.

Given ® € Cy(R), ®(0) = 1 and € > 0, we define

+oo
Ms,<1>,, (f) = / (./—'.af)(l')K,a(l’, ‘)(I)a(€$)d1'7

— 00
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where
D, (z) := P (zcsca).

The expressions M. ¢ (f) (with varying ) are called the ®,, means of the fractional
Fourier integral of f.
We now address the FRFT inversion problem [8].

Theorem 3.10. If ®,p := F® € L*(R) and fjoos ¢ (z)dx =1, then

(i) the ®, means of the Fourier integral of f are convergent to f in L' norm, that

18,
=0.

1

lim
e—0

+oo
/ (Fad) (@)K o (-, 2)By (e2) da — £ ()

— 00

(ii) if in addition ¢ = sup |¢(t)] € LY(R), then the ®, means of the Fourier
[t1>]z|
integral of f are a.e. convergent to f, that is,

+oo
/_ (Fof) (@) K_o(t,2)Pq (ex)dz — [ (2)
as € = 0 for almost all t € R.

Theorem 3.11 (Uniqueness of FRFT on LY(R)). If f1, fo € LY(R) and (Fu f1) () =
(Faf2) (z) for all z € R, then

filt)y=fa(t), ae tekR.

We have the following result concerning the action of the FRFT on LP(R).

Theorem 3.12 (Hausdorfl-Young inequality). Let 1 <p <2, p' =p/(p—1). Then
Fo are bounded linear operators from LP(R) to LP (R). Moreover,

21
[Faflly < A& lIF1, -
Let 1 < p < o0 and m, € L*(R). Define the operator T, as
Fo Ty f) (@) = ma () (Faf) (2),  fe L*(R)NLP(R).

The function m,, is called the LP Fourier multiplier of order «, if there exist a
constant Cp o > 0 such that

1 Tne fll, < Cpallfll,,  f € L*(R) NLP(R).

Fourier multipliers play an important role in operator theory, partial differential
equations, and harmonic analysis. We got some basic multiplier theory results in
the FRFT setting.

Theorem 3.13. Let m, be a bounded function. If there exists a constant B > 0
such that one of the following conditions hold:

(a) (Mikhlin’s condition)

< Blz|™";

d
‘dxma(m)
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(b) (Hormander’s condition)

2

1
dz < B2

sup —
R>OR R<|z|<2R

d
@ma(x)

Then my, is a fractional LP multiplier for 1 < p < oo, that is, there exist a constant
C > 0 such that

[ Tomo fll, = 1 F-a [ma (Fa DI, < ClIfI, . VS LP(R).

Theorem 3.14 (Bernstein multiplier theorem). Let m, € C*(R\{0}) be bounded.
If |lmL|| < oo, then there exist constants C1,Ce > 0 such that

[F—a [ma (Fah)lll, < CLlIfl,
for f € LP(R) (1 <p < ), and
lmal® < Callmallzlimi -

Theorem 3.15 (Marcinkiewicz multiplier theorem). Letm, € L (R)NC*(R\{0}).
If there exist a constant B > 0 such that

[ gsmate)
su —ma(z
Ieg rldz

where I : ={[27, 2911 [-29%1 —27]},cy is the set of binary intervals in R, then, for
feLP(R) (1 <p<o0), there exist a constant C > 0 such that

[F—a [ma (Fah)ll, < CNILIl, -

The Littlewood-Paley is not only a powerful tool in Fourier analysis, but also
plays a very important role in other areas, such as partial differential equations.
Let j € Z. Define the binary intervals in R as

dr < B,

(95 & G4 g g [_9itl i o — 90 &
I$ = [2sina, 2 sinal, I := [-27T ! sina, =27 sina], a € (0,7),
o [9dFL g i o CTa e [_9dain e _0dF] g
Ig =2 sina, 2/ sinal, — I := [-2/ sina, =2/ *'sina], a € (7, 27).
Then those binary intervals internally disjoint and
R\{0} = | J(-Ig U ).
JEL

Let Z, := {I§*, —I{'} jez. Define the partial summation operator S, corresponding
to po € Zy by

Fa(Spu 1)) = Xp, (@) (Faf) (z), VS € L*(R)NLP(R),
where x,, denote the characteristic function of the interval p,. It is obvious that
Y 1S (D= 1113, ¥F € L*(R).
Pa€La

For general LP(R) functions, we have the following result, which is the Littlewood-
Paley theorem in fractional setting.
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Theorem 3.16. Let f € LP(R), 1 < p < oco. Then
1/2

SIS (O] e LP(R)

Pa€La

and there exists constants Cp,Cs > 0 independent of f such that
1/2

clfll, < IS 18 (I <G|/l

Pa€Za
p

For f € L'(R?) and a = (a1, g, ..., a,) € R™, the nd-FRFT of f with order
is defined by

]:af(z) = Ka(ﬂﬁ, Z)f(il)) dz,

Rn

where Kq(x,2) = H?:1 Ko, (74, 25) and here for each j = 1,2,--- ,n, Kq, (2}, 2;)
is defined as follows

- ; 24222125 p
/1 — zcotaj ez‘n’cotaj[x]Jer 2225 ::et:ozj]7 o ¢ 77,

Ko, (x5, 25) = § 8z — 25), aj € 217,
O(xj + 25), oj € 20+,
where @ = (z1,22, -, Zn).

The multidimensional fractional convolution of order o can be defined as
(1%9) @) =c-al@) [ cala)f(lo(e - 2)d2

for f,g € L'(R").

We establish the following two approximation theorems in [82]. Theorem 3.17
is about approximation in LP norm and Theorem 3.18 is about almost everywhere
approximation.

Theorem 3.17. Let ¢ € L'(R"), f € LP (R"),1 < p < 00 and [g, ¢ (x)dx
Then

|
—

i | (7% 00) = 1], =0

where ¢, 1= yi (5)

Theorem 3.18. Let ¢ € L'(R™), f € LP (R"),1 < p < o0 and [,, ¢ (x)dx = 1.
Denote by ¢ (2) = Sup|z>, |¢ (x)| the decreasing radial dominant function of ¢. If
W € LY(R™), then for almost all z € R™,

lim (% 9,) () = £ ().

y—0

where ¢, 1= y%d) (5)
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The uncertainty principle is a principle of physics introduced by Heisenberg in
1927. It points out that it is impossible to determine precisely the position and
momentum of a microscopic particle simultaneously. It is one of the fundamental
results in quantum mechanics. The uncertainty principle is expressed mathemati-
cally as the Heisenberg inequality. In [82], we also obtained the general Heisenberg
inequality.

Theorem 3.19 (General Heisenberg inequality). Let f € L*(R") and o = (a1, g,
e, B = (B1, B2, ..., Bn) € R™. For any y = (Y1,Y2, -, Yn), 0 = (01,02, ...,05) €

R"™, if a1 — 1 =g — B2 = ... = ap — Bn, then
[ [ a5 1) <w>|2dw] [ | = e ) 0z
R™ R™
w2 £

sin2(a1 — B1)s

— 1672

where

Y = (y1 sin g + v1 cos a1, Y2 Sin g + Vg COS g, ..., Yp, SIN Ay + Uy COS QU )

© = (yp sin By + v1 cos By, Y2 sin Bz + v2 €08 Ba, ..., Yn sin By, + vy, cos By)

3.3. Linear canonical transforms

The linear canonical transform (LCT) was proposed by Collins and Moshinsky—
Quesne almost simultaneously in the early 1970s. Since LCT has more free param-
eters than the classical Fourier transform (FT) and the fractional Fourier transform
(FRFT), it has become an important tool for time-frequency analysis, especially
for non-stationary signals or time-varying signals, and is widely used in many fields
such as radar, sonar, communication, information security, digital watermarking,
etc.

Let’s review the definition of 1D-LCT. Denote by SL (2, R) the set of all 2x 2 real

ab
matrices of determinant 1. For any matrix A = € SL(2,R), the 1D-LCT

cd
is defined by
+oo
Ka(x,t) f(t)dt, b #0,
Laf(z)= oo
\/aei%mzf (dx) ) b= 07
where
Ka(z,t) = Caepa(x)ep,qt)es(z,t),
1 . e L
CA = %7 eb7d(x) = 6121. 27 €b,a($) =e thQ’ eb(l‘,t) —e b"t.
aj bj

For any matrix A; = € SL(2,R), b; #0, j = 1,2, u = (u1,uz) € R?
¢j dj

the 2D-LCT [81] is defined by

Laf(u)= . Ka(u,z) f (z)dez,
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where
Ka(u,x) = Ka, (u1,21) Ka, (u2,22) = Cacpa(u)epq () ep (u, ),
Ca=C4,Ca,, A= (A1,42),
eb,d (u) = ep, a, (U1)ep,y a, (u2) = ei(z 1 242)
5.0 (%) = Cby a0 (21)6lg 05 (w2) = ! (FH7TH 55 7E),

ep (u, ) = ep, (u1,1)ep, (ug, x2) =€ 2

In [81], we obtained that

Theorem 3.20 (General Multiplication formula). Let
A= (41,4, A = (4], A),
a; b; d; b;
Aj=|"7"7)esSL@Rr), A =" "]|eSL2R),

¢j dj ¢ aj

where j = 1,2. For every f,g € L*(R?) we have

[ easlgdu= [ ity )t
Theorem 3.21 (General Heisenberg inequality). Let f € L*(R?) and

k a?bjf .
Ap =7V ) e SLER), Gk =12,

J
CJ dJ

For any y = (y1,y2),v = (v1,v2) € R?, if Al (A%)* = A? (A%)* then
e3P ead) @ de] x| [ a5 (a0 du
2
> |agey — bids|” || fl2,
where

Al = (A%,A%) , Ag = (Aé,A%) ,
¥ = (Y101 + viag, ya2b? + vaa?)
v = (

ylbé + vlaé7y2b§ + vgag) .
For f,g € L*(R?), we define the convolution ¢ by
A
(1%0) ) = ecbaw) [ ena @)/ (@)g(u—a)dz.

For & > 0, let ¢, (u) := %o (%).

2
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Theorem 3.22. Let ¢ € L'(R?) and [, ¢ (w)du = 1. If f € LP(R?),1 < p < oo,
then
() )

tim | (7% 02) - 1], =o.

(i) If in addition the decreasing radial dominant functions ¢ (u) = sup |¢(x)| €
|||l
LY (R?) and f € LP(R?),1 < p < o0, then

m (filqba) (u) = f(u), ae ucR2

li
e—0

Let ® € L'(R?) with ®(0,0) = 1. For any ¢ > 0, the ®, means of the linear
canonical integral with respect to A of f is defined by

M o, (f) (2) == . Laf(u)Kax (xz,u) Py (cu)du,

where
Dy (u) := D (up) .

Theorem 3.23. Let ®,¢ := F® € L'(R?) with [p, ¢ (x)de = 1 and ¢ (u) =
sup |p (z)| € L*(R?). Then

|| >

(i) ®p means of the linear canonical integral of f are convergent to f in the sense
of L' norm:
tim M. g, () ~ fll, = 0.

(ii) ®p means of the linear canonical integral of f are convergent to f almost
everywhere, i.e.,

ii_r)l%Mg,% (f) (z) = f(x), ae xcR2

From Theorem 3.23, we deduce the following conclusion.

Corollary 3.2. Suppose f,Laf € L'(R?). Then
f(z)= / Laf(u)Ka(z,u) du, ae xcR2
R2

Corollary 3.3. For fi, fo,Lafi,Lafo € L'(R?) with

Lafi(u)=Lafs(u), ueR?

we have
fi(@)=fa(z), ae xR

The LCT also has the following boundedness result as FRFT.

Theorem 3.24 (Hausdorfl-Young inequality). For 1 <p <2, p' =p/(p—1), we
have that L A is a bounded linear operator from LP(R?) to LP (R?). Moreover,

2
1Laflly =Ca [lf]p:
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For 1 < p < oo and mg € L*(R?). The operator T}, , is defined by
La(Tmaf) (®)=ma(z)Laf(x), feL*R*)NLI(R?).
If there exists a constant C)p 4 > 0 satisfying
1 Tnafll, < Cpallfll,. feL*R*)NLP(R?),

then m 4 is called the LP linear canonical multiplier.

Theorem 3.25. Let ma € L>®(R2). If there ewists a constant B > 0 satisfying
one of the following conditions:

1. (Mikhlin’s condition)

et

< Blu|™?;
g )| < Blul

2. (Hérmander’s condition)

2
du < B.

82

= (w)
8u18u2mA v

sup —
r>o0 R R<|u|<2R

Then there exists C > 0 satisfying
| Tnafll, = Las (malaf)ll, <ClIfll,, feLP(R?).

Corollary 3.4. Assume that f € LP(R?) (1 < p < o0) and ma € L*®(R?) N
CH(R*\{0}).
(i) (Bernstein-type multiplier theorem) If |m/y|l2 < oo, then there exists C' > 0
satisfying
1 1
1£as (maLaf)ll, < Cllmall3 mall3 | £1lp-

(ii) (Marcinkiewicz-type multiplier theorem) If there exists B > 0 satisfying
82

sup /

1eA s

de < B
0x10x2 ma ((IZ) =2

where

A=TxTI,
- o o 1)
jez
is the set of dyadic rectangles in R?, then there exists C > 0 satisfying
|£a- (malaf)ll, < CIfIL,.
We define the partial summation operator S,, associated with pp € A as

La(Sp,f)(u) = Xp, (w) Laf (u), fe€L*(R?)NLP(R?),

where x,, is the characteristic function of pp. It is simple to show that

>SS (NI =lIfIl5,  VF € LAR).

PEA
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Theorem 3.26. For f € LP(R?), 1 < p < 0o, we have

1/2
YIS (NIF| € LP(R?)
PLEA
and there exist C1,Cs > 0 satisfying
1/2
CLllfl, < ||| D2 190 (NP < CalIfll,-

PLEA
P

4. Singular integral operators

4.1. Riesz type operators

Recall that a connected, simply connected nilpotent Lie group G is said to be strat-
ified if its left-invariant Lie algebra g (assumed real and of finite dimension) admits
a direct sum decomposition

g=EVi, W, Vil=Vis1, fori<s—1and [}, Vi]=0.
=1

s is called the step of the group G.
There is a natural family of dilations on g defined for r > 0 as follows:

5,.(28211,!) = irivi, with v; € V;.

i=1 i=1

This allows the definition of dilation on G, which we still denote by d,.. We fix once
and for all a (bi-invariant) Haar measure dx on G (which is just the lift of Lebesgue
measure on g via exp).

Denote by the sub-Laplacian A = 377 X2, where {Xy,---,X,} is the basis
of V1. Let @ denote the homogeneous dimension of G, namely, @ = Zle idimV;.
And let pj, (h > 0) be the heat kernel (that is, the integral kernel of e"4) on G.

The kernel of the j* Riesz transform Xj(—A)’% (1 <j < n)is written simply
as K;(g9,9") = K;(g""' o g). It is known that (c.f. [7,18])

K; € C*(G\{0}), K;(6:(9) =r"“K;(9), Vg#0,7>0,1<j<n.
Let p be the homogeneous norm on G, which induces a quasi-distance
p(g:9") =plg' " og)=plg~ od), Vg, €G.

The bounded mean oscillation space BMO(G) [7] is defined to be the space of all
locally integrable functions f on G such that

1
| flsoe) = sup M(f, B) = sup — / 1£(9) — faldg < oo,
BCG Bcg |B| Jp

where fg = ﬁ I f(g)dy.
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We define VMO(G) as the closure of the C§° functions on G under the norm of
the BMO space.
Let 1 < p < 00, a weight w is said to be of class A,(G) if

=y ) (G o2 <

A weight w is said to be of class A;(G) if there exists a constant C' such that for all
balls B C G,

1
— < i .
B /Bw(g)dg < Cegscselgfw(g)

For p = oo, we define

Ac(@) = |J 4(9).

1<p<oo

In [7], we obtained the following lower bound of the Riesz transform kernel and
the characterization of the compactness of Riesz transform commutator.

Theorem 4.1. Suppose that G is a stratified Lie group with homogeneous dimension

Q and that j € {1,2,...,n}. There exist a large positive constant r, and a positive

constant C' such that for every g € G there exists a “twisted truncated sector” G4 C G

satisfying that g/igcf; p(g9,9’) = ro and that for every g1 € B,(g,1) and g2 € G4, we
g

have
|K;(91.92)] > Cplg1,92)" 9, |K;(92,91)| > Cp(g1,92)" <,

and all K;j(g1,92) as well as all K;(g2,91) have the same sign.
Moreover, this “twisted truncated sector” Gy is regular, in the sense that |Gg4| =
oo and that for any Ry > Ry > 2r,,

[(By(9, B2) \ Bp(g: B1)) N G| = |B,(g, B2) \ By(g, B1)l,

where the implicit constants are independent of g and Ry, Rs.

Theorem 4.2. Let 1 <p < oo, w € Ay(G), b € L}, .(G). Then b € VMO(G) if and
only if for some £ € {1,--- ,n}, Riesz transform commutator [b, Ry] is compact on

2.(G).

4.2. Cauchy type operators
4.2.1. Cauchy integrals and Cauchy—Leray integral

Recently, Lanzani and Stein [40] studied the Cauchy—Szegd projection operator on
a bounded strongly pseudoconvex domain D in C™ whose boundary bD satisfies
the minimum regularity condition of class C2. The measure that they used on the
boundary bD is the Leray—Levi measure d\. They obtained the LP(bD) boundedness
(1 < p < o0) of a family of Cauchy integrals {C.}.. Since the role of the parameter
€ is of no consequence here, when denoting a member in this family we will simply
write C. Here the space LP(bD) is defined with respect to dA. We point out that
the kernel of these Cauchy integral operators does not satisfy the standard size
or smoothness conditions for Calder6n-Zygmund operators. To obtain the L?(bD)
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boundedness, they decomposed the Cauchy transform €, which is the restriction of
such a Cauchy integral on bD into the essential part C* and the remainder R, i.e.,

C=C+ R,

where the kernel of €%, denoted by C*(w, ), satisfies the standard size and smooth-
ness conditions for Calderén—Zygmund operators, i.e. there exists a positive con-
stant A; such that for every w, z € bD with w # z,

# < 1 .
Cl) |O (’U),Z)| = Al d(w,z)Q"’
d(w, w'’ .
b) |C*(w,z) — CHw', 2)| < Ald(w(,zi)%)*'l’ if d(w, z) > cd(w, w');
d(z,2)

c) |C¥(w,z) — CHw,2")| < Ay if d(w, z) > cd(z,2')

for an appropriate constant ¢ > 0 and where d(z,w) is a quasi-distance suitably
adapted to D. However, the kernel R(w,z) of R satisfies a size condition and a
smoothness condition for only one of the variables as follows: there exists a positive
constant C'g such that for every w, z € bD with w # z,

1
< I S
d) |R(U), Z)| = CRd(’w,Z)%lil’

e) |R(w,z) — R(w,z")| < CR%,

if d(w, z) > cgd(z,2’)
for an appropriate large constant cp.

In [17], we obtained the following characterization of the commutator of Cauchy
transform C.

Theorem 4.3. Suppose D C C", n > 2, is a bounded domain whose boundary
is of class C? and is strongly pseudoconver. Suppose b € LY(bD,d)\). Then for
1 <p<oo,

(1) b € BMO(bD,d\) if and only if the commutator [b,C] is bounded on
LP(bD,d)).

(2) b € VMO(bD,d)\) if and only if the commutator [b,C] is compact on
LP(bD,d)).

We also considered the Cauchy—Leray integral in the setting of Lanzani—Stein
[41], where they studied such integral in a bounded domain D in C™ which is strongly
C-linearly convex and the boundary bD satisfies the minimum regularity C':!. The
Cauchy-Leray transform of a suitable function f on bD, denoted C(f), is formally
defined by

C(f)(z) = /bD wdx(w), z € bD,

where A(w,z) = (Op(w),w — z), p is the defining function of D. In [41], they
obtained the L?(bD) boundedness (1 < p < oo0) of C by showing that the ker-
nel K (w, z) of C satisfies the standard conditions of Calderon—Zygmund operators.
Following a similar approach as in the proof for Theorem 4.3, we arrived at the
following result on the commutator of the Cauchy-Leray transform.
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Theorem 4.4. Let D be a bounded domain in C" of class C1' that is strongly
C-linearly conver and let b € L*(bD,d)\). Let C be the Cauchy—Leray transform.
Then for 1 < p < oo,

(1) b € BMO(bD,d)) if and only if the commutator [b,C] is bounded on
LP(bD, d)).

(2) b € VMO(bD,d)\) if and only if the commutator [b,C] is compact on
LP(bD, d)).

In [31], we also characterized the boundedness and compactness of the commu-
tator of Cauchy type integral C on the weighted Morrey space L2 *(bD), p € (1,00),
k€ (0,1) and v € A,(bD), which is defined by

Ly "(bD) == { f € LT, (bD) = || fllzz:~opy < o0}

with
| ]

1 , 1/p
oy = o [P @]
here

v(B)z/Bv(z)d)\(z).

Theorem 4.5. Suppose D C C™, n > 2, is a bounded domain whose boundary is of
class C? and is strongly pseudoconvex. Suppose b € L} (bD),1 <p < o0, 0 < k < 1
andv € A,. Then,
(1) b € BMO(bD) if and only if the commutator [b, €] is bounded on LE"(bD).
(2) b € VMO(bD) if and only if the commutator [b, C] is compact on LE"(bD).

Again following a similar approach as in the proof of Theorem 4.3, we obtained
the following results on the Cauchy—Leray transform and its commutator.

Theorem 4.6. Let D be a bounded domain in C* of class CY' that is strongly
C-linearly conver. Let 1 < p < oo,v € A,. Then there exists a positive constant C
such that

IC(H)zwpy < ClfllLp @by
holds for every function f € LE(bD).

Theorem 4.7. Let D be a bounded domain in C" of class C' that is strongly
C-linearly convex and let b € L'(bD),1 < p < 00,0 < k <1 and v € A,. Let C be
the Cauchy—Leray transform (as in [41]). Then for 1 < p < oo,
(1) b € BMO(bD) if and only if the commutator [b,C] is bounded on LE"(bD).
(2) b € VMO(bD) if and only if the commutator [b,C] is compact on LE"(bD).

4.2.2. Cauchy-Szegs projection operators

Recall that the space H of quaternion numbers forms a division algebra with respect
to the coordinate addition and the quaternion multiplication

/ . . / /s /s /
xx’ = (z1 + @l + x3j + 24k) (2] + w51 + 25j + 24 k)
/ / / / / / / AW
= 21X] — TaTy — 3Ty — T4y + (T1T5 + Tox] + Taxy — T4y) 1

/ !/ / AN / / / /
+ (125 — xoxy + w3 + 2425) j + (v12) + @2y — T375 + 2427 K,
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for any © = x1 + @l + x3j + x4k, @' = 2} + 241+ 24j + 2,k € H. The conjugate T
is defined by
T =x1 — ol — x3j — x4k,

and the modulus || is defined by |z|> = 27 = Z?:l 2. The conjugation inverses
the product of quaternion number in the following sense go = &q for any ¢,0 € H.

It is clear that
Im(Zz') = Im{ (21 — w21 — 23] — 24k) (2] + 251 + 2%j + 2, k) }

/ ! / AN !/ ! / AN
= (x1275 — Tox] — X3y + Taxy) 1+ (2125 + Toxy — T3x] — Ta4Ty) ]

where i = i,i> = j,i3 = k, and b; is the (k, j)-th entry of the following matrices
b

0100 0 010 0001
L —-100 0 e 0 001 e 0 0-10
0 00-1 -1 000 0100
0010 0 -100 -10 00

The Siegel upper half space

Uy ={q=(q1," ,qn) = (q1,¢) € H" | Req1 > |¢']*},

where ¢’ = (g2, ,q,) € H"!, whose boundary dU,, := {(¢1,¢') € H* | Req =
|¢'|?} is a quadratic hypersurface and can be identified with the quaternionic Heisen-
berg group H" !, which is Im H x H” ! endowed with the non-commutative mul-
tiplication

(ty) - (ty) =+t +2Im(y, ')y +9),
where t = t1i + toj + ts3k, t’ = t)i+thj+ thk € ImH, y,y' € H* !, and (-, ) is the
inner product defined by

n—1
<y7y/>zzylyl/’ y:(yla ayn—l)a y/:(yllv 7y;L—1) GHnil'
=1

The Cauchy—Szegd projection operator P can be defined via the “vertical trans-
late” from Cauchy—Szegs kernel for U,, by

(Pf)(q) = lim ) S(q+ee,p)f(p)dB(p), Vf e L*(0Uy), q€ Uy,
M”L
where e = (1,0,0,---,0) € H", the limit exists in the L?(0lU,,) norm and P(f) is
the boundary limit of some function in holomorphic Hardy space H?(U,,) (c.f. [4,6]).
In view of the action of the quaternionic Heisenberg group, the operator P can be
explicitly described as a convolution operator on this group:

(PF)(g) = (f * K)(g) = pv. / K(h - g)f(h)dh,

Fn—1
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where the kernel K (g) is the corresponding Cauchy—Szegé kernel on H" 1. We can
write

P1@) = po [ Klg.m) (). (11)

where K(g,h) = K(h™! - g) for g # h. Note that (4.1) holds whenever f is an L2
function supported in a compact set, for ever g outside the support of f.

Based on [6], in [4], we obtained the explicit formula of Cauchy—Szegs kernel for
the quaternionic Siegel upper half-space U,,.

Theorem 4.8. The explicit formula of Cauchy—Szegd kernel for the quaternionic
Siegel upper half-space Uy, is given by

S(q,p) = S(q1 + D1 — 22@%),
k=2
forp=(p1,p") = (1, -+ ,pn) €EUn, ¢=(q1,¢") = (q1,- - ,qn) € Uy, where

. AGn-2)
)= e =2y

x {Im [Zj;(w@n—l)z?z)]a—lm Lj;(z+(2n—2)z22)]},

here 0 = x1 +xoi+x3j+ask € H, z = 21+ |Imoli, and ¢,—1 is the one in Theorem
A.

Theorem 4.9. Suppose j =1,...,4n—4, and we denote Y} the left-invariant vector
fields on H"~ 1. Then we have

1

Y;K <—
‘ J (g)‘ ~ p(g,O)Q+1,

g € 1"\ {0},

where 0 is the neutral element of H" 1.
Then we further have the Cauchy—Szegd kernel K (g, h) on H"~! (g # h) satisfies
the following conditions.

. 1
(i) [K(g,h)| < W;

(i) 1K (9h) = Ko )] S A0 it plaos ) = eolg. )

(iii) |K(g,h) — K(g,ho)| < ; p(h, ho)

(g, ho)@+ T if p(g, ho) > cp(h, ho)

for some constant ¢ > 0, where QQ = 4n + 2 is the homogeneous dimension of H" ™!
and p is defined in Section 2.

We also got the boundedness and compactness of the commutator of P.

Corollary 4.1. Let all the notation be the same as above.

(1) P extends to a bounded operator on LP(H"™1) for 1 < p < oo;
(2) P is of weak type (1,1);
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(3) P is bounded from HY(H"1) — L1 (H"~1);
(4) P is bounded from L% (H""1) — BMO(H"1);
(5) [b,P] is bounded on LP(H"~1) for 1 < p < oo if b € BMO(H"1);
(6) [b,P] is compact on LP(H"™1) for 1 < p < oo if b€ VMO(H"1).

However, to obtain reverse arguments of (5) and (6) above, we still need to know
more about the pointwise lower bound of the kernel K.

Theorem 4.10. The Cauchy-Szegd kernel K(-,-) on H"~! satisfies the following
pointwise lower bound: there exist a large positive constant ro and a positive constant
C such that for every g € H"™!, there exists a “twisted truncated sector” S, C H"*
such that

inf ,¢)=r
g,esgp(gg) 0

and that for every g1 € B(g,1) and g2 € Sy we have

C

K(g1,92)| > ———.
lon )l 2 S g

Moreover, this sector Sy is regular in the sense that |Sy| = oo and that for every
Ro > R > 2rg

|(B(97R2>\B(97R1)) n Sg| ~ |B(97R2)\B(97R1)‘

with the implicit constants independent of g and Ry, Ro.

By using the above Theorem, we established the boundedness and compactness
of the commutator of P with respect to BMO(H" 1) and VMO(H"™!) in [20],
following the ideas and approaches in [7,17], respectively.

Theorem 4.11. Suppose 1 < p < oo and b€ L}, (H"™1).

(i) b € BMO(H"Y) if and only if [b, P] is bounded on LP(H"™1).
(ii) b € VMO(H"™Y) if and only if [b, P] is compact on LP(H"~1).

Theorem 4.12. Let p € (1,00), € (0,1), w € A,(H"™') and b € L}, (H"1).

loc

Then the Cauchy—Szegd operator commutator [b,P] has the following boundedness
characterization:

(i) If b € BMO(H"1), then [b,P] is bounded on LP;*(H™1).
(i) Ifb is real-valued and [b, P] is bounded on LE;*(H" 1), then b € BMO(H"1).
Based on the above Theorem, we further obtained the compactness characteri-

zation of Cauchy—Szegd operator commutator.

Theorem 4.13. Let p € (1,00), x € (0,1), w € Ap(H"™!) and b € BMO(H"1).
Then the Cauchy—Szegdé operator commutator [b, P] has the following compactness
characterization:

(i) If b € VMO(H"™Y), then [b, P] is compact on LE;*(H"™1).
(i) Ifb is real-valued and [b, P) is compact on LE;*(H" 1), then b € VMO(H"1).
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