Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 14, Number 1, February 2024, 42—-60 DOI:10.11948/20220529

GREEN FUNCTION OF A CLASS OF
EIGENPARAMETER DEPENDENT
THIRD-ORDER DIFFERENTIAL OPERATORS
WITH DISCONTINUITY

Yulin Bai', Wanyi Wang? and Kun Li®'

Abstract This paper is concerned with a class of third-order boundary value
problems with discontinuity, and the eigenparameter is contained in two of
boundary conditions, the transmission conditions are imposed on the discon-
tinuous point. Using operator theoretic formulation, we transfer the considered
problem to a new operator T in a modified Hilbert space H. It is proved that
T is a self-adjoint operator in H, and we introduce some properties of the
spectrum. The Green function and the resolvent operator are obtained. The
completeness of eigenfunctions is also proved.
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1. Introduction

In this paper, we consider the following third-order boundary value transmission
problems (BVTP)

1. .
by = ;{—Z[qo(qoy’)’]’ —(poy") +ilqy + (qy) ] +myt =Xy, I, (1.1)

with boundary conditions

L1y := (1A + @1)y(a) — (asA + da)y(a) = 0, (1.2)
Loy = (B + B1)y(b) + (BoA + B2)yP (b) = 0, (1.3)
L3y := (i +sin )y (a) + /rira (1 +isin )y (b) = 0, (1.4)

and transmission conditions

Ty == y(c—) — ry(c+) =0, (1.5)
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Toy =y (=) — /rirayW (e+) = 0, (1.6)
Toy ==y (c=) = ray®(c+) = 0, (1.7)

where I = [a,c¢) U (¢,b], A € C is the spectral parameter, qo, q1,po,p1,w are real-
valued continuous functions on each interval [a, ¢) and (¢, b] and satisfy the following
conditions

Q()_17Q()_27p07q17p1awGLI(Iv]R)’ QO>03 w > 0. (18)

0,0, &, By, Bj, r; (j = 1,2) are arbitrary real numbers with
p1 = a1 — a1ds >0, py = B2 — B2 > 0, 7179 > 0. (1.9)

It is well known that the spectral theory of ordinary differential operators is
an important research topic in the differential equation boundary value problems.
The research field of differential operators is also very plentiful, such as self-adjoint
expansion, the properties of eigenvalues and eigenfunctions, inverse problems, etc.
Such problems are well understood for even order differential operators, especially
for the so called Sturm-Liouville problems, see for example [14,19,21,22] and refer-
ences cited therein. However, little is known for odd order differential operators.

Third-order differential equations arise in many physical phenomenons, for ex-
ample, three-layer beam problem, more backgrounds we refer to [7]. Recently, Hao,
Zhang etc in [8] characterized the self-adjoint domain of odd order differential op-
erators by using real parameter solutions, and Niu etc.gave all canonical forms of
self-adjoint boundary conditions for regular third-order differential operators [15].
Ugurlu also studied a class of third-order self-adjoint boundary value problems and
introduced the dependence of eigenvalues on the problem [17], and generalized these
results to boundary value problems with discontinuity [18]. In a very recent paper,
Li etc in [10] considered a regular third order differential operators with mixed and
eigenparameter dependent boundary conditions and investigated self-adjointness,
the properties of eigenvalues, Green function of the operator.

However, there is still lots of work which need to be done for third-order dif-
ferential operators, namely, differential operators with transmission conditions and
eigenparameter dependent boundary conditions which arise in many mathematical
physical phenomenon, for example, in electrostatics and magnetostatics, the model
problem which describes the heat transfer through an infinitely conductive layer is
a transmission problem [5,6,16]. For such problems of second-order Sturm-Liouville
operators or Dirac operators, we refer to [1-4,6,11-13,23].

In this paper, we consider third-order boundary value transmission conditions
(1.1)-(1.7). By using the classical analysis techniques and spectral theory of linear
operator, we transfer the BVIP (1.1)-(1.7) to a self-adjoint operator T in an
appropriate Hilbert space H such that the eigenvalues of the problem (1.1)-(1.7)
coincide with those of T. This paper is organized as follows: In Section 2, we
investigate some basic notations and preliminaries. In Section 3, we introduce a new
Hilbert space and construct an operator T associated with the problem (1.1)-(1.7),
the self-adjointness, the properties of eigenvalues of this operator are discussed.
The Green function and the resolvent operator are discussed in Section 4. The
completeness of eigenfunctions is proved in Section 5.
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2. Notations and preliminaries
Let the quasi-derivatives of y be defined as [9]

mo_ 1+ 2] _

O =y, yltl = — 7 w0y's ¥ =iqo(qy) + poy’ —iq1y,

Y

and H, = L2(I) = L2 [a,c) ® L2 (c,b] be a weighted Hilbert space consisting of
functions y which satisfy f: ly1 [Pwdx + 179 f: ly2|?wdx < oo equipped with the
inner product (y, z),, = f; y1Z1wdr 41179 f; yaZowdx. Where y(x), z(x) € H,, and

y(x) _ {yl(l')a S [CL,C), Z(aj) _ {Zl($)7 T e [a,c),

ya(z), = € (¢, b,

w(z) = {Zmz) la,c),

b :Z: 6 )
Q(x)’ HAS (C,b]'
Denote by Lyjax the maximal operator with the domain

Diax ={y € L, (1) | 41, o1V, 4P € AC(D),
y(ek), gl (e£), gl (e) < 00, ty € H,},

and the rule
Linaxy =0y, Yy € Dax, © € 1.

Then for arbitrary y, z € Dpy.x, integration by parts yields Lagrange identity
<Lmaxy7 Z>w - <y7Lmaxz>w = [y,f]g_ + 7“17a2[y72]zc)+7
where

g2 __

[y’g]al [y,?](O'Q) - [:%E](O-l)’
[y, 2](2) = y(2)2P)(z) — yP(2)2(2) + iy (2) 1 ().

We can transfer the equation (1.1) to the following first-order system

Y' 4+ QY = A\WY, (2.1)
where
0 V2
y[ ) 000 0 (1+4)qo0 0
= 1 = — | A+9dar  _ ipo V2
Y= |yt W 000],Q a2 (2.2)
(2] _ _ (A+i)q
4 w00 Pr g 0

Then the following result holds.

Theorem 2.1. [4] There exists a unique solution for the equation (1.1) with initial
conditions y¥!(d, \) = di,(\), where d € I, k =0,1,2, di(\) are arbitrary complex
numbers. Moreover, y¥! (z,\) are entire functions of .
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3. Operator theoretic formulation and self-
adjointness

Using the methods of Mukhtarov [4,12], one can construct a new Hilbert space
H = H,, ® C? under a suitable inner product by combining the parameters in the
boundary and transmission conditions. To this end, the inner product is defined by

c b
1
Y, 2) = / yzwdx + 7“17“2/ yzwdz + ;ywﬁ—l— T;ﬂyﬂ?’ (3.1)
a c 1 2

where Y = (y(2),y1,42)", Z = (2(2), 21, 22)" € H.
We shall use the following notations:

Mi(y) = ary(a) — a2y (a), Ma(y) = Biy(b) + B2y (b),

! . T (3:2)
Ni(y) = @ayPl(a) — ary(a), Na(y) = —[Biy(b) + By (b))
Define the operator T in the Hilbert space ‘H with domain
D(T) ={Y = (y(), y1, y2)" € H| Lsy=Tiy=Tay = Tsy =0, (33
Y1 = Ml(y)v Y2 = MQ(?J); ye Dmax}a
and
Y = (y(z), Mi(y). Ma(y))" € D(T), TY = (by, N1(y), Na(y))" (3.4)

Then we get that the eigenvalue problem of BVTP (1.1)-(1.7) is transferred to the
spectra problem of the operator T. And it is easily seen that the following results
hold.

Lemma 3.1. BVTP problem (1.1)-(1.7) has the same eigenvalues with the operator
T, and the eigenfunctions of BVTP problem (1.1)-(1.7) are the first component of
the corresponding eigenvectors of the operator T.

Proof. For arbitrary Y = (y(z),y1,y2)7 € D(T), by (3.2) and (3.4), we have
TY = (Cy, Ni(y). Na (1)) = Ay(x), Ma(y), Ma(y))"

Comparing this with BVTP problem (1.1)-(1.7) yields the conclusions. O

Lemma 3.2. The domain D(T) is dense in H.

Proof. Let F = (f(z), f1, f2) € H, FLD(T), and

i ={oe= {0 0

Since C§°(I)®0@0 C D(T) (0 € C), for arbitrary G = {g(z),0,0} € C§°(I)®00,

we have

P1(z) € C§°a, ¢), w2(x) € C§(e, b]} )

c b
(F.G) :/ f?wdx+7“17“2/ fowdx = 0.

In light of C§°(I) is dense in H,, f(z) = 0, that is, F = (0, f1, f2). For any
U = (u(z),u1,0) € D(T), we have

1
(F,UYy=—fiu1 =0
1
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by the inner product in . Through the arbitrariness of uy, then f; = 0. Moreover,
for all V' = (v(z), v1,v2) € D(T), we have
(E.V) =2 =0,

By arbitrariness of vy and rire > 0, we have fo = 0. Hence F = (0,0,0), and the
proof is completed. O

Lemma 3.3. The operator T is symmetric.

Proof. For any U,V € D(T), integration by parts yields

(TU,V) = (U,TV) =[u,0];" + r1r2[u, v]e, + [ 1(u)Mi(v) = Mi(u)Ni(v)]

+ 2 N () Ma(v) M2<u> 2(0)]
(3.5)

By boundary and transmission conditions (1.2)-(1.7), we have
uPl(a)o(a) — u(a)vl?(a) = %[Ml(u)f\fl(@) — Ni(uw) My (v)], (3.6)
uP (B)o(b) — u(b)uPI(b) = [ 2 (u)Mz(v) — Ma(u)Na(v)), (3.7)
ul(a)vl(a) = ryroul! (b)v[l] (), (3.8)
u(c—)vl (e—) = rirau(c+)vil(ct), (3.9)
ull (=)ol (c=) = riroul (c4) vl (e4), (3.10)
ul (e=)v(c—) = rirsul (c4)v(c+) (3.11)

Inserting (3.6)-(3.11) into (3.5), we have
(TU, V) — (U, TV) =0

Therefore, the operator T is symmetric. O

Theorem 3.4. The operator T is a selfadjoint operator in H.

Proof. Since T is symmetric, it suffices to prove that for any U = (u(z),u1,us) €
D(T) and some V € D(T*), Z € H satistying (TU, V) = (U, Z), then V € D(T)
and TV = Z, where V = (v(z),v1,v2), Z = (2(x), 21, 22), 1.e.,

(i) oll(z) € AC(I),j =0, 1,2, and lv € Hy;

(i) v = arv(a) — awvl®(a), vo = B1v(b) + B2l (b);
(iii) L3v = Tiv =Taev = Tzv = O

(iv) z(z) = lv;

(v) 21 = aovl@(a) — ayv(a), 2o = —[Bru(b) + Bevl2 (b)].
For any U = {u(z),0,0} € C§°(I) @ 0@ 0 € D(T), by (TU, V) = (U, Z) we
have

c b c b
/(éu)ﬁwdz+r1r2/ (Zu)@wdx:/ ufwda:Jrrlrg/ uzZwdzx,

that is, (fu, v), = (u, 2),,. By the classical differential operator theory, we have (i)
and (iv) hold. By (3.1), (3.4) and (iv) we get that for all U = (u(z),u1,us) € D(T),
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(TU,V) = (U, Z) turns to

1 T
(u, V) — (U, L)y = E[M1(U)ZT — Ny (uw)vr] + %[Mz(u)zﬁ — No(u)val.
In light of
(u, V) = (u, L0)y + [u, D)5 + 1172 [u, D)2,
hence

r1i7r2

%[Mﬂu)zﬁ—/\/l(u)ﬁ]—i- (Mo (u)Z5 —Na(u)T3] = [u, ]S +r17r2[u, 9]0, . (3.12)

P2

Using Naimark Patching Lemma, there exists a U = ((z),dy,42) € D(T) such
that
a"(b) = a"(c—) = al"(c+) =0, n=0,1,2,
i(a) = ay, 1M(a) =0, 7 (a) = a;.
Substituting this into (3.12) yields v1 = ajv(a) — v (a). Similarly, there exists
a U = (u(x),uy,u2) € D(T) such that
w"l(a) = A" (c—) = al"(e+) =0, n=0,1,2,
W) = o, T(D) =0, T2(D) = —4.
Then by (3.12), we have vy = B1v(b) + Bovl?(b). Therefore, (ii) holds. Using similar
methods, one can prove (v) is true.
Choosing U* = (u*(x), u},u3) € D(T) such that
u*(a) = u*[Q](a) = u*(b) = u*[Z](b) _ u*[n](c_) _ u*[n](C-f—) =0, n=0,1,2,
u* ! (a) =14 —siné, u* (b) =1 —isinb)/\/r1r2.
Then by (3.12), we have L3v = 0. Similarly, there exists a U = (ii(z), i1, iiy) € D(T)
such that
i(e—) = i (e=) = ii(c+) = i@l (c+) = il (a) = @™ (b)) =0, n =0,1,2,
i (=) =1y, i (c+) = 1.
Substituting this into (3.12) yields 7;v = 0. Using similar methods, we can obtain

Tov = 0 and Tzv = 0. Therefore, (iii) holds. Hence, the operator T is selfadjoint.
O

By self-adjointness of the operator T, we have the following conclusions.
Corollary 3.5. The eigenvalues of T are real-valued.

Corollary 3.6. Let Ay and Ay be two different eigenvalues of T, Y1 = (y1(x), y11, Y12)
and Yo = (ya2(x),y21,y22) be the corresponding eigenfunctions respectively, then
y1(z) and ya2(x) are orthogonal in the sense of

- 172 -

c b
1
/ y1yzwdx + 7172 / 1 ypwdz + ;M1(y1)M1(y2) + e Mo (y1)Ms(y2) = 0.
a c 1 2
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Let

al A + aq 0 —(042/\"‘1‘&2)

Ay = 0 0 0 )
0 1+ sinf 0
0 0 0

By=| Bix+f 0 Bad+ B |
0 1+isin6 0

T1 0 0
C= 0 \/T17T2 0
0 0 T2

Then the boundary and transmission conditions of (1.1)-(1.7) can be rewritten in
the following matrix forms

A,\Y(a) + BAY(b) =0, (3.13)
and
Y(c—) — CY(c+) =0, (3.14)

where Y(z) = (y(z), y!" (z), yP?) ()"
Let ¥11(x, \), ¥12(x, ), ¥13(x, A) be the system of linearly independent funda-
mental solutions of equation (1.1) on interval [a, ¢), and

‘I/l(l‘, )\) = (\1111(.%‘,)\), \1112(.%, )\), \Iflg(l‘,)\)) (315)

satisfy initial conditions

100
Pi(a,A)=1]010 |, (3.16)
001

where -
Uz, \) = N, i@ N, i @A k=1,23
lk(x7 ) 1/11k($7 )7 wlk(‘xv )7 ql)lk(x? ) 9 y Ly e

Then their Wronskian w; () is independent of x and is an entire function of A, and
we have

wy(A) =det ¥y (2, A) = det ¥y (a,\) = 1. (3.17)
Let 1o1(x, N), aa(x, N), 1ha3(x, A) be the solutions of equation (1.1) on interval
(¢, b], and satisfying initial conditions
Uo(ct, ) = (Var(c+, A), Woa(et, A), Waz(ct, A))
= C_l(\Ifll(C—,)\), \1112(C—,)\), \1113(0—,)\)) (318)
= Cil\Ifl(C—, )\),



Third-order differential operators 49

where
Wop(z,\) = N o, @@ ) k=123
Qk(x7 ) 1/12k($7 )7 ka(‘xv )7 ql)Qk(‘rE? ) 9 y Ly e
Thus, their Wronskian ws () is independent of  and is an entire function of A, and
we have
1
7"17'2\/7“17’27

therefore, o1 (z, A), Yoo (2, A), o3(x, A) are linearly independent on interval (c,b]
and

wa(\) = det Uy(c+, \) = det Oy P det Uy (c—, \) = (3.19)

2 = Y11(2), x € [a,c), 2 ) = Y12(x), x € [a,c),

1/)1( ,/\) {wﬂ(x)’ T € (Ca b]v w2( )/\) {1/122(55), HAS (C’ b]v
) = P13(x), x € [a,c),

Ys(@,A) {1/123(23), z € (¢, bl,

are the solutions of equation (1.1) on interval I satisfying transmission conditions
(1.5)-(1.7).
We assume that

then
U(e—, A) = Uy(e—,N), U(ct, A) = Ug(et, M),

and for any z € I, ¥(x,\) is an entire function of A.

Lemma 3.7. Let

be an arbitrary solution of equation (1.1), then y(z) can be expressed by

y(z) = c11911(2) + cr¢12(2) + c1313(2), € [a, ),
o121 () + Ca2vaa (x) + ca3tbasz(w), x € (c, b],

where ¢ji, € C (j = 1,2, k= 1,2,3). If the solution y(x) satisfy the transmission
conditions (1.5)-(1.7), then c1 = cor(k = 1,2,3).

Proof. (i) The first conclusion is clearly true.
(ii) Assume

y(x) = cr1t11(z) + cr2t2(x) + c13v13(x), ¢ € [a, ¢),
o101 (2) + Canthoz () + cogthas(x), x € (¢, b],

is a solution of equation (1.1) satisfying transmission conditions (1.5)-(1.7).
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Inserting y(x) into the transmission conditions matrix form (3.14) yields

22:1 c1ePik(c—) 22:1 CorPak(c+)
S enelilen) [ —C | Sl eawvller) | =0
Sh_y cuti(c-) Sh_y canti(ct)

The above equation can be expressed as

Wyi(c—, A)(e1r, erz,ca3)” = CWs(c+, A)(can, a2, c23) "
and by (3.18), we have

Uy (c—, A)(e1r, ez, Cls)T = Wy (c—, A)(ca1, 622,623)T,
namely,

Uy(c—, A)(c11 — ca1, 12 — a2, €13 — c23)" =0, (3.20)
by virtue of
det(¥q(c—,N)) =1,

hence, the system (3.20) have only zero solution, so ¢11 = c21, €12 = C22, €13 = Ca23.
O

Lemma 3.8. A complex number X is an eigenvalue of the problem (1.1)-(1.7) if
and only if
A(X) = det[Ax + B T (b, \)] = 0.

Proof. Suppose )\ is an eigenvalue of the problem (1.1)-(1.7) and yo(z) is the
corresponding eigenfunction. Then we have

yo(x) = cr1thi1(x, Xo) + cr2v12(2, Ao) + cistis(z, No), z € [a,¢),
c1121(x, Ao) + cr2v22(x, Ao) + ci3¥as(x, No), € [a,c),

where at least one of coefficients ¢y (k = 1,2,3) is not zero. Inserting yo(z) into
boundary condition (3.13) yields

Zizl citix(a, Ao) Zzﬂ c1xar (b, Ao)
A | S8 cull(@ro) | +Ba | S0 el (0, 20) | =0,
S endl(a, M) Sy i (b Ao)

that is
(A)\\Ill(a, )\0) + B)\\Ilz(b7 >\0))(011» C12, ClS)T =0,

from (3.16), we can see
(A)\-FB)\\I/(b, )\0))(011,612,013),‘? =0. (321)

Due to ¢11, ¢12, c13 are not all zero, hence det(Ay + By¥(b, o)) = 0.
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On the contrary, if det(Ax+ Ba¥ (b, Ag)) = 0, then the system of the linear equa-
tions (3.21) for the constants 1 (k = 1,2,3) has non-zero solution (¢y1, ¢12, ¢13)7.
Let

Co121 (2, M) + Ca2tP22(, No) + Ca3vas(x, Ao), x € (¢, b],

then y(z) is the non-trivial solution of equation (1.1) satisfying the conditions (1.2)-
(1.7), which implies \g is an eigenvalue of the problem (1.1)-(1.7). O

y() = {511?/111($,A0) + cr2v12(x, Ao) + Cis¥i3(x, Xo), « € [a,c),

Theorem 3.9. The eigenvalues of T are discrete and have no finite point of accu-
mulation. Moreover, the multiplicity of each eigenvalue at most 3.

Proof. By Lemma 3.8 and the self-adjointness of T, we know that the zeros of
A()) are the eigenvalues of operator T, and all the eigenvalues of T are real, that
is to say, for any A € C with its imaginary part not vanishing, then A()) # 0.
Therefore, by the distribution of zeros of entire functions, the first part holds. The
second conclusion follows from the fact that there at most 3 linearly independent
solutions exist for the equation (1.1). O

4. Green’s function

In this section, we discuss the Green’s function of BVTP (1.1)-(1.7) when A is not an
eigenvalue of the problem (1.1)-(1.7). To this end, consider the following operator
equation

(T=ADY = F, F=(f(x), /1, f2) € H. (4.1)
By the definition of the operator T, the equation (4.1) can be transferred to the
following inhomogeneous boundary value problems

—ilqo(q0¥")'] = (poy') + iy’ + (1)1 + (pr — dw)y = fuw, (4.2)
Ly := (cx A+ a1)y(a) — (aeh + ag)y (21 (a) =—f1, (4.3)

y = (BiA+ By (b) + (B2 + Bo)yP (b) = —fz» (4.4)
Lsy := (sinf + i)y (a) + (isin @ + 1)yl (b) = (4.5)
Ty = y(c—) —ry(c+) =0, (4.6)
Tay = yM(c—) — riray(e+) =0, (4.7)
Tay ==y (c—) = rayl?(c+) = 0. (4.8)

The general solution of homogeneous equation (1.1) can be represented as follows

(2,)) = {du%l(al?7 A) + diath12(x, A) + digtrs(z, A), x € [a,c), (4.9)

da1tp21(x, N) + doathaa(x, N) + dagthas(x, ), x € (¢, b],

where dj (j = 1,2, k = 1,2,3) are the arbitrary constants. From the method
of variation of constant, we can get the general solution of the non-homogeneous
differential equation (4.2) as

d11(z, )11 (z, A) + dia(z, N)12(x, N)
+dis(x, N13(z, A), x € [a,c),
day (2, N)a1 (2, N) + daa(z, N)ihaa(x, M)
+daz(x, N)hag(z, A), x € (¢, b)].

y(w,\) = (4.10)



52 Y. Bai, W. Wang & K. Li

When z € [a, ¢), functions dii(z, A) (k = 1,2, 3) satisty the following conditions
d/u(:v, Ar(z, A) + d/12($7 Mra(z, A) + dl13<337 Mis(z, A) =0,
i (, N (2, 2) - dio 0, N (2, 2) + dig (, Aot (2, 4) = 0,

dyy (2, VU (2, 0) + di (0, V53 (2, 0) + dig (2, V05 (2, 4) = f(@)w(a).
(4.11)
When z € (¢, b], functions dag(z, A) (k = 1,2, 3) satisfy the following conditions

d/21(m7 )\)’1/121(%, >\) + d/22 (1’, )\)11122(% >‘) + d/23 (1'7 >‘)77Z123 (xv >‘) =0,
dyy (2, NS (2, A) + diy (a2, N5 (2, A) 4 dlys (2, N)opl (2, A) = 0,

/ 2 / 2 / 2
o (2, NS (0, N) + dlg (2, N5 (2 0) + g (2, N (2, 3) = f()o().
(4.12)
Since A is not an eigenvalue, both linear system (4.11) and (4.12) has a unique
solution, and hence

wi(A) = W(11(z, A), 1w, A), P1a(z, A))

P11(z, A) Yra(z, N) P13(z, A)
= [ (@, ) ¥l (2, A) w1 (@, )
Bl ) v @A) el (2, 0)
=1

)

wa(A) = W (a1 (z, A), Paz(z, A), Paz(z, A))

a1 (2, N) Yaa(x, N) Paz(x, )
= |l (@, ) w3 (2, A) b (2, \)
(e, A) 5 (2, ) il (2, A)

1
b
T1724/T172

and when z € [a, ¢) yields
due ) = [ FOuOV N+ diy,
d12 (IE, A) == / f(t)w(t)Vlg(t, )\)dt + de, (413)

daamz/ﬁmmmmwmw+%,

where dj;,d]s, d}s are arbitrary constants and

P12 Y13 P13 Y11 P11 Y12
Vu=toyom VeS| g o m YVeET | ml|
12 13 wll} 11 11 ¢12
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When z € (¢, b], we can obtain
d21($ )\) —7”17’2«/7‘17"2/ f v21(t )\)dt+d21,
dQQ(I A) = T17’2\/T’1T‘2/ f v22(t )\)dt + d22, (414)

doz(w,\) = 7‘17"2\/7“17"2/ FOw(t)Vas(t, \)dt + dis,

where d3,,d55, d5; are arbitrary constants and

a2 P23 P23 P21 Y21 P22

Vo = , Voo = , Vaz = .
1] (1] ¢[1] (1] (1] ¢[1]
25 Va3 23 Va1 1 Yoz

Inserting djx(z,A)(j = 1,2, k = 1,2,3) into (4.10), one gets that the general solu-
tion of (4.2) has the following representation

(1’ )\) ’ll)ll Z, )\ / f Vu(t )\)
+ 12(z, A) / FOw(t)Via(t, A)dt

) [0Vt Nt (4.15)
+ dllz/)ll(x )\) + dlgwlg(l‘ /\) + dfgwlg(x,)\), xr € [G,C),
y2(z, A) =riray/rirater (z, A / FOw(t)Var(t, N)dt

+7"17"2\/7"1T2’(/J22 Z, A / f VQQ(t )\)

+T17‘2\/7‘17’2d)23 Z, A / f VQg(t )\)dt (416)

+ dy121(x, A) + daptaa(@, A) + digihas(w, A), @ € (¢, b].
Inserting (4.15),(4.16) into transmission condition (3.14), one gets that
CVy(c+, N)(d5y, d3y, dig)" = Y(c—, \), (4.17)
from (3.18), we can get
Wi (e—, A)(dzy, dag, dg)" = Y(c—, M),
thus,
d5, = det (Y(cf, A), Uia(c—, A), ¥y3(c—, /\)),
d5, = det (\Illl(cf, A), Y(c—, A), Ty3(c—, /\)),
d5s; = det (\1111((3—, A), Uia(c—, A), Y(c—, )\))
At the same time, we have
djy [r FQw() Vi (t, At diy
CUs(ct, A) [ dzy | = Vale= N[ [7f(Ow(t)Via(t, Ndt | + | diy |)s
23 J3 F@w()Vis(t, \)dt 13
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by (3.18) we can get
d3
dy | =
d33

Substituting (4.18) into (4.16) we obtain

ya(x, N) =rira/rirathar (z, N) /”” f(t)

11(t, A)dt
12(ta )‘)dt

Sy F@w(t)v
Jo F@w(t)v

JE FOw(t)Vaa(t, N)dt

diy
+ | dxy (4.18)

%
d13

w(t)Vay (t, \)dt

s ranayrTRna) [ " F (et Vas(t, Ndt

117 /FiTa (2, ) / C Fw(t)Vas(t \)dt

+ o1 (z, A) /C F@Ow) Vi (t, N)dt

(4.19)

~+ 29 (SL‘, )\) /c f(t)w(t)Vlg(t, /\)dt

+ w23 (.’E, )\) / f(t)w(t)V13 (t, )\)dt
+ dleﬂ(xa )‘) + d;2¢22($7 >‘) + d>{31/}23(x7 >‘)7 S (Cv b]

The equation (4.15) and (4.16) can be represented as follows

b
(2, ) = / Ky (£, N) F(pu(0)dt + dypn (2, 0) + digthia(z, A)

+ dT31/)13(1?, >‘)a

b
Y2 (.13, /\) :/ K2 (a:, t, )\)f(t)w(t)dt + d;l’(/)gl(l‘, /\) + digwgg (l‘, )\)

+ dT3¢23($, A)a

Sl($7ta )‘)7
Kl(‘ratA) = 0»
0,

where

0,

S2(=Tata )‘)7
K2($7t7>\) = (TITZ)%SB(xvta )‘)7

(4.20)

z G [a7 C)’

(4.21)
€ (e, b],

a<t<z<ec,
a<lzxz<t<eg,
a<z<cec<t<hb,

a<lt<cec<z<hb,
c<t<z<h,

a<lz<t<e

1/)11(t7)\) '111)12(153 )‘) ¢13(t7)‘)
Su(wt, ) = [l 2) v, A vl |
Pr1(x, N) Yra(x, X) Prz(x, N)
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SQ(xatv A) =

Sg(.fC,t, >\) =

Obviously,

y(z,\) = {yl(l’

Y11(t, A) Yia(t, A) is(t, )

B i,y oY,

o1 (x, N) Yaa(x, N) Vaz(x,

A)
A)

Po1(t, A) Paa(t, N) as(t, )

W

a1 (x, N) Yaa(x, N) Va3(x,

s A

y2($7>\),

T A el e, 0 ol @0 |-
2)

(4.22)

is the solution of inhomogeneous equation (4.2) satisfying transmission conditions
(1.5)-(1.7). Let (4.22) be expressed as follows

y(z, ) /th)\

+ dizs(w, A),

where

K(x,t,\) :{

zel,
Ki(z,t, ), x € [a,c),
Ko(z,t, \), x € (e, b]

w(t)dt + diyr(z, A) + digha(z, A)

Substituting the general solution y = y(z, A) into (4.3)-(4.5), one gets that

di1 L1(h1(z, N)) + dig L1 (2(z, ) + digLi(v3(z, M)

/f

K(x,t,\)dt — fi,

(4.23)

di1La(Y1(x, N)) + diaLa(2(z, N)) + dizLa(3(z, \))

/f

K(z,t,\))dt — fo,

(4.24)

diy La(i1(z, N) + digLa(h2(z, N)) + dizLa(s(z, )

/f

K(x,t,\))dt.

(4.25)

Due to A is not an eigenvalue, hence the determinant of coefficients of dj;, di,, di5

satisfies

Li(¢1(z, )
La(¥1(z, )

L3(¢1(z, A))
=det(Ax + BA¥(b, \))

Ly (1o
La (12
L (12

1(¢3(,

8 &

8

N)
i)
A)) Ls(¥s(x,
— A\ £0.

A)

(4.26)

A)

L

Lo (¢3(x, A))
L

)
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Therefore, di,,d}s, d}5 are uniquely determined, and

RN +31u() g - Ri2() + SN - Ris() +S15(Y)

WA T T am M T Am

where
b
- / FOw() Ly (K (£, ) dt L (o, A)) Ln (s (2, A))
%
Rt (A) = / FOwE) Lo (K (2,8, \)dt Lo (a2, A)) Lo(s(, V) |
/ 0 K (2., \))dt Ls(a(, A) Ls(bs(x, A)

—f1 Li(Y2(x, A)) Li(s(z, A))
S11(A) = | = fo La(va(x, N)) La(vs(z, A)) |-
0 Ls(a(x, N)) La(vs(z, N))

Similarly, R12(A\),R13(\) and J12(N), S13(A) can be obtained by using Cramer’s
Rule. Hence the general solution have the following form

b
(@A) :/ K (2,4 0) f(1)w(t)dt

+ 07 (Rt 8 2.0) + Ria M)l ) + Ris(W. ) -
A;) (S ()1, ) + S12(\a(e, ) + Sus(Viis (1))
where
Gla,tN) = K(2,6,3) — o R(z,1,\), (4.28)

AN

Li(¢1(x, A)) Li(Y2(x, A)) Li(s(z, A)) Li(K(z,t,A))
I?(l‘ + /\) _ L2(7/f1($7)\)) LQ(QZ)Z(I'?)‘)) L2(¢3(1’7>‘)) L2<K(x’tv>‘))
Ly(¥1(w,N) La(P2(z, A)) La(s(x, N)) La(K (x,t,\))
Y1(z, ) Pa(z, ) VY3(z, ) 0
Ly(¥1(z, A)) Li(v2(x, A) Li(s(, A) = fr
(.1, 2) = La(¢1(x, A)) La(a(w, N)) La(3(z, A)) —fo _
Ly(¥1(w,N)) Ls(2(z, A)) La(s(z,A)) 0
Y1(x, ) Yo (w, \) Ys(z,A) 0

In conclusion, for any F' = (f(x), f1, f2) € H, there is an unique Y € D(T),
satisfying (T — A)Y = F.
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By the definition of D(T), the components of Y are determined by the first one,
i.e., in order to find Y, we only need to find its first component y(x), and y(x) is
determined by (4.27).

Definition 4.1. The integral kernel G(x,t, \) in (4.28) is called Green’s function
of the operator T.

Theorem 4.2. If \ is not an eigenvalue of the operator T, then for any F =
(f(x), f1, f2) € H, there exists an unique solution Y = (y(z), M1(y), M2(y)) of
equation (T — ANI)Y = F satisfying

b 1
y(x,)\):/a Gl t N f(wlt)dr + 5550 ).

The operator (T — AI)~! is defined in the whole space by Theorem 4.2. Tt
follows from the facts T is symmetric and Closed Graph Theorem that (T — A\I)~!

is bounded. Therefore, A is a regular point of T provided that it is not an eigenvalue
of T.

5. Completeness of eigenfunctions

In this part, we study the completeness of the eigenfunctions system of boundary
value problem (1.1)-(1.7).

Theorem 5.1. The operator T has only point spectrum, that is to say, o(T) =
op(T).

Proof. We just need to prove that if A is not an eigenvalue, then A € p(T). Since
T is a self-adjoint operator, thus we only need to consider the case where A is a real
number.

We assume that A is not an eigenvalue. Let’s consider equation (T — \)Y = F,
where F' = (f(z), f1, f2) € H, A € R. With the definition of operator T, we can
divide problem into two parts: initial value problem

by — Ay = f, rzel, (5.1)
Y(c—)+ CY(c+) =0,

and system of equations

AMi(y) = Nily) = —f1,
AMa(y) = Na(y) = = 2, (5.3)
(i +sin @)y (a) + /rir2(1 + isin0)yM(b) = 0.

By Lemma 3.7, we know that the general solution of the system of equations

by — Ay =0, rel,
Y(c—)+ CY(c+) =0,

can be expressed as follows

y(z) = c11¥11(x) + c1at12(x) + c13tf13(z), ¢ € [a, ¢),
6111/]21(1') + 012¢22 (lf) + 013’(/}23 (ﬁr), €T € (C, b]7
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where c1; € C, ¥ (j = 1,2, k=1,2,3) are defined in Section 3.
Let

o2(x), x € (¢, bl,

be a special solution of equation (5.1), then the initial value problem (5.1)-(5.2) has
the general solution as follows

y(z) = ciipn (x) + cravie () + cisthis(x) + 1 (x), @ € [a, ¢),
c11¥21 () + cr2tP22(x) + c13v23(x) + d2(x), z € (¢, b].

b(z) = {qbl(x), x € [a,c),

(5.4)

Take the general solution (5.4) into system of equations (5.3) yields
(a1 + Aaq)err — (@2 + Aag)ers
=1 = (@ + A1) (a) + (G2 + Aaz)y (),
[(By + ABL a1 (b) + (B2 + AB2)uhy (B)lens
+ [(Br+ AB1)U22(B) + (B2 + AB2)s3 (b)]eas
+[(B1 + AB1) W23 (D) + (Ba + ABa)bky (b)]ers
=— fa— (B1+ AB1)2(b) — (B2 + AB2) 5 (b),
Vrira(1 +isin 5) éll] (b)e1r
[ sin B) + VFTa(1 + dsin )93 (0)]exs
+ /e (1 + isin B)ph (b)ers
= — (i +sin )¢} (b) — Vrir2(1 + isin B)h (b).
System of equations (5.5)-(5.7) can be expressed as follows
(Ax + BY(b,N)) (c11, c12, ¢13)T
=(=f1.=f2.0) = 4 (61(a). 61 (a). {7 (@) " — Ba(01.(0), 41" (b). " (0) "

Since A is not an eigenvalue of operator T, therefore (AA + B,\\I/(b,)\)) # 0,
thus c11,c12 and ¢13 are uniquely determined. Hence, the general solution of the
boundary value problem (5.1)-(5.3) is uniquely determined.

From the above discussion, we can see that (T — A\)~! is defined on the whole
space H. By the self-adjointness of operator T and the closed image theorem, we
know that (T — A\)~! is bounded. Hence A € p(T), so o(T) = o,(7T). O

(5.5)

b
(5.6)
b

(5.7)

Lemma 5.2. The operator T has compact resolvents, ie., for each 6 € R/op(A),
(T —8I)~1 is compact on H (c.f.[ [22], Theorem 6.3.3]).

By the above lemmas and the spectral theorem for compact operator, we obtain
the following theorem.

Theorem 5.3. The eigenfunctions of the problem (1.1)-(1.7), expanded to become
eigenfunctions of T, are complete in H, i.e., let {®,, = (¢n(x), M1(¢n), Ma(dn));n €
N} be a mazimum set of orthonormal eigenfunctions of T, where {¢n(z);n €
N} are eigenfunctions of the problem (1.1)-(1.7). Then for all F € H, F =
Yoo (F, @)Dy,
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