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EFFECT OF NONLOCAL DELAY WITH
STRONG KERNEL ON VEGETATION
PATTERN

Juan Liang"?? and Guiquan Sun?*f

Abstract In order to understand the mechanism of water uptake by vegeta-
tion, we propose a vegetation-water model with nonlocal effect which is char-
acterised by nonlocal delay with strong kernel in this paper. By mathematical
analysis, the condition of producing steady pattern is obtained. Furthermore,
the amplitude equation which determines the type of Turing pattern is ob-
tained by nonlinear analysis method. The corresponding vegetation pattern
and evolution process under different intensity of nonlocal effect in roots of veg-
etation are given by numerical simulations. The numerical results show that as
intensity of nonlocal effect increases, the isolation degree of vegetation pattern
increases which indicates that the robustness of the ecosystem decreases. Be-
sides, the results reveal that with the water diffusion coefficient increases, the
change of pattern structure is: stripe pattern—mixed pattern—spot pattern.
Our results show the effects of diffusion coefficient and intensity of nonlocal
effect on vegetation distribution, which provide theoretical basis for the study
of vegetation.

Keywords Vegetation, pattern, nonlocal delay, multi-scale theory.
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1. Introduction

Vegetation plays an extremely important role in ecological protection. It is bene-
ficial to changing the abiotic environment and redistribution of resources [12]. In
particular, in the process of photosynthesis, plants absorb a large amount of car-
bon dioxide and release oxygen, which can achieve the purpose of purifying air and
improving air quality. In addition, vegetation has a strong role in soil and wa-
ter conservation. The roots of the vegetation retain water to form fertile soil [43].
Therefore, the destruction of vegetation can inevitably lead to the imbalance of
ecological system.

In arid or semi-arid areas, water is the decisive factor restricting the growth of
vegetation. A univariate vegetation model was studied and described the dynamics

TThe corresponding author.

1Data Science and Technology, North University of China, Taiyuan 030051,
China

2Department of Mathematics, North University of China, Taiyuan 030051,
China

3Department of Science, Taiyuan Institute of Technology, Taiyuan 030008,
China

4Complex Systems Research Center, Shanxi University, Taiyuan 030006, China,
Email: liangjuan76@126.com(J. Liang), gquansun@126.com(G. Sun)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20230290

474 J. Liang & G. Sun

of vegetation growth. This paper revealed that water resource was scarce in arid
or semi-arid regions, there were spatial mechanisms of short distance promotion
and long distance inhibition between vegetation [31]. In 1999, Klausmeier proposed
the reaction-diffusion equation of two-variable vegetation and water, and the for-
mation mechanism of stripe pattern was revealed [29]. Then, a three-dimensional
model was proposed by Rietkerk et al., which was divided into vegetation, surface
water and ground water [22]. So far, there has been much research on vegetation
models [3,4,11,27,34,35,53]. Vegetation pattern is the direct reflection of vege-
tation spatial distribution. The spatial density distribution of vegetation and the
stability of spatial structure can be seen [8,16,23-26,30,32,44,50]. Vegetation pat-
tern can provide early warning of desertification and theoretical basis for vegetation
protection [28,41,46,57,58].

In recent years, there are many researches on nonlocal interaction [1,10,13,37,48].
Nonlocal actions are generally expressed as integrals in mathematical models. The
dispersal of plants can be described by nonlocal integrals and thus the dispersal
of seeds over long distances can be proved. The increase of seed dispersal rate is
not conducive to the formation of spot pattern structure [9]. Zaytseva et al. con-
structed a grass sedimension dynamic model with nonlocal term, the integral term
was represented by a Mexican kernel function which could reflect the scale depen-
dence mechanism. They deduced the conditions for the generation of pattern and
the factors affecting the structure of pattern [67]. In addition, nonlocal intraspecies
competition can also be coupled to the predator-prey model, and it is found that
nonlocal competition can lead to the formation of spatial patterns [42].

So far, most studies on vegetation are concerned with the local effects of vegeta-
tion models. In fact, the spatial organization of vegetation is generated through a
new mechanism of nonlocal promotion and local inhibition [55]. There are two pro-
cesses for vegetation to absorb water. First, precipitation which is the main source
of water resources permeates the soil. Second, the roots of vegetation absorb water,
and then convert it into their own biomass [52]. Consequently, in arid or semi-arid
areas, the roots of the vegetation absorb water in a certain area around it through
a certain time, and this phenomenon is called nonlocal delay mathematically.

Nonlocal delay has been studied in many fields [7,20,21,54,65,68]. A reaction-
diffusion model for studying plankton communities was developed with nonlocal
delay. In particular, this model included two delays of nutrient cycle and plankton
growth response and it was proved that delay can induce space-time periodic solu-
tions [5]. Guo et al. studied the properties of spatial inhomogeneous steady-state
solutions for the reaction-diffusion systems with nonlocal delay [17,18]. Some schol-
ars have studied the properties of traveling wave solutions for systems of partial
differential equations with nonlocal time delays [19, 36, 40, 59, 61-63]. A class of
systems with Lotka-Volterra competition and nonlocal delay were studied, and the
properties of the solution were verified [38,39,60]. Chen et al. considered a univari-
ate diffusive logistic model with nonlocal delay. The authors studied the stability of
spatial inhomogeneous equilibrium solutions and Hopf bifurcation [6]. To sum up,
there are few studies on the nonlocal processes of water absorption by roots. This
paper mainly studies the vegetation-water reaction-diffusion model with nonlocal
delay to reveal the growth process of vegetation.

The structure of this article is as follows. Firstly, through stability analysis
we get the conditions for the generation of stationary pattern. Next, amplitude
equation is obtained by multiscale analysis. Finally, the influence of intensity of
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nonlocal effect 7 and diffusion coefficient 5 on the pattern structure are analyzed
by numerical simulations and some important conclusions are given.

2. Model derivation and stability analysis

The two-variable mathematical model which was composed by Klausmeier in 1999
is the following form [29]:

ON
o
— i W
ﬁ—R—IW—FI/VN2+V6—X7
where N and W represent plant biomass (N) and water (W), respectively. R
represents the rate of rainfall which is the supply of water and ITW denotes lost
rate due to evaporation. Plant absorbs water at a rate of FWN? and the rate of

conversion to biomass is J. BN is the natural mortality of plant. V 9% is the run-off

— FJWN? — BN + DAN,
(2.1)

and the water flows downhill. D is the diffusion rate of plant and A = 867;2 + 38—;2.
In this paper, we mainly study the nonlocal process of water uptake by plants,
a integra is introduced as follows [15, 66]:

V= /I>/—<>o G(z,y,t — 8)f(t — )W (y, s)dsdy,

where ® € |[a, l~)] X [d,g] and z,y € ®, G(z,y,t)f(t) represents the weight of the
water from other positions to current position before time t. The integral is the
average value of water absorption by roots of vegetation at position x.

G(z,y,t) is the solution of the following equation

oG 9°G  9%°G

T _D +

ot ox2 = 0Oy?
and 80

Time distribution function f(¢) represents the water absorption strength of the
roots and is selected the Gamma function (K =0,1,2,...):

tKe—7
O N ES

Choose K =0 and K =1, and function f(¢) have the following forms [15]:

folt) = e, Fi(t) = e,

which represent weak kernel and strong kernel, respectively. Figure 1 shows the
variations of the weak kernel and strong kernel with respect to time ¢, respectively.
As can be seen from Figure 1(A), the weak kernel function fy(t) decreases with
as time goes on, which biologically reflects that the water absorption strength of
the roots decreases over time. For strong kernel fi(¢), its graph increases firstly
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and then decreases over time, which reflects in arid or semi-arid areas vegetation is
severely short of water, the strength of water absorption of the root is strong at first,
then water resource near the roots of vegetation is reduced and the water absorption
intensity is weakened. Obviously, strong kernel are more practical. Besides, there
are few studies on nonlocal delay with strong kernel in vegetation system. Hence,
this paper mainly considers the effect of strong kernel on vegetation pattern. Incor-
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Figure 1. Image of the weak kernel (A) and strong kernel (B) over time.

porating the above mentioned nonlocal action into (2.1), the following system can
be obtained:

ON

5T = FJN? [, fioo G(z,y,t — s)f(t —s)W(y,s)dsdy — BN + DAN,

15144

Vi R—IW — FN? fq) fjoo G(z,y,t — s)f(t —s)W (y, s)dsdy (2.2)

+V L + DAW.

Suppose the boundary condition of system (2.2) is Neuman boundary, and the
initial value is nonnegative. We mainly consider the growth of vegetation on flat
ground. Consequently, system (2.2) can be rewritten as follows:

ON

57 = FJN? [, ffoo G(z,y,t — s)f(t —s)W(y,s)dsdy — BN + DAN,
ow _
a—T:R—IW—FNqu) fiooG(x,y,t—s)f(t—s)W(y,s)dsdy—i—DAVV.

(2.3)
Let V = Jo fjoo G(z,y,t — s)t;—fe_t:s W (y, s)dsdy, f(t) = T%e_%, system (2.3)
becomes the following form [15]:

N _ FJN2V — BN + DAN

or — TN ’

oW o

—— = R—IW — FN2V + DAW,

or (2.4)
o _1 P—V)+ DAV

or — A0V DAY,

op_1 W — P) + DAP,

or ~ W P DAL

where P = [, fioo Glx,y,t — s)te™ = W(y, s)dsdy.
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Next, we prove that systems (2.3) and (2.4) are equivalent. Firstly, the following
lemma is given.

Lemma 2.1. Let ® is a bounded domain in R? and the boundary is smooth,
W(z,t) : ® x (tg,+00) is continuous and P(z,t) € C*L1(® x [tg, +00)) (N C(® x
[to, +00)) satisfies

oP 1

— = —(W —P)+ DAP, z € ®,t>tg,

or

oP 2.5
ﬁzo, xe@@,tktm ( )
P(z,t9) = Py(z), z € P

Then P = [, ffoo Gz, y,t — s)Xe™ = W(y, s)dsdy ast — +oo.

Proof. Suppose that {(vy, ¥, (x))}22, is the eigenvalues and the corresponding
normalized eigenfunctions of

— () = vi(a), T €D,
oy

=0 0.
on re

The for the equation

1

pe(x,t) = ——pu+ DAp, x € ®,t > to,
T

o

—0, € 9D, t >t
on o =
w(x, to) = po(x), red,

o0
the solution of this equation is p(z,t) = 3. cpe”(Pvnt2)E=t0)y (1), where ¢, =

n=1
Jo ¥n(y)po(y)dy. Therefore, one has:
pl,t) = / (D e Py (@) (y))e 1 po(to)dy
o= (2.6)

=/G(x,y,t—to)e’%(t’“)uo(y)dy-
[

Similarly, let
1
i (z,t) = ;W(x,t) + DA@, z€d,

8ﬁ—0 € 0P, t>1
ajn_ ’ x s U= L0,
ﬁ(.’ﬂ,to) :ﬁO(x)v T € (1)7

a particular solution to the above equation is

t
(1) = / / Gla,y,t — to)e =W (y, s)dyds.
tg J O
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Applying the Duhamel principle, the solution of (2.5) is
P(x,t) = / G(x,y,t — to)e™ "~ Py, to)dy
@
t
+/ / G(z,y,t — to)e_%(t_s)W(y, s)dyds.
to /P

Then p(z,t) — 0 as t — oo. Therefore, we have

¢
1 _t=s
P= / / G(z,y,t —s)—e” = W(y,s)dsdy as t — +o0.
P J—o0 T

O

It is important to note that Turing pattern generation is the asymptotic behavior

when ¢t — 0o. According to the Lemma 2.1 and the conclusions of references [14,

15], (2.3) and (2.4) can be regarded as equivalent. Therefore, if (N (z,y), W(z,y),

V(x,y), P(x,y)) is the steady state solution of system (2.4), then (N (z,y), W (x,y))
is the steady state solution of (2.3).

We perform nondimensionalization:

n:EN, UI:@W tzIT,yzE
VI I

VFJ - VEI VI i
= p=———P ==

—, Y= ——=Y.
VI VI NG RNk
Then the resulted nondimensionalized system is:
0
a—?—nzvf’ynJrAn,
ow 2 1 BA
—=n—w-—-nv w,
5’95 ) (2.7)
T I p— A
7o
p
—=—(w— Ap.
5 = WD)+ Ap

By calculating that system (2.7) has three equilibria:

Ey =(ng,wo,vo,p0) = (0,1,1,n),

E, :(nlawhvlapl)

( 2y N+ V02— 472 n+ VP — 42 n+\/772472>

N+ =42 2 ’ 2 ’ 2
Ey =(ng2, w2, v2,p2)

:< 2y =Vt =4 n—n* -4 77—\/772—472)
—

772—4727 2 ’ 2 ’ 2

The equilibrium FEj is also called as the bare-soil and the two nonnegative equi-
libria should satisfy n > 2v. Next, we mainly analyze the stability of the positive
equilibria F and Es.
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2.1. Stability of the equilibrium FE;

Next we linearize system (2.7) at the equilibrium F; when there is in the absence
of diffusion, and obtain the following system:

dn

% = ain + aj2w + a13v + ai4p,

dw

E = a21N + a22wW + a23v + ag4p,

- (2.8)
yr = a31n + asz2wW + as3v + as4p,

dp

o = A41M + Q12W + Q430 + A44DP,

where,

_ _ _n—Vnr =4 _
a1 =7, a2 =0, a;3 = e a1g4 =0,
N+t =4y

_ -~ o=V =42 _
ag1 = —27, azy = —1, as3 = ————F————, a4 =0,
N+ /0P =42

1
a1 = 0,a32 =0, azgz3 = ——, azg = —,
T T
1
ag1 =0, a2 = —, as3 =0, agya = ——.
T T

The characteristic equation of system (2.8) is as follows:

M T 1(0)A3 + T2(0)A2 + T3(0)\ + T4(0) = 0,

where,
_ - 2 2(1 —
- a3 +1-—2 2y =
T5(0) = =5 = =1, T4(0) = L (@ — 1).

According to Routh-Hurwite criterion, Fj is stable if and only if Re\; < 0, then
the following conditions hold:

el

1(0) >0, TQ(O) > 0, T4(0) > 0,
)T2(0)T5(0) > T3(0) + T3(0)Y4(0), (2.9)

=]
—
—
o

Since a13 < 1, it is easy to see that T4(0) < 0. This is a contradiction with
(2.9). Therefore, E; is unstable.
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2.2. Stability of the equilibrium F,

Linearzing system (2.7) near Fs(ng,ws, v, p2), we obtain the linear system as fol-

lows:
on
dt
ow
dt
ov
dt
dp
d
where,
b1 =1,
n—
bor = =27, bag = —1, byz =
1
b31 =0, b3o =0, b3z = - bss =
1
b41 207 b42 - ;7 b43 :07 b44 - -
Let
n nx c1
w w Co
= +
v V% c3
p p* Cyq

— = buin + biaw + bi13v + biyp + An,

—— = ba1n + baow + bazv + baup + BAwW,

(2.10)

—— = b31n + bzaw + b33v + baap + Aw,

i bain + basw + bazv + baap + Ap,

+ / 2_4 2
b2 =0, b13=u7 bia =0,

02 — 42

VI

n—n*—4y?

3

Nl

eMHEF—i—c.c—i— 0(e?),

where k = (k. ky), 7= (X,Y), c.c represents all complex conjugate, A is the growth
rate of perturbation in time ¢ and i = —1. We substitute the above equation into

(2.10) to get the characteristic equation:
b1 — K2 — A b12

detA =
b31 b3z

ba bao

which is equivalent to:

621 b22 - ﬂkQ - A
bss — k=X by

b13 b14

b23 b24

b43 b44 — KQ - A

M4 T(R)N 4+ Ta(k)A2 + T3(k)A + Ta(k) =0,
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Ta(k)
_(3p gt TANT =B34y, AT 4 2y 27—
_ _ - : |
T T
Ts(k)
4G —3r— ) L
=(36+ 1)k6 _ 2B8yT + 1T — 48 — 37 2]€4 _ 2ByT + 2712 + 2;/7_ B—4r 1k2
T T
1
By Tz 2T = 2T AT py =y 297 o),
(k)
:5k8_ﬁ77_2ﬂ—7k6_2ﬁ7T+772—ﬁ—27k4_ 1
T2 72(p — 0% +27?)

(PnBy + 2pmyT — 2By — 20°47 + 287 + 41 —np + 1) k?
Y(np —n* + 4v?)
m2(np —n? +2v?)’

where p = \/(n +27)(n — 27).
The characteristic equation of the system (2.7) without the diffusion term is:

it 4+ T1(0)p® + T2(0)p® + T3(0)p + Y4(0) =0,
where,

_ —YTHTH+2 i+ 297 — 27 -1
T1(0) = ————— T2(0) = — 5 :
T T
- 1
o 2 (np— 0?4+ 29?)
+ oy =0y + 297 —np + 1),
2 2
_ —n°+4
T4(0) = — 72(7p 7 72)
T (np — 1% +27?)
We have that Es is stable if and only if (2.9) holds. In the case when there
is diffusion in system (2.7), the conditions for stability of the equilibrium are as
follows:

(2pnyT = 20°y7 + 49°T

(I)Tl(k) >0, Tg(k) > 0, T4(k) >0,
()1 (k) Ta(k) T (k) > T3(k) + T3() T4 (k). (2.11)
(3)Y1(k)Y2(k) > T3 (k).

The steady state Es of the model (2.7) without diffusion is stable and if it
is unstable in presence of diffusion, then Turing instability occurs [45]. Hence,
the characteristic equation must have at least one positive eigenvalue or complex
eigenvalues with positive real part. When (2.9) is established and one of (1)-(3) of
(2.11) is not satisfied, the equilibrium becomes unstable and the Turing pattern is
induced. Next, we will consider two cases in which patterns are induced.
—T+T+2

T

Case 1. (a) T1(k) = (B +3)k% +

Since all the parameters are nonnegative, Y1 (k) > 0 is always established under
the condition Y1 (0) > 0.
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(b) Let Yo(k) = fo22? + fa12 + fa0, 2 = k2,

where,

fooa =3B+ 3,

BT+ 2y — 28— 31 —4
Jo1=— ;

T

T2+ 2y — 21 — 1

fa0=— 5 )
T
Since fao > 0, then Yo (k) takes the minimum value when z = 72];2212,

_ 4 _ 2
T2(k)min: f22£72;22 f21.

In summary, Turing patterns are induced by combining (2.9) and the following
conditions:

{4f22f20 - f34 <0,

fa1 <0.
(c) Let Ty(k) = R(k?) = faaz* + f132° + f122® + fu12 + fao and z = k2, where,
f44 = 67
By =28 -1
Jiz=——"7—
T
28T +y12 — B =21
faz = — = ;
1
— 92 12 ) 2
fa Tz(np_n2+272)(pnﬁm+ pyT — 0° By — 2n°yT
+269° + 4% — np + %)),
e = +49%)
Ja0 = —

m2(np —n? +27%)
It is noted that fs4 > 0 and f40 > 0. The first derivative of R(z) is:

dR(z)
dz

Let e =4f44, f = 3f13,9 = 2f42 and h = f41, then we have:

= 4f442° + 3f132% + 2f422 + fa1.

dljiiz) =ed + f22 4+ gz + h.
Suppose that
¢ = f? = 3eg,
X = fg—9eh,
1/1 = 92 - thv
A =x*—dpy,

we can obtain some properties about polynomials R(z):
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For any z = k2, fio > 0 and R(z) — +oc as z — +oo. Besides, according to
Shengjin’s criterion [21], we have:

When ¢ = x =0, %iz) = 0 has three equal real roots:

f g _ 3h

3¢ f g

When A = 0, 222 —  has the roots:

Z1 = kg = 23 =

dz
z1 =—i+K7 Zo =23 =——,
e 2
where K = X (¢ # 0).
When A > 0, dlfliz) = 0 has the following roots:
L I ymt YR
e 3e ’
o LS ) £ P (Y )i
2,3 3e )
where y1 2 = of + Se(ﬁi W).
When A < 0, d}fli’z) = 0 has the roots as follows:
L o H2peos(s)
1 3e )
¢ 9
oy — er\/@(coZ?):I:\/§s1n3)7
’ e

_ _ 2pf—3e
where ¢ = arccos T, T = *;T/EX(@ >0,-1<T<1).

When Y4 (k) < 0 and (2.9) hold, Turing pattern occurs. As a consequence, we
have the following conclusion:

(1) If ¢ = x = 0, R(2) has an extreme point z; = —3—fe =9 = 3h and it is
a minimum point and zo is the maximum point. The sufficient conditions for the

occurrence of Turing pattern are as follows:

zZ1 > 0,
R(Zl) < 0.
(2) If A = 0, R(z) has two extreme points 21, z2 and the minimum is to the right

of the maximum. The sufficient conditions for the occurrence of Turing pattern are
as follows:

max(z1,z2) > 0,
R(max(z1, 22)) < 0.

(3) If A > 0, R(z) has a real extreme point z;. The following inequalities are
the conditions for producing Turing pattern:

z21 > 0,
R(Zl) < 0.
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(4) If A < 0, R(z) has three extreme points 21, 29, z3. Suppose z; < z3 < z3, then
z1 and zg are the minimum points. We consider the conditions for the occurrence
of Turing pattern in two cases:

When z; > 0,
min{R(z), R(z3)} < 0.

23 > 0,
R<Z3) < 0.
Case 2. T1(k)Y2(k) < T3(k).

Let Ry(k?) = Y1(k)Y2(k) — Y3(k) and z = k2, then

When 2z <0,

Ri(2) = 1132 + 1122 + 71112 + 710,
where,
i3 = 36% + 96 +8,

1
- _;(5277 +108vyT — 26% — 687 + 1097 — 203 — 157 — 20),

1
r = —2(5727'2 — 28~v7% 4+ 27272 — 88~yT — 10772 + 48T — 1677 + 372
T
+64 + 207 + 12),
1 f
rio = (77 = 977 + 29% 7% + 20my? 7% — piy7® — 2%

T (np — 0+ 27?)
+ P97 + P12 = 29770 = 8oy T + 8Py — 169777 — 6piyT + 20177
+ 60°yT — 2% 7% — 12937 + 6pnT — 60°7T + 10727 + 2np — 20° + 472).

It is easy to verify that for any z = k2, Ry(z) — +0o when z — +oc. Further-
more, the first derivative of Ry (z) is:

dR1 (Z)
dz

= 3T1322 + 2r19z +1r11 = 0.

The equation has two roots, which implies R;(z) has two extreme points:

3
—r12 + /iy — 313711

zZ1 =
37’13
and
2
—T12 — \/T1y — 313711
Z9 = .

3’["13

Applying the above analysis, it yields
Zmax = 22 < Zmin = ?1.

When R (2)min = R1(21) < 0, the pattern is induced. The minimum point z;
is the square of the wave number k, and it should be guaranteed to be positive.
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Based the above analysis, the system (2.7) produces Turing bifurcation when the
conditions are certified:

T‘%Q — 3r13r11 > 0,

z1 >0,

R (2’1) < 0.

Case 3. T1(k)T2(k)T3(k) > T2(k) + T2(k)Ta(k).

This case is complicated to analyze and we do not consider it in this paper.

We show the dispersion relation in Fig. 2 with fixed parameters: n = 2.6,y =
1.2, = 30, and 7 has different values. Turing patterns are induced under the
conditions Re(\) < 0 when k£ = 0 and Re(\) > 0 when & > 0.

0.9

7=0.22

Re(h) 03 -

-0.6 - 4

1.2 - 4

-15 = 4

Figure 2. Dispersion relation of system (2.7). In the case of fixed other parameters: n = 2.6,y =
1.2, 8 = 30, 7 takes four different values. When 7 takes different values, with the increase of k, the real
part of the characteristic root is greater than zero, the spatial pattern of system (2.7) is generated. The
black dots is the critical points of Re(X\) < 0.

3. Multiple scale analysis

In this part, we derive the amplitude equation to reveal the spatiotemporal behavior
of the attachment of Turing bifurcation points [21,52]. Only when the wave number
disturbance approaches the critical value k7, the steady state solution will become
unstable. This paper mainly studies the vegetation-water model, and the process
of changing pattern structure by controlling the parameters of amplitude equation
is studied. In order to obtain the control parameter 7, the critical wave number
k = kr is calculated at first. Substituting kp into T4(k) = 0, bifurcation threshold
T is obtained.
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We rewrite the system (2.7) at the equilibrium Fy = (Ng, Wa, Va, Ps):

on
i b11n + bigw + b13v + biap + N1(n,w, v, p) + An,
ow
E = leTL =+ b22’w + ng’U + b24p + N2(n7 w, 'U,p) + 5Aw,
(3.1)
ov
E = b31n + bzow + b3zv + b3ap + N3(”7 w, v,p) + Aw,
op
a = b41n + b42'UJ + b43U + b44p + N4(n7 w, Uap) + Apa
where,

Nl(’fl,’LU,’U,p) = TL2’LU,

NQ(TL,’LU,'U,p) = 77?,2’11_)7

N3(n7wavap) = 07

N4(TL,’LU,’U,p) =0.

Since near the onset 7 = 7p, the following expression is a form of the solution
of system (2.7):
3

U= Uu + Z Uo [Ajeik}f: + /I}e_ik;'F],
j=1
where k_; and —k_; are a pair of oscilatory wave vectors and |k;| = kp, and the

direction is different.
Take advantage of the above formula, we can obtain the solution of (2.7) as the
following form:

U0 = 3 Uy 4 Ay,
j=1

Let U = (n,w,v,p)T and N = (N, No, N3, Ny)T, then system (2.7) can be
rewritten as:

%(t] — LU+ N, (3.2)
where,
bii +A by b13 b14
I ba1  ba2 + A bos baa
b1 bzga  baz+ A  ba
ba1 baso byz  bas + A
Let

L:LT+(TT—T)M, (33)
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where,
* * * *
ajy +A  aj, a3 a1y
* * * *
as a3 +0A  ajs Aoy
LT = ’
* * * *
as; ajz, azmz+A aly
* * * *
Gy (D) ajs  ajp+A
and
i1 M2 M13 Mg
ma1 Ma2 M23 M24
M = ,
m31 M3z M33 M34
g1 M42 M43 M4q
ajy = bi, aj; =0, ajs = bz, ajy =0,
a3 = ba1, a3y = baa, a33 = bag, a3y =0,
* * * * 1
az; =0, a3, =0, a3z = » @34 = 7>
at, =0, at, =21, at, =0, af, = —1
41 — Y Y42 — o Y43 — Yy Y44 T
bllfa* blzfa* blgfa*. b147(l*
miy = ———, mip = =%, miz = ——, mig = ——*,
bo1—aj baz—aj baz—a boy—aj
Mol = ———F, Moy = — 2, Mgy = ——2%, Mgy = ——2,
bs1 —a; baz—aj b3z—a bga—aj
may = 2, M3y = — 22, M3z = — 22, M3y = — 7,
b417a* b427a*. b437a* b44fﬂ.*
may = ———H, Map = ———, Myz = ———1, Mgy = ——1
Next we will use multiscale analysis, let
_ 2 3 4
TP — T =¢€T1 +&°Tg + €713 + 0(%), (3.4)
n 1 no ns
w w1 Wo . w3
U= =c + &2 +&° + o(eh), (3.5)
v (%1 (%) (%3
p b1 b2 b3
N = ?hy + €3hs + o(e?), (3.6)
where,
2
hgl niwy
2
h22 —nlwl
h2 = ) h3 = )
0 0
0 0
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b =P —4? v
21 — n

nijwi,

2 n—/n? — 42
P ol VA s e S
2 N
ket R 0
&:TTO“FETTl +€287T2+0(83). (3.7)
% corresponds to the fast variable. Then we can obtain the following deriva-
tive:

%;1 = E% + 5288—;12 +o(e%), (3.8)
where Ty = t, T} = et, Ty = £°t.
Noting (3.2) and (3.3), it can be verified the following equation:
oUu
ot
We substitute (3.4)-(3.7) into (3.9) and obtain the following equations:

:(LT+(TT—T>M)U+N:LTU+(TT—T)MU+N. (3.9)

n
wq
Lt =0, (3.10)
U1
b1
n2 ni ni
w2 0 w1 w1
Lr -2 M b, (3.11)
Vo Tl V1 V1
D2 b1 b1
ns N9 ny no ny
w3 0 w2 0 wy wa w1
LT = 67 +87 —TlM —TQM —h3.
U3 L] ve 21 n Vg U1
ps3 D2 D1 P2 1

(3.12)

Clearly, Ly is a linear operator at a critical point. (ni,w;,v1,p1)7 is a linear
combination of eigenvectors which is corresponding to eigenvalue of zero. It then
follows from (3.10) that:

1 ll
w l - - e

b (017 4 @ge™*2 T L @z T) 4 cc., (3.13)
U1 lg

D1 1
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where,
ajs 2 1
lrb=1 k7, lsg = ——,
R —al)(I+rkg) 27 T BT T

I =

and K; = Kp,j = 1,2,3. O; is the amplitude of ¢i*'™ under the first order
perturbation.
The following expression can be deduced by Eq. (3.11) directly:

N2
w3
Lt
V2
b2
ny ny
0 w1 w1
:87 — TlM — h2
1 (% U1
P1 D1
(3.14)
n1 mi11n1 + Mi2wi + M13v1 + Miap1 ha1
0 w1 mo1N1 + MogWi + Ma3¥1 + MagP1 haa
o |, | " -
Ll un m31n1 + M3g2wi + M3sv1 + MaaP1 0
D1 M4g1N1 + My2W1 + MyaV1 + Maapi 0
F,
F,
F,
Fy

Applying the Fredholm solvability condition, we conclude that a sufficient con-
dition for (3.14) to have a nontrivial solution is that the function of the right of
(3.14) is orthogonal to zero eigenvector of L. and the expression is as follows:

I =
eizkj.ra ]: 132337

2

g

I

where,
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2 * 2 * * *

I+ = TT(dlkT - a11)(d2kT — a3y) — TTaj50%;
3 *
a2

)

a*
+ _ M1 44
I =2

*
21

According to the orthogonal condition, we can obtain that

(Lug)| "] =o

where F], ], F}J, FJ represent the coefficients corresponding to %5 in [, Fy, F,

n? w? v
F},, then we have:

F, F,l -, || ~. | B | .
= el 1T + 61 2T + el 3T
E) E} FU E)
F, F, F, F,
Combining (3.13) with (3.14), one has:
1 90,
F, b mi1ly + mials + misls +may ha1
FEL 1591 marly + maaly + mosls + may hoo | —
_ | e | _ " 2101 2202 2303 2 o+ 22 8,6,
Fz} ls ?)%1 ma1ly + mazla + masls +mas 0
F;} ?9%1 marly + Maaly + masls + mas 0
(3.15)
Ff I ?9%2 mi1ls +maals + masls +mas ha1
F? 15292 marly + masly + mosls + Moy hoo | —
_ | ko | _ " 2101 2202 2303 2 0, + 22 8.6,
F? l3 ?9%2 mg1ly + maaly + masls + may 0
F]? ?)?f marly + maals + masls + mas 0
(3.16)
FS by g(;f my1ly + miols + masls + may ha1
FS; _ lo (g(;)wf o mao1ly + Maols + masls + may 0, + hao @1@2.
F? l3 ‘3%” ma1ly + maala + masls + may 0
FS 27%3 ma1ly + maals + masls + may 0



Effect of nonlocal delay with strong kernel on vegetation pattern 491

Applying the Fredholm solvability condition, we get that:

00
(lh+ lzl; + lsl; + li) aTl =71[(m11l1 + mazla + masls + maa) + l;(mzlll
1
+ maaly + magls + mag) + 15 (ma1ly + maals
+ masls + maza) + (Marly + maals + mysls
+ myq)]O1 — (ho1 + lg_hzz)@zé&
00
(I + Ll + 1315 +1) 8T12 =71[(m11l1 + maals + mazls +mas) + 13 (marly
+ maaly + masls + may) + l;(m?,lll + maaly
+ masls +mayq) + (Mmarly + mazls + masls
+ m44)]O2 — (ha1 + 13 h22)01 O3,
00
(h +baly + 1315 +1) an =71[(marly + mazla + masls + maa) + 13 (marly
+ maaly + magls + mag) + 15 (marly + maals
+ masls + msza) + (Marls + maals + mysls
+ m44)]O3 — (ha1 + 13 ha2)©1 6.

(3.18)
The second formula of equation (3.11) is solved as follows:
n9 NO NZ Nz N12
3 ; . 3 . . -
w2 Wo n Z Wi etk | Z Wi 2Ty Wiz i (F—k2) 7
V2 Vo i=1 | Vi i=1 | Vi Via
b2 P P; P;; Py
N23 N31
+ o eiRa—Fa)-7 + War eilRa—ky)-7 +c.c.,
Vas Va1
P23 P31
(3.19)
where,

No = no(|01]% +102* +|03%),
Wo = wo(|01]% + |02 + |03]?),
Vo = vo(|01]% + [©2]% + |©3]?),
Py = po(|61]* + 102 + |03]%),
Ni =L P,
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Wi =1LP,
Vi =3P,
Nyi = 11103,
Wii = w1107,
Vii = Uu@?»
Py :P11@?7

N
Wi
V;,
Py

where ng, wo, vo, po, M11, W11, V11, P11, N12, W12, V12, P12 are known.

For €3, we get

mi11Ne + Mi2W2 + M13v2 + MigP2

ns no 1
w3 1o} Wa 0 wy M21M2 + MooWa + Mazv2 + MaygP2
Lt = + -7
o1y 0Ty
V3 V2 U1 maing + M3aWa + M33vV2 + M34P2
p3 D2 P1 mM41M2 + My2W2 + My3V2 + MyqaP2
2
mi1n1 + Mi2wW1 + Mi3v1 + MiaPy njwi
2
M21M1 + Ma2W1 + Ma3V1 + Ma4P1 —njwi
— TQM —
m31M1 + Ma2w1 + Mm33v1 + M3aap1 0
M4g1N1 + MaaW1 + Ma3V1 + MyaaPi 0
E,
E,
E,
Ey
(3.20)
Therefore, the following expression can be derived by the above equation:
1 9P 90
E, hor hgm limyy + lamag + l3mas + mag
1 dP, 20
E, | | bon la g limay + lamag + l3ma3 + may
B or, | T 00, |~ P
1
E, ls 57 ls g limgy + lamay + [3ma3 + may
1 9P [21C)
E, oT Ty limar + lamys + I3maz + mayy
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limar + lamag + lzmiz + maa

limar + lamag + l3maz + Moy
T

limsg1 + lamsg + l3mgz + ma3a

limayr + lamas + l3mag + My

G11]01]? + G12|02|? + |O3]?
G21|01|? + G22|O2|% + |©3]2

01,
0
0
E? Lg% 152 lymiy + lamag + I3mag + mag
E;, _ lo 5% N 12522 - lima1 + lamag + l3maz + maa
E? I3 g% l3 ?,% 1 limszy + lamag + I3maz 4+ m3y
) ) s
limyy + lomag + I3ma3 + mag
lima1 + lamaa + l3maz + may
— T O2
limsay + lamgz + l3mgs + maa
limar + lamas + I3maz + Mgy
G11101]* + G12(02* + (03]
G21|01 % + G22|02]* + O3]
. 2,
0
E3 g5 Lg% limay + lomag + l3maz + mag
E3 _ 12% lo ?9% . limay + lamag + I3maz + moy
E} ls G I35 1 limgy + lomas + l3mss + maa
E, % % lymay + lomas + l3mas + mag
limar + lamag + I3maz +may
lima1 + lamaa + l3maz + may o,

— 7
limsg1 + lamaza + l3maz + mas

limay + lamas + l3mag + maa

limay + lamao + I3myz + Mg

(3.21)

P,

(3.22)

(3.23)
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G11]01]* + G12]02]? + |03
G21101* + G22(02[* + (O3]
0
0

where G11 = G12 = G13 = Z%ZQ, G21 = G22 = G23 = —Z%ZQ.
By the Fredholm solvability condition, then it is combined with (3.21)-(3.23)
allows us to deduce the following expression:

(Ih + Lalf + 1305 + ZZ)(% + %)
=(11 Py + 1201)[(lim11 + lamag + lzmaz + mag) + 13 (Iymar + lamag + l3mas
+ maq) + 15 (Iimar + lamaa + lamag + maq) + I (limag + lamas + l3mas
+mag)] — (G11|01]? + G12[O:2f* + 03]*)01 — IF (~G11101[* — G12|O2|?
+103]*)01,
oP, 004

l Iold + I3l +15) (== + —=
(I + 22+33+4)(6T1+8T2)

=(11 Py + 1202)[(lim11 + lamaa + l3myz +may) + l;(llmﬂ + lamag + I3mas
+ may) + l; (limgy + lamag + l3mss + m3s) + 12_(1177141 + lamys + I3mas
+ mag)] — (G11]01” + G12|02|* + |03]°)02 — I3 (—G11|01]* — G12|0,|?
+103[%)0s,
oP; 003

I+ Ll + 155 + 1) (=2 + —=
(1+22+33+4)(8T1+3T2)

=(11P3 + 12 W3)[(lyma1 + lamaz + lsmas + maa) + 13 (limar + lamag + l3mas
+ maq) + 15 (limar + lamas + lamag + maq) + 1 (l1mag + lamas + l3mas
+mag)] = (Gu1|01]? + G12[O:2* + 05]*)03 — IF (~G11101* — G12|O2|?
+(03/*)Os.

(3.24)
Let A; = A" = [3AY = [, AV = [; AP be the coefficient of ¢/ (j = 1,2,3), then

Ap I I
Av l l
Pl P Wit | PP i=1,23 (3.25)
AY Is s
AP 1 1

Multiply (3.18) by e and multiply (3.24) by 2, and merge variables using (3.8)
and (3.25). Therefore, the following equation is obtained:

€0 6531 = A + hAs Az — [ag|A1|? + ao(|A2|? + |A3]?)] A,
€022 — Ay + WA Ay — [0 |A2]? + aa(| A1 + | A3]2)] As, (3.26)

0243 = £ Ay + WA Ay — 1| A3]? + aa(|A1|? + |A2[?)] As,
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where,
I + lglsr + lgl; + lir T — T lol3
€0 = — ) 5 = - 9 h = D]
qTT T qTT
G111+ 13 G Go1 + 15 Gao
M= =
qTT qTT

q = (lima1 + lamag + l3maz + maa) + I3 (limar + lamag + l3maz + may)

+ 1 (limsy + lamss + lsmas + maa) + 1] (limay 4 lamas + I3smas + muyy).
Substituting A; = ¥;e% into (3.26), we can obtain the following form:

ds _ 3, 9i95+0T05+0503
€05 ot h 19293 ’

€0 aat = 0"191 -+ h192’l93005§ - al{l?if - 0[2(19% + 19%)191,
€022 = 0¥y + i Uscosc — a1 V3 — az (93 + ¥3)0a,

€0 059; = o¥3 + hi¥193c0s¢ — alﬁg _ 062(’19% + 19%)193’

(3.27)

where ¢ = ¢1 + ¢ + 3.

System (3.27) corresponds to four kinds of different pattern structures. Ta-
ble 1 shows that the corresponding generation conditions of four different pattern
structures.

Table 1. Four different pattern structures corresponding to the generation conditions

Pattern structure Expression Generation conditions
mixed state 9= az_al ,p=13= \/U;;ﬁ% Qy>Qaq,0>03= (01’2‘27?1)2
spots pattern I =Us=13= hly ffl-l-igiljfgz)a o> = W’iﬂ
stripes pattern Y = \/> P9 =1093=0 >0
stationary state Hh=th=0U35=0 always

4. Numerical results

We conduct numerical simulations according to the results of the above theoretical
analysis in this part. The boundary condition is the Neumann boundary condition.
The space region studied is a two-dimensional space region with a size of [0, 100] x
[0,100], the time interval is 500. The space and time steps are Az = 1 and At =
0.001, respectively. Several types of vegetation patterns are obtained by using multi-
scale theory. The following is mainly to study the effect of intensity of nonlocal effect
7 and diffusion coefficient 8 on vegetation pattern.

Selecting the following parameter values: = 2.6,7v = 1.2. Through calcu-
Gu+lfa
lation, the parameters values can be obtalned h = fIZ’Tlﬁ o = —%,ag =
7G21+12 Gaa _ —h? _ _ _hay _ (Qaitas)h? ;
—orr 001 T Ta1t2a5)002 = 0,03 = Ga—an? 74 = “ay—anz Can be given.

According to reference [21], the pattern structure corresponding to different control
parameters is shown in Table 2

We choose 7 = 0.22 and other parameters can be obtained h = M ,o =
0.6273504, 03 = 4 3764255. Obviously, inequality 0 = 09 < 0 < 03 holds and
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Table 2. The pattern structure corresponding to different control parameters

Interval Pattern structure
o € (02,03) spot pattern
o € (03,04) mixed pattern
o € (04,+0) stripe pattern

system (2.7) will present spot pattern. Fig. 3 shows that the temporal succession of
vegetation pattern when 7 = 0.22, 8 = 30. The vegetation is uniformly distributed
at the start. With the increase of time, the vegetation pattern becomes spot pat-
tern, and the vegetation gathers together in the form of clusters. Fig. 4 shows that
the evolution of water pattern over time. By comparing Fig. 3 and Fig. 4, it can be
concluded that the densities of vegetation and water present a reverse relationship
at the same location which is related to the local soil quality [37].

(NS RN R Y]

—_

Figure 3. When 7 = 0.22, the evolution of vegetation pattern over time. The pattern finally presents
spot structure. Other parameters are fixed as: n = 2.6,y = 1.2, 8 = 30. The evolution process of pattern
is (a) = (b) = (¢) = (d).

In order to explore the influences of diffusion coefficient 5 on vegetation pattern,
the simulation results are shown in Figure 5. Obviously, the pattern structure
changes with increase of 5. When = 8, vegetation pattern shows the stripe
structure and control parameter o is greater o4 (Fig. 5(a)). With the increase of 3,
strip pattern loses stability and spot pattern appears gradually, now o is between
o3 and o4, and the mixed patterns appear in Fig. 5(b). When § increases further,
pattern shows spot structure in Fig. 5(c) and Fig. 5(d), and o is between o9 and o3.
In the process, the stripe pattern disappears gradually and the whole space presents
spot pattern structure [21]. Omne can conclude that with the increase of diffusion
coefficient, the change of pattern structure is as follows: stripe pattern—mixed
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Figure 4. When 7 = 0.22, the evolution of water density over time. Other parameters are fixed as:
n = 2.6,y = 1.2, 8 = 30. The evolution process of pattern is (a) — (b) — (c) — (d).

pattern— spot pattern.

Moreover, we run another set of simulations for different 7 in Fig. 6 with
n =2.6,7=1.2,8 = 30. As can be seen from Fig. 6, the number of spot patterns
increases with the increase of 7. This means the number of vegetation clusters
formed increases. Besides, that vegetation forms smaller clusters as the intensity of
nonlocal effect increases by numerical simulation. One can conclude that the isola-
tion degree of vegetation pattern increases which is not conducive to the robustness
of the ecosystem.The spatial distribution of vegetation is shown in Fig. 7 which is
more intuitively.

In order to further study the influence of parameter values on pattern formation,
we carry out relevant numerical simulation. In Fig. 8, we plot the effect 7 on the
recovery rate and recovery time. Select the initial state of steady-state pattern at
7 = 0.24, the time required for different 7 to reach the initial state under small
perturbation is simulated which is called recovery time. The recovery rate is the
rate at which the initial state is reached and is as shown in Figure 8(b). The results
show that the recovery time decrease gradually with the increase of 7. On the
contrary, the recovery rate increases as 7 increases, that is, 7 is more closer to 2.4
and the recovery rate is more higher.

5. Conclusions and discussions

In this study, the nonlocal delay term with strong kernel is introduced into the
vegetation-water model which is considered the nonlocal effect of water uptake by
vegetation roots. A two-variable model with nonlocal delay is transformed into
a four-variable reaction diffusion equation. Through mathematical analysis, we



498 J. Liang & G. Sun

25

2
15

15
1 1

05
3

3
2 2
1 1

Figure 5. Different 8 corresponds to the vegetation patterns. With the increase of 3, the pattern
changes from stripe structure to spot structure. Other parameters are fixed as: n = 2.6,y = 1.2, 7 = 0.22.

(a) B=28;(b) B=10;(c) B =12;(d) B = 14.

135

130 8

125 .

The number of patterns

120 8

0 0.05 0.1 0.15 0.2 0.25
T

Figure 6. The number of spot patterns at different parameter 7 with n = 2.6,y = 1.2, 8 = 30.
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ik ! 0\"\ i
'.‘ ]

Figure 7. Different 7 corresponds to the spatial distribution of vegetation. Other parameters are fixed
as: 7 =2.6,vy=1.2,8=230. (a) 7 =0.01;(b) 7 = 0.1; (¢) 7 = 0.15; (d) 7 = 0.24.
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160- 80
£
£ L0l 2 60
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g g 40
&‘3 80 ~
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07 0.01 0.05 0.1 0.15 0.2 .

@) T (b)

Figure 8. Different 7 corresponds to recovery time and recovery rate. Other parameters are fixed
as: n = 2.6,y7 = 1.2,8 = 30. (a) Recovery time; (b) Recovery rate. The recovery time is negatively
correlated with 7 and the recovery rate is positively correlated with 7.
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deduce the conditions for stability of ODE model and Turing instability of the
model with diffusion. The amplitude equation is derived from the theory of multi-
scale analysis. According to the coefficients of the amplitude equation, the four
kinds of structures and stability of the pattern can be determined.

By numerical simulations, the relation between intensity of nonlocal effect 7
and vegetation density is obtained. The results show that the isolation degree of
vegetation pattern increases as 7 increases, the increased intensity of nonlocal effect
is not conducive to improving the robustness of the ecosystem which provides a
theoretical basis for vegetation protection. Our results point to the recovery time
is negatively correlated with 7, and the recovery rate is positively correlated with
7 which implies that the effect of 7 on ecosystem resilience.

We next explore the effect of diffusion coefficient of water on pattern structure.
The results show that the increase of § leads to the change of pattern structure:
stripe pattern—mixed pattern—spot pattern. This implies that water diffusion has
an important influence on vegetation distribution and may lead to desertification
in this area.

It is worth noting that strong kernel are studied in this paper, which is very
different from the weak kernel. In fact, the roots of vegetation not only absorb
water at the current location, but also absorb water near the roots over a certain
period of time, which suggests that it is necessary to introduce nonlocal effect
into the vegetation model. We expand on the existing work and specifically study
the effect of strong kernel on vegetation distribution. According to the numerical
simulations of strong kernel, we can get that the intensity of water absorption by
roots of vegetation increases firstly and then decreases which is more consistent
with the characteristics of water absorption by vegetation in arid and semi-arid
regions. It can be seen from our conclusions that the nonlocal delay plays a great
role in vegetation growth. Our findings provide a theoretical basis for vegetation
protection and early warning of desertification.

It is rewarding mentioning that our methods and results can also be applied to
other fields, such as infectious disease models [2, 33, 47], population models [64,
69] and so on. Meanwhile, the slope is also a significant factor for vegetation
growth. Hence, the vegetation system should be coupled with the slope factor. An
interesting topic for future work is that the noise factors and meteorological factors
(e.g., temperature, light and rainfall) are coupled into the vegetation model and the
future vegetation distribution is predicted based on the actual data [49,51,56].
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