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MULTIPLE STABLE STATES FOR A CLASS OF
PREDATOR-PREY SYSTEMS WITH TWO
HARVESTING RATES*

Yanli Tang? and Feng Li%T

Abstract In this paper, a class of predator-prey systems with two harvest-
ing rates is studied, multiple limit cycles can be obtained by hopf bifurcation,
and the Hopf cyclicity at the origin is 4. Multiple stable states can coex-
ist in the predator-prey systems with two harvesting rates. Then by using
Poincare-Bendixson theorem and Dulac discriminant method, existence and
non-existence conditions of limit cycles are obtained.
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1. Introduction

In the recent decades, the relation between predators and preys is one of the dom-
inant themes in theoretical ecology. A useful tool to understand and analyze the
dynamic behavior of predator-prey systems is to analysis the Mathematical model-
ing. Predator functional response on prey population that describes the number of
prey consumed per predator per unit time for given quantities of prey and predator
is the major element in predator-prey interaction. The most important and useful
functional responses are Lotka-Volterra functional responses such as Holling type
I functional response, Holling type II functional response, Holling type III func-
tional response and so on, see [7,16]. Both prey and predator species which are
subjected to a certain rate of harvesting have also been studied by many authors,
such as [8,15].
The following predator-prey model
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was studied in [18] and [5] for n = 3 and n = 4 respectively. For any positive real
number n, there is no general results for its dynamical analysis.
Consider a generalized Liénard system given by

T = p(y) - F($75), Y= —g(m), (1.2)

where § is a vector parameter in R™, p, F' and ¢ are analytic functions satisfying
p(0) = F(0,) = ¢g(0) = 0. Then the origin O is a singular point of the system
(1.2). We further suppose

F,(0,6%) =0 for some 6* € R™, p'(0) >0, g¢'(0)>0,

which implies that the origin is an elementary center or focus of the system (1.2).

Let G(z) = [y g(z)dz. Then there exists an involution function a(z) = -z +
O(2?) satisfying G(a(z)) = G(z) for |z| < 1. To ensure the origin being a center
of the system (1.2) Han [6] derived the following theorem.

Theorem 1.1. For fized § € R™ and a sufficiently small constant € > 0, if and
only if F(a(z),0) = F(x,9) for 0 < z < ¢, then the system (1.2) has a center at
the origin.

An equivalent form of the necessary and sufficient condition in Theorem 1.1 was
obtained by Cherkas for the system (1.2) with p(y) = y [3]. Gasull and Torregrosa
developed the Cherkas method to investigate degenerate centers for (1.2) [4].

Limit cycle can be produced around the origin when we vary the vector param-
eter § properly. The maximum number of small-amplitude limit cycles appearing
near the origin is called Hopf cyclicity at the origin for the system (1.2). The next
result of Li et al. [13] gives a method to determine the Hopf cyclicity at the origin.
Some integrable conditions were obtained for cubic Z; systems, see [9-12]. For
multiple limit cycles problem, some models have been investigated. For example,
integrability and multiple limit cycles in a predator-prey system with fear effect
was considered in [14]. Bifurcation of multiple limit cycles in an epidemic model on
adaptive networks was solved in [20,21]. On the coexistence of multiple Limit cycles
in H-bridge wireless power transfer systems with zero current switching control was
considered in [1]. In [19], the multiple limit cycles problem of the dual-front axle
steering heavy truck based on bisectional road was solved. Furthermore, bifurcation
analysis of wheel shimmy with non-smooth effects and time delay in the tyre round
contact was studied, and multiple limit cycles were obtained [2].

Multiplicity and Stability of Equilibrium States of Three-Dimensional Nonlinear
System were also studied in some special system, such as [17].

Theorem 1.2. Suppose that F(a(zx),d) — F(x,6) has the following expansion

+oo
F(a(z),8) — F(z,6) = > Bi(6)".
i=1

If there exists k > 1 such that

BZj+1(5*) =0,j=0,--- 7/? -1, BQk+1(5*) 7é 0,
O0(By, B3, -+, Bap_1)
3(61, 527 e ;57n)

rank =k,

6=0*
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then there are at most k limit cycles near the origin for all |0 — §*| small, and for
any given neighborhood U of the origin (1.2) can have k limit cycles in U for some
0 near §*.

The organization of the paper is as follows, Section 2 is devoted to deal with the
hopf bifurcation and center conditions of system (1.1). Existence and non-existence
conditions of limit cycle of system (1.1) are discussed in Section 3.

2. The Hopf cyclicity of system (1.1)

Considering the practical significance predator-prey models, we only study the pos-
itive singular points of system (1.1). However, the only positive singular point of
system (1.1) is

(1—|—6$1) 1

= —brr — _
(3317?41) (.131, ar (a xl (&) qle)xl)v

where z; = zmiz;iqu@g' Obviously, it is difficult to study its stability directly.

System (1.1) can be transformed to

d
axr _f(ay + (—a+eq + bxr +cz™)(1 + Ba™)),
di; = —y(d + eqa — akz™ + dBx" + efgar™)

by transformation
x=Zz", dt = (1 + Bx)dr,

we still use x to replace Z for simple. Namely

d 1

B (0 eq)r —ba? + (0B — e — )a™* — D" — e8! — aay),
d

d;? = —y(d +eqa) + (ak — dB — efga)x™.

(2.2)

Obviously, there is no positive singular point for system (2.2) when ak — dj —
eBqe < 0, so we always suppose ak —df —efgz > 0. Then, let © = k1%, y = kag,t =
k3T, system can be rewritten as

d k bk k - —
Z Bl —eq)r— B 4 ap —eqf Cky kaam !
dt n n n
n+1 n
BRIk s BRIRs ann (2:3)
n n
dy n
o =yt
where
d d 1
klz( +eq2 l7 kQ_n( +eq2>7 k3

ka —dp — eqf ! N « :d+eq2'
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Furthermore, let A; = %(a —eq), Az = fbk;lki“,Ag = “ﬁ_eglﬁ_ckfk‘g,A4 =
n+1 2n
—b'Blek?’,Ag, = —C’Bkrll ks system (2.3) can be rewritten as
d
(Tf = Ajx + Apx® 4 Azz™ T 4 Aya™ T 4 Agz® T — 2y = P(a,y),
dy (2.4)
o = YTy =0Qy).

Obviously, As, Ay, As are negative. System (2.4) has a positive singular point
(1,A1 +A2+A3+A4+A5) when A; + Ay + A3+ Ay + A5 > 0.

In order to study its positive singular point (1, A; + Ay + A3 + A4 + As), by
transformation x = e*,y = ype?, where yo = A1 + As + A3 + Ay + Aj, system (2.4)
can be changed to

du

— =®(v) — F(u),

= o) - Fu) s
dv

E:*Q(U)’

where

®(v) = yo(e” — 1),
F(u) = Ay + Age™ + Age™ + Age" D% 4 Age®™™ — y,,

(u) =e" —1.

Q

Theorem 2.1. System (2.5) has a center at the origin if and only if one of the
following conditions holds:

(I) A2=A3=A4=A5:O,'

(II) AQ = —A3, A4 = —1457 n = 1,‘

(III) A2 = —A5, A3 = A4 = 07 n = 1/2

Furthermore, the system (2.5) has the Hopf cyclicity 4 at the origin.

Proof. It is straightforward to prove the sufficiency of the center conditions. Sup-
pose that one of the conditions (I)-(IIT) holds. Then F(u) = Ay — yo. Therefore,
by Theorem 1.1 the system (2.5) has a center at the origin. It is easy to see that
the system (2.5) becomes a Hamiltonian system when F(u) = A; — yo.

Next, we prove the necessity of the center conditions. Let G(u) = [ g(u)du.
Then G(u) = (e"* —1)/n — u. From G(a) = G(u), we derive

n o, n? g 190 , 1Tt o 1305 5 229n° .
u® — ut — u® — u® — u
3 9 540 1620 4536 340200
92307 13 o A0A5IR® . 320806300, (p

T 8164300 T 14696640" T 3464208000" T 509238576000 "
191174143 |, 1, 622158 5 5,

79441217856000 972749606400

Substituting (2.6) into F'(«) — F(u) yields

F(a(u)) — F(u) = Byu+ Bou® + Bsu® + -+ 4+ Bou® + - - -, (2.7)
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where
By =As +nAz+ (1+n)As+ 2nAs,
1 ,
By =2 (=Az(=1+4n) + 4A5n3 + Ay(1+n)?),
1 5
Bs :%(736,45710 — Ag(1+n)*(=3+n+ 11n?) — Ay(=3 + 10n — Tn?)),
— 1 7T _ _ _ 3 5
37715120[54014% Ag(—3 +21n — 11903 + 101n°)
+ Ag(1 +n)%(3 4 n(—6 4+ n(—54 + n(23 + 169n))))],
1
By=——|[- Asn® — Ay(—4 40n — 11 3
9 16329600[ 375900 A5n 2(—45 + 540n — 11886n

+ 81320n° — 69929n7) — A4(1 4 n)?(—45 + n(225 + n(2295 + n(—5361
+ n(—38319 + n(17159 + 118021n))))))].

Then we can obtain

AQ = —%(n + 1)A3 + (277,2 —-—n— 1)A5,

) 1 ) , ) (2.8)
from By = Bs = 0. With (2.8) holding, for (2.7) we further derive
-1
_ _n(n -1) 3 _ 2 _ _ 3 2
B; = 1360 [(n+1)(6n° —11n* 4+ 3n — 1)As + 2(2n — 1)(22n° + 5n”° + 1) A5).
Since n > 0, solving B; = B7 = 0 we get
{A3 = A5 =0}, or {n =1}, or {A3 =0,n=1/2}, (2.9)
1 _
or {Ag = ﬂA& n= 3%\/%} (2.10)

Then the equations in (2.8) and (2.9) yield the center conditions (I)-(III). If (2.8)
and (2.10) hold, we obtain

_25532014/33 — 14666751
B 4
If By =0, i.e. A5 =0, then we get a subcase of the center condition (I). Therefore,
all the center conditions for the system (2.5) are obtained from B; = B3 = Bs =
B; =0.
For the Hopf cyclicity, we have
det d(Bu, B3, Bs, Br)
a(AQ, A37 A4a n)

By

As.

(2.8),(2.10)
_9 3—v33 —1-v33 3(v33-11) ‘MA
2 2 2 5
V33-7 (3—v/33)° —21-5v/33 3v/33-61 4
_ 8 576 48 16 5
8291/33-4819 17(3—v/33)®  —11510—15v/33 1161v/33-7591 4
5760 1658880 11520 3840 5
231355+/33—1329301 229(3—v/33)7 —26393+247+/33 139(3637\/33—20987)A
1612800 5573836800 3225600 1075200 5
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208681 — 363271/33
B 1612800

As
#0,

when Az # 0. Then by Theorem 1.2, the system (2.5) has Hopf cyclicity 4 at the
origin. O

Because two adjacent limit cycles have opposite stability, so multiple stable
states can coexist in the predator-prey systems with harvesting rates.

3. Existence and non-existence of limit cycle of sys-
tem (1.1)

In this section, we will discuss the existence and non-existence conditions of limit
cycles of system (1.1) by using Poincare-Bendixson theorem and Dulac function
method. In order to discuss this problem, we should consider its all singular points
firstly. System (1.1) may have a boundary singular point which can be determined
by

M(z) = (a— br — cx — qre)x = zh(z) = 0.

Theorem 3.1. For system (1.1), when a — 1 E < 0, there is no other singular
point of system (1.1) except (0,0). When a — g1 E > 0, there is a boundary singular
point (x*,0), and it is a saddle.

Proof. Because
h(z) = 7933%71 —c<0,
n

so when a — 1 F < 0,h(0) = a — gre < 0,h(z) < 0 for any positive real number z,
and there is no positive singular point.

When a—q E > 0,h(0) = a—g1e > 0, there is a boundary singular point (z*, 0)
where x* satisfies h(z*) = 0. Meanwhile, h(z1) > 0, so z1 < z*.

The Jacobi Matrix at the boundary singular point (z*,0) of system (1.1) is

x*h(x*) — e
0 —d—qe+ £
So it is a saddle because z* > x; which implies —d — gae + kor” (), O

1+ 8x

Theorem 3.2. If system (1.1) has a positive singular point (x1,y1) and one of the
following conditions holds:
By =As +nAs+ (1+ TL)A4 +2nAs > 0,
1 .
By =0, By = o(~As(~1+4n) + 4A5n3 + Ay(1+n)?) >0,

By =B3 =0,
1

=%(—36A5n5 — Ay(1+n)?(=34+n + 11n?) — Ay(=3 + 10n — ™n?)) > 0,

By =B3; =0, B; =0,

1

15120

Bs

By [540A45n" — Ag(—3 + 21n — 11903 + 101n°)
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+ As(1+n)3(3 + n(—6 + n(—54 +n(23 + 169n)))))

>0,
By =B3 = Bs = B; =0,
_ 9 A _ 3 5 7
By = 16329600[ 375900A5n A (—45 + 540n — 11886n° + 81320n 69929n")
— Au(1 4 n)2(—45 + n(225 + n(2295 + n(—5361 + n(—38319
+ (17159 + 118021n)))))]
>0,

then there exists at least one stable limit cycle in neighborhood of the positive singular
point.

Proof. At first, let [y : x = a*, then

dly 1 ax® ar*
>l —b(x*)w — ®\ 0k ke *:_7*<0'
o (a (z*) cx®)x T +5Z‘*x qrex 7 —I—ﬁx*y

Furthermore, let Is : y = —kx + D, then

Cclll; =y+ki=—(d+ @E)D+kx(a+d— Eq + Eq —cx — bx%).
So %f < 0 for sufficient large D. Moreover, z = 0,y = 0 are solutions of sys-
tem (1.1), we can construct the outer boundary of Bendixson ring domain by
li,la,z = 0,y = 0, the positive singular point (x1,y;) is unstable, namely, the
positive singular point of system system (1.1) is unstable, so according to Poincare-
Bendixson theorem, there exists at least one stable limit cycle in neighborhood of
the positive singular point which implies there exists at least one stable limit cycle
in neighborhood of the positive singular point (1, 4 + Az + A3 + A4 + As). O

Remark 3.1. There is no limit cycle when a — eq; < 0. When a — eq; > 0, if
system (1.1) has a positive singular point (z1,y;), then z* > x;, and system has a
limit cycle, some numerical simulations are given in Figure 1.

X'=x(0.69 - 0.1%1/3) - 0.1 x - y/(1 + 0.1 %) - 1)

(259 0.1x11/3)- 0.1 x-yi(1 + 0.1 x)- 1)
Y =y (-0.1-14+x/(1+0.1x)

y‘= 1+ (1 0.1x)

| print

I

Cuso posten {932 |7E) 5 6 7 8 9 10 (791 0741) s 6

The backward orbit from (1.3, 2.2) --> a nearly closed orbit.

=] backwam orbit from (2.4, 2.9) left the computation window.

Thelorwadarhnmm (16 19Ol D o T DT A
The backward orbit from (1.8, 1.8) left the computation
Ready.

Thevorw.arauwrom (1.2,2.2) > a near \yclosed orbl
‘The backward orbit from (1.2, 2.2) >
Ready.

Figure 1. Phase portrait of system (1.1) showing that there is no other singular point and limit cycle
when a — eq1 < 0 and there is three singular points and a limit cycle when a — eq1 > 0.
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Theorem 3.3. For system (2.5), if one of the following conditions holds:

(1) Ay < 1,43 < —1;
(2) A3 < 0,41+ 43> 0;
(3) As ZO,Al + Az < 0.

then there exists no limit cycle in neighborhood of the positive singular point (1, A1+
Ay + Az + Ay + A5).

Proof. Let F(z,y) =Inz +Iny = ¢(c > 0), then

dF
E = (A1 — 1) + AQI + (Ag + 1):17n + A4£Z?n+1 + A5I2n — Y.

When A; < 1,43 < —1, % < 0, so there exists no limit cycle in neighborhood of
the pOSitiVB singular pOiIlt (1, A1 + A2 + A3 + A4 + A5)

Let B(z,y) = z%y”, then

o(BP) o(B
(BP) |, 95Q) _(4y(a+1) - (B + 1) + As(a + 2)a+y?
or oy
—(a+ Day? T 4 As(1 + 2n + a)2®" TP + (A3(n + 1+ a)
+(B+ 1))95”"’0‘3/3 + A2+ n+ a)x"+1+°‘y5.
From

Af(la+1) = (B+1)=0, As(n+1+a)+(B+1)=0,

we can get a = —%‘2’43' If o > —1, we have
o(BP o(B
+ As(1+2n + 0)2® T yP + A4(2+ n + a)a" I Tys
<0

)

because As, Ay, As are negative. a > —1 means that A3 < 0,47 + A3 > 0 or
Az > 0,A; + A3 < 0. So there is no limit cycle according to Dulac discriminant
method. O
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