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Abstract In this paper, we present a study of the set-valued functional dif-
ferential equations, of which the right functions are the product of two terms.
First, the global averaging method of the equations is considered. Then, by
introducing the concept of semi-deviation metric, we consider the averaging
method of the above equations for the case in which the limit of a method
of an average does not exist. The proof is based on the analysis of support
functions and measurable choice sets.
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1. Introduction

Due to the difficulty of solving the exact solutions of differential equations, the
averaging method has become an effective method to analyze the approximate solu-
tions of ordinary differential equations, the related results can be seen in the refer-
ences [4-6]. Set-valued differential systems [2,7], as one of the generalized forms of
ordinary differential equations, has been widely used in physics, astronomy, biology
and engineering. So it is of great significance to study the properties of approximate
solutions of set-valued differential equations by using averaging method.

Recently, Plotnikov [11,14] studied using the average method the asymptotic
properties of solutions of different types of set-valued differential equations with
Hukuhara derivatives and delay differential equations. Skripnik [19] established
a three-step averaging method for set-valued differential equations with general-
ized derivatives. Wang and Yang considered the averaging method of set-valued
impulsive differential equations with initial boundary value conditions. There are
numerous results available, including [1,10,12].

In addition, functional differential equations are widely used in the real world,
it is very important to study the properties of the solutions for such equations.
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Some research results on functional differential equations can be found in literature
[3,9,16,17,20].

Inspired by these results, in this paper, we mainly study the set-valued func-
tional differential equations whose right-hand side are the product of two functions.
By introducing the concepts of Hausdorff metric and semi-deviation metric, using
the corresponding properties of the support functions and the analysis of measur-
able choice sets, we discuss two cases respectively when the averaging limit of the
function on the right-hand side of the equations exists and does not exist. The
asymptotic relationship between the solutions of the original equations and its av-
eraging equations is shown.

2. Preliminaries

In what follows we define the necessary elements for the statements of our main
results.

Let conv(R™) denote the collection of nonempty, compact and convex subsets of
R™. Given A, B € conv(R") the Hausdorfl distance between A and B is defined as

HI[A, B = sup inf |ja — b||, sup inf |la — b
[A, B] maX{ZlelgggBlla ”’Z‘QBJQAHG 1},

where || - || denotes the Euclidean norm in R™ and {0} is the zero points set in
conv(R™).

Given an inteval I in R;. We say that the set mapping F' : I — conv(R™) has
a Hukuhara derivative Dy F(tg) at a point ¢y € I, if

lim F(to+h) — F(to)’ lim F(to) — F(to — h)
h—0+ h h—0+ h

exist in the topology of conv(R™) and are equal to DgF(ty). By embedding
conv(R™) as a complete cone in a corresponding Banach space and taking into
account result on the differentiation of Bochner integral, we find that if

t
F(t) = Xo + 6/ ®(s)ds, Xo € conv(R"),
to

where ® : I — conv(R™) is integrable in the sense of Bochner, then Dy F'(t) exist
and the equality Dy F(t) = ®(¢) a.e. on I holds.
The Hukuhara integral of F is given by

/F(s)ds = cl{/ f(s)ds: f is a continuous selector of F}
I I

for any compact set I C R, where clA is a closure of set A.
If F, G: I — conv(R") are integrable, then D[F(-), G(-)] : I — R is integrable
and

H[ t F(s)ds, t G(s)ds} < t H[F(s),G(s)]ds.

The properties of Hausdorff metric and more details in continuity, Hukuhara
derivative, Hukuhara integral of the set mapping can be found in the literature [7,8].
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Lemma 2.1 ( [14]). (Gronwall-Bellman lemma) Set O(t) as a real continue func-
tion on Ry and P,Q are positive real numbers. If

o(t) §P+Q/t®(s)ds, te0,7],
0

then
O(t) < Pexp{QT}.

3. Main results

In this part of the paper, we consider multi-point boundary value problem for set-
valued functional differential equations

DX () = =(F (£ X(8), X (t — 6(1))) @ G(t, X(1), X (t — 6(1))) ),

K (3.1)

Z OZk(E)X(tk) = (P(X(t())7 e 7X(tK>7DHX(tO)7 e 7DHX(tK)7E)7

k=0
where t € [0,T], DpX is Hukuhara derivative of X(¢) on [0,7], F, G : I x
conv(R™) x conv(R™) — conv(R™), @) represent cartesian product. §: Ry — Ry
is a delay function. Boundary value condition ay, are n x n—dimensional nonsingular
matrix, k =0,1,--- , K. ® € conv(R") is a continuous function.

3.1. When the average limit of right-hand side function exists

Suppose the following limits exist

o 1 t+T

FXO.00) = Jim £ [ F(s.X(9).U(s)s, (3.2)
t+7T

G(X(t) = Th_r)rloo T/ G(s,X(s),U(s))ds (3.3)

We associate Eq.(3.1) with the global averaged equation

DpY(t) = g(F(Y(t), Y(t—d(t))) ®é(y(t))),
3.4
/ﬁ:oak(g)Y(tk) =®(Y(to), - ,Y(tx), DY (to), -+, DuY (tk),e). 4

Theorem 3.1. Suppose that the following conditions are satisfied in the domain
D={tX,U)|t>0, X,U € conv(R")}

(A3.11) The set-value mapping F,G : D — conv(R™) are continuous and bounded,
i.e. there exist constants My, A1, \12 > 0, for X', X" U, U" € conv(R™)
such that

H[F(t,X,U),{0}] \/ HIG(t, X, U),{0}] < M,
HIF(t, X', U"),F(t, X", U\ HIG(t, X', U"),G(t, X",U")]
<A H[X, X"+ Mo H[U', U"
where a\/ b = max{a,b};
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(As.12) The limits (3.2) and (3.3) exist uniformly in ¢t > 0;
(As.13) The following inequality

H[@(X(to),---  X(tk), DuX(to), -+, DuX(tx),e),

(Y (to).++ Y (). DirY (to), -+, DY (tc). )|

K
<> ule) (H[X(tk), Y (t)] + H[Dy X (1), DHY(tk)D
k=0

holds, and for any e € (0,e1] we have

K
-1
0< (S ane) ¢ (3 ) <1,
k=0 k=0

K

where py, > 0 are continuous functions, k = 0,1,--- | K. > ax(e) is n x
k=0

n—dimensional nonsingular matriz, A~' is called the inverse of the matriz

A;
(As.14) The solutions Y (t) of the systems (3.4) at t € [0,T] together with its 01-

neighbourhood belong to domain D, i.e. O(Y(t),01) C D, where §; > 0 is a
constant.

Then for any n > 0 and L > 0, there exists €1(n, L) > 0 such that for e € (0,1]
and t € [0, Le™1] the following estimate is correct

H[X(t),Y ()] <,

where X (t) is the set of solutions of equations (3.1), Y (t) is the set of solutions of
equations (3.4).

Proof. Due to (A43.11) and (As12) we know, for any e; > 0, there exists T3, for
all T' > Ty, such that

H[F(Y,U),{0}]
SHF(Y,UL%/O F(s7Y,U)ds]+H[%/O F(s,Y,U)ds, {0}]
1 T
<61+T/0 HIF(s,Y,U), {0}]ds

<ey + My,

H[G(Y),{0}]
T T
SHE(Y),% /0 G(s,Y,U)ds]—i—H[% /O G(s,Y,U)ds, {0}]
1 T
<e1+ T/o H[G(s,Y,U),{0}]ds

Sgl + M17
HEY',U), FY",U")]
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1 T
<H[F(Y'U'), 7 /0 F(s,Y',U")ds]

JrH[l TF(S Y’ U")ds 1 TF(S Y, U")ds]
T o ) K ’T 0 ) )

1 /7 _
+H[T/O F(s,Y",U")ds, F(Y",U")]

1 T
<2€1+T/0 H[F(S7Y,7U’)aF(S7Y”7UN)]dS

<21 + A H[Y', Y]+ Mo H[U', U"],
HIGY'),G(Y")]

T
<HE(). 1 || G600
0
17 e
+alg [ ey s g [ ey o)
1 T _
+Hﬁ[;G@YﬂwwamWﬂ

T
<2e; + %/ H[G(s,Y',U"),G(s,Y",U")]ds
0
§2€1 + )\11H[Y’, Y”] + )\12H[U’, U”].
Thus, for any small £; > 0, the following estimates hold
H[F(Y,U),{0}] \/ H[G(Y),{0}] < M, (3.5)
HFY',U"),F", UM\ HGY"),GY") (3.6)
<A HY', Y|+ M\2H[U', U"].

The solutions of the set-valued differential systems (3.1) satisfy the following
equations

X(t) = Xo + 5/t (F (s, X (5), X(5 = 8(5))) Q) G5, X (5), X(5 = 8(s))) ) ds,
kio Ozk(é‘)(Zk) = CI)(Z(), e ,ZK7 DHX(to), e ,DHX(tK),E),
- (3.7)

where Xg = X (t9), ox = tto’“ (F(s,X(s),X(s—é(s))) ®G(s,X(s),X(s—5(s))))ds,
Zy = Xo + €0k

Similarly, the solutions of the average systems (3.4) are equivalent to integral
equations

Y() =Y, + 5/ (F(Y(s), Y (s—6(s))) ®5(Y(s))>ds, .
to 3.8
k%() Ozk;(E)(Zk) = ‘b(Zo, s ,ZK7 DHY(to), s ,DHY(tK),E)7

where Yy = Y(to), or = [ (F(Y(s),y(s ~ 6(s))) ®é(y(s))))ds and 7 —
Yo + cox.-



Averaging method for multi-point boundary value problems of SFDEs 565

From the integral equations (3.7) and (3.8), it can be obtained

HIX (1), Y (1)

SsH[/t: (P(s,X(s) D) Q)G (5. X(5), X(s5 = 6(s))) ) ds,
/ (F(sX(9), 1) @G5,V (),Y (s o(s >>))ds}
+5H[/t: (F(s X(s), 1)) R G(s,Y(s),Y(s - 8(s ))))ds,
/( (5. Y (5) D) QG (.Y (), (5~ b(s >>))ds}
+6H[/t; (F(s Y(s) D) R G, (s — 6(5)) ) ds,

+ o

+ H[XOa Yb]

§25M1>\11/ttH[X(s),Y(s)]ds

9 My s /tt HIX(s — 8(s)), Y (s — 6(s))]ds

+ H[Xo, Y], (3.9)

where

t
I = 2:Myan / HIX(s), Y (s)]ds,
to
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Iy = 2e My Ao t H[X(s—=46(s)),Y(s—4d(s))]ds,
I; = aMlH[/t G(s,Y(s),Y (s — 5(3)))d$,/t 5(Y(8))ds],
I = eMlﬂ[/ F(s,Y(s),Y(s — 5(5)))d$,/

to tO
Is = H[X,, Y.

F(Y(s),Y(s— 5(3)))ds},

Supposing that ¢ : [0,T1] — Ry, then t—4(¢) € [t*—T41,T]. Whent € [t*—T7,0],
obviously X (t — d(t)) = Y (¢t — §(¢)). Therefore we can get

0
I < 2eMy Ay /t*_T HIX (s — 5(s)), Y (s — 6(s))|ds

+ 25M1>\12/0 HIX (s — 5(s)), Y (5 — 6(s))]ds
= 2eMi A2 /t H[X(7),Y(7)]dr, (3.10)
0

where 7 = s — d(s). Since 6(t) € Ry, obviously ds = dr.
From the assumption (3.12) of Theorem 3.1, we know that for any &£(t) > 0,
there exists T” such that for all ¢ > T”, we have

/Ot F(s,X,U)ds, F(X, U)} <€),

t
| 6 x s @) < o
0
Thus, there exists a decreasing function £(t), such that
t t
H[/ F(s, X, U)ds,/ F(X, U)ds} < te(t), (3.11)
0 0
t t
H[/ G(s, X, U)ds,/ @(X)ds} < tE(t), (3.12)
0 0
where tl_i)m &(t)=0.
From the above inequality (3.11), we obtain
Iy < eMy(t —to)&(2). (3.13)
By analogy and (3.12), we get
Iy <eMy(t —t)E(t). (3.14)

Next, to deal with boundary value problems, we give the definition and proper-
ties of the support function.

Let A be a nonempty subset of conv(R™). The support function of A is defined
for all ¥ € R™ by

S(v,A) =sup {(¢,a) : a € A},
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The properties of the support function

S(¢, aA) = S(ay), A) = [|la]|S(4, A),

where « is n X n—matrix.
The Hausdorff metric is related to the support function for A, B € conv(R™),
since we have

H[A, B] = sup{[[S(¥, A) = S(¥, B)||, ¥ € S"~'},

where S"~1 = {¢) € R™ : ||¢b|| = 1} is the unit sphere in R".
From the boundary conditions (3.7), (3.8) and the condition (Ajs.13), the prop-
erties of the support function, we have

S o, S evcrze]

k=0 k=0

:Hi H( [Xo, Yo +€H[Qk7@k])
k=0

K
<" (o) (H[Xo, Yol + Hlow, 2] + HIDu X (0), DurY (1)) ).
k=0

Furthermore, we get

H[Xy, Yo)
|32 ax(e)]I
< =0
= K . K
L=[[( X ar(e) I x (X mle)
k=0 k=0
K
x (EZ (1 (e) = Nl ()I1) Hlox o +Zuk DHX(tk),DHY(tk)])
k=0
SA(E)H[Qk,@k] + B(e )H[DHX(tk),DHY(tk)], (3.15)

where

K K
I3 ar(e)l e 3 (1 (e) = llek(e)]])

A(E) _ k=0 - k=0 - ’
=103 o)< (3 o))
1S @I S ()
B(e) = k;{(] k=0 — .
1 (2 (@) x (X mn(e))
k=0 k=0

According to (3.1) and (3.4), we have
H[DpX(ty), DaY (t )]
<eH {F(tk,X(tk) (tx — ®G ey X X(ty — 5(tk)))a
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F(Y (), Y (t — @a )]
<eH {F( w X (), X (t, — ®G b, X (t), X (1, — 0(tr))), {0}}
+5H[{o},F( (1), Y (t — ®G }
<2eM?. (3.16)
From the inequality (3.11) and (3.12), it can be obtained
Hlowad < #[ [ (F(s.x06), D) QG X(s), X(s - () )ds.
/ttk (F(s X(s) ) R G(s.Y (s —8(s ))))ds]
+5H[/t:k (F(s X(s), ) R G (s.Y(s),Y (s — (s ))))ds,
/ttk (F(s Y(s), ) R G (s Y(s —8(s ))))ds}
+H[/ttk (F(s Y(s) ) R G (s,Y (s —8(s ))))ds,
/ttk (F(s, Y(s),Y (s — &(s))) ®é(y(s)))ds}
+H[/ttk (F(S,Y( ®§ s )
/ttk (F(Y(s),Y( Ra ) ]

+M1H:/tkF(s,Y(s),Y(sfé(s)))d&/tkF(Y(s),Y(sfé(s)))ds}

S 2M1 ()\11 + )\12) H[X(S), Y(S)]dS + 2M1 (tk — to)f(t) (317)

to
On the base of (3.15), (3.16) and (3.17), we get

H[Xo,}/b] S 2A<E)M1()\11 —|—)\12) " H[X(S),Y(S)]dS

+2A(e) My (81, — to)f(to) + 2eB(e)M7. (3.18)
Using (3.9), (3.10), (3.13), (3.14) and (3.18), we have

HIX(1),Y(1)] < 2eM; Ay + Ai2) /t t HI[X(5),Y (s)]ds + 2e My (t — to)&(t)
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F2AE) My (s + M) [ HIX(s), Y (s)]ds
+ 2A(e) My (ty — to)&(t) + 2e B(e) M}
< P(e) | H[X(s),Y(s)]ds+ Q(g, 1), (3.19)

to
where

P(e) = 2My (A1 + /\12)<5 + A({:?)),
Q(e,t) = 2M,(A(e) + )(t — to)&(t) + 2 B(e) M}

In view of the Lemma 2.1, we can get following estimate
HIX (1), Y (5)] < Q(e, ) exp{ P()L}. (3.20)

Therefore, by selecting the appropriate k and €1, for all n > 0, £ € (0,&1], such
that
H[X (1), Y (1) <.

Theorem 3.1 is proved. O

3.2. When the average limit of right-hand side one function
is absent

We notice that the study of the averaging method of set-valued differential equations
is under the condition that the average limit of the right-hand side functions exists.
When the average limit of the functions does not exist, in [13,15,18], the possibility
of application of averaging method for differential inclusions is proved. Therefore we
discuss the averaging method for the cases when the average limit of the functions
on the right-hand side of the equations not exist.

Supposing the following limit not exist

t+T
lim —/t G(s, X (s),U(s))ds.

We introduce the concept of semi-deviation metric, which is defined as

pi[A, B] = sup inf [la — bl B2[A, B] = sup inf [la — bl

Suppose that there be functions Gi, Ga : conv(R™) — conv(R™), such that

1 T
Jim By @(X)’T/o G(s,X,U)ds] =0, (3.21)
1T —
TlLr{l)oﬂz [T G(s,X,U)ds, G2(X)] =0, (3.22)

0

where for G1(X) and G2(X), the following relationships are satisfied respectively

1

o t+T
C1(X) € Gu(X), T 41 [GL(X), 7 / G(s, X, U)ds] =0,
— 00 t
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T—00

_ 1 T
Ga(X) CTo(X), lim o] / G(s, X, U)ds, Go(X)] = 0.
t
Therefore, for any ¢’ > 0, there exists a T > 0, for any T > T’, we have

o 1 t+T
(X)o7 / Gls, X, U)ds + S.:(0),
t

t+T
= / Gls, X, U)ds C Ga(X) + S0 (0),
t
where for ¢’ > 0, S./(0) = {x € R™, ||z]| < &'}.

When the average limit of (3.1) does not exist, the average equations are respec-
tively equivalent to

DYi(t) = =(F(vi(t). it = 6(1) @1 (Vi(1)) ).

! (3.23)
kz::() O‘k(s)yl(tk) = (I)(Y1<t0)7 T le(tK)a DHYl(tO)’ e ’DHYl(tK)’g)’
DYa(t) = £ (F(Ya(t), Yalt = 6(1)) @ G2 (Va(1)) ).

3.24
ki_{:oak(&‘)YQ(tk) = ®(Ya(to), -, Ya(tk), DuYa(to), -+, DuYa(tk). ). .

Now we present the following conditions that will be used in the following proof.

(Hy) The set-valued function F(t,X,U),G1(X) € conv(R"™) are continuous and
bounded, i.e. there exist Mi, Aoy, Aog > 0, for X', X" U U" € conv(R"™),
such that

BilF(t, X, U),{0}]\/ B1[G(t, X, U),{0}] < M,

Bi[F(Y1,U),{0}] \/ $1[G1 (Y1), {0}] < My,

BilF(t, X" U'), F(t, X", U]\ B1[G(t, X", U"), G(t, X", U")]
Qa1 B1 X, X"+ A1 [U', U],

61[ (Yi, ) F(Y']_Ha UN)] S )\2161 [Y]_Ivyl/l] + )\2261 [U/7UH]7
BiG1(YY), G1(Y{")] < A1 Bu[YY, YY']

hold, where a\/ b = max{a,b};
(H2) The following inequality

A1 [‘I’(X(tO)"" , X(tx), DaX(to), -, DaX(tk),e),

® (Vi (to) Y(tK),DHYl(tO),m,DHYl(tK),s)}
K
<3 () (1 [X (00), Ya(0)] + Ba[Dar X (8), DirYi (1)) )
k=0

holds, and for ¢ € (0, 3] we have

K
0 < ||( Zak || X Zuk(s)) <1,
k=0



Averaging method for multi-point boundary value problems of SFDEs 571

K
where pp > 0 are continuous functions, k¥ = 0,1,--- | K. > ag(e) is n x

n—dimensional nonsingular matrix, A~! is called the inverse of the matrix

A.

we assume that F' and G appearing in (3.1) all the conditions (H;) — (Hz) are
satisfied. By applying the properties of the semi-deviation metric, we can get the
following conclusions.

Theorem 3.2. Suppose that the following conditions are satisfied in the domain D

(As.21) The limits (3.2) and (3.21) exist uniformly int > 0;

(As.22) The solutions Y1(t) of the systems (3.23) at t € [0,T] together with its do-
neighbourhood belong to domain D, i.e. O(Y(t),02) C D, where d3 > 0 is a
constant.

Then for any n > 0 and L > 0, there exists e2(n, L) > 0 such that, for e € (0,¢2],
the following inequality is true

ALX (1), V1 (t)] < .

Proof. The solutions of the set-valued differential systems (3.1) satisfy the fol-
lowing equations

X(t) = Xo+ E/t (P (s, (). X (5 — 6(5)) @ s X (). X (s — 8(s)) ) s,
kio ak(s)(Zk) = CI)(Z(], te ,ZK, DHX(to), s ,DHX(tK),E),

(3.25)
where Xo = X (to), o = J;* (F(s,X(s),X(s—é(s))) ®G(5,X(s),X(575(s))))ds,

Zyp = Xo + €0k
Similarly, the solutions of the average systems (3.23) satisfy the following integral
equations

Yi(t) :yoﬂ/t (f(Yl( ), Yi(s — 6(s))) R Cu(Yils )

p (3.26)
Z Ozk(é‘)(Zk) = (I)(Zo, ZK,DHyl(to) ,DHyl(tK),E),
where Yy = Yi(to), o = J;’ (F(Yl( ), Yi(s — 5(8)))®§1(Y1(3))))ds, Z =

Yo + €0
From the integral equations (3.25) and (3.26), we can write

Pr[X(¢), 1(t)] (3.27)
geﬁl[/t (F(s X(s), X ) R G (s, X(s —8(s ))))ds,

/tt (F(S X(s),X ®G s, Y1(s Yl(s—é(s))))ds}

—&—6/@1{/; (F(S,X(s) 1) Q) G (s, Yi(s), Yi(s - 8(s ))))ds,
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/ff (F(S,Yl( Yi(s - 6(5))) R G(s,Yi(s), 13 s—é(s))))dﬂ
+sﬂ1[/t:(F(s,Y1( ), Yi(s —d(s))) Q) G (5, Ya(s), Ya(s — (s ))))ds,
[ (P Yits - 560) @B (vi(e) )]
+551[/t: (F(s,Yl( Yi(s — 6(5)) R T (Vs )
/tt (F(ri(s), Yi(s = 6(5)) @ G (Yis) ) ds] + 81 (X0, )

<] /t:G(s,X@),X(M(s)))ds, [ ctomemits - 6)as
e[ [ P X0 X 8, [ F(s.Yi(0) 315 5060

+eMBy :/ttG(s,Yl(s),Yl(s _ 5(3)))ds,/j G (¥i(s)) ds]

oM [ [P (Y30 Vil = 3(6)ds, | PV, Yils = 3(s)) ]
+ 61[Xo, Yo

<220 Moy / X (5), Vi (s)]ds
+ 2eMi Ao t B1[X (s —d(s)),Y1(s — d(s))]ds

t
—‘rEMl,Bl{/ (S Y1 Y1 s—0 dS / 1
to

t t
+€M1ﬂ1[/ (SY1 ), Yi(s =14 ds/FYl ), Yi(s—4 )))ds]

to
+ B [Xo, Yb], (3.28)

where

t
I = 2 Moy / Bu[X (s), Vi (s)]ds,
to

IQ = 2€M1>\22 ; ﬂl [X(S - 5(5)),Y1(5 — 5(5))]d5,

t

Iy :ngﬁl[[G(s,yl(s)yl(s—5(3)))ds Gy (Ya(s ))ds},

g\

~+

I :ngﬁl[/ttF(s,Yl(s),Yl(s—6(5)))(13 F(V(s), Yl(s—d(s)))ds},
I5 = B1[Xo, Yol-

For ¢ : [0,T1] — R4, such that ¢ — &(t) € [t* — T1,T]. When ¢ € [t* — T},0],

to
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obviously X (¢t —d(t)) =Y (t — (¢)). We can get
0
I < 25M1)\22/ B[X (5 — 8(5)), Ya(s — 6(s))]ds
t*—T4

+ 2eMi Moo /0 B1[X (s —6(s)),Y1(s — d(s))]ds
= 25M1AQQA Bl[X(T),Yl(T)]dT, (329)

where 7 = s — d(s). Since 6(t) € Ry, obviously ds = dr.
By the limit (3.21) and conditions (Ag.21), for any 1y > 0, there exist e2(L, n2) >
0 and T3 > 0 such that for ¢ < ey(L,n2) and ¢t > T5, we have

— 1

t+At
Gi(X) C — / G(s, X,U)ds + Sy, (0).
At ),

So there is a measurable set of choices g;(s, z,u) € G(s, X, U) such that

1

t+AL
HE /t gi(s,x,u)ds — ﬁl(az)H <M (3.30)

hold, where g;(z) € G1(X),i=1,2,---.
Then

t+AL t+AL
H/ 9i(s,x,u)ds —/ gi(x)dsH < Atnps. (3.31)
t t
From the (3.31), we can obtain
I3 S EMl (t — to)?’]g. (332)
By analogy, we get
I4 S EMl (t — to)f(t). (333)

From the boundary conditions (3.25), (3.26) and the condition (Hz), we can
know

B [i an(e)(Z), i ar(e)(Z)]

k=0 k=0

K
< Zuk(€) (51[X0, Yol + eHulok, 0k] + B1[Du X (tr), DHyl(tk)])-
k=0

Furthermore, similar to (3.15) of Theorem 3.1, we have

B1[Xo, Yol < A(e)Bi1lek, ox] + B(e)B1[Du X (tr), DY (te)]- (3.34)
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According to (3.1) and (3.23), we have

BilDu X (tx), DuYi(ty)]

<eBy [F(tk,X(tk) (tr — 6(tx))) Q) G (te, X (tr), X (tx — 3(t1))),
F(Yi(t), Yi(te — ®G1 Yi(t } (3.35)
<epy [F(tk,X(tk) (t — 6(tx))) Q) G (ti, X (tx), X (tx — 6(t1))), {0}}
+ 21 [{01 F(Vit), V(b — 8(t0))) Q) G (Vi (1) ]
<2eM3.
From the inequality (3.30) and (3.31), we have
Bi ok, Ok]
ggl[/t (F(s X(s) D) @ G s, X(s), X (s~ a(s)) ) s,
/ttk (F(s X(s) ) R G (s, Yi(s), Yils — 8(s ))))ds]
+551[/t”“ (F(s X(s), 1) &) G5, Yi(5), Yi(s = 6(5)) ) ds,
/ttk(F(s,Yl( ,Yi(s—4 ®G3Y1 ,Yi(s —6(s ))))ds]
+ B /ttk (F(S,Yl( ), Yi(s =9 ®G 5, Y1(s),Y1(s — &(s ))))ds,

/tt P(s,Yi(s), Ya(s = 8(5))) @ T (¥a(s)) )]

/tk (F(S,Yl( ) Yils = 8()) @ G (Yi(s)) ) ds,

[ (F36 - 560) @ i) )

G (5, X (s), X (s = 8(s)))ds. / G(s.Yi(5). Yi(s - 8(s))) ds]
+ M1y :/t:kF(aX(sLX(s—é(s)))d&/t:F(s%(s)%(s—é(s)))ds]

+ Mij /tt G(s,Yi(s), Yi(s — 8(s)))ds, /ttk G (Yl(s))ds]

+M1/31:/t kF(s,Yl(s),Yl(s—6(3)))ds7/t kF(Yl(s),Yl(s—a(s)))ds]

<M, (Mot + Aas) / " B1[X (s), Yi(s)lds + M (t — to)(€(t) + o). (3.36)



Averaging method for multi-point boundary value problems of SFDEs 575

On the base of (3.34), (3.35) and (3.36), we get
tr
B1[Xo, Yo] < 2A(e) M1 (A1 + Az2) . Bi[X (s),Y1(s)]ds (3.37)
+ A(e) M (te — to) (§(t) + m2) + 26 B(e) M7
According to (3.27), (3.29), (3.32), (3.33) and (3.37), we have

51 [X(t), Y1 (t)] S 2€M1()\21 + /\22) ; ﬂl [X(S), Y1 (S)}ds + 26M1 (t - to)f(t)

+ 2A(e) M1 (A1 + Aa2) ) B1[X(s), Yi(s)]ds

+ 2A(e) My (tg — t9)&(2) + 2¢B(e) M?
< P(e) ) B1[X(s),Y1(s)]ds + Q(e, t),

where
P(E) =2M; (/\11 + /\12)(8 =+ A(E)),

Q(e,t) = Mi(A(e) + ) (t — o) (&(t) +12) + 2eB(e) M.
Using the Lemma 2.1, we get
AuX (1), Y1(t)] < Q(e,t) exp{P(e)L}. (3.38)

So, by selecting the appropriate k and e, For any n > 0 and ¢ € (0, &3], then
we obtain

PX(8), Ya(8)] <.
Theorem 3.2 is proved. O
Similar to the analysis of theorem 3.2, we can come to the following conclusions.
Theorem 3.3. Let in the domain D, the following conditions hold
(As.31) The limits (3.2) and (8.22) exist uniformly in t > 0;

(As.32) The solutions Ya(t) of the systems (3.24) at t € [0,T] together with its ds-
neighbourhood belong to domain D, i.e. O(Y(t),03) C D, where 3 > 0 is a
constant.

Then for anyn > 0 and L > 0, there exist e3(n, L) > 0 such that for € € (0,e3] and
t € [0, Le™"] the inequality holds

Ba X (1), Ya(t)] <.

Proof. The proof of this theorem is similar to the proof in Theorem 3.1 and 3.2,
so it is omitted. O

3.3. When the average limit of right-hand side two function
are absent

When the following limit

1 t+T
Th_r)noof/t F(s,X(s),U(s))ds,
t+T
lim — G(s,X(s),U(s))ds

T—oo 1 ¢
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are absent, base on the concept of semi-deviation metric, suppose that G1(X), Go(X)
satisfy the limit (3.21) and (3.22). There exist functions Fy, Fs : conv(R™) x
conv(R™) — conv(R™), such that

_ 1 (7
Jin 4[FXU). 5 [ P X )] o (3.30)
. e =
i B[ /0 F(s, X,U)ds, Fa(X,U)] = 0 (3.40)

hold.
The averging equations are equivalent to

DpYi(t) = S(E (Ya(t), Yi(t — 6(1))) @ Gi (Yl(t))),
3.41
kioak(g)}/l(tk) :(I)(Yi(to),"' 71/1(tK)7DH}/1(t0),"' ,DHyl(tK),€), ( )

DiYa(t) = =(Fa(Ya(t), Yalt — (1)) @ Ga (Ya(1)) ).

é(:oak(dyz(tk) =& (Ya(to), - ,Ya(tx), DuYa(to), -+ , DuYa(tx), ).

Theorem 3.4. Suppose that the following conditions are satisfied in the domain

D, as following

(A3.41) For the set-value mappings F1(X,U), G1(X), all the conditions (H,)— (H>)
are satisfied;

(As3.42) The limits (3.21) and (3.39) exist uniformly in t > 0;

(As.43) The solutions Y1(t) of the systems (3.41) at t € [0,T] together with its d4-

neighbourhood belong to domain D, i.e. O(Y(t),04) C D, where §4 > 0 is a
constant.

(3.42)

Then for anyn > 0 and L > 0, there exist e4(n, L) > 0 such that for ¢ € (0,e4] and
t € [0, Le™'] the inequality holds

BX (1), Yi()] <.

Similar to the analysis of theorem 3.4, we can get the following conclusion.
Theorem 3.5. Suppose that the following conditions are satisfied in the domain
D, as following
(A3.51) For the set-value mappings F2(X,U),G2(X), all the conditions (Hy)— (Hz)

are satisfied;
(As.52) The limits (3.22) and (3.40) exist uniformly in t > 0;

(As.53) The solutions Ya(t) of the systems (3.42) at t € [0,T] together with its ds-
neighbourhood belong to domain D, i.e. O(Y (t),d5) C D, where §5 > 0 is a
constant.

Then for any n > 0 and L > 0, there exist e5(n, L) > 0 such that for e € (0,e5] and
t € [0, Le™1] the following estimate is ture

Pl X (1), Ya(t)] <.

Proof. The proof of the Theorem 3.4 and Theorem 3.5 are carried on similarly to
the proof of Theorem 3.1 and Theorem 3.2, so they are omitted. O
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