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SPECTRAL-GALERKIN APPROXIMATION
BASED ON REDUCED ORDER SCHEME FOR
FOURTH ORDER EQUATION AND ITS
EIGENVALUE PROBLEM WITH SIMPLY
SUPPORTED PLATE BOUNDARY
CONDITIONS

Yuanlu Wang', Jiantao Jiang! and Jing Anbf

Abstract We develop in this paper a high-order numerical method for fourth-
order equation with simply supported plate boundary conditions in a circular
domain. By introducing an auxiliary function and using the dimension re-
duction technique, we reduce the fourth-order problem to a one-dimensional
second-order coupled problem. Based on the one-dimensional second-order
coupled problem, we prove the uniqueness of the weak solution and approxi-
mation solutions and the error estimation between them. Moreover, we extend
the approach to fourth-order eigenvalue problem with simply supported plate
boundary conditions in a circular domain. Finally, we carry out some numer-
ical experiments to validate the theoretical analysis and algorithm.
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1. Introduction

Fourth-order problems appear in many mathematical models for scientific and engi-
neering applications, such as the structural and continuum mechanics with applica-
tions to thin beams and plates [8,9,14,28], the vibration problems involving various
boundary conditions [1,10,11,25], and so on. In addition, the numerical computa-
tion of many complex nonlinear problems like Allen-Cahn equation, Cahn-Hilliard
equation and transmission eigenvalue problem can also be accomplished by solving
a fourth-order equation repeatedly [16,19,23,24,26].

Up to now, there have been various numerical methods for solving fourth-order
problems with different boundary conditions in multifarious geometric domain, in-
cluding finite element methods [5,7,15,27], spectral methods and some high-order
numerical methods [2,4,6,12,13,17,18,22]. For finite element methods, the regional
division and requirement of C! finite element spaces will generate a large num-
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ber of degrees of freedom, especially for the fourth-order problems in some special
domains similar to circular domain. As we all know, spectral method is a high-
order numerical method with spectral accuracy, which plays an important role in
solving partial differential equations [21]. However, for some fourth-order problems
with simply supported plate boundary conditions in a circular/spherical domain,
spectral method can not be directly applied to solve them. Although An et al.
can convert a circular or spherical domain into a standard domain by using polar
or spherical coordinate transformation, the pole singularity and the complexity of
boundary conditions introduced by polar/spherical coordinate transformation bring
some difficulties to theoretical analysis and algorithm implementation. It is signifi-
cant to propose an effective spectral method for solving the fourth-order problems
with complex boundary conditions in some special domains.

Thus, the goal of this paper is to develop a high-order numerical method for
fourth-order equation with simply supported plate boundary conditions in a circu-
lar domain. By introducing an auxiliary function and using the dimension reduction
technique, we reduce the fourth-order problem to a one-dimensional second-order
coupled problem. Based on the one-dimensional second-order coupled problem, we
prove the uniqueness of the weak solution and approximation solutions and the er-
ror estimation between them. Moreover, we extend the approach to fourth-order
eigenvalue problem with simply supported plate boundary conditions in a circular
domain. Finally, we carry out some numerical experiments to validate the theoret-
ical analysis and algorithm.

The rest of this paper is organized as follows: In Section 2, we reduce the fourth
order problem to a coupled second order problem and derive the corresponding
dimension reduction scheme. In Section 3, we deduce the weak form and its spectral-
Galerkin approximation for the couple second order problem. We give the error
estimation of approximation solution in Section 4. An efficient implementation of
algorithm is developed in the Section 5. In Section 6, we extend the numerical
approaches to eigenvalue problems. In Section 7, some numerical experiments are
carried out to validate the results of theoretical analysis and algorithm. Finally we
give some concluding remarks.

2. Fourth order problem and its reduced order
scheme

As a model, we consider the following fourth-order problem:

A%u(x,y) = f(z,y), inQ, (2.1)
i(z,y) = ¢(z,y), on 04,
Ad(x,y) = ﬁ(x,y), on 01}, (2.3)

where Q = {(z,y) : 2% + y* < R?}.

We shall transform the original problem (2.1)-(2.3) into a second-order coupled
problem. Based on the second-order coupled problem, we further derive the equiv-
alent dimension reduction scheme. We first introduce an auxiliary function:

w(z,y) = —Ad(z,y). (2.4)
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Inserting (2.4) into (2.1) results in:

— Aw(z,y) = f(z,y), inQ, (2.5)
— Ad(z,y) = w(z,y), inQ, (2.6)
(z,y) = —(z,y), on 09, (2.7)
w(z,y) = p(z,y), on 0. (2.8)

Recall the polar coordinate transformation: x = rcosf, y = rsinf. Let

’U,(?} 9) = ﬁ(m7y)7 ’LU(’I", 9) = w(x,y), f(?} 9) = f(:my),
o(r,0) = ¢z, y), ¥(r,0) =v(z,y).

Thus the problem (2.5)-(2.8) can be rewritten as the following equivalent form:

10, ow(r?) 1 9%w(r,0)
S (SR - S5 — (6), (n0) € D, (2.9)
10, Ou(r,6) 1 9%u(r,0)
el )T g v o) eD (210)
w(R,0) = —y(R,0), 6€]0,2m), (2.11)
u(R,0) = p(R,0), 6 €0,2m), (2.12)

where D = [0, R) x [0,27). Without loss of generality, supposing that (R, 0) =
@(R,0) = 0. We derive from the Fourier expansion of the periodic function that

w(r,0) = Z wm(r)eimev u(r,0) = Z am(r)eimev f(r,0) = Z fm(r)eime'
|m|=0 |m|=0 |m|=0
(2.13)
Note that
. B ~ Q*w(r,0)  10w(r,0) 1 9%w(r,0)
A (z,y) = Aw(r,0) = B + - g
B 0 0P (r) 10w, (r)  m? b
= Z [ B + ST T—me(r)]e . (2.14)

|m|=0

In order to ensure the boundedness of (2.14), we know from [2,3] that the following
essential pole conditions should be imposed in order to overcome the singularity
introduced by the polar coordinate transformation, i.e.,

mwm|r:0 =0, mﬁm|r:0 =0,
that is
i (0) = 0, @ (0) = 0, (m £ 0). (2.15)

Let
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From (2.13), the pole conditions (2.15) and the orthogonality of Fourier basis func-
tions, (2.9)-(2.12) can be simplified to one-dimensional coupled second order prob-
lems:

2 R2
_ ti SO0((t 4+ 1)Drwm) + (tTl)me = S fms tE(-11), (2.16)
2 R2
_ ti “O0((t+ 1) Dy + @1171)2“7" = S, tE (1,1), (2.17)
W (1) =up(l) =0, (m=0), (2.18)
Wi (£1) = U (£1) = 0, (m # 0). (2.19)

3. Weak form and its spectral-Galerkin approxima-
tion

Let I = (—1,1),w = 1+ ¢. Define the usual weighted Sobolev space:

LA(I) := {p : /w|p|2dt < OO}
I
with the following inner product and norm:
)= [ wpadt, [pll, = wlpPan?.
I I

We further introduce non-uniformly weighted Sobolev spaces H&w,m (I):

H§ (D) = {pm : Ofwr, € LE(I),k = 1,pn(1) = 0}, (m = 0);
H§ (D) = {pm : Ofwm € L2ox_s (1), k = 0,1,y (£1) = 0}, (m #0),

with the following inner products and norms:

(pano)l,w,O = (atpﬂaatQO)wa HpO”l,w,O =1/ (p07p0)1,w70;

1

1
(pma Qm)l,w,m = Z(afpm, 8thTYL)w2k_1a Hpm”l,w,m = (pm’pm)f
k=0

wmy (M7 0).

sy

Then the weak form of (2.16)-(2.19) is : Find (wp,tm) € Hg , p(I) X Hp oy (1),
such that

W (Win, Um) = Fin (Um), Vum € H&,w,m<1)7 (3.1)
A (Uimy o) = b (Wins )y Vo € H&w,m(l), (3.2)

where

2
A (Wi s V) = /(t + 1)w’/mU;n + mevmdt7
I t+1
2 2

Foom) = o [+ Dt b ) = = [ (¢4 D
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Denote by Py the space of polynomials of degree less than or equal to N. Define
an approximation space Xy(m) = Py N Hg,, ,,(I). Then the spectral-Galerkin
approximation to (3.1)-(3.2) are: Find (wm,n, umn) € Xy (m) x Xn(m), such that

am(mea va) = Fm(UmN)» vaN S XN(m)a (33)
am(umN, th) = bm(’me, th), thN S XN(m) (34)
4. Error estimation of approximation solution

Lemma 4.1. a,,(wp,vy) is a continuous and coercive bilinear functional on
1 1 .
HO,w,m(I) X HO,w,m(I)f L€,

(a0 v)| < ma 1,2} a0l o 1
am(wmvwm) > mell%,w,m'

Proof. When m = 0, from Cauchy-Schwarz inequality we have
aofun,o0)| = | [ (1+ 6y e)ep(e)at]
I
< [+ Dol
I
< {/(t+1)|w6(t)|2dt] {/(t+1)|v6(t)|2dt}
I I

= ||w0||1,w,0||vo||1,w,07

ao(wo, wo) = / (¢ + 1) uwh(8) 2dt = [[wo 2., 0.
I

2

When m # 0, from Cauchy-Schwarz inequality we derive that

2
’ m

|@m (Wi, vm)| = |/1((1 + W (0 (1) + 77 wm (D vm () dt|

<m? /I((t + Dy, (0o, (8)] + ——[wm (E)om (1) )dt
< m? [/I((” D)y, ()] + |wm(t>|2>dt] ’

| [ 0P+

= m||wyn|

1,w,m||vm||1,w,m7

@ (W, W) = /I((t+ 1)y (£)]2 +

1+t

|win (8)])dt

1
> [+ Dl + g Pt =

This finishes our proof. O
Lemma 4.2. For Yw,, € H&,w,m(l), the following inequality holds:

/ (£ + 1), (H)dt < / (£ + 1), ()]t

I I
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Proof. It follows from the boundary condition w(1) = 0 that

— Wy () :/t wl (s)ds. (4.1)

From Cauchy-Schwarz inequality and (4.1), we derive that

/_t(t + Dwy, ()dt = /_11 [[ \/% s+ 1w;n(3)d5} 2(,5 +1)dt

S/_l/t (s + D[, (s)Pds[ln 2 — In(t + 1)](t + 1)t

g/ (s+1)[w;n(s)}2ds/1 [(+1)In2 — (£ + 1) In(t + 1)]dt

-1

1 1
:/ (5+1)[w;n(5)}2ds:/ (t + 1), ()]t

—1 -1
This finishes our proof. O

Lemma 4.3. If f,,(t) € L3(I), then F,,(vy) is a bounded linear functional on
H(%,w,m(l): i.e.,

‘Fm(UMN N va”Lwﬂn'

Proof. From the Cauchy-Schwarz inequality and Lemma 4.2, we have

Fon(om)| = | / (4 1) o (B)om (1))

-

< {/I(t+1)|fm(t)2dt} 2 {/J(t+1)|vm(t)2dt}2
< (/I(t+ 1)[vm (£)|*dt)?
<( / (t+ D)loy, )’

= [[omll1.0m-

This finishes our proof. O
From Lemma 4.1, Lemma 4.3 and Lax-Milgram Lemma, we have following The-
orem:

Theorem 4.1. If f,,(t) € L2(I), then problems (3.1)-(3.2) and (3.3)-(3.4) have
unique solutions (W, tm) € Hg o X Hg ) 0nd (Wi N, umn) € Xy (m) x Xy (m),
respectively.

Lemma 4.4. Assuming that wy, and w,n are the solutions of (3.1) and (3.3),
respectively, there holds:

Lwm < max{v/2,4m?3} inf 10t (W, — V) |-

||wm — WmN
VmNEXN (m)

Proof. From (3.1) and (3.3), we have

am<wm; UmN) = Fm(va)a vva S XN<m)7 (42)
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A (Wi N VN ) = Fr(Umn ), Yomn € Xn(m), (4.3)
which leads to
n (Wyy, — Wi N, Uy ) = 0, Yy € Xn(m). (4.4)
When m = 0, one can deduce form Lemma 4.1 and (4.4) that
lwm = Wi 1§ . m
Lam (Wr — Wiy Ny W, — Wi N)

=0 (wm — WmN, Wy — UpN + UnN — me)

=am (wm — WmN, Wm — UmN) + am(wm — WmN, UmN — me)

Sme - me”l,w,mem - UmN| 1,w,m;

this implies that

||wm — WmN||1,w,m S me - UmN||1,w7m7 vva € XN(m)

Since
||wm - U"LN”iw,m = /I(t + 1)[8t(wm - UmN)]th < 2||8t(wm - UmN)”Qa
it is easy to show that
W — Wi |10 < V2]|0 (Wi — V) |- (4.5)
When m # 0, we obtain from Lemma 4.1 and (4.4) that

||U)m - me”%,w,m
<apm (wm — WmN, Wm — me)
=Qm (wm — WmN, Wm — UmN + UmN — me)

=0m (wm — WmN,Wm — UmN) + am(wm — WmN,UmN — me)

Sm2”wm - me”l,w,m”wm — UmN|[1,w,m)

that is
me - me”l,w,m S m2||wm - va”l,w,ma v'UmN S XN(m)

Using the pole condition w,,(—1) = 0 and Hardy inequality (cf. B8.6 in [21]), we
obtain that

1 2 2
- < .
/I s t)medt < 4/1(8twm) dt

We then have

m2

pt+1

(W — va)zdt

1
(t+1)2

J1m = v = [ (¢4 DIOu(0m — vt +
1

(W, — Vo )2dt

< /I<t + DO (wm = vpn)]*dt + 2’"2/1
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< /I(t + 1) [0 (wp, — va)]zdt + 8m? /I[at(wm — va)]zdt

< 16m? /[&(wm — vmn))?dt.
I

Thus

lwm — W n|1wm < 4m? {/((’%(wm — va))th} = 4m3|\8t(wm —vmn)||-
I
(4.6)

The expected result follows from inequalities (4.5), (4.6) and the arbitrariness of
Umn - This finishes our proof. O

For proving the error estimation, we need to introduce two non-uniformly
weighted Sobolev spaces as follows:

s (I) = {U} : 3tk’w S Licn+k,6+kao § k S S},

wB %

equipped with the inner product and the associated norm

S

(w7 U)s,w""ﬂ,* = Z(@fw, ail&cv)w‘“rk’ﬁ*"? ”w

k=0

s,w B x = (waw)s,w"’ﬂﬂ

and

HZ*1~*1,m(I) = {wm € H&,w,m(l) : atkwm € Li—l'*'kv—l"'k’ 1<k< 8}’

equipped with the inner product and the associated norm

s
k k
(wma Um)s,w*1=*1,m = (wnu U?n)l,w,nL + E (6t W, 675 U?n)w—“’k‘—l‘“ﬁ
k=1

”wm”&w_l'_l,m = \/(wﬂ% wm)s,w—1'_17m7

where w®?(t) = (1 — )*(1 +¢)? is Jacobi weight function.
Define an orthogonal projection operator Il ,-1.-1 : Lf),kl (I) — P];L_l such
that

(’LU - HN,w*17*1w7'UN)w*1=*1 =0, Yoy € P&l’_l, (47)

where Py~ = {p € Py : p(x1) = 0}.
From Theorem 1.8.2 in [20] we have following Lemma:

Lemma 4.5. ForVw € H?_, _, (I), the following inequality holds:
10 (I 11w = )| S N =505 15e.

Theorem 4.2. There exist an operator TN’ : Hj,o(I) — PX such that
M wo(—1) = wo(—1), My wo(1) = wo(1) = 0, for any wo € HZ 1 o(I) (s > 1),
there holds

10, (T wo — wo)| S N'=*105 woluy-12 14+,

where Py, = {po € Py : po(1) = 0}.
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Proof. Let wjj(t) = Stwy(—1), Vwy € Hj, o(I). Then for Vw, € 7:[5;_1,_1 o),
we have (wo — wg)(£1) = 0, and wo —wg € HS 1,1 (). In fact, we derive from
Hardy inequality (cf. B8.8 in [21]) that

/w‘l’_l(wo —wp)?dt S /w_z’_2(wo —wp)?dt < /[8t(w0 — wg)dt.
T

I I

Since

J1ouwiar = [ Shuo(-1)Pde = Fhuo(-1)

I
- % {/j(@two)dtr < /I(atwo)zdt,

we then obtain

/ 10, (wo — wi)2dt < / (Dywo)2dt + / (Owi)2dt < / (Owo)2dt.  (4.8)
I I I I
For k > 2, we have
/w71+k’71+k[6f(w0 - wS)]Zdt < /win’*Hk(afwo)zdt. (4.9)
I I

Thus wo —wg € HS -, _, ,(I). Define
H}\}Owo = Hvafl,—l(wo - U)S) + wé € PR;, Ywg € 7‘[371.71’0(1)
In light of Lemma 4.5 we have

19: (T3 w0 — wo) || = (|0 [Ty 1.1 (wo — w5) — (wo — w5)] |
< N1=9110% (wp — 05) yrees
< NV 05w e -1
This finishes our proof. O
Theorem 4.3. Let wy, and wy,n be the solutions of (3.1) and (3.3), respectively.
If m=0, and wy, € H: 11 ,,(I)(s > 1), then the following inequality holds

Lwm S Nl_s||afwm”w—1+s~—1+s~

W — me|

If m # 0 and wy, € Hy, ()N H -, (I)(s > 1), then the following inequality
holds '

1,w,m 5 NlisHaf’LUme—lJrs,—lJrs.

||wrn - w7nN|

Proof. When m = 0, for Yooy € Xn(0), from Lemma 4.4 and Theorem 4.2 we
have

lwo — wonll1wo < inf V20 (wo — von)]|
von €EX N (0)

< 104 (wo — T wo)||

5 Nl_s ||8;w0||w71+5,71+s .
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When m # 0, for Vu,,ny € Xn(m), from Lemma 4.4 and Lemma 4.5 we arrive at

||wm - me”l,w,m S inf 4m3||at(wm - va)”
v?nNEXN(m)

< 100 (0 — Ty aer.10) | S N0 o-roere-.
This finishes our proof. O

Theorem 4.4. Let u,, and u,,n be the solutions of (3.2) and (3.4), respectively.
Then the following inequality holds

um — umn ll1wm S N'T® [”atsum”w*l“fus + ”atswm”w*l“»*lﬁ]-

~

Proof. From(3.2) and (3.4) we have

am(um, th) - bm(wma th), v th S XN(m)a (410)
am(umNath) = bm(meath)a YV hmn € XN(m)v (411>

which leads to
am(um — UmN, th) = bm(wm — WmN, th)a Vhmn € XN(m) (412)

When m = 0, for Vg,,y € Xn(m), we obtain from Lemma 4.1, Lemma 4.2 and
(4.12) that

[t — umN”%,w,m
<am(Um — U N5 U — U N )
= (Um — UmN, Um — GmN + GmN — UmN)
=0 (Um = UmN, Um — @mN) + G (Um — UnN, gnN — UnN)

:am(um — UmN, Um — QmN) + bm(wm — WmN,dmN — UmN)

SHUm - umNHl,w,mHum — dmN

R2
+ Tme - me”l,w,m”qu - umN||1,w,m~

l,w,m

By taking ¢, n = H}\}Oum, we obtain

l,w,m”um - H}\}Oumnl,w,m

||Um - umNH%,w,m S”Um — UmN
R2

+ I”wm - meHLw,m”H}\’foum — UmnN|1,w,m-
Since
TNt = v 10, = TNt =t + U, = g v [|1,0m
< ||H11\}Oum - Um”l,w,m + ||t — UmN”l,w,ma
then

[tm, — umN”iw,m

SHum - umN”l,w,mHum - H}\}OunL”Lw,m

R2
+ = lm = Wl TRt = 1
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R2

+ Tme - me”l,w,mHum - umN”l,w,m
<1 2 Hl,O 2 + 2
—Z”um - u'mN”l,w,m + ||um - N um”l,w,nL + 372”1”7” - meHl,w,nL
1 -0 2 + 2 1 2
+ 5” N Um — um”l,w,m + E”wm - wm[v”l,w,m + ZHUM - um]V”l,w,m'

One can derive from above inequality that
2 1,0 2 : 2
||um - uWIN”l,w,m < 3[||u7n - H]\} um”l,w,m + E”wm - meHl,w,m]’

From Theorem 4.2 and Theorem 4.3, we have

= umn |3 wm S N0 wm |10 140 ] 4 [N 72|05 w1401 ]
<

[Nlis Hafumest,st + Nt=s Hafwm||w71+s,71+s]2,
that is
e — ol S N 05l sse s+ 0 wlorinver) (413)

When m # 0, for Vg,,ny € Xn(m), in accordance with Lemma 4.1, Lemma 4.2 and
(4.12) we obatin

[l — UmN”%,w,m
Lam (U — U N U, — U )
=0 (Um — UmN, Um — gmN + mN — UmN)
=0 (Um = UnN, Um — @mN) + G (Um = U N, @nN — UnN)
=0 (U, — U N, U, — N ) + O (Wi — Wi Ny @GN — UmN)
§m2||um - UmN”l,w,m”Um - QmNHLw,m
R2

+ Tme - me”l,w,mHQmN - umN”l,w,m-

By ¢mn =y -1,-1Um, We have

l[tm — umN”i%m SmQHUm = U ||1w,m || Um — HN,wflvflum”l,%m

R2
+ Tme - me”l,w,mHHN,w—lv—lum - umNHl,w,m'
Since
||HN,w*1’*1um - umN”l,w,m = ||HN,w*17*1um — Uy, + Uy — umN”l,w,m
< ||HN7w_1=—1um - Um”l,w,m + Hum - umN||17w7m’
then

[t = N |15 o <m0 ([t = ¥ 1 o [, = Ty 11t | 1,00,

R2
= lm = w1 o MLy o510 =

R2
+ Tme - meHl,w,m”um - umNHl,w,m
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1
<—|lum — umNHiw,m + m4||um - HN7W71,71um||iw7m

R 2 1 2
+ ﬁ”wm - w’mN”Lw,'rn + §||HN,w*1=*1um - um”l,w,m
R 2 1 2
+ ﬁ”wm - me”l,w,m + ZHUM - umN”l,w,mv
that is
2 4 2 3R4 2
e = tmn |7 m < 27 + Dlfwm =y o1 o1tmllom + Za10m = wnnlliwm-

According to Lemma 4.5 and Theorem 4.3 we arrive at

= w13 o S N 72107t o122 12 4 [N 72|07 i 140,142
SN0 w1510 + N7 0F Wi || -1+ -14 ]2
Thus
ltm — Umd [wm S NP5 (05U —1+0- 146 + |05 W [|o—140 -1+ ). (4.14)
The desirable result follows from (4.13) and (4.14). This finishes our proof. O

5. Efficient implementation of algorithm

We shall develop an efficient numerical method to solve (3.3)-(3.4). Let us first
construct a set of basis functions for the approximation space Xy (m). Let

¢i(t) = Li(t) — Ligo(t), i=0,--- N — 2, (5.1)
where L;(t) represents the Legendre polynomial with degree of . It is obvious that

0) = span{o(t), -+, ¢n—2(t)} ®span{pn_1(t)},
m) = span{qbo(t), Tt ¢N*2(t)}7 (m # 0)7

where ¢n_1(t) = 1(1 — t). Setting

XN

(
Xn(

1
ij = 1)¢; ¢ ii = | T——ip;dt,
aij /I(t—|- )qbz(bjdt, bi; /Il+t¢ @;dt

e = / (6 + )iyt [ = / (L4 1) et

When m = 0, we shall seek

N-1 N-1
WoN = Z wip;(t), uon = Z ud i (t). (5.2)
i=0 i=0

Plugging (5.2) into (3.3)-(3.4) and taking voy, hon through all the basis functions
in Xx(0), we derive that

Ay 0| | WO B o
—Eoy Ay | | UO 0
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where
Ao = (aij), Co= (ci), FO=(f3, -, fyv_1)7",
WO = (wga e 7w(1)\/—1)Ta UO = (Ug, e 7u(])\/—1)T'

When m # 0, we shall seek

N-2 N—-2
W = D W i(1), wmy = Y uli(h). (5.3)
=0

=0

Similarly, plugging (5.3) into (3.3)-(3.4) and taking v,,n, hmn through all the basis
functions in X (m), we derive that

A +m2B,y, 0 wm B pm
B Apt+m®B, | | U™ 0

where

Ay = (aij), Bm = (bij), Cm = (ci), F™ = (", )T,

W= (wg)n’ T 7w7\f172)T? um = (u6n’ T 7u7]<7172)T'

6. Extension to eigenvalue problems

In this section, we shall extend our algorithm to the associated eigenvalue problems:

Aa(z,y) — ala(z,y) + fa(z,y) = Ma(z,y), in Q, (6.1)
a(x,y) =0, on 09, (6.2)
Ad(z,y) =0, on 01, (6.3)

where « and /3 are nonnegative constants. Similar to the deduction of (2.16)-(2.19),
(6.1)-(6.3) can be reduced to one-dimensional coupled second order eigenvalue prob-
lems:

2 2 2
— LW, + aR—wm + ﬁR—um = R—)\mum,t € (-1,1), (6.4)
4 4 4
R2
— Loty — o Wm = 0,t e (—1,1), (6.5)
U (1) = wp, (1) =0, (m = 0); (6.6)
U (£1) = wp (£1) = 0, (m # 0), (6.7)
where
1 m?
Loy = mat((t +1)9;) — (ESck

Obviously the weak form of (6.4)-(6.7) is: Find A, € R, non-trivial (wy,, u,) €
H§ (1) x H , (I) such that

o (Wi, V) + O (Wi, V) + Bbrm (U Vin) = Abi (i, Um ) Vv € Hy o, (1),
(6.8)
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i (s Bon) = Do (Wi ) = 0, YAy € HE (1) (6.9)

Then the spectral-Galerkin approximation to (6.8)-(6.9) is: Find A,,n € R, non-
trivial (Wpn, umy) € Xy (m) x Xn(m) such that for Y(vm,n, hmy) € Xn(m) X
XN(m),

Qm (me7 UmN) + abm(mea va) + Bbm(umN7 UmN) = ApNbm (umNa UmN)7

(6.10)
W, (U N s N ) — b (Wi Ny Pmn) = 0. (6.11)
When m = 0, we shall seek
N—1 N—1
WoN = Z w(t), uon = Z ud i (). (6.12)
i=0 i=0

Plugging (6.12) into (6.10)-(6.11) and taking von, hony through all the basis func-
tions in Xy (0), we derive that

Ao+ EaCy BpCy | [WO | on | By | |wo
2 — 0
£ Ag U° 0 o U°

When m # 0, we shall seek

N-2 N-2
W = > wi(t), wmn = Y uli(h). (6.13)
=0 =0

Similarly, plugging (6.13) into (6.10)-(6.11) and taking v,,n, Amn through all the
basis functions in Xy (m), we derive that

Ap +m?Bo + BaC,,  EpC,, o B, | [wm
-Ecn A +m2By | | U™ 0 0 um

Remark 6.1. For the analysis of convergence of the approximating eigenvalues and
eigenfunctions in the discrete scheme (6.10)-(6.11), by employing Babugka-Osborn
theory, we can establish the abstract spectral approximation results, which combine
the approximation properties of projection operators in Section 4 to further obtain
the error estimates for approximating eigenvalues and eigenfunctions. For the sake
of brevity, we omitted the details.

7. Numerical experiments

We shall present in this section a sequence of numerical experiments to illustrate
the effectiveness and high accuracy of our algorithm. We operate our programs in
MATLAB 2019b.

Denote by (wasn, ) the approximation solutions of the exact solutions
(w(z,y),4(x,y)), respectively. According to the pole coordinate transformation
and variable substitution we have

oo
(@(x, Z/)7 1)(1‘, y)) = (U)(t, 0)’ u(t7 0)) = Z (wm(t)’ um(t))esz,

|m|=0
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Table 1. The error e(w(z,y), Wnmn (x,y)) between approximate solutions and exact solutions for dif-
ferent M and different N.

N M=4 M =38 M =12 M =16
20 0.0071 3.6115e-07 3.0101e-06 0.0212
25 0.0072 3.5027e-07 7.1085e-12  1.6536e-07
30 0.0073 3.6103e-07 3.7357e-12  1.4921e-13
35  0.0073 3.5619e-07 2.3093e-14  2.0359e-16

M
(Wpn (2, y), dmn (T, y) = (wun(t,0), unn(t,0)) = Z (Wy v (1), Uy (1)) ™2

|m|=0

Define the errors between the weak solutions (w(z,y),4(z,y)) and the numerical
solutions (Warn, trrn) as follows:

W(z,y) — N (@, y)|| L@

6(w($,y),lf)MN(l‘,y)) = |
|w(t7 9) - wMN(t’ 0>||L°O(D)7

and

e(i(z,y), i (z,y)) = li(z,y) — dun (@, y)l| L= (@)
= [Ju(t,0) — urnn (L, 0)| L~ (D).

Example 7.1. We take R = 1, @ = (22 + y? — 1)3e*™Y. By plugging a(z,y) into
equations (2.1)-(2.3), we can obtain f(z,y),$(x,y) and ¢ (z,y). For different N
and M, the errors between approximate solutions and exact solutions are listed in
Tables 1-2. To further demonstrate the efficiency and accuracy of our algorithm,
we draw the images of the exact solutions and the approximate solutions in Figures
1 and 3 and the error images between them in Figures 2 and 4.

ey (. )

Figure 1. Comparison figures of exact solutions (left) and approximation solutions (right) with N = 30
and M = 15.

As shown in Tables 1-2, the errors decline quickly with the increase of N and
M. When N > 30,M > 12, the approximate solutions achieve at about 10712
accuracy. We further observe from Figures 1-4 that our algorithm is convergent
and highly accurate. In addition, to test the spectral accuracy of our algorithm,
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x1071 10
2 A 10

e(i(@,y), darv(z,y))

Figure 2. The error figures of exact solutions w(z,y) and approximation solutions wnn (x,y) with
N =30 and M = 14 (left) and N = 45 and M = 25 (right).

Table 2. The error e(i(z, y), Gm N (2, y)) between approximate solutions and exact solutions for different
M and different N.

N M=4 M =38 M =12 M =16

20 7.3633e-05 1.6825e-09 1.5424e-08  9.4362e-05
25  7.3689e-05 1.6797e-09 1.9860e-14 6.3512e-10
30 7.4222e-05 1.6790e-09 1.0061le-14 1.1102e-15
35 7.4567e-05 1.6892e-09 1.0013e-14 1.5543e-15

we also present the corresponding error curves between the numerical solutions and
exact solutions on log-log scale in Figure 5. It can be observed from Figure 5 that
the error converges to zero exponentially.

Example 7.2. We take R = 1, @ = (2? +y? —1)3sin((z +y)7). By plugging @(x,y)
into equations (2.1)-(2.3), we can obtain f(z,y), ¢(z,y) and ¢ (z,y). For different
N and M, the errors between approximate solutions and exact solutions are listed
in Tables 3-4. To further demonstrate the efficiency and accuracy of our algorithm,
we draw the images of the exact solutions and the approximate solutions in Figures
5 and 7 and the error images between them in Figures 6 and 8.

We see from Tables 3-4 that the approximate solutions also achieve at about
10712 accuracy with N > 30, M > 12. We further observe from Figures 6-9 that

Figure 3. Comparison figures of exact solutions (left) and approximation solutions (right) with N = 35
and M = 15.
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Figure 4. The error figures of exact solutions @(z,y) and approximation solutions N (z,y) with
N =30 and M = 15 (left) andN = 45 and M = 25 (right).

logi§

1.3 1.4
logly

1.2 1.3 1.4 1.5 1.6
logl},

Figure 5. Error curves between the numerical solutions W N (z,y) (left) and da v (x, y)(right) and
their exact solutions on log-log scale with different N and M = 12.

Table 3. The error e(w(z,y), Wnmn(x,y)) between approximate solutions and exact solutions for dif-
ferent M and different N.

N M=4 M=38 M =12 M =16
20 0.0061 3.1825e-07 2.4694e-07 0.0023
25 0.0060 3.1166e-07 6.9387e-12  1.5468e-07
30 0.0061 3.1801e-07 3.4162e-12  1.2434e-14
35  0.0061 3.1590e-07 3.4337e-12 1.2434e-14

Table 4. The error e(i(x,y), tm N (z,y)) between approximate solutions and exact solutions for different

M and different N.

N M=4 M=28 M =12 M =16

20 6.3773e-05 1.4955e-09 1.1306e-09 1.1503e-05
25 6.3807e-05 1.5017e-09 1.9439e-14 6.0945e-10
30 6.3829e-05 1.4920e-09 9.3085e-15  2.7756e-16
35 6.3845e-05 1.5073e-09 9.1524e-15 2.7756e-16

our algorithm is also convergent and highly accurate.

Example 7.3. We consider the eigenvalue problem (6.1)-(6.3). Here, setting R = 2,
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W(z,y)

Figure 6. Comparison figures of exact solutions (left) and approximation solutions (right) with N = 35
and M = 15.

Figure 7. The error figures of exact solutions w(z,y) and approximation solutions Wy n (z,y) with
N =30 and M = 14 (left) andN = 35 and M = 15 (right).

a =0 and g = 1. The numerical results of the first four approximate eigenvalues
for different m and N are listed in Tables 5 and 6, respectively.

We observe from Tables 5 and 6 that the first four numerical eigenvalues achieve
about 13-digit accuracy when N > 20. In order to show the spectral accuracy of
our algorithm intuitively, we take numerical solutions of N = 60 as the reference
solutions A..; and plot the error tendency curves in Figure 10. Here the error is
defined as [\l v — Aer| (1 =1,2,3,4, m = 0,1). In addition, we also present the
corresponding error curves on log-log scale in Figure 11. It can be observed from
Figures 10-11 that all the first four numerical eigenvalues converge exponentially.

i(z,y)

Figure 8. Comparison figures of exact solutions (left) and approximation solutions (right) with N = 35
and M = 15.
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eli(z,y), i (z,9))

Figure 9. The error figures of exact solutions @(z,y) and approximation solutions N (z,y) with
N =30 and M = 14 (left) and N = 40 and M = 25 (right).

Table 5. Numerical results of the first four eigenvalues for different N when m = 0.

1
/\ON

2
>‘0N

3
)‘ON

4
)‘ON

10
15
20
25
30

3.090327492626542
3.090327492626550
3.090327492626549
3.090327492626535
3.090327492626531

59.031114309908325
59.031114301017460
59.031114301017470
59.031114301017150
59.031114301017354

351.5037169220989
351.5039866293564
351.5039866293499
351.5039866293507
351.5039866293507

1209.444613357836
1209.262543205556
1209.262543336919
1209.262543336922
1209.262543336927

Table 6. Numerical results of the first four eigenvalues for different N when m = 1.

1
/\1N

2
>‘1N

3
)‘1N

4
)‘1N

10
15
20
25

30

14.472516371010260
14.472516371011748
14.472516371011745
14.472516371011760
14.472516371011720

152.4035296249379
152.4035276681599
152.4035276681601
152.4035276681600
152.4035276681597

670.5003418074672
670.5085597879880
670.5085597869706
670.5085597869690
670.5085597869692

1972.379885614160
1970.601410053427
1970.601415635077
1970.601415635074
1970.601415635074

Example 7.4. We still consider the eigenvalue problem (6.1)-(6.3). Here, setting
R =3, a =1 and 8 = 3. The numerical results of the first four approximate
eigenvalues for different m and N are listed in Tables 7 and 8, respectively.

Table 7. Numerical results of the first four eigenvalues for different N when m = 0.

1
)‘ON

2
)‘ON

3
)‘ON

4
)‘ON

10
15
20
25
30

4.055480414179577
4.055480414179569
4.055480414179572
4.055480414179571
4.055480414179525

17.848631976203723
17.848631974188100
17.848631974188190
17.848631974188110
17.848631974187555

80.556077439014260
80.556133915876060
80.556133915875050
80.556133915875110
80.556133915875210

257.1551932387490
257.1180648278905
257.1180648546771
257.1180648546774
257.1180648546775

We observe from Tables 7 and 8 that the first four approximate eigenvalues
achieve about 14-digit accuracy when N > 20. Similarly, in order to show the
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Error
Error

1010

107° 1015
8 8

20 20

Figure 10. The error tendency curves between numerical solutions and reference solutions with m =0
(left) and m = 1 (right).

3
mN

e L SR

S

11 115

login

12 125 13 135

Figure 11. Errors between the numerical solutions and the reference solutions on log-log scale with
m = 0 (left) and m = 1 (right).

Table 8. Table 8 Numerical results of the first four eigenvalues for different N when m = 1.

N M My Mn M

10 7.292567873028044 38.375587453787304 146.7468498404038 412.1418053276755
15 7.292567873028434 38.375587031923580 146.7485437242564 411.7815982705580
20 7.292567873028433  38.375587031923594  146.7485437240460 411.7815994010555
25 7.292567873028427 38.375587031923560  146.7485437240464 411.7815994010549
30 7.292567873028430  38.375587031923660  146.7485437240463  411.7815994010551

spectral accuracy of our algorithm intuitively, we take numerical solutions of N = 60
as the reference solutions A,.y and plot the error tendency curves in Figure 12. Here
the error is still defined as [\ y — Ares| (i = 1,2,3,4, m = 0,1). Obviously, Figure
12 indicates that all the first four numerical eigenvalues are converge exponentially.

8. Conclusion

We have presented in this paper a highly accurate numerical method for the fourth-
order problems with simply supported plate boundary conditions. The novelty
of this paper has three main points: (1) We reduce the fourth-order problem to
a coupled second-order problem, which overcomes the complexity of constructing
basis functions. (2) We use dimension reduction technique to decompose the cou-
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Error

Figure 12. The error tendency curves between numerical solutions and reference solutions with m =0
(left) and m = 1 (right).

pled second-order problem into the one-dimensional coupled second-order problem,
which not only overcomes the complexity of the curved domain, but also greatly
reduces the degree of freedom of calculation. (3) We give a rigorous error analysis
for the proposed algorithm. In addition, some numerical examples are given, and
the numerical results verify the effectiveness of the algorithm and the correctness
of the theoretical results. Note that the approaches developed in this paper can
be extended to more complex domains(such as L-shaped domain, spherical domain,
and so on) by using spectral element methods or finite element methods.
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