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EXACT SOLUTIONS AND DYNAMICS OF
KUNDU-MUKHERJEE-NASKAR MODEL*

Ai Ke! and Jibin Lit?f

Abstract For the Kundu-Mukherjee-Naskar model, to find its exact explicit
solutions, it is necessary to analyze the dynamical behaviors of the corre-
sponding differential system of the amplitude component, which is a planar
dynamical system with a singular straight line. In this paper, by using the
techniques from dynamical systems to analyze the parameter conditions of
system and find the corresponding phase portraits, the dynamical behaviors
of the amplitude component can be derived. Under different parameter con-
ditions, exact explicit homoclinic solutions, periodic solution families as well
as kink and anti-kink wave solutions can be found.

Keywords Singular nonlinear traveling wave equation, bifurcation, homo-
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MSC(2010) 34C23, 35Q51-53, 58j55.

1. Introduction

In a recently published work [15], the authors studied the envelope solitons propa-
gating in an optical waveguiding media governed by the Kundu-Mukherjee-Naskar
(KMN) equation. They made the special ansatz F(£) = X — psech®[u(¢ — &),
to derive the formation of a gray soliton on a continuous wave background in the
system.

The KMN equation reads as:

iqe + ey + 17q(qq; — ¢7qz) =0, (1.1)

where q(x,y,t) indicates the soliton profile, x and y refer to the spatial variables,
t is the temporal variable, while o and ~« account for the dispersion and nonlinear
parameters, respectively.

The seven authors of [15] considered the solutions of equation (1.1) with the
form:

q(z,y,t) = ¢(§) exp (i[—r12 — Koy +wt +0(E)]), & = pr + qy — vt, (1.2)
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where kj,7 = 1,2 and w are real-valued constants. ¢ is the wave variable. ¢(¢) is
the amplitude component. Substituting (1.2) into (1.1), they obtained the ordinary
differential equation:

(v+a(ki1g+rap)p+2p79°)0' —paad(0')* +pgad” —2k17¢% — (w+akik)g = 0 (1.3)

and
paa(p0” +2¢'0') — [v + a(k1q + Kop)]¢" = 0. (1.4)
Multiplying (1.4) by ¢ and integrating, yields
I A U+O‘(K1q+/€2p) (1 5)
2pqag? 2pqor ’ '

where A is an integration constant. Hence, the phase modification () in (1.2)

reads
A d¢ v+ algrr + pre)

0 =
©= 5 ¢*(¢) 2pqor
Directly substituting the expression (1.5) into (1.3), we obtain

. (1.6)

¢" + a1+ aze® — % =0, (1.7)
where a; — [v+a(qm+pmz)]2;421;,2;2)—4pqa(amm+w)7 az = 7[v+a{£12);;;QN1)]7 g = 4a§4;2q2
> 0.

Equation (1.7) is equivalent to the planar dynamical system for g > 0:
do dy 3_ 9
bk A -~ |=—-F 1.8
R N AT AR (1.9
with the first integral
2, 1 4 2 9 _
H(gy) =y" + 505" + @™ + 55 = h. (1.9)
For ¢ = 0, i.e., A = 0, equation (1.7) is equivalent to the planar dynamical
system:
d¢ dy 3
A = 1.10
d Ys a (a1¢ + az¢?) (1.10)
with the first integral
1
Ho(.y) = v + 050" + 16* = h. (1.11)

Unfortunately, the authors of [15] did not consider the dynamics of solutions of
the corresponding systems (1.8) and (1.10) of equation (1.1). Therefore, their study
results about exact solutions are not complete.

In this paper, we apply the method of dynamical systems to discuss the dynam-
ical behaviors of solutions ¢(£) and under different parameter conditions to find
exact solutions of equation (1.8).

System (1.8) is a three-parameter system depending on parameter group
(a1,as3,9). It has interesting dynamical behaviors. In addition, system (1.8) is
a singular traveling wave system of the first kind defined by [8] and [7] with the
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singular straight lines ¢ = 0. In the past three decades, nonlinear wave equations
with non-smooth solitary wave solution (called peakon) and solution family having
compact support (called compactons) (see [12]) attracted a lot of attention. Peakon
was first coined by Cammasa and Holm [2,3], and thereafter other peakon equations
were developed (see [4-11,13,14] and references therein).

The article is organized as follows. In section 2, we discuss the bifurcations of
phase portraits for the systems (1.8) and (1.10). In section 3, we derive all possible
exact explicit parametric representations for all bounded solutions (homoclinic or-
bits, periodic orbits and heteroclinic orbits) of system (1.10). In section 4, we study
the exact solutions of system (1.8). All possible exact explicit parametric repre-
sentations of the periodic orbits, homoclinic orbits as well as heteroclinic orbits of
systems (1.8) and (1.10) can be given. Theorems 3.1 and 4.1 give rise to the main
results of this paper.

2. The bifurcations of phase portraits of systems
(1.8) and (1.10)

We first discuss the bifurcations of phase portraits of system (1.10). Clearly, when
ayaz > 0, the cubic Hamiltonian system (1.10) only has a singular point O(0,0).
When aqa3 < 0, it has three singular points E1(—¢1,0),0(0,0) and Eo(¢1,0), where

b1 =, /—Z—;. The bifurcations of phase portraits of system (1.10) are shown in Fig.
1.

(C) a1 < 0,a3 <0 (d) ay; > 0,a3 <0

Figure 1. The bifurcations of phase portraits of system (1.10).



Exact solutions and dynamics of KMN model 1017

We next discuss the bifurcations of phase portraits of system (1.8). Write F'(¢)

in (1.8) as f(®) = az®> + a;®? — g, where ® = ¢?. Clearly, f'(®) = 3a3®? + 2a;®
3
has two zeros at ® =0 and ¢ = 7:2)’%. And we have f (72&) = 24

3as 27aZ

Obviously, when ajaz < 0, f/(®) has a positive zero. For g > 0,a3 < 0, when
3
f (——2‘“) >0,1e.,0<g< gk

3as 27a2
(1.8) has four equilibrium points. When ajaz > 0, f(P) has at most one positive
zero. The bifurcations of phase portraits of system (1.8) are shown in Fig. 2.

, f(®) has two positive zeros. It follows that system

(a) a; < 0,a3 >0,9>0 (b) a; > 0,a3 >0,9 >0

3
4ay

(c) a1 >0,a3 <0,0< g <

2
27a3

Figure 2. The bifurcations of phase portraits of system (1.8).

3. The exact explicit solutions of system (1.10)

We see from (1.11) that hy = Hy(F1,0) = — 2L and y2 = h — a1¢? — basé®. By
using the first equation of (1.10), we have

¢ do
£ = . (3.1)
/4’0 \/h —a19? — %a3¢4

3.1. The case a; > 0,a3 > 0 (see Fig. 1(a)).

Corresponding to the periodic orbit family defined by Ho(é,y) = h,h € (0,00),

enclosing the origin O(0,0), (3.1) can be written as 1/%&35 = ffl’ m,
b a
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where (bQ = —I— VAT, ¢b = - 4 /A A =12 +2ha3 . Thus, we obtain the
parametric representatlon of this perlodlc orbit famlly as follows:

¢(§) = (bbcn(Qlfa k)7 (32)
where k2 = ¢2‘i¢2 L = \/%(13((?3 + ¢7), cn(-, k) is the Jacobin elliptic function.

3.2. The case a; < 0,a3 > 0 (see Fig. 1(b)).

(i) Corresponding to the two periodic orbit families defined by Ho(¢,y) = h,h €
(hl, encloslng the blngular points E; and FEs, respectively, (3.1) can be written

\/ a3£ ¢> ¢2)(¢2 Where ¢b = 7@ + ﬁa ¢2 = @ + \/Ea A1 =

M . It gives rise to the parametrlc representations of two periodic orbit families

as follows
¢(€) = :F(badn(Qan k)7 (33)
where k? = 4)2¢_¢§ Qs = \/3a3¢2,dn(-, k) is the Jacobin elliptic function.

(ii) Corresponding to the two homoclinic orbits to the origin O(0,0) defined
by Ho(¢,y) = 0, enclosing the smgular points E; and Es, respectively, (3.1) can

be written as |/ 3asf = f¢ M ¢\/W where ¢2, = 2‘;;‘. Hence, we obtain the

parametric representations of the two homoclinic orbits as follows:
?(§) = Fomsech(wol), (3.4)

where wg = 1/%&3@5?\/].

(iii) Corresponding to the global periodic orbit family defined by Hy(¢,y) =
h,h € (0,00), enclosing the three singular points O(0,0), F; and Es, it has the
same parametric representation as (3.2).

3.3. The case a; > 0,a3 <0 (see Fig. 1(d)).
(i) Corresponding to the periodic orbit family defined by Ho(¢,y) = h,h € (0, h1),
enclosing the origin O(0,0), (3.1) can be written as /3 |as|¢ = f0¢ d¢

(92 —9¢2) (67 —9?)
where ¢2 = |aq| + VAL ¢ = ‘as‘ —VALA = %}Lla:"l Thus, we obtain the

3
parametric representation of this periodic orbit family as follows:

P(§) = Ppsn(Q23€, k), (3.5)

where k? = ¢2 ,Qg = \/%|as|@2.
(ii) Corresponding to the two heteroclinic orbits defined by Hy(¢,y) = hq, en-
closing the origin O(0,0), (3.1) can be written as |/ $|as|¢ = fod) %. Thus, we
1
have the following parametric representations:

#(&) = Fo1 tanh(w:§), (3.6)

where wy = /3 as|¢3.
In summary, the following theorem is established.
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Theorem 3.1. Assume that g = 0 in system (1.8). Then, equation (1.1) has ezxact
explicit solutions:

q(z,y,t) = ¢(§) exp (i[—r17 — Koy + wt + 0(8)]) (3.7)

where 0(¢) = IRl e o(¢) is given by (3.2), (3.3), (3.4), (3.5) and (3.6),
respectively.

4. The exact explicit solutions of system (1.8)

2_ 4_ 146
We know from (1.9) that y? = 2297912 73039’ By yging the first equation of

¢2
(1.8), we have
[ pdg (Y dip
f_/ 2 ot L 6_/ —— .
b0 /hg? — g — a1t — Sagg® o 2, /(hp — g — @192 — Sagy?)

where 1 = ¢

4.1. The case a; # 0,a3 > 0,9 > 0 (see Fig. 2(a), (b))

Corresponding to the two periodic orbit families defined by H(¢,y) = h,h €
(h1,00), enclosing two singular points, now, (4.1) can be written as /2a3 =
Ya dy

Sy V(@a=0) (o —p) (Y+ea)

lies:

Thus, we have the following two periodic solution fami-

Nl

(b(g) =+ ("/)a - ("/)a - ¢b)Sn2(Q4§7 k)) ) (42)

where k2 = $Z;$Z,Q4 =1/ 3a3(tha + Ya).

Notice that

1 / dg
PO ) T B0 b
I (arcsin (sn(Qu&, k), a2, ) )

_ 1
- wanx
where TI(-, -, k) is the elliptic integral of the third kind (see [1]) with &% = %
Hence, we see from (1.6) that for the ¢(€) given by (4.2), we have
_ v+ a(gr1 + pr2) A

0(&) =0:(8) 2pqa 2pqa,

IT (arcsin (sn(Qué, k)) , 41, k) .
(4.3)

4.2. The case a; > 0,a3 <0,0< g < 2%% (see Fig. 2(c))
3

(i) Corresponding to the two periodic orbit families defined by H(¢,y) = h,h €
(h1,h2), enclosing two singular points, now, (4.1) can be written as /2]az|é =
Vb dp

Y Wa—1) (=) (P —c)
lies:

. Thus, we have the following two periodic solution fami-

[N

, (4.4)

B Yo — Ya
p(€) =F <¢a + 1 — k2sn2(Q5€, k))
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where k% = fﬁi:iz,@s = \/3las|(Va — ).
Then we obtain for the ¢(£) given by (4.4)

s / d¢ B / k2sn?(Qs5¢, k)
¢2(€) ) ¥y — bak?sn2 (€, k) Yy — Yak?sn?(5€, k)
_ & K Gl -2
= o + Q—5H(arcmn(bn(ﬂ5§, k)), a5, k),

where 43 = %Zi:ﬁjﬁ‘;

dg

O v 1.21
123 56789
-0.21 ! 1
-0.4 08
o(2) 0.61
o(t) ~0.6
0.41
-0.8
0.21
-1.01 NI B
01234567289
-1.21 '
(a) Pseudo-peakon (b) Anti-pseudo-peakon
1.2 .
2 6 )8
8-6-4-20 2 4 6 8
t -1.24
(¢) Anti-pseudo-periodic-peakon (d) Pseudo-periodic-peakon

Figure 3. The pseudo-peakon and pseudo-periodic peakon of system (1.8).

Hence, we have from (1.6)

A v+ a(gr1 + pKa)
o) =10 =
(© = 0a(6) = gogyr + EEEER))
A(% - 1/11;) : ~2
+ ——— =TI (arcsin (sn(25&, k)) , a5, k) . 4.5
ot = DO 1 (arcsin (sn(56,K) 3. ) . (49
(ii) Corresponding to the two homoclinic orbits defined by H(¢,y) = ha, enclos-

3 : : . . v dy
ing two singular points, now, (4.1) can be written as /2|ag|¢ = fw TN
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Thus, we have the following two solitary wave solutions:

1
2

$(€) =F (wm + (2 = ) tanh® (éc@s)) : (4.6)

where wy = /2|ag|(2 — ).
We see that for the ¢(£) given by (4.6), we have that
s _ / dg
$*(€) ) Y+ (2 — ¥m) tanh® (Funt)
= 2¢ Q3 arctan (dg tanh (;OJgf)) + £

W22 Tﬁz’

where G2 = ¥2—Ym

Therefore, we obtain

6(¢) = ba(6) = ( A_ | vtolan “’“”) ¢

Qiquw2 2ﬁqcy
A A 2 5 ( )
+ (3 ar ‘an (6% ‘anll wo . 4.!
w 3 C 3

We see from Fig. 2(c) that if 0 < ¢, < 1 with ¢, = v/1,,, then there exist two
segments of two homoclinic orbits which are very close to the singular straight line
¢ = 0. This means that the two homoclinic orbits give rise to two pseudo-peakon
solutions (see Fig. 3(a),(b)). When |h — he| < 1, the two periodic orbit families
defined by H(¢,y) = h give rise to two families of pseudo-periodic peakon solutions
(see Fig. 3(c),(d)).

To sum up, the following theorem is established.

Theorem 4.1. Assume that g > 0 in system (1.8). Then, the following conclusions
hold.

(i) When a1 # 0,a3 > 0,g > 0, equation (1.1) has exact explicit solutions (3.7),
where ¢(§) is given by (4.2), 0(&) = 01(€) is given by (4.3);

(i1) When a1 > 0,a3 < 0,0 < g < %, equation (1.1) has exact explicit solutions
(3.7), where ¢(€) is given by (4.4) and (4.6), 0(€) = 0,(€),j = 2,3 are given
by (4.5) and (4.7).
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