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INVERSE VARIATIONAL PRINCIPLES FOR
TOPOLOGICAL PRESSURES ON MEASURES
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Abstract In this paper, we generalize the various types of topological pres-
sures and measure-theoretical pressures for non-additive continuous potential
with tempered distortion. We show inverse variational principles of measures
for this non-additive topological pressures. Furthermore, we apply the inverse
variational principles for topological pressures on measures to give the estimate
of Hausdorff dimension of measures supported on average conformal repellers.
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1. Introduction

Throughout this paper, a topological dynamical system (TDS for short) is a pair
(X,T), where X is a compact metric space with a metric d and T : X — X is a
continuous map. Let M(X), M(X,T) and £(X,T) denote respectively the set of
Borel probability measures, T-invariant Borel probability measures and T-invariant
ergodic Borel probability measures on X. By a Borel measure theoretical dynamical
system (X, B(X), u, T) we mean (X, B(X),u) is a Borel measure space and T is a
Borel measure preserving transformation.

Kolmogorov [10] introduced measure-theoretical entropy h,(T) for any
(X,B(X),p,T). Later, Adler etc [1] introduced topological entropy hy.,(T") for
any TDS (X, T). Dinaburg [7] and Bowen [3] independently gave equivalent defini-
tions for topological entropy by using separating and spanning sets. The variational
principle (see [15, Thm 8.6]) reveals the basic relation between topological entropy
and measure-theoretical entropy: if (X,T) is a TDS then

hrop(T) = sup{h, (T) : p € M(X,T)}.

Bowen [4] presented a type of topological entropy hﬁ,p(z, T) for any set Z in a
TDS (X, T) in a way resembling Hausdorff dimension, which is the so-called Bowen
topological entropy. Particularly, he showed that hZ (X, T) = hyop(T) for any TDS

top
(X, 7).
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Topological pressure, as a non-trivial extension of topological entropy, was first
introduced by Ruelle [13] and extended to compact spaces with continuous trans-
formations by Walters [15]. There is also a variational principle of topological
pressure [15, Thm 9.10]: if (X, T) is a TDS then P(T, f) = sup{h,(T)+ [ fdpulp €
M(X,T)}, where f is a continuous functions of X and P(T, f) is the pressure of T
with respect to f. Pesin etc [11] further extended Bowen’s results [4] to topological
pressure and introduced a type of topological pressure PP (Z, T, f) for any set Z in
a TDS (X, T), which we call Pesin-Pitskel topological pressure. They in [11] showed
that, among other things, if (X, 7)) is a TDS then P(T, f) = PB(X,T, f).

Inspired by the variational relation between topological entropy and measure-
theoretical entropy, Feng etc [8] introduced measure-theoretical lower and upper
entropies and packing topological entropy, and they obtained two variational prin-
ciples for Bowen entropy and packing entropy: if Z C X is nonempty and compact
then

hiop(Z2,T) = sup{h,(T) : p € M(X), p(Z)

hﬁ‘)p(zv T) = Sup{Eﬂ(T) pE M(X)a ,L"(Z)

}

2
where h{,(Z,T), h,(T) and h,(T) denote respectively the packing topological en-
tropy of Z, measure-theoretical lower and upper entropies of p. Tang etc [14] gen-
eralized Feng-Huang’s variational principle of Bowen topological entropy to Pesin-

Pitskel topological pressure: if Z C X is nonempty and compact then

1
1

PP(Z,T, f) = sup{P, (T, f) : p € M(X), (Z) =1},

where PB(Z, T, f) denotes the Pesin-Pitskel pressure of Z (see Definition 2.1) and
P (T, f) denotes the measure-theoretical lower pressure of y (see Definition 3.1).
Recently, Wang in [17] obtained two new variational principles for Bowen and pack-
ing topological entropies by introducing Bowen entropy and packing entropy of
measures in the sense of Katok. He showed that if Z C X is nonempty and com-
pact then

hB

top

(Z7T) = sup{PfB(T,O) HVUES M(X)’ M(Z)
W (2,T) = sup{ PP (T,0) - € M(X), ()

H
2
where Pf B(T,0) and Pf P(T,0) denote respectively the Bowen and packing topo-

logical entropies of p in the sense of Katok (see Definition 3.3).

Let C(X,R) denote the set of all continuous functions of X, and let Pf (T, f)
and PXP(T, f) denote the Pesin-Pitskel pressure of y (see Definition 3.2) and the
Pesin-Pitskel pressure of p in the sense of Katok (see Definition 3.3) respectively.
Zhong etc in [18] proved the following theorem.

Theorem 1.1. Let (X,T) be a TDS, f € C(X,R) and Z C X be a nonempty
compact set. Then

1
1

PB(Z7T7f) ZSup{Pf(T,f) TpE M(X)7 /’L(Z) = 1}
— Sup{PEB(T, 1) - p e M(X), u(2) =1},

Let PP(Z,T,f), Pu(T,f), PY(T,f) and PKF(T, f) denote respectively the
packing topological pressure of Z (see Definition 2.1), measure-theoretical upper
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pressure of p (see Definition 3.1), packing pressure of p (see Definition 3.2) and
packing pressure of p in the sense of Katok (see Definition 3.3).
Zhong etc in [18] also proved the following theorems.

Theorem 1.2. Let (X,T) be a TDS, f € C(X,R) and Z C X be a nonempty
compact set. If PP(Z, T, f) > || flloo, where ||f|lco := sup,cx f(x), then
PP(Z,T, f) = sup{Pu(T, f) : p € M(X), u(Z) =1}
=sup{F, (T, f) : p € M(X), u(Z) =1}
— sup{PXP(T, f) : i € M(X), pu(2) = 1}.
From Theorem 1.1 in [18], we have the following result.
Theorem 1.3. Let (X,T) be a TDS and f € C(X,R), p € M(X), then
1
}.
Wang in [17] proved that for f = 0, PXP(T,0) < inf{P?(Z,T,0) : u(Z) = 1}
and PXF(T,0) <inf{PF(Z,T,0) : u(Z) = 1}. The results as above generalized the
results in [17] to topological pressure.

The questions are whether inequality as above can be equality? In this paper,
we prove the following inverse variational principles.

Theorem 1.4. Let (X,T) be a TDS and f € C(X,R) and p € M(X), then

PI(T, f) = PEP(T, f) < nf{(PP(Z.T, f) : u(2)

1
PO(T, f) = PEP(T, f) <inf{PT(Z,T, f) : p(2) = 1

PC(T, f) = PiP(T, f) = nf{PP(Z,T,f) : n(Z) = 1},
PJ(T,f) = PEP(T, f) = mf{PT(Z,T, f) : p(2) = 1}.

Furthermore, in [2], the notion of average conformal repeller is introduced. In [6],
Hausdorff dimension for every subset of average conformal repeller A is given as
root of Bowen equation. We apply the results of Theorem1.4 as above to give the
estimate of Hausdorff dimension for every u € M(A).

Theorem 1.5. Let M be a C*™ Riemannian manifold and T : M — M be a C*
map. Suppose A C M is an average conformal repeller. Then for every p € M(A),
dimpp = t*, where t* is the unique solution of equation P2 (T,—tf(x)) = 0 in [0, d]
and f(x) = log(|det(DT(z))|)4.

Next, we introduce a class of non-additive continuous potential. Let (X,T) be
a TDS, F = {f, : X — R} be a sequence of continuous potentials. We say that
{fn}nen satisfy tempered distortion, if

lim lim sup fL(E)
e=0 nosoo n

where f,,(e) = sup{[fn(z) — fa(y)| : @ € X,y € By(z,e)}.

Remark 1.1. If f € C(X,R), then F = {f,, = >.1") f(T%(x))} is a sequence of
continuous potentials with tempered distortion.

—0, (1.1)

In this paper, we will define various types of topological pressures and measure-
theoretical pressures for non-additive continuous potential with tempered distortion,
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and investigate the relations between various types of topological pressures and
different versions of measure-theoretical pressures.

We arrange the rest of this paper as follows. In Section 2, we recall the notions of
topological pressures and discuss their relations. Section 3 presents various kinds of
measure-theoretical pressures, and section 4 presents the proof of main theorem. In
section 5, we apply the main theorem to give the estimate of Hausdorff dimension
for every p € M(A).

2. Topological pressures

In this section, we follow the forms in [18] to give four types of topological pres-
sures: Pesin-Pitskel topological pressure, lower capacity topological pressure, upper
capacity topological pressure and packing topological pressure, and present some
basic properties for these pressures.

For any n € N and z,y € X, let

dn(z,y) = max{d(T"(x), T"(y)) : 0 < i < n}.

_ Foranyn € N, e >0,z € X, let By(v,e) = {y € X : dn(7,y) < ¢} and
Bp(z,e) ={y € X :dn(z,y) < e}
Given a non-additive continuous potential with tempered distortion F = {f,},
let
fu(z,e) = sup fuly), and f,(z,e)= sup fu(y).
yEBy (z,¢) yEB, (x,¢)

Let Z C X be a nonempty set. Given n € N, a € R, € > 0 and F, define

M(n,o,e,2,T,F) = inf{z e-onitfn (@) . 7 c U;B,, (21,€)}, (2.1)

where the infimum is taken over all finite or countable collections of {By,(zi,€)}
such that z; € X, n; > n and |, By, (z5,¢) D Z. Likewise, we define

R(n,a,e, 2, T, F) = inf{y e /() Z € U; By (1,¢)}, (2.2)

where the infimum is taken over all finite or countable collections of {B,(z;,¢)};
such that z; € X and {J, By (z;,€) D Z.
Define
MP(n,a,e, 2, T, F) = sup{y_ e~ omitFm @)y (2.3)

where the supremum is taken over all finite or countable pairwise disjoint families
{Bn,(x;,€)} such that ; € Z, n; > n for all i, where B, (z;,e) = {y € X :
dy, (2, y) < e}

Let

M(a,e, Z, T, F)= lim M(n,«a,e,Z,T,F),

n—oo

R(a,e,Z,T,F) =liminf R(n,a,e, 2, T, F),
n—oo
R(a,e,Z,T,F) = limsup R(n, a, e, Z, T, f),

n— oo
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MFP(a,e, 2, T, F) = lim M¥(n,a,e, Z,T, F).

n—oo

Define

o0
M”P(a,e,Z,T,F) = inf{z MY (a,e,2;, T, F) : Z C U2, Z;}.

i=1
It is routine to check that when a goes from —oo to +00, the quantities
M(a,e, Z,T,F), R(a,e,Z,T,F),R(a,e,Z,T,F), M"(a,¢,2,T, F)

jump from +o0o to 0 at unique critical values respectively. Hence we can define the
numbers
PB(e,2,T,F) =sup{a: M(a,e, Z,T, F) = +o0}
=inf{a: M(a,e, Z,T,F) = 0},
CP(e, 2, T,F) = sup{a: R(a,e, Z, T, F) = +oo}
=inf{a: R(a,e,Z,T,F) = 0},
CP(e, Z,T,F) =sup{a: R(a,e, Z,T,F) = +oo}
=inf{a: R(a, ¢, Z,T,F) = 0},
PP(e, 2, T,F) =sup{a: M" (a,e, Z,T,F) = +o0}
=inf{a: M"(a,e,Z,T,F) = 0}.
Definition 2.1. We call the following quantities
PB(Z,T,F)=lim PP(¢, 2, T, F),
e—0
CP(Z,T,F)=lm CP(e, Z, T, F),
e—0
CP(Z,T,F)=1lim CP(e, Z,T, F),
e—0
PP(Z,T,F)=1lim PP (¢, 2, T, F).
e—0
Pesin-Pitskel, lower capacity, upper capacity and packing topological pressures of T
on the set Z with respect to F.

Remark 2.1. The definitions of Pesin-Pitskel, lower capacity and upper capacity
topological pressures follow the generalized Carathéodory construction described
n [12]. For more details, see [12, p74]. Wang etc in [16] introduced packing topo-
logical pressure.

Replacing f,, (2;) in Egs. (2.1), (2.3) by fn,(zi,€) and f, (z;,€) respectively
and f,,(z;) in Eq. (2.2) by fn(7;,¢), we can define new functions M, R, M?. For
any set Z C X and € > 0, we denote the respective critical values by

PB(e,2,T,F), CP'(e, Z,T,F), CP (¢, 2,T,F), P’ (¢, 2,T, F).

Proposition 2.1. Let (X,T) be a TDS, F satisfy tempered distortion and Z C X.
Then

PB(Z,T,F) = lim P5'(e, 2, T, F),
E—>
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CP(Z,T,F) = lim CP'(¢, Z,T, F),
e—0
CP(Z,T,F)=1mCP (¢, 2, T, F),
e—0
PP(2,T,F) = lim PP(,2,T,F).

e—

Proof. Fix ¢ > 0. It is clear that PB(e, Z,T,F) < PB/(E7 Z,T,F). Since F
satisfies tempered distortion, then for every A > 0, there exists €y > 0, for any
0 < e < g, there exists N(e), if n > N(¢), then f,(g) < An. Hence we have

fn(w,€) < ful@) + fule) < ful®) + An,Vn > N(e).
It then follows that for n > N(¢),
Mn,a,e,Z,T,F) = inf{z et (@) . 7 € U By, (24,€)}

7

> inf{z e~onitfni @)=k . 7 = B, (x4,€)}

7

= inf{z e~ (@t Xnitfn; (zie) . 7 Ui By, (z4,€)}

=M(n,a+ \e, Z,T,F).
Letting n — oo yields
M(a,e, Z, T, F) > M(a+ \e Z,T,F).
This implies that
PB(e,Z,T,F) > PB'(e, Z,T,F) — \.
It then follows that
PB(e,Z,T,F) < PB'(e, 2, T,F) < PB(c, Z,T,F) + A.

Let € — 0, the arbitrariness of A implies the desired equality. The other equalities
can be proven similarly. O

The following are some basic properties of these pressures.

Proposition 2.2. Let (X,T) be a TDS and F satisfy tempered distortion. Then
the following assertions hold:

1. Forany Z C X, PB(Z,T,F) < CP(Z,T,F) < CP(Z,T,F).
2. If Zy C Zy, then P(Z,,T,F) < P(Zy, T, F), where ¥ € {PB,CP,CP, PT}.
8. If Z = U;erZ; is a union of sets Z; C X, with I at most countable, then
3-a. M(a,e,Z,T,F) <Y, M(a,e,Z;, T, F);
3-b. MP(a,e,Z,T,F) <>, M" (e, Z;, T, F);
S-c. PB(Z,T,F) =sup;c; P2(Z;, T, F);
3-d. PP(Z,T,F) =sup,e; PY(Z;,T,F);
3-e. CP(Z,T,F) >sup;c; CP(Z;, T, F);
3-f. CP(Z,T,F) > sup;e; CP(Z;, T, F).
4. Forany Z C X, PB(Z,T,F) < PP(Z,T,F) < CP(Z,T,F).
5. If Z is T-invariant and compact, then
PE(z,T,F)= PP (2,T,F)=CP(Z,T,F) = CP(Z,T, F).
The proof of Proposition 2.2 can follow the proof in [18] for additive potentials.
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3. Measure-theoretic pressures

In this section, we discuss the relations among various types of measure-theoretic
topological pressure.

Let (X,T) bea IDS, f € C(X,R) and o € M(X). The measure-theoretic lower
and upper local pressures of x € X with respect to p and f are defined by

BH($7T> f) := lim lim inf —log u(Bn(,¢)) + fn($)7

e—0 n—oo n

_ —1 B,

P,(xz,T, f) := lim limsup 0g pH(Bn(7,€)) + fn(x)
e—=0 nooo n

Definition 3.1. The measure-theoretic lower and upper local pressures of u with
respect to f are defined as

B;},(T’f) :/Eu(vaaf)du(x)a
PuTf) = [ Pua T 1) dpta),

Definition 3.2. We call the following quantities

S—
vV
—_
|
>,
—

B T . . B .
P (T, F):= gli%gl_r%mf{P (e, Z,T,F): u(Z

= lim lim inf{P®' (¢, Z,T, F) : u(2Z) > 1 — 6},
e—=06—0
— e i ] 1
cpP,(T,F): i%;%lnf{CP(E,Z, T,F):u(Z)>1-46}
T . . / . > o
;%%%mf{CP (e, Z,T,F): u(Z)>1-4},
CP,(T,F) := lim lim inf{CP(e, Z,T,F) : p(Z) > 1 -4}
e—=06—0
—
— P T : S
glg%)}l_l%lnf{CP (e, Z,T,F): u(Z)>1-4},
P T .. P . _
P, (T,F) = Ehg(l)gl_r%lnf{P (e, Z,T,F): u(Z)>1-4}

= lim lim inf{P" (¢, Z, T, F) : p(Z) > 1 — 6}.
e—=06—0
Pesin-Pitskel, lower capacity, upper capacity and packing pressures of 1 with respect
to non-additive potential F with tempered distortion.

Katok in [9] introduced a type of measure-theoretic entropy. Recently, Wang
in [17] studied the dimension types of this entropy. Following along the line of topo-
logical pressures in Section 2, we shall introduce four dimension types of measure-
theoretic pressure in the sense of Katok.

Let Z C X be a nonempty set. Given p € M(X), n € N, a € R, ¢ > 0,
0 < § <1 and F satisfy tempered distortion, define

M,(n,o,e,0,T,F) = inf{z e onitfn; (@) . 1( Ui By, (zi,6)) > 1—6},  (3.1)
where the infimum is taken over all finite or countable collections of {By,(zi,€)}
such that x; € X, n; > n and u( U; B, (mi,e)) > 1— 4. Likewise, we define

Ru(n,a,e,6,T,F) = inf{d e " /@) u(U; By(s,6)) >1-6}, (3.2)
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where the infimum is taken over all finite or countable collections of {B,(z;,€)};
such that z; € X and ,u( U; Bn(;vi,a)) >1-6.

Let
M, (o, e,0,T,F) ntLH;OM (n,a,e,6,T,F),
M, (o,e,0,T, F) = 1177%{>Ic1)fRu(n,a,E,5, T,F),
M, (a,e,6,T,F) = 1i7€risolipR#(n,a,£,5, T, F).
Define

MP(0,e,6,T, F) = inf{>_ M"(a,e,Z;, T, F) : (U2, Z;) > 1 6}.

Thus, when « goes from —oo to 400, the quantities
M, (e, e,6,T,F), M, (,&,6,T,F), M (a,s,&,T,]—'),andMf(aﬁ,(S,T,]:)

jump from 400 to 0 at unique critical values respectively. Hence we can define the
numbers

Plf{B(s,(;,T,]-') =sup{a: M,(o,e,6,T,F) = +oo}

=inf{a: M, (cv,€,6,T, F) =0},
K ) _

Q’lt (5’ 5’ T? f) = Sup{a M M/L(a7 67 5? T7 ‘F) - +x)}
=inf{a: M, (a,¢,0,T,F) = 0},

CP, (,6,T,F) = supfa : M, (a,e,8,T, F) = +o00}
=inf{a: M, (a,e,6, T, F) = 0},
= inf{a: M} (v,e,6,T, F) = 0}.

Definition 3.3. We call the following quantities
PEB(T, F) = lim lim PEB(e,8,T, f),
CP(T,F) = lim lim CPX (¢,6,T, F),

e—=06—0"

@ (T, F) = lim lim C’P (e,6, T, F),

e—+06—0
PEP(T, F) = lim lim P (e,6,T, F).
e—=086—0
Pesin-Pitskel, lower capacity, upper capacity and packing pressures of g in the
sense of Katok with respect to non-additive potential F with tempered distortion,
respectively.

Remark 3.1. If we replace f,,(z;) in Egs. (3.1), (2.3) by fu, (i) and f, (z;,¢)
respectively and f,,(z;,¢€) by fn(z;) in Eq. (3.2), we can define new functions M,
Rus Mf For any € > 0 and 0 < § < 1, we denote the respective critical values by

KB’ K' pk KP'
P;7(e,0,T,F), CP; (6,6, T,F), CP, (¢,6, T, F), P,;" (6, T, F).
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Proposition 3.1. Let (X,T) be a TDS, p € M(X) and F satisfy tempered distor-
tion. Then

. . /
PP(T, F) = lim lim P57 (e, 6, T, F),

K . . K’
orP (T, F) = lim lim CP,; (¢,6, T, F),

e—=06—0

—=K . =K
CP,(T,F)=lim lim CP, (¢,6,T,F),

e—=06—0
KP T : K P’
P, (T,F) = ;1_%%15(1) P, (e,6,T,F).
Proof. The proof is analogous to that of Proposition 2.1, so we omit it. O]

Proposition 3.2. Let (X,T) be a TDS, u € M(X) and F satisfy tempered distor-
tion. Then

KB B K
Pu, (T7‘F):PM (T)‘F)7 Qu (T"F):QH(T7‘F)7
—K JE—
CP, (T, F) < CP.(T,F), PX"(T,F) =Pl (T, F).

The proof is analogous to the proof in [18] for additive potentials, so we omit it.

4. Proofs of Theorem 1.4

First, we prove the following proposition. Then Theorem 1.4 can be the corollary
of this proposition.

Proposition 4.1. Let (X,T) be a TDS, F satisfy tempered distortion and p €
M(X), then

B _ pKB
Pp(Taf)_Pu (va)
= hr%inf{PB(e,Z, T,F):u(Z2) =1}
e—
= inf{P?(Z,T,F) : u(Z) = 1},
P _ pKP
Pp(Taf)_Pu (T7~F)
= lin%inf{PP(e,Z, T,F): u(Z2) =1}
e—
= inf{PP(Z,T,F): n(Z) =1}.
Proof. First, we prove that
PJ(T,F) = lim inf{PP(e, 2, T, F): u(2) = 1}.
e—
Denote liII(l) %iII(l) inf{PP(e, Z, T, F) : u(Z) > 1 -4} by C. From the definition
€E—r —
B _
P (T, F)=C,
we know that for any o > 0, there exists ¢y > 0 such that for any 0 < € < €, it has

lim inf{PB(e, Z, T, F) : u(Z) >1 -6} < C + 2.
6—0 3
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Hence, for any 0 < € < €, there exists d(e) > 0, such that for any 0 < 6 < d(e), we

have 5
inf{PB (e, Z,T,F) : p(Z) >1 -6} < C + ?a

Therefore for every k large enough, there exists Z; with u(Z;) > 1 — %7 such that
PB(e, 2, T,F) < C +a.
Take Z = UZj,. Then we have u(Z) = 1 and by Proposition 2.2,

PB(e,2,T,F) =sup PP(¢, 2, T, F) < C + a.
k

Hence we have
inf{PP(e, Z,T,F): u(Z) =1} < C + a.

This implies that
lim inf{P?(¢, Z,T,F) : n(Z) =1} < C = P2(T, F).
Furthermore, for any § > 0,
inf{PB(e, Z,T,F): w(Z) =1} > inf{PB(e, Z,T,F) : w(Z) > 1 —6}.
Then

inf{PP(e, 2, T, F): u(2) =1} > lim inf{PP(e, Z,T,F): u(Z) > 1 - 6}.
—

Hence
lim inf{PP(e, 2, T, F): u(Z) =1}
€—
> 1 . B : .
7lgrg)§%1nf{P (,Z,T,F): u(Z)>1—46}
=C.
Therefore

PP(T, F) = lim inf{PP(e, 2, T, F): u(Z) =1} = C.
€E—
Next, we prove that
B _ s B . —
PJ(T,F) =if{PP(Z,T,F): n(Z) = 1}.

For any a > 0, there exists ¢y > 0 such that for any 0 < € < €,
inf{PB(c, Z,T,F) : y(Z) = 1} < C + %
Hence, 3Z. C X with u(Z.) = 1 satisfies
PB(e, Z.,T,F) < C +a.

Take € = + for k sufficiently large. Then 3Z;, C X with u(Z)) = 1 such that

1
PB(E,Z;C,T,]—') <C+a.
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Let Z = N Zy. Then we have pu(Z) =1 and
Bl Bl
P (%,Z,T,}-)ﬁp (%,Zk-,T,.F)<C+OZ

Therefore

inf{PP(Z,T,F): w(Z) =1} < PB(%Z, T,F)<C +a.

The arbitrariness of a implies that

1
inf{P?(Z,T,F): p(Z) =1} < PP(1, ZT. F) < C.

On the other hand, for every Z C X with u(Z) = 1, we have
B _ pKB B
P (T, F)=P;7(T,F) < P°(Z,T,F).
It implies
B _ pKB . B ) —
P T, F)=P;7(T,F) =inf{P°(Z,T,F) : p(Z) = 1}.
Analogously, we can prove the following result.

PL(T,F) = Pr"(T,F)
= li%inf{PP(e,Z, T,F):u(Z2) =1}
=inf{P(Z,T,F): u(Z) = 1}.

These complete the proof of Proposition 4.1. O

5. Application to dimension estimate of measures
supported on average conformal repellers.

In this section, we first introduce the definition of average conformal repellers. Let
M be an d-dimensional C'*° Riemannian manifold with Riemannian measure v, T
be a C' map from M to itself. Let A C M be an T-invariant compact subset, where
T invariance means TA = A. Assume that T is expanding on A, i.e., there exist
C > 0,k > 1, such that for any z € A,n > 1,

|IDT" (x)ul| > Ck™||ull, Yu € T, M.

Without loss generality we can take C' = 1.

Let £(A,T) denote the all ergodic invariant measures supported on A. By the
Oseledec multiplicative ergodic theorem, for any p € £(A,T), we can define Lya-
punov exponents Aj(p) < Ao(p) < -+- < Ag(p) . Let now p be an T-invariant
measure on A. By work of Brin etc in [5], for p-almost every € A there exists the
limit )

hy(z) =lim lim ——log u(By(z,¢)).

e—0n—o0 n

The number h,(z) is called the local entropy of u at the point .
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Definition 5.1. An invariant repeller is called average conformal if for any pu €
EMNT), A(p) = Aop) = -+ = Aa(p) > 0.

It is obvious that a conformal repeller is an average conformal repeller, but
reverse is not true.

Proposition 5.1. If A is an average conformal repeller, then

1
lim = (log |[DT" (z)| - log m(DT"(x))) = 0
uniformly on A.

Proof. The proof can be found in [2]. O
In fact, we always have

m(DT"(2)) < (|det(DT" (@)))* < |DT"(2).

Let f(z) = log(|det(DT(z))|)e and F = {f,(x) = log|DT™(z)|}. If A is an aver-
age conformal repeller, then by proposition 5.1, we know that F is a sequence of
subadditive continuous potentials with tempered distortion and

PB(Z,T,—tf(z)) = PP(Z,T,—tF).

In [6], the author gave the dimension estimate for every set of an average conformal
repeller.

Proposition 5.2. Let M be a C™ Riemannian manifold and T : M — M be a C*
map. Suppose A C M is an average conformal repeller. Then for every set Z C A,
dimpgZ = t*, where t* is the unique solution of equation PB(Z,T,—tf(x)) = 0 in
[0,d].

Next, we give the proof of Theorem 1.5.

The proof of Theorem 1.5. From the definition, we have dimgp = inf{dimg 7 :
w(Z) = 1}. Theorem 1.4 tells us that

PP (T, ~tf(x)) = mi{PP(Z,T, ~t(x)) : u(Z) = 1}.

Suppose that t* is the unique solution of equation Pf (T, —tf(x)) = 0in [0,d]. Then
for every set Z with u(Z) =1, it has

PB(Z,T,—t*f(z)) > 0.
Thus dimyZ > t*, and hence
t* <inf{dimpZ : n(Z) = 1}.

This implies that dimgu > t*.
On the other hand, for every t > t*, we have PP (T, —tf(x)) < 0. Then there
exists subset Z with p(Z) = 1 such that

PB(zZ,T,—tf(x)) < 0.
It means dimyZ < t, and hence

inf{dimpyZ : u(Z) =1} <t.
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Therefore inf{dimyZ : un(Z) = 1} < t*. Thus
t* > dimpgp.
So we obtain
dimgp = t*.

This completes the proof of Theorem 1.5.
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