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Abstract We investigate the boundedness and compactness of Riemann-
Liouville integral operators on Morrey spaces, a class of nonseparable function
spaces. Instead of adopting dual or maximal viewpoints in integrable function
spaces, our approach is based on the compactness of the truncated Riemann-
Liouville fractional integrals, leveraging a criterion for strongly pre-compact
sets. By constructing a truncated Marchaud fractional derivative function, we
characterize the solution to Abel’s equation on Morrey spaces. Utilizing the
fixed-point theorem, we establish the existence and uniqueness of solutions to
a Cauchy-type problem for fractional differential equations. Additionally, we
provide an illustrative example to demonstrate the sufficiency of the conditions
presented in our main result.
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1. Introduction

In [32], Stein comprehensively categorized three fundamental classes of operators in
harmonic analysis: singular integral operators, which contain Hilbert transforms,
Riesz transforms, fractional Riesz transforms, Cauchy type operators and so on
(c.f. [6,7,11,13,14,33]); average operators, which include Hardy-Littlewood maximal
operators, Hardy operators, Hausdorff operators, ete. (see for instance [5,16,34,35]);
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and oscillatory integrals, which encompass the Fourier transform, the Bochner-Riesz
means, the Radon transform in CT technology and so on (c.f. [13,15,19,37,38]).
Fractional versions of these operators are also one of the hot topics now. We focus
on fractional integrals, in particular the Riemann-Liouville fractional integral, in
this paper.

In the past three decades, fractional calculus has grown in significance due to
its wide applications in various fields of science and engineering, including fluid
flow, image processing, probability theory, electrical networks and complex dynam-
ics. The origin of fractional derivatives and integrals can be traced back to the
letter of Leibniz and L’Hospital in 1695. The study of fractional derivatives and
integrals has proven to be a powerful tool for describing anomalous kinetics in vari-
ous fields. Moreover, it offers potential methods for solving differential and integral
equations, among other problems [3,9,10,21,22,25,27-31,38] and references therein.
In fractional calculus, fractional derivatives are formulated within the framework
of fractional integrals. The pivotal role played by the Riemann-Liouville fractional
derivative in the field of fractional calculus is well-established. Consequently, the
Riemann-Liouville fractional integral assumes a central position. Furthermore, the
Caputo fractional derivative is defined through a modification of the Riemann-
Liouville fractional integral.

The Riemann-Liouville integral of order a, 0 < a < 1, is represented as

o L [0
15510 = 57 || et

Correspondingly, The Riemann-Liouville derivative of order « is defined by

o py_ L d[" )
D 1(6) = r(1—a)£/0 TR

These definitions are valid for 0 < ¢t < T, where T > 0. It can be shown that
Dg. f(t) = £15:f (1)

Morrey [23] introduced the classical Morrey spaces to investigate the local be-
havior of solutions to second-order elliptic partial differential equations. Various
researchers have established that many properties of solutions to differential equa-
tions relate to the boundedness of certain operators on Morrey-type spaces. See,
for instance, [1,12,17,24,36].

A real-valued function f is said to belong to Morrey space LP* () if the following
norm is finite:

1/p
1
fllLeriq) :== sup —/ f)|Pdy .
|| ||L @ z€Q,r>0 A B(m,r)ﬂﬂ‘ ()|

Here 1 < p < 0o and 0 < A < 1 are parameters defining the space, and 2 C R"
is an open subset. It is clear that LP9(Q) = LP(Q) and LP(Q) = L>(Q). For
0 < A < 1, the space LP* () has additional properties: it is a Banach space and it
is nonseparable. However, standard functional spaces, such as those of continuous
or integrable functions, are typically separable.

There are many authors studying the representation of functions by fractional
integrals in continuous or Lebesgue spaces (see [25]). We are particularly interested
in the case of 0 < A < 1, as the case of A = 0 reduces to the more traditional
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Lebesgue space, i.e., LP°(0,T) = LP(0,T). For convenience, we will work on a
subspace of Morrey space LP*(RT) as follows:

LPA0,T) = {f € LPART) | f =0, ace. on [T,0)},

since it is isometric to LP*(0,T).

This paper is organized as follows. In Section 2, we give the relation between the
subspaces LP*(0,T) and the local Morrey spaces LP**(0,7T) which are nonseparable
spaces. We observe that these spaces do not admit approximation or contractive
properties. Furthermore, we establish the boundedness of Riemann-Liouville in-
tegral operators on local Morrey spaces. Section 3 focuses on the representation
of functions by fractional integrals in Morrey spaces via the absolutely continuous
functions and the truncated Marchaud fractional derivative functions. In Section
4, we also establish the existence and uniqueness of solutions to Cauchy problems
for fractional differential equations using the Schauder fixed-point theorem. Unlike
the typical approach using dual or maximal points in integrable function spaces,
our proof strategy is based on the compactness of the truncated Riemann-Liouville
fractional integrals, utilizing a criterion for strongly pre-compact sets. Finally, we
provide an example to illustrate that the conditions in our main result are sufficient
but not necessary.

2. Bounded and compact operators in Morrey
spaces

In what follows, B(z,r) = (z — r,x + r). We obtain the following relation between
the space LP**(0,7') and the local Morrey space LP*(0, T).

Proposition 2.1. LP*(0,T) is isometric to LP*(0,T), 1 < p < oo.

Proof. Define A : LPX(0,T) — LP*(0,T) by

A(f):{f’ i (0.T), (2.1)

0 ae. on [T,00).

Then A is injective due to the fact that f = g in LPA(RY) if f = g a.e. in RT.
It is clear that

1 1/p
sup <A / If(y)l”dy>
z>Tr>0 \ 7" JB(z,r)n(0,T)

1 1/p
< sup <A/ |f(y)|pdy>
0<z<T,r>0 \ 7" JB(z,r)n(0,T)

for any f € LP*(0,T). Therefore,

I1f 0,7 lLer0,m) = I fll oA ety

Thus A is surjective and

VAo = 1l 2o o.1-
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Consequently, A is an isometric mapping. O
The following theorem gives the boundedness of Riemann-Liouville integral op-
erators on local Morrey spaces.

Theorem 2.1. Let 1 < p,q < o0, % <a<land0 < B,u < 1. Then I is
bounded from LP#(0,T) to L4 (0,T).

Proof. Assume that f € LP#(0,T). For any » > 0 and = > 0, by Holder’s
inequality, we have

o / 110 £()|dt
B(z,r)N(0,T)
1 t
:T_'u/ / f(T)liadT
B(zr)no,r) | T(@) Jo (t—1)

ClIfIIT.. o ([ e\
Sw/ £ (/ (t—7)" T dT> dt.
Tk B(z,r)n(0,T) 0

Since % < a <1, we have 1 — (1;%"1)’) > 0. Therefore,

1113, gt(ap-1)g
T‘“/ 155 f(£)]7dt < Cw/ T
B(z,r)n(0,T) rh B(z,r)N(0,T)

(i) If r > T, then

I£11% . ap
7““/ 18, f(1)|2dt < ¢ ——2220T) / T g
B(2,r)N(0,T) e B(z,)N(0,T)

Ba+(ap—1)q 1—
< CHquLp,ﬂ(o,T)T r e

q

dt (2.2)

(ii) If r < T, then

1£115,.
r‘“/ 12, f(1)]9dt < CW/ ¢
B(,7)N(0,T) r# B(z,r)N(0,T)

q
Hf||Lp,B(()7T) Tﬁq-%—(f;p—l)q

Ba+(ap—1)q
P

dt

<C - 2r

rH
ﬂq+(appfl)q +l—p

< Ol 0.0)T
We arrive at
115+ ull Lan o,y < CllflLeos 0,1)-

O
By the same proof as that of Theorem 1.12 in [8], we have the following lemma.

Lemma 2.1. Let 1 < p < co and 0 < X\ < 1. Suppose the subset G in LPN(RY)
satisfies the following conditions:
(I) Norm boundedness uniformly

sup || fll e @+ < oo (2.3)
feGc
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(IT) Translation continuity
lim [[f(-+y) = f()lrr@e)y =0, (2.4)
y—0+

uniformly in f € G.
(III) Control uniformly away from the origin

,thgo ||fXEw ||LP7>‘(]R+) =0, (2.5)
uniformly in f € G, where E, = {x € R : |z| > v}. Then G is strongly pre-compact
set in LPA(RY).

Proposition 2.2. If1 <p < oo and %(1 + %) <a<l,0<pB,u<1l, then

~ X)) [* u(r)
Tt = S0 ), T

is a compact operator from EP’B(O, T) to Eq’“(O,T).

Proof. Suppose that K is an arbitrary bounded set in Lrb (0,T), we only need
to prove that the set T(K) is a strongly pre-compact set in L%*(0,7). By Lemma
2.1, it is suffice to show that (I)-(III) hold uniformly in 7 (K).

(I). Since K is bounded, there exists M > 0 such that ||u||zp,,3(0’T) < M for
every u € K. For any € RT and r € R*, since Tu(t) = x(o,7)(t)I f(t), as in
(2.2), by Holder’s inequality, we have

x+r
Tj‘/ | Tu(t)|9dt

- [ 1g. £)]dt (2.6)
B(z,r)N(0,T")
M4 wkr 8q t ooy )T
<— t)t e t—71) 1 d dt.
<sotga [, xom ¥ ([ ¢=nar)
Since 1 5 < (1 + ) < a < 1, by the same discussion as in Theorem 2.1, we get

I Tull Lo @ey < CM.
(IT) For all x > T, y > 0, by definition, we can see
|Tu(z +y) — Tu(z)| = 0. (2.7)
For z € (0,T), y > 0 sufficiently small such that  +y € (0,T). It follows that
[Tu(x +y) — Tu(x)]

== wﬂJ% T — w& -
Do) /0 (”H'?/—T)l_ad /0 (x —7)1- a4
1 u(7) B u(T) n
SF(“) / ($+y—7')1 a (x —71)1- ad (2.8)

/ x—i—y—T)l Gy

2211 + Ig.
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We now consider the first integral. Recall that |z* — y*| < Clz — y|*, 2,y >
0,0 < A < 1. Using Holder’s inequality, we get

L[ @Dty
e ) O e d’

¢ Ju(r)]y'
<C’/0 ( dr

- r+y—T7)-(x—r1)-o

1—1
T 1 P
< Oyt~ Muzr S S—
0 ( )2(1 ?)p
r—T) P~

B+2ap—1—p

< CMy'~ %z v

I =

For I, by Holder’s inequality, we have

1 z+y » z+y 1 -3
L= —— (/ |u(7‘)|pd7> / ——dr
F(a) x T (;p + Y — 7-) (lp—1>p
8 vo1 -3
S CMy; (/ (1—a)pd7—)
0 71

_ OMy [H—f;p—l

Combining (2.7), we get

—a Bt+2ap—1—p Btap—1
[Tu(e +y) = Tu(@)] < CMxem (@) (v a5 +y" 57 ). (29)
(i) If r > T, then
t+r
rH / |Tu(x +y) — Tu(x)|dx
t—r
t+r B+2ap—1—p
<CMiy—* <y(1—a)q/ X(O’T)(x)x(ﬁ)qu
t—r
t+
i y(ﬁ+o;p—1 ) / T Yo (m)dx) (2.10)
t—r

<CMIT—H <y(1—a)qT(ﬁ+2(¥pplp)fI+l 4y fep=t )qT)
—COMI(y(1=)a ¢ y(iﬁ“}f”l)q)_

(ii) When r < T', we get

t+r
r‘“/ |Tu(z +y) — Tu(x)|%dx
t

-

t+T p—1—p
<CMr—H (y(l—a)q/ X(o,T)(f)ff(M%)qu
¢

-

t+r
Bt+ap—1
4y / X(OVT)(x)d:U>

t—r
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<CMu y“*“)q/ 2T 42y T (210)
(z—t,z+t)N(0,T)

<OM (ymn 4 ().
Therefore,
ITu(-+y) = Tu()longur < OM (5007 4y 50)
Since (1 + %) < a < 1, we have
yl_if(f)g [Tu(- +y) = Tu()|Lan@+)y =0

uniformly in Tu € T(K).
(III) Let B, ={z € R:x > ~}. It is clear that

r+r %
|7 (w)xE, |Lar@s) = sup <7"_“/ ITU(y)XEV(y)quy) =0,
r—rmr

z,rERT

for any u € K and v > T. Therefore,
Wh_)ﬂ(}o [(Tw)xE, lLaw@+) =0

uniformly in Tu € T(K).

From the above discussion and Lemma 2.1, it is easy to see that T (K) is
strongly pre-compact in E‘“‘(O, T). Thus T is a compact operator from Zpﬁ(o, T)
to L4#(0,T). O

3. Representation of functions by fractional inte-
grals in Morrey spaces
The integral equation
Igvo(x) = f(z), =>0, (3.1)
where 0 < o < 1, is called Abel’s equation [25]. Denote by

ool = 120 = g [ (g 32

In continuous or Lebesgue spaces, the solvability condition of (3.1) is usually
related to the absolutely continuous functions.

Definition 3.1. A function f(z) is called absolutely continuous on an interval Q, if
for any € > 0 there exists d > 0 such that for any finite set of pairwise nonintersecting
intervals [ax,by] C Q, k=1,2,--- ,n, such that Y, (b — ax) < J, the inequality
>or_y | f(b) — f(ax)| < € holds. The space of these functions is denoted by AC().
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It is known [25] that the space AC(f2) coincides with the space of primitives of
Lebesgue summable functions:

T b
flx) € AC([a,b]) & f(x) = ch/ o(t)dt, / lp(t)|dt < oo. (3.3)

We first recall the representation of functions by fractional integrals in Lebesgue
spaces, see Theorem 2.1 in [25].

Theorem 3.1. Let 0 < X\ < 1. Abel equation (3.1) is solvable in L*(0,T) if and
only if

fi—a(z) € AC([0,T]), fi-a(0)=0. (3.4)
These conditions being satisfied the equation has a unique solution given by
1 d (% f(t)dt
=——— = D§ . .
#(z) Il —«)dx /0 (x —t) o /() (3:5)

We have the following characterization of the solution to (3.1) in Morrey space
LY20,T).

Theorem 3.2. Let 0 < A < 1. Abel equation (3.1) is solvable in L**(0,T) if and
only if (3.4) holds and
floa(@) € LMA(0,T),

where f1_,(x) = %fl_a(:c). These conditions being satisfied the equation has a
unique solution given by (3.5).

Proof. The proof proceeds as that of Theorem 2.1 in [25]. Assume that (3.1) is
solvable in LY*(0,T). We have

a0
| o ) ot =t [ o

Using the Fubini theorem, we get

Az o(T)dr /Tz - t)agltt_ - I /Oz (i(f)f;a

Therefore, ®
r — T(a T f(t)dt
B(a, 1 foz)/o o(r)dr =T( )/O EEnTE
So we have
/w o(rT)dr = 1 /I f(®)dt (3.6)
0 F(l-a) )y (z—t)> '

Since ¢ € LY (0,T) C L'(0,T), by (3.3), fi_a(x) € AC([0,T]) and f;_(0) = 0.
After differentiation in (3.6), we have

1 d [® f(t)dt ,
= — = . 3.7
o) = Tt ) g = el (37)
Thus f{_,(x) € L**(0,T).

On the other hand, since fj_,(z) € L**(0,T), so the function ¢(x) given by
(3.7) exists and p(x) € LY*(0,T). Next we will show that it is indeed a solution of
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(3.1). Now substituting ¢(x) into the left hand side of (3.1) and denote the result
by g(z), i.e.

L[ o) IR S SN
F(a)/o (acft)lff"dt_ I‘(a)/o (x,t)lfadt—g( ). (3.8)

We will show that g(z) = f(x), which proves the theorem. It is clear to see that
(3.8) is an equation of type (3.1) with respect to fi__,(x). So by (3.7) we have

/ 1 d T ogat
flfa(x) - F(l 705)%/0 (x—t)a _glfa(x)'

By assumption, fi_, is absolutely continuous, and by virtue of (3.6) with g(z)
substituting for f(z) on the right hand side, g1, is also absolutely continuous,
therefore,

fia(@) = g1-a(z) = c.
Since fi1-4(0) = 0 by conjecture, and g1—,(0) = 0 because (3.8) is a solvable

equation. Hence ¢ = 0, so
T ) — gt
[0y,
o (z—t)

which is also an equation of type (3.1). The uniqueness of its solution implies that
f(z) — g(z) = 0. This completes the proof. O

The following relation between the fractional integration operator I, and the
fractional differentiation operator D, is given by Lemma 2.5 in [22]. We only need
the 1-dimensional case.

Lemma 3.1. Let 0 < a < 1. If f(x) € L'(0,T) and fi_o(z) € AC[0,T], then the
equality

a Mo fl—a(o) a—
L5+ DG f) () = f(x) - () z
holds almost everywhere on [0,T], where f1_(x) is defined in (3.2).

An analogue of the Marchaud fractional derivative in the case of an interval
[a,b], —00 < a < b < oo is defined as

o g f(x) a T fx) — f(t)
Doy f = o= a)(x—aF + T —a) /a CEDET dt.

Its truncated fractional derivative is defined by

f(z) o

el = T AW —ape T T @) (39)
where -
Ve () :/ Wdt, £>0. (3.10)

We obtain that D¢, is indeed the left inverse operator of the operator of fractional
integration within the frames of the Morrey spaces.
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Theorem 3.3. Suppose 1 < p,qg < o0, 0 < a,B, <1, % = % and % <a<l.
(1) If f can be represented as f = Ig ¢ , o € LPP(0,T), then f € LT(0,T) and
Do+ f = gi_f}(l)Dng,gf = (3.11)

holds in Morrey spaces L (0,T). Conversely,
(2) If f € LPP(0,T) and there exists ¢ € L9*(0,T) such that (3.11) holds in
L220,T), then f can be represented as f = I, ¢

Proof. (1) By assumption,

flx)—flx—t)= %a) /Ox Y lo(z — y)dy — %a) /j(y —1)* oz — y)dy.

Set

_ 1 g1, 0<¢é<,
= ) {E‘“ —E-1 e> 1,

we have

f@) =g =0 = [ k(Y) ete -y

0
Thus, for e <z < T, we get

o) = [y [ ¥ k(s)ds.

y
x

By calculation (see P.125 in [25]),

/t k(s)ds = a~4T(1 — a)K(0),
0

where _ o . 1)
o) = Smom - D2 (3.12)
U t
which has the properties:
/ K(t)dt =1, (3.13)
0

here ty =t if t > 0 and t4 = 0 if ¢ < 0. Therefore,

@) - /0 (@ —y) E/c (1) -1k (fc)} dy.
)y

a . : f(z)
m%@) = /o K(y)e(r — ey)dy — m-

For convenience we consider the function ¢(z) to be continued by zero beyond
the interval [0,T]. Then by (3.13),

Since

we have

0+ (@) — () = /000 K@)lp(z —ey) —p(@)ldy, e<z<T. (3.14)
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For 0 < x < ¢, by (3.10) and ¢(x) = 0 beyond the interval [0,T], we have
f(z) sin ar /x ol —1t)
o — = = dt. .15
O+75f(‘r) SO(‘(I;) €aF(1 _ a) 0 tl [e% (3 )
For any z € (0,T), r > 0, using the Minkowski inequality, we obtain

TEN

1 o
s Do+ of — ¢llLaBzr)no.m)
(3.16)

ra
1 o0
ST/ KWlle(- —ey) — el LaB(zmner)dy
ra
1 1
T et —a) Il Ze(B(zmne0.))
:111 + IQ.
By Holder’s inequality, we have
1 [ )ja
L=—< [ K lp(z —ey) — p(@)|?dz dy
re JO B(z,r)N(e,T)
c [~ 11
<= [ KW ( / ol — ) de> dy-ri=h
rea Jo B(z,m)N(0,T)
—c [ kw) ( / ol — ey) — ola >|de> dy
0 B(z,7)N(0,T)
For Iy, by Minkowski’s inequality and Hoélder’s inequality, we get
1 1
I, = Tm”ﬂhq(mz,r)n(o,e))
o sinar sin am 1 / <p(x1_ t)dt de
B(z,r)N(0, a) e
sinam 1 x —t)dt|? g
X </ XB(z r) / Sa(tlfa) dx)
0

A
TEY g

sma7r 1
/ —a (/ XB(zr) (@ )w(m—t)lqu) dt
ra Jo t
0 L
17; q

sin am »
< — / prry (/ lo(x —t) |pd:1:> </ d;z:) dt
0 B(z,r)

sinar [ 1 € v
<C /Otlfa (/t |cp(x—t)pdx> dt

TEX
< CllellLro,e)-

I /\

Therefore,
(3.17)

||Dg+,sf - ‘PHLM(O,T)

<c / K(y) ( / oz — ) — o >|pdx> dy + Cllell o)
0 B(z,7)N(0,T)
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The first term on the right hand side goes to zero by the Lebesgue dominated
convergence theorem. The second term tends to zero by the absolutely continuous
property of the Lebesgue integral.

(2) Set ¢ = DY, _f. Due to the continuity of the operator I, in L%*(0,T), it

is sufficient to prove that
f = lm Ig. ..
By (3.9) and (3.10), when € <z < T', we have
sin a </£ flydy 1 [7 fW)dy
e

7T z—y)loye e fy (@ —y)le

* O‘/: g / {zgyzt)iffi) dt)'

Then by simple calculation, we obtain

1§ pe(x) = Sm:” (;a /0 m - oi/ f(t)at /t+ @ y)li&éy - t)1+a>
=3 </0 ==y Wdt)'

Thus it is easy to show that

I+ pe(2) =

1o oo (x) = /0E K@) f(x—ct)dt, c<a<T, (3.18)

where K(t) is defined in (3.12).
When 0 < z < g, by (3.10) considering f(z) to be continued by zero beyond the
interval [0, T, we have

o sinar [* f(y)dy
Igspe() = — /0 Rt 0<z<e. (3.19)

Having obtained (3.18) and (3.19), it is now shown similarly to (3.14)-(3.17) that
gg% Ig+ Pe = fa

in L92(0,T). The theorem is proved. O

4. Nonlinear fractional differential equations in
Morrey spaces

Consider the classical Cauchy problem for the nonlinear fractional differential equa-

tion:
DY u(t) = f(t,u(t
10_+au( ) f( ’u( ))’ (4.1)
I u(0) = 0.

The initial condition Iéjo‘u(O) = 0 in (4.1) is (more or less) equivalent to the

following initial (weighted) condition:

lim ¢~ %u(t) = 0.
tl}lgl+ u(®)
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For more details, see Lemma 4.2.

Numerous works are devoted to the study of (4.1) in continuous or integrable
spaces. For the case of continuous or Holder continuous, one can refer to [2,19].
For the case of integrable spaces, see [4,20]. In the present work, we will consider
the existence of solutions to Cauchy problems for nonlinear fractional differential
equations in nonseparable Morrey spaces.

Let us first recall the famous Schauder fixed-point theorem proved in 1930 (see
[26)).

Lemma 4.1. Let H be a convex and closed subset of a Banach space. Then any
continuous and compact map T : H — H has a fixed point.

Using this fixed-point theorem we obtain the existence and uniqueness of solu-
tions to the Cauchy problem (4.1) in Morrey spaces.

Theorem 4.1. Let 1 < p,q < 00, 0 < 8, u < 1. Suppose the operator F : F(u) =
f(t,u(t)) is bounded, continuous from LP#(0,6) to L*(0,6). If (1 + %) <a<l,

then the Cauchy problem (4.1) has at least a solution u € Lp8 (0,0) for a sufficiently
small §.
Furthermore, if there exists a constant Cp € RT, such that

|Fu = Fol|paney < Crllu—vllprsms), v LPP(RT), (4.2)

then the solution of (4.1) is unique in LP5(0,8) for a sufficiently small 8.

Proof. Since f(t,u(t)) € L(0,6) and Dg, u(t) = %I&jo‘u(t), hence by (3.3),
Ul—q = Ioljau(t) € AC([0,4]). Then by Lemma 3.1, in LP#(0,4), the derivative
equation (4.1) is equivalent to the following integral equation

1 Ef(r,u(r)
o= ] (—rain 1<9
0, ae. t>46, s
_ Xea®) [* fEue) '
- I(o) /O(t_T)had
=T(f(t,u)).

Set
Au(t) =T(f(t, u))

~ Xoa(#) [* flru(r) -
=S )

Then the equation (4.3) has a solution in LP#(0,8) if and only if the operator A
has a fixed point in LP#(0, ).

Firstly, we will show that A is completely continuous. By Proposition 2.2, T is
a compact operator from L%*(0,8) to LP?(0,4). Since F : u — f(t,u) is bounded
and continuous from LP*#(0,8) to L%*(0,8) and Au(t) = TFu(t). Therefore, A
is a compact operator from LP#(0,8) to LP#(0,6) and is also continuous. Thus
A : LPF(0,6) — LP5(0,8) is completely continuous.

Set D = {u: [ull 70,5 0,6) < R}. Then D is a bounded closed convex set. For
any z,r > 0,

x4+ x+Tr
r*'B/ | Aul? :r*ﬁ/
T—7 T—7

P
dt.

X©,0)t) [T f(r,u(r))
I(a) / e
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(i) When r > §, by Holder’s inequality, we have

r=p /$+T|Aup

x+r t
58 X(0,6)(t) f(r,u(r)) d
= / I(a) / t-n""

_55I‘ /[(/ |f(r u(r |da) (/ot(t_T)(;?)qdr)lér

||FUHLq.u(R+) /5tw+(aq—1>pdt
— _ _l 4
(WI‘(Q)P(%)U )P
||F‘|pRp§1_ﬁ+ #:D+(0;41*1)P

< — —.
I‘(a)P((;’fll)(l q)P(l + W)

P
dt

(ii) When r < 4, by Holder’s inequality, we get
T+r
7"_6/ |Aul?
1 1P
<oy / /\f )|%d ; /t<t =AY T a
—_ (ryu(r T —7) 1 dr
77"[31—‘(0[);" T—r X(O 6) 0

1l Z g ot ppt(ag—1p
I ES R [, xuor
=
2||F||pRp 5Mr17ﬁ
_F(a)p(otf]qffll)(lﬁ)p
2||F||pRp 51,IQ+W.

[— ag— _l
]_"(a)p(qqfll)(l 7P

Therefore,
25| F||R 128 | p(ea=))
| Aul o6 ey < T N TR T T A N F—
(a)(55) @/ min{(1 + a=Up)», 1}
Set
(1_1) [ﬂ_;_m)]*l
I'(«a) (leq_—ll) ! mm{(1+w)— 1}
6:
25| F|

Then

| Aull .6 m+) < R.

That is to say A : D — D. Therefore, A has a fixed point in D. Consequently,
Equation (4.1) has at least a solution in LP*#(0, ).
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Furthermore, if (4.2) holds, then for uq, us € L8 (0,0), by the similar calcula-
tions as those in (i) and (ii), we can obtain

| Aug — AU2||Lp,/a(]R+)
1
2’””FUl —FU2||Eq,u(o,5) 5%+u+(0;¢1*1)

a) ()1 «) min{(1 + Mﬂr(a%l)p)%, 1}

q—

250}7 51 B+u+(aq 1)

<
I'(a) (221) -8 min{(1 + L2Hea=Le); 1y

lur — w2l Lo.s @+)-

(4.4)

Set

[1;/5+u+(m1—1))]*1
ag—1\ 1) +(ag—1)p\ L P ?
F(a>( : ) minf(1 4 BE=SE=E) P 1}

qg—1 q

2% Cp

Then A is a contraction mapping in Lr:8 (0,0), therefore, A has a unique fixed point
in LPB (0,9). Consequently, the Cauchy problem (4.1) has a unique solution in
LPB(0,6). O

The result of Theorem 4.1 remains true for the weighted Cauchy type problem:

{D&MU—f&uwx

lim ¢!~ %u(t) = 0.
t—0+

(4.5)

Tts proof relies on the following assertion appeared in [22] with slight modifications.

Lemma 4.2. Let0 < o < 1; b,¢ € R and let u(t) be a Lebesque measurable function
on [0,T].
(I) If there exits a.e. a limit

lim '~ u(t) = c,
t—0+

then there also exits a.e. a limit

I)+ “u(0) := hm I0+ “u(t) = ().

(I1) If there exits a.e. a limit

lim 1,7 “u(t) = b,

t—0+
and if there exits the limit lim,_,o+ t'~%u(t), then

. 11—« b
t1_1>r(r)1+t u(t) = )’

The following example shows that the conditions that the operator F : F(u) =
f(t,u(t)) is bounded and continuous from LP*#(0, ) to L%#(0,d), 11+ %) <a<l
are sufficient but not necessary. As is stated on Page 162 of [22], the spaces of
continuous functions are preferable when considering the necessary condition for
the solvability of fractional differential equations.
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Example 4.1. Consider the following differential equation of fractional order 0 <
a<l,

1;7u(0) = 0,
where t > 0, A,y € R, A # 0.
By Property 2.1 in [22], it can be directly shown that equation (4.6) has the

exact solution
rl—a-—+v)
u(t) = ¢ AT'(1 — 200 — )
0, ae. t>0

=t o<t <4,

if 0 < @+ < 1. In this case the right-hand side of the equation (4.6) takes the
form

1[TAl-a—-7)]? —(2at
e V| 7@t g<t<§
f(tu(t) = A[F(l—%é—v)} Lo
0, ae. t>6.

We claim that u € LP3(0,6) if 1— (a+~)p— 8 > 0. While f(t, u(t)) & LT*(0,5)
when (2a+ 7)g > 1.
In fact, for any r > 0,z > 0, we have

_ _ p
r? / u(t)Pdt = r=° / (F(l o —7) > (et p g
B(z,r) B(a,r)n(0,6) \AL(1 —2a —7)

=Cr ™’ / ¢t qy,
B(z,r)N(0,0)

(1) If r > 6, then
5
T—ﬂ/ lu(t)[Pdt < C(S—B/ gy — ot NP8 ~ o
B(z,r) 0
(2) If r < §, when z < r, we obtain

2r
r—ﬂ/ lu(t)[Pdt < Cr—ﬁ/ t= (et Pgy
B(z,r) 0
= Opl—(et+r)p—8
< C§t—(atr)p—5
< 00.

When z > r, then
x+

T_’B/ |u(®)Pdt < Cr_ﬁ/
B(z,r) T—r
— B {(x 4 pyim@r g pyi=(atp

< Cr—ﬂ(2r>1—(a+7)p
< 0§t (atp—6

= (@+M)p 4

< Q.
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Therefore, u € LP(0,4).
On the other hand, if (2a 4+ v)g > 1, take x = ¢ and r = 25. We conclude that

P /B e = oo

Thus f(t,u(t)) & L?*(0,6).
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