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AVERAGING PRINCIPLE FOR NONLINEAR
DIFFERENTIAL SYSTEMS WITH JORDAN
BLOCKS

Shuyuan Xiao! and Zhicheng Tong??

Abstract This paper studies a perturbed differential system
— = Av+eH(v), v(0) = v, € € (0,1],

where A is a linear operator having purely imaginary eigenvalues with Jordan
blocks, and H is an analytic perturbation satisfying H(v) = O(|v|?) as |v| — 0.
Such a case cannot be dealt with straightforwardly by the averaging principle
due to the difficulties presenting by A. To this end, by employing the Poincaré
normal form with nilpotent term for nonlinear quasiperiodic system to sim-
plify the above differential system, we extend the classical Krylov-Bogoliubov
averaging method to nonlinear systems admitting Jordan blocks.

Keywords Krylov-Bogoliubov averaging method, Jordan blocks, Poincaré
normal form, nilpotent term.
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1. Introduction

Averaging theory is powerful in the study of dynamical systems. The concept of
average appeared in the perturbation theory due to Clairaut, Laplace and Lagrange
in the 18th century. At the end of the 19th century, it was mainly used in the field
of celestial mechanics. Around 1920, van der Pol extended the use of averaging
method to equations that appeared in electronic circuit theory. In 1928, Fatou first
formalized the averaging theory of smooth differential systems in [1]. Krylov and
Bogoliubov proposed a strict averaging method for nonlinear oscillations in [11],
known as the Krylov-Bogoliubov averaging method. In 1958, Sanders and Verhulst
gave a review of the averaging theorem in [13]. In 1961, Stratonovich [14] proposed
the random averaging method based on physical considerations, which was later
mathematically proved by Khasminskii [9] in 1964. Since then, there has been
widespread research interest in random averaging in the fields of both mathematics
and mechanical engineering. Inspired by the classical averaging principle, ones
also established some random versions of the Bogoliubov averaging principle, see
Vrkoé [15], Kolomiets et al [10], N’Goran and N’zi [12], Xu et al [18], Gao [2, 3]
and the references therein for instance. Recently, Gao and Li studied the averaging
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principle of the cubic nonlinear Schrédinger equation with fast oscillation potential
and fast oscillation force on finite but large time interval and the entire time axis
in [4]; Xing, Yang and Li gave the averaging method of higher order perturbed
systems in [17]. In [8], Jian et al established the Krylov-Bogoliubov averaging
theorem concerning with Lipschitz perturbations of linear systems. However, it
is difficult to touch averaging theory when considering the unperturbed part with
Jordan blocks due to nilpotent terms, and it seems that there does not exist any
result on this aspect. Thereby, this paper is devoted to present a Krylov-Bogoliubov
type theorem under this setting.
To be more precise, let us consider a perturbed differential system

— = Av+¢eH(v), v(0) = v, € € (0,1], (1.1)

on R?" with n € N*, where A is a linear operator admitting purely imaginary
eigenvalues with Jordan blocks, and H is analytic with H(v) = O(|v|?) as |v| —
0. Onmne can assume that A has 2n purely imaginary eigenvalues without loss of
generality. Then these eigenvalues are in pairs +i);, where 0 # A; € R, and A;
may equal to \; for some ¢ # j. We aim to touch the asymptotic behaviors for
solutions of (1.1). In view of the difficulties brought by Jordan blocks, we shall
develop a new approach to deal with (1.1) via the averaging method in this paper,
namely applying the Poincaré normal form that contains the nilpotent term for the
perturbed system.

It should be mentioned that there are few results on the nilpotent type normal
forms of differential systems with multiple eigenvalues for linear operators, let along
involving purely imaginary eigenvalues. For instance, Zung [19] studied the Birkhoff
normal form of Hamiltonian systems admitting nilpotent terms in 2005. Very re-
cently, Xiao and Li investigated the nilpotent Poincaré normal forms for general
nonlinear quasiperiodic systems in [16]. In what follows, we shall employ the latter
to simplify the original perturbed differential system (1.1).

For the sake of statements, let us denote by (-, -) the real scalar product in the
complex notation:

(2,7') = Reszzj := Re(z - /) for 2,2’ € C",
J

and define the set

Ni" ={a=(a1,...,a2,) 1 ENT, j=1,...,2n}
n
as usual, where |a| := |a1| + - + |az,| for a € N2". We also define u” := [] ufj
j=1

and @” := [] ﬂfj for u € C" and 3 € N'}. The previous work [16] illustrates that if
j=1

(o, A) £ 0] #0, 1<j<n, (1.2)

where a € N2, A = (A, =A1,..., Ay, —A,) and 2 < |a| < I, then system (1.1) we
are aiming at can be changed into

% = (B4 nB)u + 0~ P(Cu) + e2g(u, ), u(0) = C vy = ug (1.3)
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through an analytic transformation, where 0 < n = ew < 1 is a constant, 1 +
2(imax—1)
()2 + -+ ((E)MW < 2 (here the range of ¢ will be specified later), ¢ € (0, 1],

@ > 0, P and g are analytic, C~! is the inverse of C,P = (P!,...,P?"),g =
(g%, ...,9%), PP = o(|Cul"),g = o(Ju|'),1 < j < 2n,1 > 2, and the operators read

B
ix.
-B
B = 5 B. = s
Bg
ile
_Bs e Xile
By
X 01
By
B = 5 Bc - )
- .1
Bg
- 0o/
BS Te Xle
Ch
1
C1
n
C = 5 Cc - )
C. -
e )
C, ieXie

and

Cflp(cu) —_ (,,foclplu7 o 7,rlgalfi1+1]3i1u7 ,rlgalj_-)i1+1u7 o ’ngalfi1+1p2i1u’

B J]galP2(i1+"'+iS*1)+1u, B cal—is+lp2(i1+~~~+i571)+isu,

-7
nioclp2(i1+---+i571)+is+1u’ o ’ncal*is+1p2(i1+~-+is)u)T

= P(u) + 5ﬁ(u,5),
with

¢= (0, .. it — 1,0, . i1 — 1,00, . iy —1,0,... is — 1),
1> 2, imax =max{iy,...,is}, Sl —imax+1>0.
The degrees of B, B, and Celc=1,...,s) are i., and i3 + -+ +is = n. As a

consequence, we arrive at the following perturbed differential system in the Poincaré
normal form:

‘Ziz = (B+nB)u+eP(u) +%§(u,e), u(0) = uo, (1.4)
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where P and § are analytic, P = o(|u|'), § = o(|u|') and o € N?". We shall
emphasize that the Poincaré normal form of the original system (1.1) is somewhat
difficult to deal with, because the operator B in (1.4) is a nilpotent term, and
therefore the classical averaging theory seems unable to work.

We wish to study the asymptotic behaviors of solutions of (1.4) on a time interval
of length ¢! with 0 < e < 1. Let us define the interaction representation variable
o(t) = e tB+nB)y(t). Using system (1.4), we obtain for ¢ = (¢1,...,d2,) the
system of equation

9% _

5; = cc PIPP(BIIRg) 2o BB (BB ), 6(0) = wp. (15)

We can prove that the limit

1 [T A = -
Q°(¢) = lim 7/0 e V(B+nB) p(ev(BAnB) ) iy (1.6)

T—+oo T

exists for any ¢ € R?" and is locally Lipschitz continuous with respect to ¢, where
the vector field P is locally Lipschitz continuous. We will present the detailed proof
in Section 3. Our Krylov-Bogolyubov type averaging theorem under the above
setting is given below.

Theorem 1.1. There exists some b = b(|Jug|, @) > 0 such that for all [t| < e~ 1b,
0 < e < 1, a solution ¢°(t) of system (1.5) is o(1)—close to the solution of the
system

8¢0 o
=2Q%(¢°), ¢°(0) =

Let us define the variable quS(t) = C¢(t) with the operator C given before. Then
by system (1.5), we have the following system of equation

‘;‘f =eCe!(B+1B) p(t(B+nB) =1 ) (1.7)

+€206 t(B+nB) ( t(B+nB 7197;7 5)7 QNS(O) = Vo-

Theorem 1.2. There exists some b = b(|vg|, ) > 0 such that for all |t|] < e~'b,
0 < e < 1, a solution ¢°(t) of system (1.7) is o(1)—close to the solution of the
system
8¢0 “on 7
= cCQU ), 3°0) =,

The idea of the normal form theory is to find a transformation which changes the
original system into the simplest one. In this paper, by using the Poincaré normal
form for nonlinear quasiperiodic system and basing on the works of Huang et al
in [6,7] and Jian et al in [8], we establish the Krylov-Bogolyubov averaging theorem
of the nonlinear system with Jordan blocks. Significantly, A is the operator with
purely imaginary eigenvalues and the nonlinear system satisfies the nonresonant
conditions (1.2). In Section 2, we provide the corresponding matrix forms of linear
operators under different bases, some basic concepts and complex variable systems.
Averaging of vector fields is shown in Section 3. Finally, Section 4 presents the
proofs of Theorems 1.1 and 1.2.
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2. Preliminaries

In this section, let us recall some notations.

For A1,..., A, € R and real vectors w = (w1, ..., w,),w = (W1,...,0,) € R,
set
diag{ir;} : C" — C",
(215« oy 2n) = (X121, .., 1A 2n),
sub-diag{n} : C* — C",
(Z1y oy 2n) = W22,y M2iy, 0y o o M Ziy i 425+ -+ s T Zig ootin s 0)
and
2z = diag{e™,... e}z = (elV2,...,e""2,) for z € C",
14 -.. @
1.—1)!
v, ey
\Ijﬂ) = ) \ch - ) (2 1)
w
v,
1

TeXic
((I) o \I/)w)ﬁ, = (bw o \I/u“).
Obviously, diag{i);}, sub-diag{n}, ®,,, ¥; and (@ o ¥),, ;» are all linear operators.

According to [5,8], the linear operators B and B satisfy the following conditions:

(i) KerB = {0};

(ii) in R?" there is a basis {ef,e],...,el, e, } such that in the corresponding
coordinates {x1,y1,...,Tn,Yn}, the matrix of the linear operator B has the
form

0 —X\
A0
, (2.2)
0 -\,
An O

and B has the form

00 1

21X 21¢

where Ai1+"'+ic—1+1 == )\i1+»--+ic =X, 1<ec<s,i1+--+is =n,ig=0.
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Thus, by the perturbed system (1.4), the unperturbed linear system reads

T1 = —M\y1 + NT2,

U1 = Az1 + ny2,

Tiy—1 = =iy —1Yi, -1 + NTiy,

Vir—1 = Ni1—1%45,—1 + NYi,

:til = _>\i1yi17
Yir = Niy Ty s

(2.4)
Liyotiay A1 = =iy oo 1Y a1 T DTy i1 42

yi1+~~~+i571+1 = >‘i1+~~+isf1+1xi1+-~~+i371+1 T NYir o dia 1425

Tiypotio—1 = —Nigtotia—1Yir+ootig—1 T NTigtotrig s

Yigtootia—1 = Nig ooty —1Tiy bootig—1 T MYiy oo toi s

Tiypotis = —Nigtotis Yin+ortins

Yirotio = Nigotig Tig iy -
Definition 2.1. Let 3 : RT — RT be a non-decreasing continuous function and let
f:C" = C" be a continuous vector field. We say that f € Lip5(C",C") if for any

r >0,
|flg, < 3(r) and Lip(f|g,) < 3(r),

where Lip g denotes the Lipschitz constant of the mapping g.

2.1. The complex variable system

Let a vector (z1,%1,...,Tn,Yn) € R?"™ be given. We introduce a complex struc-
ture in R?™ by the notation

21 =21 +iy1, ..y Zn = Ty + iy,. (2.5)

In the complex coordinates, the operator B with the matrix (2.2) is the operator
diag{i\;} and the operator 7B with the matrix (2.3) is the operator sub-diag{n}.
Therefore, the system of linear equation (1.4)[c—¢ = (2.4) can be reduced to a
complex system as

uj = idjuj +njujen, 1< j<mn,

a' Z++’LC7
where n; = mJ#n with 1 <e¢ <s.

07.]:21++7'u
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In the complex notation, the perturbed system (1.4) turns to
I'Lj = i)\juj + NjUj4+1 + sﬁ’j(u) + 52§j(u,€), U(O) = Ug, |U0| S T,
u=(up,...,u,) €EC", 1<j<n, (2.6)

N, JF U+ F e
nj = ' ¢ <c<s.

0, j=1i1+ -+
Remark 2.1. In the complex notation, the perturbed system (1.1) turns to
v; = i\juj +vj1 +eHj(u), v(0) = vy, (2.7)
where v = (vq,...,v,) €C", 1 <j <n.

Since the vector fields P and g are analytic, they are automatically locally
Lipschitz, that is, their restrictions to bounded ball By, with any r > 0, are Lipschitz
continuous. Therefore, we can let

P € Llp.‘{((cna Cn)? g € Llp@ ((Cn7(cn)’ (28)
where X : Rt — RT and 9) : RT — R™ are non-decreasing continuous functions.

Lemma 2.1. Let uy € By, and b = T T E e Where X Rt — Rt and
P : RT — RT are non-decreasing continuous functions. Then a solution u(t) of

system (2.6) exists for |t| < e~ 'b and stays in the ball Ba,.

Proof. By the Lipschitz properties of P and §, a solution u(t) of (2.6) exists
up to the blow-up time. Taking the scalar product of system (2.6) with u(t) and
comparing the real part, we get
1d ~
iﬁw(f)l2 = i(diag{)\;}u, u) + (sub-diag{n}u, u) +e(P(u),u) +*(g(u, ), u)
= <SUb'diag{7’}u’ U> + {—;<p(u)7 u> +¢e? <§(u7 5)7 u>

Let T = inf{t € [0,e710] : |u(t)| > 2r}, where T equals to e~ 1b if the set under the
inf-sign is empty. Then for 0 < ¢t <T we have

L9 1o < nful? + eull ()] + £ full(u, o)
< nfu(t)]? +eX(2r)|u(t)] + P (2r)[u(®)],

which implies W < nlu(t)| + eX(2r) + &2Y(2r). Thus, |u(t)] < f(f ew|u(s)|ds +
r+eX(2r)t+eY(2r)t < 2r due to n = ew, [u(0)| <rand 0 <e <1, ie., 2rewt +

eX(2r)t+eP(2r)t < rfor all 0 < t < e~1b with b given before. Therefore, T = ¢~ 1b

and the result follows. O
Let 7 = et. Then %1; = 5‘3—;‘, and system (2.6) can be reduced to
%—ia_l)\»w—i—a_l i+ Pj+eg, 1<j< (2.9)
or G Uj Nj%j+1 J T 95, SJ=n. :

Let us define

. -1 -
__—ieTX\;T n .
pj=e ? E T uji(7), 1<j<n,
k=0 :
P14 tie_q <j<ip+--Fic
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and

b = nj*(i1+---+ic71+1)¢j

) i1t tie—J ( 571777')]6
_ e N\T j— (14 Fic—1+1) L
=e ; > " ' )Tuj-‘rk(/r)

k=0 :
i1+ tie—1<i<iy+tic
i1t tic—j 2 \k
el iy dtin_ 1) (—ETOT) )

=e 1e 3T 77J (it +1) L Ll ujJrk(T)v 1 SJ S n.

k=0
ip+e o1 <i<ip+eetic

Denote A = (A1,...,An). Then using (2.1) and (2.9), we obtain

i etio—j

0¢; Cie=laor (—e~'nm)* 5
o”T-J =e N ; T(Pjﬂc((‘b oW) 17,717 P(T))
i1t <j<iteotie
+eeTNE G (B0 W) pemin rem1 (7). €) (2.10)

for ¢(7) = (¢p1(7),...,¢n(7)) € C™ in the time scale |7| < b due to Lemma 2.1.
Thus, system (2.10) takes the form

% :((I) © \11)77_571/\’77_67177 © (P((rb © \11)7571A’7_671n¢(7'))

or
+€§((©Oqj)TE*IA,TE*anb(T)’E)) (211)

with the initial condition
¢(0) = uo, |uol =1 (2.12)

3. Averaging of vector fields

We recall that a diffeomorphism G : R?” — R2" transforms a vector field W
on R?" into the vector field (G.W)(u) := dG(@)(W (@), @ = G~*(u). Accordingly,
the linear isomorphism (® o W);a 4 with ¢t € R transforms the vector field P into
(Do) _4a_tn)sP)(u) = (P0oW) 4o _sno P((®0W);4 4nu). Our goal in this section
is to study the averaging of this field with respect to t.

For a continuous vector field P on C" and a vector A € (R\ {0})", we set

1 [T .
Q5(6) = = /0 (0 W) ity 0 P((® 0 W)op 1y, 3.1)

T
and if the limit exists as ¢ — foo(for T' < 0 we understand fOT ...dt as the integral
fTO ...dt). We denote 9t(¢) = (® 0 ) _4p, 4y 0 P((® 0 W)ip 1me). For T # 0, we

have Q%.(¢) = + fOT t(¢)dt. We denote
Q°(¢) = lim Q7(9),

T—+o0
and Q% () is called the local average of Q. The matrices of operator B and operator
B take the forms (2.2) and (2.3) in the special basis, respectively. By introducing
the complex structure (2.5) in R*", the matrices become diag{i)\;} and sub-diag{n}.
Since (® 0 W)y 4,y = ediaelidibasub-diag{n}t "the definition of Q° agrees with (1.6).
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Lemma 3.1. Q% € Lip,y(C",C") for any T # 0.

Proof. If ¢ € B,, then (®oW);p 4y¢ € Ba,. By (2.8), we have |P((®oW);p 1,0)| <
X(2r) for each ¢, and therefore

[t (p)] < 2|P((® 0 W)inmd)| < 2X, VtER. (3.2)
Similarly, for any ¢!, > € B, we have

[ (6") — 1 (@) < 2[P((D 0 W)yn1n0") — P((P 0 V)i ind”)|
< 2:£|(‘I> o ‘I’)tA,tn¢1 - (‘I) © ‘I’)tA,tn¢2|

<4X|p' - ¢?*, VteR. (3.3)

From (3.2) and (3.3), one arrives at |Q%(¢)| < sup [¢'(¢)] < 2X < 4X and
[t|<IT|

Q¢ = Q3@ < sup [01(¢") = ¥!(4)] < 429" = ¢?]. As a consequence

Q% € Lipyx (C™,C™) for T #0. 0

Definition 3.1. If \; —A-y+A -5 =0, where y = (71,..., ), 8= (B1,...,0n) €
7%, A= (A1,..., ), we say a pair (v, ) is (A, j)—resonant.

Lemma 3.2. (Main averaging lemma) For A € (R\ {0})", analytic P satisfying
P = o(|u|') with1 > 2 and P € Lipy(C™,C"), the limit (namely Q°) for (3.1) exists
for any ¢ € C", and Q° € Lipyx(C™,C"), where X : R™ — RY is a non-decreasing
continuous function. If ¢ € B,., then the rate of convergence in (3.1) only depends
onr,A and P.

Proof. Recall the analyticity of P. Then using the Taylor expansion for ﬁj (com-
ponent of P), we have

Pj(u) = Z C'f’yzuﬁyla'yz + Z Cflﬁzuﬁlﬂ/ﬁ, 1<j<n (34
[yt +lv2]=1 [BY|+]B82]>1
due to the normal form, where v' = (vi,...,7}), v = (0%,...,72), B =
(Bt,...,BL) and B2 = (B%,...,32). Then
¥ (u)
i1t tie—7 (_tn)k 12 (=2 A N 2)
_ Y y? it (=N Ayt —A- _
- Z A Z Cf Tenmmir T fv},vf, (t,u,u)
= 2=t

gt tio1 <j<iptetie

102 .
+ > PN o (b ,0)
181 +18%>1 T

for 1 < j < n, provided with

e LA
f'Y;/'YJZ-/ (t’u7ﬂ) = H ( Z k/' ujl+k/)7j/
1<j1<n =0 :

it tie 1 <j/<ipdFic

Q14 tie—g’ (t’]’])k/

2
Y S

k/=0
ipetio 1 <j/<ip4etic
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i1 tie—j

!
i (tn)* 1
Toy, 2, (1, 1) = II > K wjrpr)’
7/ S
1<j'<n i i iy i
intetio—j o
()™ _ 2
( ).
k’'=0 :

i1t tie_1 <ji/ <ip4tic

It follows that

i1 tio—j o
o _ Yy
Q7;(u) = > > G
= v+ =1

i1t tie 1 <j<iyp+otic

LT (=) oa, s amt— A -
<TA e T T s 1wt

i1tie—j L
BB
+ > >, G
k=0 [BL]+82|>1

gt tio 1 <j<ipteotic

LT (=) o ras s -
<T/O 7]@' e fﬁ]l,ﬁf, (t,’U,, u)dt .

We set
inteotic—j é ) itk DFF 5|, be
ivr (ab) t Sy By li=2=
w- Y YT S Ll
Wt IBI>1 — £ (k+Ek+1)! 7
v i1t i1 <g iy o tic B0
_ Y o
J
|71+181>1
s de—1
for 1 < j <n, where (v, ) is a (A, j)—resonant pair, ¢ = > (tc — K (Brr1 +
c=1k'=0
0™ fy 18
Vir+1)s D fry 08, = 6271“% andn =ew. If 1 < |y|+|B8| <[, then \j—A-v+A-5 #

0 for 1 < j <n by (1.2) (i.e., are nonresonant).
One can observe that

"(u), if (v,8) is (A, j)—resonant,
@iy = | G T8 B () .
T=roo 0, otherwise.

Thus, we have
QT ;j(u) — Qf(u) as T — Foo. (3.6)
By Lemma 3.1, we have its Lipschitz continuity. This completes the proof. O

Proposition 3.1. Let Q' and Q? be locally Lipschitz vector fields on C™. Then
the mapping u — Q°(u) commutes with all the operators (P o ¥)pp 4y for b € R.

Proof. This proof is similar to the proof in [8]. O



Averaging principle for nonlinear differential systems 1107

4. Proof of the averaging theorems

This section is devoted to the proofs of Theorems 1.1 and 1.2.

Recalling (2.8) and (2.9), we have Q° € Lip,y(C",C"). Let |ug| = r. Then by
Lemma 2.1, u(7) € By, for |7| < b = @19 @ e Where @ > 0. For |7| < b
the curve ¢°(7) = (@ o W)_ 1,5 _.-1,,u(7) satisfies (2.11) and (2.12). Hence, for

|7| < b, we have

|¢E(T)| < 473 661)_6 <2 ‘]5((‘1) © \I/)sfl‘rA,f-:*lrnQﬁ(T)) + g((@ © \Il)sfl‘rA,sfl‘rnd)(T))
< 2X(4r) +Y(4r). (4.1)
By (4.1), it holds
[9°(71) = ¢°(72)| < (2X(4r) + Y (4r))|m1 — 2. (4.2)

For all |7| < b, a solution ¢°(7) of (2.11) satisfies the relation
¢8(7) =ug + / ((I) o \I/)—E_lvA,—E_l’U’V] © P(((I) o \I})E—lvA,a—lvn¢E(U))dU
0
+ / g(@ o \P)faflvA}fE*lvn © g((@ o \I])e*lvA,aflunQbE(U)a 5)dv (43)
0

and the estimates in (4.1).
Lemma 4.1. Let ¢°(7) be a solution of (4.3), where € € (0,1], |7| <b. Then

¢ — ¢° in C([~b,b],C") as ¢ — 0. (4.4)

Proof. By (4.1) and (4.2), the family {¢°,0 < ¢ < 1} satisfies the Arzela-Ascoli
theorem. Then {¢°,0 < ¢ < 1} is precompact in C([—b,b],C"). Therefore, there
exists a sequence ¢; — 07 such that ¢ — ¢° in C([-b,b],C") as g; — OF.
Since the solution of (4.3) is unique, the limit ¢° does not depend on the sequence
g; — 0T, then the convergence in (4.4) holds as ¢ — 0. O

In view of this convergence, we obtain |¢%(r1) — ¢°(72)| < (2X(4r)+)(4r))|r1 —
5| for all 71,7 € [—b,b], as long as € — 0T

Lemma 4.2. For any |7| < b, there exists a function v(¢) satisfying t(e) — 0 as
e — 0T, such that
|Y(¢E(T),Ta_1)| <(e), (4.5)

where Y (¢° (1), 767 1) = fOT(ZD“E_l(QﬁE(U)) —Q°(¢°(v)))dv.

Proof. It is sufficient to prove the conclusion for 7 > 0. We divide the time
interval [0,b] into subintervals [b;—1,b;],5 = 1,...,N"+1 of length L = &2, b; = 7L
for # = 0,...,N',bys = band 0 < byr41 — by < L, where N’ = [2] ([t/] is the
largest integer less or equal to ).

In view of (3.2), (3.3) and Lemma 3.2, we get

|

bN’+1 _1
/ (" (67 (v) — Q°(¢° (v)))dv| < 6L (4.6)

by
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Similarly, if 7 € [bg,bj,) for some 0 < k& < N’ + 1, then [, (v (% (v)) —
k
Q°(¢°(v)))dv is also bounded by the R.H.S. of (4.6).
Now we estimate the integral of Y over any segment [b;,b;41], where 1 < j <
N’ — 1. Firstly, we have

bj+1 .
/b (7 (¢°(1v)) — Q°(¢°(v))dv

)

/b j+1(wvs’1(¢5(bj)) = Q°(¢°(by)))dv

J

<

bjt1 -1 —1
[ @) - (@ )
b

J

+

bj+1
/b (Q°(¢° (b)) — Q°(¢° (v))dv

J

By virtue of Lemma 3.2 and (4.2), the second and third terms in the R.H.S. are
bounded by 4L%X(2X +9)). Since

[ e ) - @ e

=|L(@ o W) 1pn —c15,yQ7 -1 (2) — LQ°(¢°(b)))]

where z = (® o W) 14, A 15,70 (b)) € By, using Lemma 3.2 and Proposition 3.1
we see that

Q7-1(2) =Q°(2) + o(1)
= (PoW)—1p,pc-15,7Q°(¢°(b;)) + 0(1) as L™! — +oo (ie., e — 0T).

Now we have arrived at the estimate

bjt1 .
/b (¥ (¢°(v)) = Q°(¢°(v)))dv| < L-o(1) +8L*X(2X +9)) = L-o(1). (4.7)

)

By (4.6) and (4.7), the L.H.S. of (4.5) is bounded by b- o(1) + 622 (X + X) := (e).
This completes the proof of Lemma 4.1. O
Consider the following effective system:

() = o+ / " Qo6 (W), ¢°(0) = uo, (4.8)
0

that is, 8"5(;(7) = Q°(¢°(7)) with ¢°(0) = up. By Lemma 3.2, Q° is locally Lipschitz,
a solution of (4.8) exists and is unique, at least for small 7.

Theorem 4.1. Let ¢°(7) with |7| < b be a solution of (4.3). Then ¢=(1) — ¢°(7)
uniformly for |t| < b, where ¢°(7) is the unique solution of (4.8).

Proof. By Lemma 4.1, we can get ¢¢ — ¢ in C([—b,b],C") as ¢ — 0F. Then in
view of (2.8), (4.3), (4.4), Lemma 4.2, and the fact that Q° is locally Lipschitz, we
have

¢°(r) = ¢°(1) = 0,
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¢°(r) — up — 50 (¢ (0))dv

- 5/ ((I) © \1/)_6711)1\7_671”7] © g((@ © \I/)sflvA,sflvnﬁbs(U)a E)dU
0

—0,

5/ (Q) © \I/)fa*IUA,fsflun © g(((:[) o \I])e*lvA,zs*lunqu(U)a E)dU
0

[0 @) - Q@)
0
—0,
| @@ ) - @ wnan o
0
whenever ¢ — 01, Therefore, combining the above estimates we prove that ¢° is a

solution of (4.8) for |7| <b. O

Remark 4.1. Since )° is continuous in C™ and Q° € Lip,, (C™, C™), the existence
interval of the solution of (4.8) ¢° is (—oo, +00).

By Theorem 4.1, we have
16°(7) = 6°(T)]| = 106" (r) = C*(T)|| < ll¢*(7) = ¢°(7)| =+ 0 as e — 0. (4.9)

Hence, by (4.9) and the proof of Theorem 4.1, we can derive Theorem 1.2 directly.
Corollary 4.1. The solution v*(t) of equation (2.7) satisfies

sup |v5(t) — ég(t)| —0ase—0", 1<j<n.
[t|I<e=tb
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