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1. Introduction

During the past few decades, fractional calculus has attracted the attention of
many researchers in different fields [3, 12, 14–16, 18]. For example, in many dy-
namic processes, even if the factors affecting the process have disappeared, the
influence of memory is often persistent, only by applying the fractional derivative
can we describe this process accurately. In addition, fractional calculus also is ap-
plied in physics, chemistry, mechanics, economics, etc. Most of the work done so
far discusses Riemann-Liouville or Caputo derivative, which is one-side fractional
operators only reflected the past or future memory effect. In order to describe
many processes which started at the past states, also relying on its development
in the future, we introduce the Riesz fractional derivative. Some recent applica-
tions of this derivative were given in [4,5,8,11,17,20,21,24], but we can see all the
Riesz fractional derivative appeared in these literatures are in the framework of the
Riemann-Liouville fractional derivative. In contrast to the Riemann-Liouville frac-
tional derivative, the Caputo fractional derivative was shown to possess a suitable
generalization of the extremum principle [13]. So, it makes more sense to study the
Riesz-Caputo fractional derivative, but to our knowledge, there are few results have
been seen in literature about existence results of fractional differential equation with
Riesz-Caputo derivative.
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We now present the basic definitions and Lemmas about Riesz-Caputo derivative
so that readers can understand the introduction better with R-C derivatives.

Let β > 0 and n− 1 < β ≤ n, n ∈ N and n = [v], [·] the ceiling of a number.

Definition 1.1. [9] (Riemann-Liouville fractional integrals) Let f be a continu-
ous function in [0,T]. For τ ∈ [0, T ], the left Riemann-Liouville fractional integral

0I
β
τ f(τ) and the right Riemann-Liouville fractional integral τI

β
T f(τ) of order β > 0

are given by

0I
β
τ f(τ) =

1

Γ(β)

∫ τ

0

(τ − s)β−1f(s)ds,

τI
β
T f(τ) =

1

Γ(β)

∫ T

τ

(s− τ)β−1f(s)ds.

Definition 1.2. [9] (Riesz fractional integral) Let f be a continuous function in

[0,T]. For τ ∈ [0, T ], the Riesz fractional integral R0 I
β
T f(τ) of order β > 0 is given

by

R
0 I

β
T f(τ) =

1

2Γ(β)

∫ T

0

|τ − s|β−1f(s)ds.

Remark 1.1. [9] From Definition 1.1 and 1.2, we have

R
0 I

β
T f(τ) =

1

2
(0I

β
τ f(τ) +τ I

β
T f(τ)).

Definition 1.3. [9] (Fractional derivative in the sense of Caputo) Let f be a
continuous function in [0,T]. For τ ∈ [0, T ], the left Caputo fractional derivative
C
0 D

β
τ f(τ) and the right Caputo fractional derivative C

τ D
β
T f(τ) of order β > 0 are

given by

C
0 D

β
τ f(τ) =0 I

n−β
τ Dnf(τ) =

1

Γ(n− β)

∫ τ

0

f (n)(s)

(τ − s)β+1−n ds,

C
τ D

β
T f(τ) =τ I

n−β
T (−D)nf(τ) =

(−1)n

Γ(n− β)

∫ T

τ

f (n)(s)

(s− τ)β+1−n ds.

Definition 1.4. [9] (Fractional derivative in the sense of Riesz-Caputo) Let f be
a continuous function in [0,T]. For τ ∈ [0, T ], the Riesz-Caputo fractional derivative
RC
0 Dβ

T f(τ) of order β > 0 is given by

RC
0 Dβ

T f(τ) =R
0 In−βτ Dnf(τ) =

1

Γ(n− β)

∫ T

0

f (n)(s)

|τ − s|β+1−n ds.

Remark 1.2. [9] From Definition 1.3 and 1.4, we have

RC
0 Dβ

T f(τ) =
1

2

(C
0
Dβ
τ f(τ) + (−1)n C

τ D
β
T f(τ)

)
.

Lemma 1.1. [12, 19] If f(τ) ∈ Cn[0, T ], then

0I
β C
τ 0 D

β
τ f(τ) = f(τ)−

n−1∑
l=0

f (l)(0)

l!
(τ − 0)l

and

τI
β C
T τ D

β
T f(τ) = (−1)n

[
f(τ)−

n−1∑
l=0

(−1)lf (l)(T )

l!
(T − τ)l

]
.
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From above, thus we have

R
0 I

β RC
T 0 Dβ

T f(τ)

=
1

2

(
0
Iβ C
τ 0 D

β
τ +τ I

β C
T 0 D

β
τ

)
f(τ) + (−1)n

1

2

(
0
Iβ C
τ τ D

β
T +τ I

β C
T τ D

β
T

)
f(τ)

=
1

2

(
0
Iβ C
τ 0 D

β
τ + (−1)nτ I

β C
T τ D

β
T

)
f(τ).

In particular, if 0 < β ≤ 1 and f(τ) ∈ C1[0, T ], then

0I
β RC
T 0 Dβ

T f(τ) = f(τ)− 1

2
(f(0) + f(T )). (1.1)

Chen et al. [6] discussed a class of boundary value problems for fractional dif-
ferential equations with the Riesz-Caputo derivative

RC
0 Dγ

T y(τ) = g(τ, y(τ)), τ ∈ [0, T ], 0 < γ ≤ 1,

y(0) = y0, y(T ) = yT ,

where RC0 Dγ
T is the Riesz-Caputo derivative. By means of a new fractional Gronwall

inequalities and some fixed point theorems, the authors obtained some existence
results of the above problems.

Chen et al. [7] studied the anti-periodic fractional boundary value problems with
Riesz-Caputo derivative

RC
0 Dγ

T y(τ) = g(τ, y(τ)), τ ∈ J, J = [0, T ], 1 < γ ≤ 2,

y(0) + y(T ) = 0, y′(0) + y′(T ) = 0,

where RC
0 Dγ

T is the Riesz-Caputo derivative.
Gu et al. [10] presented the existence results for a class of fractional differential

equations with the Riesz-Caputo derivative

RC
0 Dα

1 x(ξ) = h(ξ, x(ξ)), ξ ∈ [0, 1], 0 < α ≤ 1,

x(0) = x0, x(1) = x1,

where RC
0 Dα

1 is the Riesz-Caputo derivative. By use of Leray-Schauder and Kras-
nosel’skii fixed point theorems, the authors obtained the positive solutions for the
above problems.

However, as far as the authors know, there are few papers on the existence of
solutions for fractional differential equation with Riesz-Caputo derivative and no
work has been reported on the singular Riesz-Caputo fractional equation. Thus,
motivated by the above documents, this paper will pay attention to the following
singular four-point fractional boundary value problems

RC
0 Dγ

1y(t) = f(t, y(t)), t ∈ [0, 1], 0 < γ ≤ 1, (1.2)

y(0) = ay(ξ), y(1) = by(η), (1.3)

where RC
0 Dγ

1 is the Riesz-Caputo derivative.
Now we list some conditions for convenience.

(H1) a ≥ 0, b ≥ 0, a+ b < 2, 0 < ξ, η < 1;
(H2) f : [0, 1]× (0,∞)→ [0,∞) is continuous, i.e. f(t, u) is singular at u = 0.

The work presented in this paper has the following new features. First, different
from [6, 7, 10],the nonlinear term f(t, u) may be singular at u = 0 in this paper.
Second, the boundary condition (1.3) is a generalization of document [6, 7, 10].
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2. The preliminary lemmas

Lemma 2.1. Let h ∈ C([0, 1], R), δ is a fixed positive constant. A function y ∈
C1[0, 1] is a solution of the fractional boundary value problem

RC
0 Dγ

1y(t) = h(t), t ∈ [0, 1], 0 < γ ≤ 1, (2.1)

y(0)− ay(ξ) = δ, y(1)− by(η) = δ, (2.2)

if and only if y(t) is given by

y(t) =
2δ

2− a− b
+

a

(2− a− b)Γ(γ)

∫ ξ

0

(ξ − u)γ−1h(u)du

+
a

(2− a− b)Γ(γ)

∫ 1

ξ

(u− ξ)γ−1h(u)du

+
b

(2− a− b)Γ(γ)

∫ η

0

(η − u)γ−1h(u)du

+
b

(2− a− b)Γ(γ)

∫ 1

η

(u− η)γ−1h(u)du

+
1

Γ(γ)

∫ t

0

(t− u)γ−1h(u)du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1h(u)du.

(2.3)

Proof. Applying Lemma 2.1 to the equation (2.1), we have

y(t) =
1

2
y(0) +

1

2
y(1) +

1

Γ(γ)

∫ 1

0

|t− u|γ−1h(u)du

=
1

2
y(0) +

1

2
y(1) +

1

Γ(γ)

∫ t

0

(t− u)γ−1h(u)du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1h(u)du.

(2.4)
It follows that

y(ξ) =
1

2
y(0) +

1

2
y(1) +

1

Γ(γ)

∫ ξ

0

(ξ − u)γ−1h(u)du+
1

Γ(γ)

∫ 1

ξ

(u− ξ)γ−1h(u)du,

y(η) =
1

2
y(0) +

1

2
y(1) +

1

Γ(γ)

∫ η

0

(η − u)γ−1h(u)du+
1

Γ(γ)

∫ 1

η

(u− η)γ−1h(u)du.

Considering the boundary condition (2.2), we obtain

y(0) = δ+
a

2
y(0) +

a

2
y(1) +

a

Γ(γ)

∫ ξ

0

(ξ−u)γ−1h(u)du+
a

Γ(γ)

∫ 1

ξ

(u− ξ)γ−1h(u)du,

(2.5)

y(1) = δ+
b

2
y(0) +

b

2
y(1) +

b

Γ(γ)

∫ η

0

(η−u)γ−1h(u)du+
b

Γ(γ)

∫ 1

η

(u− η)γ−1h(u)du.

(2.6)
By (2.5), we get

y(0) =
δ

1− a
2

+
a

2− a
y(1) +

a

(1− a
2 )Γ(γ)

∫ ξ

0

(ξ − u)γ−1h(u)du

+
a

(1− a
2 )Γ(γ)

∫ 1

ξ

(u− ξ)γ−1h(u)du.

(2.7)
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From (2.6), (2.7), we have

(1− b
2 )y(1) = δ + b

2

[
δ

1− a
2

+
a

2− a
y(1) +

a

(1− a
2 )Γ(γ)

∫ ξ

0

(ξ − u)γ−1h(u)du

+
a

(1− a
2 )Γ(γ)

∫ 1

ξ

(u− ξ)γ−1h(u)du

]
+

b

Γ(γ)

∫ η

0

(η − u)γ−1h(u)du+
b

Γ(γ)

∫ 1

η

(u− η)γ−1h(u)du.

(2.8)
Therefore,

y(1) =
δ(2− a)

2− a− b
+

bδ

2− a− b
+

ab

(2− a− b)Γ(γ)

∫ ξ

0

(ξ − u)γ−1h(u)du

+
ab

(2− a− b)Γ(γ)

∫ 1

ξ

(u− ξ)γ−1h(u)du (2.9)

+
b(2− a)

(2− a− b)Γ(γ)

∫ η

0

(η − u)γ−1h(u)du

+
b(2− a)

(2− a− b)Γ(γ)

∫ 1

η

(u− η)γ−1h(u)du,

y(0) =
δ

1− a
2

+
aδ

2− a− b
+

abδ

(2− a)(2− a− b)

+
a2b+ 2a(2− a− b)

(2− a)(2− a− b)Γ(γ)

∫ ξ

0

(ξ − u)γ−1h(u)du

+
a2b+ 2a(2− a− b)

(2− a)(2− a− b)Γ(γ)

∫ 1

ξ

(u− ξ)γ−1h(u)du (2.10)

+
ab

(2− a− b)Γ(γ)

∫ η

0

(η − u)γ−1h(u)du

+
ab

(2− a− b)Γ(γ)

∫ 1

η

(u− η)γ−1h(u)du.

From (2.4), (2.9), (2.10), we complete the proof.

3. Positive solutions of the singular problem (1.2),
(1.3)

Let the space X = C[0, 1] be endowed with the maximum norm ‖y‖ = max
0≤t≤1

|y(t)|.
It is well known that X is a Banach space.

Let F : [0, 1]×R→ [0,+∞) is continuous.

We now transform the following fractional boundary value problem

RC
0 Dγ

1y(t) = F (t, y(t)), t ∈ [0, 1], 0 < γ ≤ 1, (3.1)

y(0)− ay(ξ) = δ, y(1)− by(η) = δ, (3.2)
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into a fixed point problem. Define an integral operator T : X → X by

Ty(t) =
2δ

2− a− b
+

a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1F (u, y(u))du

+
∫ 1

ξ
(u− ξ)γ−1F (u, y(u))du

]
+

b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1F (u, y(u))du

+

∫ 1

η

(u− η)γ−1F (u, y(u))du

]
+

1

Γ(γ)

∫ t

0

(t− u)γ−1F (u, y(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1F (u, y(u))du.

(3.3)

Lemma 3.1. The operator T is a completely continuous operator.

Proof. Now, for the sake of proving that T is continuous, we have to show that
‖Tyn − Ty‖ → 0 as n→∞,

|Tyn(t)− Ty(t)| ≤ a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1|F (u, yn(u))− F (u, y(u))|du

+

∫ 1

ξ

(u− ξ)γ−1|F (u, yn(u))− F (u, y(u))|du
]

+
b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1|F (u, yn(u))− F (u, y(u))|du

+

∫ 1

η

(u− η)γ−1|F (u, yn(u))− F (u, y(u))|du
]

+
1

Γ(γ)

∫ t

0

(t− u)γ−1|F (u, yn(u))− F (u, y(u))|du

+
1

Γ(γ)

∫ 1

t

(u− t)γ−1|F (u, yn(u))− F (u, y(u))|du

≤
[
a[ξγ + (1− ξ)γ ] + b[ηγ + (1− η)γ ] + 2(2− a− b)

(2− a− b)Γ(γ + 1)

]
‖F (·, yn(·))− F (·, y(·))‖.

Since F is continuous, we have

‖Tyn − Ty‖ → 0 as n→∞.

Now, we prove T is compact. Let ΩR = {y ∈ C[0, 1]|‖y‖ ≤ R}. For any y ∈ ΩR, we
have F (u, y(u)) ≤ maxu∈[0,1],Y ∈[−R,R] F (u, Y ) =: M.

Therefore,

‖Ty‖ =
2δ

2− a− b
+

a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1F (u, y(u))du



648 D. Ji, Y. Ma and W. Ge

+

∫ 1

ξ

(u− ξ)γ−1F (u, y(u))du

]

+
b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1F (u, y(u))du

+

∫ 1

η

(u− η)γ−1F (u, y(u))du

]

+
1

Γ(γ)

∫ t

0

(t− u)γ−1F (u, y(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1F (u, y(u))du

≤ 2δ

2− a− b
+

Ma

(2− a− b)Γ(γ + 1)
(ξr + (1− ξ)r)

+
Mb

(2− a− b)Γ(γ + 1)
(ηr + (1− η)r) +

M

(Γ(γ + 1)
(tr + (1− t)r)

≤ 2δ

2− a− b
+

Ma

(2− a− b)Γ(γ + 1)
(ξr + (1− ξ)r)

+
Mb

(2− a− b)Γ(γ + 1)
(ηr + (1− η)r) +

2M

(Γ(γ + 1)
.

Further, we know for 0 ≤ t1 ≤ t2 ≤ 1,

‖(Ty)(t2)− (Ty)(t1)‖

=
1

Γ(γ)

∫ t2

0

(t2 − u)γ−1F (u, y(u))du+
1

Γ(γ)

∫ 1

t2

(u− t2)γ−1F (u, y(u))du

− 1

Γ(γ)

∫ t1

0

(t1 − u)γ−1F (u, y(u))du− 1

Γ(γ)

∫ 1

t1

(u− t1)γ−1F (u, y(u))du

=
1

Γ(γ)

∫ t1

0

(t2 − u)γ−1F (u, y(u))du+
1

Γ(γ)

∫ t2

t1

(t2 − u)γ−1F (u, y(u))du

+
1

Γ(γ)

∫ 1

t2

(u− t2)γ−1F (u, y(u))du− 1

Γ(γ)

∫ t1

0

(t1 − u)γ−1F (u, y(u))du

− 1

Γ(γ)

∫ t2

t1

(u− t1)γ−1F (u, y(u))du− 1

Γ(γ)

∫ 1

t2

(u− t1)γ−1F (u, y(u))du

≤ M

Γ(γ + 1)
(tγ2 − t

γ
1 + (1− t2)γ − (1− t1)γ).

So, we get ‖(Ty)(t2) − (Ty)(t1)‖ → 0 as t2 → t1, thus, the operator T is equicon-
tinuous. The Arzela-Ascoli theorem guarantees that T is compact.

Lemma 3.2. Assume that (H1), (H2) hold. If y(t) is a solution of the fractional

boundary value problem (3.1), (3.2), then y(t) ≥ 2δ

2− a− b
.

Proof. As we all know, the solution of the problem (3.1), (3.2) is a fixed point
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of the integral operator T, the conditions a, b ≥ 0, a + b < 2, F : [0, 1] × R →

[0,+∞), 0 < ξ, η < 1 imply that y(t) ≥ 2δ

2− a− b
.

Lemma 3.3. Assume that there exists a constant M >
2δ

2− a− b
independent of λ

such that for λ ∈ [0, 1], ‖y‖ 6= M, where y(t) satisfiesRC
0 Dγ

1y(t) = λF (t, y(t)), t ∈ [0, 1], 0 < γ ≤ 1,

y(0)− ay(ξ) = δ, y(1)− by(η) = δ.
(3.4)

Then problem (3.4)1 has at least one solution y(t) with ‖y‖ ≤ M, where (3.4)1
denotes the problem of (3.4) when λ = 1.

Proof. For any λ ∈ [0, 1], define Tλ : X → X by

Tλy(t) =
2δ

2− a− b
+

a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1λF (u, y(u))du

+

∫ 1

ξ

(u− ξ)γ−1λF (u, y(u))du

]
+

b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1λF (u, y(u))du

+

∫ 1

η

(u− η)γ−1λF (u, y(u))du

]
+

1

Γ(γ)

∫ t

0

(t− u)γ−1λF (u, y(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1λF (u, y(u))du.

Hence, the solution y(t) of (3.4) is nothing but the fixed point of Tλ, i.e., y(t) =
Tλy(t). From Lemma 3.1, Tλ is completely continuous. Let Ω = {y ∈ X : ‖y‖ < M}
is an open set in E. Suppose that there exists y ∈ ∂Ω such that T1y = y, then y(t)
is a solution of (3.4)1 with ‖y‖ ≤M. So the proof is completed. Otherwise, for any
y ∈ ∂Ω, T1y 6= y. If λ = 0, for y ∈ ∂Ω,

(I − T0)y(t) = y(t)− T0y(t) = y(t)− 2δ

2− a− b
6= 0 for ‖y‖ = M >

2δ

2− a− b
.

For λ ∈ (0, 1), if the fractional boundary value problem (3.4) has a solution y(t),
then we get ‖y‖ 6= M, which is a contradiction to y ∈ ∂Ω. So, for any y ∈ ∂Ω
and λ ∈ [0, 1], Tλy 6= y. By the homotopy invariance of Leray-Schauder degree, we
obtain

Deg{I − T1,Ω, 0} = Deg{I − T0,Ω, 0} = 1.

Therefore, we deduce that T1 has a fixed point y ∈ Ω which is a solution y(t) with
‖y‖ ≤M of the problem (3.4)1. The proof is completed.

Let

Θ(t) =
a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1ωM (u)du+

∫ 1

ξ

(u− ξ)γ−1ωM (u)du

]
+

b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1ωM (u)du+

∫ 1

η

(u− η)γ−1ωM (u)du

]
+

1

Γ(γ)

∫ t

0

(t− u)γ−1ωM (u)du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1ωM (u)du.
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Theorem 3.1. Assume that (H1), (H2) hold. In addition, the following conditions
hold:

(H3) for each K > 0, there exists a function ωK which is continuous on [0, 1]
and positive on (0, 1) satisfying f(t, y) ≥ ωK(t) on (0, 1)× (0,K];

(H4) for each δ > 0, there exist nonnegative continuous function ϕ(t) and non-
negative nondecreasing continuous function ψ(y) such that 0 ≤ f(t, y) ≤ ϕ(t)ψ(y)
for (t, y) ∈ [0, 1]× [ 2δ

2−a−b ,∞);
(H5) there exists M > 0 such that(

a[ξγ + (1− ξ)γ ] + b[ηγ + (1− η)γ ] + 2(2− a− b)
(2− a− b)Γ(γ + 1)

)
ϕ∗ψ(M) < M,

where ϕ∗ = sup{ϕ(t) : t ∈ [0, 1]}. Then the singular fractional boundary value
problem (1.2) (1.3) has a positive solution y(t) with ‖y‖ ≤M.

Proof. From (H5), we select M > 0 and 0 < ε < M such that(
a[ξγ + (1− ξ)γ ] + b[ηγ + (1− η)γ ] + 2(2− a− b)

(2− a− b)Γ(γ + 1)

)
ϕ∗ψ(M) + ε < M. (3.5)

Choose n0 ∈ {1, 2, 3, · · ·} to satisfy
2

n0(2− a− b)
≤ ε, let N0 = {n0, n0 + 1, n0 +

2, n0 + 3, · · ·}.
In the following, we demonstrate the following problemRC

0 Dγ
1y(t) = f(t, y(t)), t ∈ [0, 1], 0 < γ ≤ 1,

y(0)− ay(ξ) = 1
m , y(1)− by(η) = 1

m

(3.6)

has a solution for each m ∈ N0.
For the sake of getting a solution of the problem (3.6) for each m ∈ N0, we study

the following problemRC
0 Dγ

1y(t) = f∗(t, y(t)), t ∈ [0, 1], 0 < γ ≤ 1,

y(0)− ay(ξ) = 1
m , y(1)− by(η) = 1

m ,
(3.7)

where

f∗(t, y) =


f(t, y), y ≥ 2

m(2− a− b)
,

f(t,
2

m(2− a− b)
), y <

2

m(2− a− b)
.

Obviously, f∗ ∈ C([0, 1] × R, [0,+∞)). In order to obtain a solution of problem
(3.7)for each m ∈ N0, we discuss the following family of problemsRC

0 Dγ
1y(t) = λf∗(t, y(t)), t ∈ [0, 1], 0 < γ ≤ 1,

y(0)− ay(ξ) = 1
m , y(1)− by(η) = 1

m .
(3.8)

For ∀λ ∈ [0, 1], we claim that any solution y(t) of (3.8) must satisfy ‖y‖ 6= M.
Otherwise, for some λ ∈ [0, 1], let y(t) be a solution of (3.8) such that ‖y‖ = M.
From Lemma 3.2,

y(t) ≥ 2

m(2− a− b)
for t ∈ [0, 1]. (3.9)
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By (3.9) and (H4), we have

M =‖y‖

≤ 2

m(2− a− b)
+

a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1λf∗(u, y(u))du

+

∫ 1

ξ

(u− ξ)γ−1λf∗(u, y(u))du

]

+
b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1λf∗(u, y(u))du

+

∫ 1

η

(u− η)γ−1λf∗(u, y(u))du

]

+
1

Γ(γ)

∫ t

0

(t− u)γ−1λf∗(u, y(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1λf∗(u, y(u))du

≤ 2

n0(2− a− b)
+

a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1f(u, y(u))du

+

∫ 1

ξ

(u− ξ)γ−1f(u, y(u))du

]

+
b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1f(u, y(u))du+

∫ 1

η

(u− η)γ−1f(u, y(u))du

]

+
1

Γ(γ)

∫ t

0

(t− u)γ−1f(u, y(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1f(u, y(u))du.

≤ε+
a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1ϕ(u)ψ(y(u))du

+

∫ 1

ξ

(u− ξ)γ−1ϕ(u)ψ(y(u))du

]

+
b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1ϕ(u)ψ(y(u))du

+

∫ 1

η

(u− η)γ−1ϕ(u)ψ(y(u))du

]

+
1

Γ(γ)

∫ t

0

(t− u)γ−1ϕ(u)ψ(y(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1ϕ(u)ψ(y(u))du

≤ε+

(
a

(2− a− b)Γ(γ)

[
ξγ

γ
+

(1− ξ)γ

γ

]
+

b

(2− a− b)Γ(γ)

[
ηγ

γ
+

(1− η)γ

γ

]

+
1

Γ(γ)

[
tγ

γ
+

(1− t)γ

γ

])
ϕ∗ψ(‖y‖)
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≤ε+

(
a[ξγ + (1− ξ)γ ] + b[ηγ + (1− η)γ ] + 2(2− a− b)

(2− a− b)Γ(γ + 1)

)
ϕ∗ψ(M).

Thus,

M = ‖y‖ ≤ ε+

(
a[ξγ + (1− ξ)γ ] + b[ηγ + (1− η)γ ] + 2(2− a− b)

(2− a− b)Γ(γ + 1)

)
ϕ∗ψ(M) < M.

This is a contradiction. So the claim is proved. Thus from Lemma 3.3, we have
(3.7) has at least a solution ym(t) with ‖ym(t)‖ ≤ M for any fixed m. Lemma

3.2 guarantees ym(t) ≥ 2

m(2− a− b)
, so f∗(t, ym(t)) = f(t, ym(t)). Consequently,

ym(t) is a solution of the fractional boundary value problem (3.6).
Next, we claim that ym(t) has a uniform sharper lower bound, i.e., there exists

a function Θ(t) which is continuous on [0, 1] and positive on (0, 1) such that

ym(t) ≥ Θ(t), t ∈ [0, 1]

for all m ∈ N0. Considering 0 <
2

m(2− a− b)
≤ ym(t) ≤M. (H3) guarantees there

exists a continuous function ωM : (0, 1)→ (0,+∞) satisfying

f(t, ym(t)) ≥ ωM (t), t ∈ (0, 1).

So, we have

ym(t) =
2

m(2− a− b)
+

a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1f(u, ym(u))du

+

∫ 1

ξ

(u− ξ)γ−1f(u, ym(u))du

]

+
b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1f(u, ym(u))du

+

∫ 1

η

(u− η)γ−1f(u, ym(u))du

]

+
1

Γ(γ)

∫ t

0

(t− u)γ−1f(u, ym(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1f(u, ym(u)))du

≥ a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1ωM (u)du+

∫ 1

ξ

(u− ξ)γ−1ωM (u)du

]

+
b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1ωM (u)du+

∫ 1

η

(u− η)γ−1ωM (u)du

]

+
1

Γ(γ)

∫ t

0

(t− u)γ−1ωM (u)du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1ωM (u)du.

Thus, we have for any m ∈ N0,

ym(t) ≥ Θ(t), t ∈ [0, 1].
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For t, τ ∈ [0, 1], τ < t, we can get

|ym(t)− ym(τ)|

=

∣∣∣∣ 1

Γ(γ)

∫ t

0

(t− u)γ−1f(u, ym(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1f(u, ym(u))du

− 1

Γ(γ)

∫ τ

0

(τ − u)γ−1f(u, ym(u))du− 1

Γ(γ)

∫ 1

τ

(u− τ)γ−1f(u, ym(u))du

∣∣∣∣
≤
∣∣∣∣ 1

Γ(γ)

∫ t

0

(t− u)γ−1f(u, ym(u))du− 1

Γ(γ)

∫ τ

0

(τ − u)γ−1f(u, ym(u))du

∣∣∣∣
+

∣∣∣∣ 1

Γ(γ)

∫ 1

t

(u− t)γ−1f(u, ym(u)))du− 1

Γ(γ)

∫ 1

τ

(u− τ)γ−1f(u, ym(u))du

∣∣∣∣
=

∣∣∣∣ 1

Γ(γ)

∫ τ

0

(t− u)γ−1f(u, ym(u))du+
1

Γ(γ)

∫ t

τ

(t− u)γ−1f(u, ym(u))du

− 1

Γ(γ)

∫ τ

0

(τ − u)γ−1f(u, ym(u))du

∣∣∣∣
+

∣∣∣∣ 1

Γ(γ)

∫ 1

t

(u− t)γ−1f(u, ym(u)))du− 1

Γ(γ)

∫ t

τ

(u− τ)γ−1f(u, ym(u))du

− 1

Γ(γ)

∫ 1

t

(u− τ)γ−1f(u, ym(u)))du

∣∣∣∣
≤
∣∣∣∣ 1

Γ(γ)

∫ τ

0

[
(t− u)γ−1 − (τ − u)γ−1

]
f(u, ym(u))du

∣∣∣∣
+

∣∣∣∣ 1

Γ(γ)

∫ t

τ

(t− u)γ−1f(u, ym(u))du

∣∣∣∣
+

∣∣∣∣ 1

Γ(γ)

∫ 1

t

[
(u− t)γ−1 − (u− τ)γ−1

]
f(u, ym(u))du

∣∣∣∣
+

∣∣∣∣ 1

Γ(γ)

∫ t

τ

(u− τ)γ−1f(u, ym(u))du

∣∣∣∣
≤ 1

Γ(γ)
ϕ∗ψ(M)

∣∣∣∣ tγ − (t− τ)γ − τγ

γ

∣∣∣∣+
1

Γ(γ)
ϕ∗ψ(M)

∣∣∣∣ (t− τ)γ

γ

∣∣∣∣
+

1

Γ(γ)
ϕ∗ψ(M)

∣∣∣∣ (1− t)γ − (1− τ)γ + (t− τ)γ

γ

∣∣∣∣+
1

Γ(γ)
ϕ∗ψ(M)

∣∣∣∣ (t− τ)γ

γ

∣∣∣∣.
Therefore,

|ym(t)− ym(τ)| → 0, |t− τ | → 0.

So, we have {ym(t)}m∈N
0

is equicontinuous on [0, 1]. On the other hand, 0 <
ym(t) ≤ M implies that {ym(t)}m∈N0

is uniformly bounded on [0, 1]. Using the
Arzela-Ascoli Theorem, there is a subsequence N1 ⊂ N0 and a function y(t), be-
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sides {ym(t)}m∈N1
converges uniformly on [0, 1] to y(t). For

ym(t) =
2

m(2− a− b)
+

a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1f(u, ym(u))du

+

∫ 1

ξ

(u− ξ)γ−1f(u, ym(u))du

]
+

b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1f(u, ym(u))du

+

∫ 1

η

(u− η)γ−1f(u, ym(u))du

]
+

1

Γ(γ)

∫ t

0

(t− u)γ−1f(u, ym(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1f(u, ym(u)))du,

(3.10)

let m→ +∞ in (3.10), considering the Lebegue’s dominated convergence theorem,
we get

y(t) =
a

(2− a− b)Γ(γ)

[∫ ξ

0

(ξ − u)γ−1f(u, y(u))du+

∫ 1

ξ

(u− ξ)γ−1f(u, y(u))du

]
+

b

(2− a− b)Γ(γ)

[∫ η

0

(η − u)γ−1f(u, y(u))du+

∫ 1

η

(u− η)γ−1f(u, y(u))du

]
+

1

Γ(γ)

∫ t

0

(t− u)γ−1f(u, y(u))du+
1

Γ(γ)

∫ 1

t

(u− t)γ−1f(u, y(u)))du,

which implies that

RC
0 Dγ

1y(t) = f(t, y(t)), t ∈ [0, 1], 0 < γ ≤ 1,

y(0) = ay(ξ), y(1) = by(η),

this combing with 0 < ‖y‖ ≤M implies that y(t) is a positive solution of the singular
fractional boundary value problem with Riesz-Caputo derivative (1.2),(1.3).

4. Example

Example 4.1. Consider the following BVP:

RC
0 D

1
2
1 y(t) = f(t, y(t)), t ∈ [0, 1], (4.1)

y(0) = y(
1

4
), y(1) =

1

2
y(

1

2
), (4.2)

where

f(t, y) =
y

1
3

(1 + et)y
.

Then the fractional boundary value problem (4.1), (4.2) has at least one positive
solution.
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Proof. Here a = 1 ≥ 0, b = 1
2 ≥ 0, a+ b = 3

2 < 2, ξ = 1
4 , η = 1

2 , γ = 1
2 .

(H3) for each positive constant K,

f(t, y) =
y

1
3

(1 + et)y
≥ 1

(1 + et)K
2
3

= ωK(t) on (0, 1)× (0,K];

(H4) for each positive constant δ, let ϕ(t) =
1

1 + et
, ψ(y) = y

1
3
2−a−b

2δ , Obviously,

0 < f(t, y) ≤ ϕ(t)ψ(y), for (t, y) ∈ [0, 1]× [ 2δ
2−a−b ,∞), ϕ∗ = 1

2 , ψ(M) = M
1
3
2−a−b

2δ .

(H5) Γ(γ + 1) = Γ( 3
2 ) ≈ 0.886, ξγ = ( 1

4 )
1
2 = 0.5, (1− ξ)γ = ( 3

4 )
1
2 = 1.732

2 , ηγ =

( 1
2 )

1
2 = 0.707, (1− η)γ = ( 1

2 )
1
2 = 0.707, thus

a[ξγ + (1− ξ)γ ] + b[ηγ + (1− η)γ ] + 2(2− a− b)
(2− a− b)Γ(γ + 1)

≈ 6.937,

for each positive constant δ, we can always choose the appropriate M > 0 to satisfy
6.937

2 ψ(M) < M. According to Theorem 3.1, BVP (4.1), (4.2) has at least one
positive solution on [0, 1].
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